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LIBERTAS MATHEMATICA , vol. 9 (1989)

SUPERADDITIVITY FOR SOLUTIONS OF COALITIONAL GAMES

Irinel Dragan, Jos Potters, Stef Tijs

Abstract

It 18 well-known that the Shapley value 1s an additive and even linear solution concept. In this
paper we describe a suitable basis for the null space of the Shapley value and give an algorithm
to compute the Shapley value in a surveyable manner. The core is known to be a superadditive
solution. We prove that it 1s additive for convex games. In terms of a new concept—maximal tightly
balanced collection—we describe the dimension of the core and cones of games where the least core

13 superadditive.

1. Introduction

The Shapley value and the core are two major solution concepts in the theory of cooperative games
in coalitional form. For a definition and the most basical properties of these concepts we refer to
the books of Owen (1982) and Ichiishi (1983).

The Shapley value 18 a surjective linear map of the linear vector space GV of games with player set
N to R¥. In section 2 of this note we study the null space of this linear map 1.e. the set of all games
with Shapley value zero. We introduce a basis {ws}scy s#9 of GV such that the coordinates of a
game v with respect to this basis are the ‘potentials’ P (S, v) of subgames (S, v) of v in the sense of
Hart/Mas-Colell (1989). This means that for every game v € GV

{1 i T=.S

v = Z P(S5,v)ws or—in other words—P (T, ws) = torall 5 C N, S #£0.

if T
SCN,S5#¢ abhuiab

As the Shapley value of the games ws with 1 < |S| < n — 2 is shown to be the zero vector, linear
combinations of these games can be added to a game v to get a game v with #(S) = 0 for all
coalitions S with |[S| < n — 2 and the same Shapley value as v. For such games ¢ the Shapley value
1s computed by means of potentials.

The core 1s a superadditive solution concept. In section 3 we prove that the core 1s additive when
restricted to the set of convex games. Furthermore, we assign to each game v € BG¥ a uniquely
determuned balanced collection 3 of coalitions of N and prove that the dimension of the core of a
game and the rank of the collection 53 assigned to v add up to n = |N|. In section 4 we study the

least core of a game and give maximal subsets of G on which the least core 1s superadditive.
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Let us recall some of the concepts to be used in this paper. If (N, v) 18 a coalitional game and S is a
coalition in N, then the restriction of v to the set of subcoalitions of S is called the subgame (S, v).

The smputation set and the core of a game (N, v) are defined by
I(N,v):={z€R¥|z(N)=v(N) and =z, >v(i)forallie N)

and

C(N,v):={z€ RY|z(N)=v(N) andz(S)> v(S)forallSC N}

where z (S5): = Z:es z,. Core or imputation set of a game may be empty. We denote by IG¥ the
set of games in GV with non-empty imputation set and by BG¥ the set of games with non-empty
core.

A game (N,v) 18 convez if v (S)+ v(T) < v(SUT)+ v(SNT) for all coalitions S and T. The set

of all convex games 1s denoted by CG¥ . It is well-known that CGY ¢ BG¥ c IGN c GV
2. The Shapley value.

The Shapley value ¢ 1s a surjective linear map from GV to R¥. Therefore, the null space of ¢ i.e. -
{veG¥|¢(v) = 0} is a linear subspace of GV of dimension 2" —n — 1, n = |N|. In this section we
give a basis of G which lies nicely with respect to the null space of ¢. The result is used to derive
an algorithm for computing the Shapley value.

Two bases of GV are widely used in cooperative game theory.

(1) The canonical basis {45 }scn 529, defined by

1| afs =5

0 else

0s(T') = {

The coordinates of a game v with respect to the canonical basis are the values v (S) of the coalitions

S. The Shapley value has a rather complicated expression in these coordinates (Shapley (1953)):

il 1))_1 and s = |S]|.

3

¢(v) = Z v, [v(SU{i}) — v(S)] where v, = (n(

SCN\{s}

The computation of the Shapley value by using this formula requires

n-=J,

S (n- s)(:) =n. 2"

s=0
computational steps, for there are () coalitions with s elements and for each of these coalitions
there are n — s possible choices of i1 ¢ S. The computational complexity of an algorithm based on

this formula of the Shapley value 1s O (mlogm) where m = 2", the size of the input.
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(2) Another frequently used basis of GV is formed by the unanimity games {us}scw sxo defined

by

I S ET
0 else

The coordinates of a game with respect to the basis of unanimity games {A (S)}scw sz¢ are the

us(T') = {

‘dividends’ of coalitions S in the game v (cf. Harsany: (1959) and Maschler (1982)). The Shapley

value of a game v 1s an easier expression in terms of the ‘dividends’.

p(vh= ) ITI"'A(T)

T i€T
Although this formula is simpler, an algorithm for the Shapley value based on this formula requires

n

& (:)(?““ e a8

1=1

computational steps (for a coalition S with s players we have to change the value of all coalitions
containing S and to divide the dividend among the players of S) and it has, therefore. the complexity

O (m'°8?) (we mean the 2-logarithm).

Recently, Hart/ Mas-Colell (1989) introduced the so-called ‘potentials’ of subgames (S, v). They

were defined recursively:

P({iLv):=v(i) foralli€ N and P(S,v):=|S|"'[v(5) + 3_ P(S\{i},v)] if IS|> 2. (2.1)
1€S

[n terms of the potentials the Shapley value has a very simple form
¢(v)i = P(N,v)—- P(N\{i}) for alli € N. (2:2)

From (2.1) follows easily that the potentials are linear functions on G¥ and that only the gsero game
has all potentials equal to zero. This means that the potentials of a game are coordinates with

respect to a basis of G . We describe this basis in the next theorem.

Theorem 1. For every coalition S C N. S # 0 there 1s exactly one game ws with the property

that P(T,ws)=1if T=S and P(T, ws ) = 0 for all coalitions T # S. Moreover, ws is given by

IS1* FT='S
ws(T)=q -1 ifT=SU{j} withjgS$5. (2.3)
0 else

Proof.  There 1s exactly one game ws because the linear map which assigns to a game v the
ﬁotentials {P(S,v)}scn. s=e i8 a linear isomorphism. We use the formula (2.1) to find the game
ws. Let T C N such that S ¢ T or || > |S| 4+ 2. Then P(T,ws) =0 and P(T\{:}, ws) = 0 for all
t € T. From (2.1) we infer that ws (T) = 0. For T = S formula (2.1) gives P (S, ws) = |S|~‘ws (S)
1.e. ws(S)=|S|. T = SU{j} with 7 ¢ S, then we find 0 = P(SU{;j},ws) = (|S|+ 1) }ws (SU
{7}) + P (S, ws)]. Therefore ws (S U {7}) = =1. The result follows. QED
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Corollary. The games ws with 1 < |S| < n -2 together with the game w: = wy + Z‘GN WN\{s}

span the null space of ¢.

Proof. The set of games {ws }1<|s|<n-2 5PaN the subspace of games v with
P(N,v) = P(N\{i},v) = 0 for all i € N. The game w has P(N,w) = P(N\{:},w) = 1 for all
1 € N. From (2.2) we infer that the Shapley value of all these games 18 zero. The games are clearly

linearly independent and their number is 2" — n — I, the dimension of the null space of .  QED

Algorithm. We can use the Corollary to compute the Shapley value of a game v 1n a surveyable
manner. If we subsiract from the game v linear expressions 1n the games {ws}lgﬂgn-:. then we
get games with the same Shapley value as the game v. By choosing the linear expressions properly,
the final game v will have v (S) = 0 for all coalitions 5 with |S| < n — 2. Then we compute the

potentials P (N,#) and P (N\{i},?) for all i € N and the Shapley value of ¥ from (2.2). In an

algorithmic form this looks as follows.

step 1 while there 1s a coalition S with v(S) #0and 1 < [§| < n -2
begin: Choose S C N with v(S) #0,1< |5/ <n-2 and
v(T)=0forallTCS, T # 3.
forall j€S: v(SU{j}) =v(SU{s})+ISI"'v(S): next ;
vi(S)=0
end
repeat
step 2 forall ie N: z;, =(n—-1)"'v(N\{i}): next:
t=n" o (N)+ ) ;cn &l
forall 1€ N: ¢(v); =t —z,: next 1

This algorithm requires
n-—23

Z(ﬂ)(n-a+l)+2n+l=2"+n-2“'l—-n—l

s
=1

computational steps ( for a coalition S with s players (1 < s < n—2) we have to change the value of
n — s + 1 coalitions and step 2 requires 2n + 1 steps) and has, therefore, the complexity O (mlogm)
where m = 2". So, the complexity of this algorithm 1s lower than that of the Harsany: method and
the algorithm is—in our opinion—more surveyable than the algorithm based on Shapley's formula.

We demonstrate the computation in the following example.
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S H(1) (2) (3) (4) (12) (13) (14) (23) (24) (34) (123) (124) (134) (234) N
TR (5] 1 G ) (R S o 9 0 4 9 o! 10 20 1y 21
g 1] 125 151 165 e ]
s e 15 | g %
il 41T R R AN
0 l 14 9 v ! i
0 I 19.9 175 |
l 0 | 22:5 l 27
0 - | 248 34 |
o Yo 5™ 19
0 i l 27 | 219
oy, 8| | i | | 0 | 37, 245
e E———— e R R R RIS
v(S)\ 0 0 0 0 U U U U U U 26.5 27 37 24.5 21
Ty = é.:zz12%,:3=9,:4=8%cnt=14§
$(v)1 =65, #(v)2 =23, ¢(v)a =52, ¢(v)a =6

3. The core.

105

[n Peleg (1986) superadditivity (SUPA) 1s one of the characterizing properties of the core 1.e. if
v, w € BG", then € (v) + ((w) C (v + w). In the following proposition we prove that the core 1s

additive on the cone CG" of convex games.
Proposition 2. Ifv, w € CG¥ then C(v) + C(w) = ( (v + w).

Proof. Let W (v) be the Weber set of a game v i.e. the convex hull of the marginal vectors

{m?(v)|o:{1,...,n} — N is a bijective map } where

L 0(3)}) —v({e(l),....a(s = 1)})
for all : € {1,...,n} and all bijections o: {1,...,n} — V.

m%(v)os) = v({e(l),..

[t 18 well known that the Weber set and the core of a game v coincide when the game v 1s convex
(Ichushi (1983)). Furthermore, the Weber set is subadditive 1.e. Wiv)+ W(w) D W(v+ w) for all
games v, w € GV This follows from the fact that m?(v) + m?(w) = m?(v + w) for all bijections ¢
and all games v, w € GV and therefore, if z is a convex combination of marginal vectors of v + w,

say z =5 _a’m?(v + w), then

2= a%(m’(v) + m(w)) = - aTm’(v) + 3 a'm?(w) € W(v) + W (w)

g g

If v, w € CG¥ then we find

Wh+uw)CW(v)+W(w)=C(v)+C(w)Cl(v+w)=W(v+uw)

QED

Hence, the core 18 additive on CG¥N.
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Let v be a game and let 3 be a non-empty collection of coalitions.

The collection B3 is tightly balanced with respect to the game v \f there are positive reai numbers
{ys}sew such that ) s gyses =eny and ) _scgysv(S) = v(N).

A tightly balanced collection 55 i1s mazimal if there 18 no strictly larger tightly balanced collection.
Since the union of tightly balanced collections 1s tightly balanced too and { N} is tightly balanced for
every game v € GV, there 1s exactly one maximal tightly balanced collection to each game v € GV
and the grand coalition N is a member of this collection. Finally, the rank of a collection &3 is the

rank of the set of vectors {es |S € B}.

The next theorem gives a relation between the dimension of the core of a game and the rank of its

maximal tightly balanced collection.

Theorem 3. Let v be a balanced game. The dimension of the core of v and the rank of the

collection I3 which 1s maximal tightly balanced with respect to v, add up ton = |N|.

Proof. Let v be a balanced game and 5: = {SC N |z (S) = v(S) for all z € C (v)}.

Core elements of v are the optimal solutions of the LP-problem

(P) z(S)>v(S) forallSC N, mnz(N).

The dual problem has the following form:

(D) ST ys=1 forallieN, ys>0 forallSCN, maxy  ysv(S)
S 1€e$ SCN

Every optimal solution £ of (P) (core element of v) has z(S) = v(S) for all S € [5 and there-
fore, the dual problem (D) has an optimal solution {ys}scwy with ys > 0 if and only 1if S € O
(strong complementary slackness, cf. Schriver (1986)). This means that ) ;. ,yses = ex and
> _seu ¥sv(S) =mun 2(N) =v(N). The collection I3 is tightly balanced with respect to v.
Suppose that [ is tightly balanced with respect to v and z 1s a core element of v. Then:

z(N)= ) ysz(5)2 ) vsu(S)=v(N)=z(N)

Seu Ses
if ) e Vses =en, ¥s > 0forall S € B and ) ;.4 ysv(S) = v(N). Hence, z(S5) = v(S5) for all
SeB ie. B CLB. Sob isthe maximal tightly balanced collection of v. Note that there 1s a point
z° € ((v) such that z%(S) = v(S) if and only if S € B5. Then z € (' (v) imphlies that z(S5) = z°(S)
for all S € 13 and hence, € (v) C 2%+ {y € RV |(es,y) = 0 for all S € 55}. Hence, the dimension of
the core 1s at most n — rank 3. But, if y(S) = 0 for all S € B, then z° + by € C (v) if |§] is small

enough: dim C (v) + rank 8 =n = |N|. QED
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For every balanced collection 5 D {N } we define

BGM(B):= {v € BGV | B is the unique maximal tightly balanced collection w.r.t. v}.

Then BG" is the disjoint union of the sets BGN (5) where &3 runs through the balanced collections

containing N.

Proposition 4. The sets BG™ (B3) are non-empty cones in BG¥ and the closure of BG¥ (B) is the

union of all cones BGN (B') with B3’ 5 3.

Proof. Let 3 be any balanced collection containing N and let v € BG¥ be the game defined by

0 ifSebn

—1 else

U(S)={

Then 1t 1s easy to show that v ¢ BGY(B). If v, w € BGM(B), then there exist z° ¢ C(v) and
y° €  (w) such that z°(S) =v(S)if and only if S € &3 and y°(S) = w(S) if and only if S € 8. Then
%+ 4% € ((v+ w) by the superadditivity of the core and z°(S) + y°(S) = (v + w) (S) if and only if
S € B. This means that v+ w € BGN(B') with ' C B.If z € C (v + w) and 2 ses Yses = en then

2(N)= ) ysz(S) > D_ys(v+w)(S) = D_ysv(S)+ D ysw(S) = v(N) + w(N).

Sel Ses Seb Ses
This implies that z (S) = v (S) + w(S)forall S€ Landallz€(C(v+w):v+we BGN (B). Let
v € BGM (I') with B’ D B. Define for ¢t > 0 the game v¢(S) = v(S) for S € [ and S € B’ and
ve(S) = v(S) -t f S € B'\B. Then v, € BGN (B) for all t > 0 and v, converges to v when t goes
to zero: BGY (B') c cl(BGN (B))f 8D L.
If D scuyses = eny with ys > Ofor all S € D, then ) s uysv(S) =v(N)forallve BGY (B). The
set of games satisfying the last equality 1s a closed set in BG"™ and contains therefore cl (BG¥ (B))

t.e. 1if vis a game in the closure of BGN (B) then &5 is tightly balanced with respect to v and

v € BGY (I') for some balanced collection &' O B. QED

Remark. If v € BGY and dim( (v) = n — 1 then v € BGN (I3%) where 3o = {N}. If B, = {S C
N |S # 0} then BGN (B,) = AV, the set of additive games.

4. The least core.

For every player set N let u)' € GV be the game with values uy (S) = | whenever S # @, N and
ug (N) = uy (0) = 0. For every game v € GV there 1s a real number ¢(v) such that v — eulY € BGV
\If and only if € > €(v). More precisely, the game v —eu) € BGY if and only if for all solutions of the
equation ) s -, yses = eny with ys > 0 and yn = 0 the inequality ) s n ysv(S) = (P scn ¥s)e <

v(N) bolds. Define £(v): = max{(3 ys) " (s ysv(S) = v(N))| Lscwyses = en with ys >
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0 for all S C N and yy = 0}. Then v — cu) € BGY if and only if ¢ > ¢(v). Note that the solution

space of the equation ) ¢ yses = enxy with ys > 0 is compact and that, therefore, £(v) is well-defined.

Remark. In Maschler/Peleg/Shapley (1979) the number £(v) occurs under the name ¢ (T').
The core of the game v — ¢(v)uy’ is called the least core LC(v) of the game (N, v).

Before we come to the main result of this section we prove a useful lemma which characterizes the

games v for which the core coincides with the least core.

Lemma 5. For a game v € BG" the following statements are equivalent:
(1) The core C (v) has dimension < n — 2,
(2) The core C (v) coincides with the least core LC (v),

(3) v€ BGY(B) where 13 is a balanced collection of rank > 2.

Proof. (1) & (3) From Theorem 3 we infer that the rank of the maximal tightly balanced
collection b5 belonging to a game v € BGY with core dimension < n — 2 is at least 2 and, conversely,
if v e BGY(B) with rank 3 > 2 then dim( (v) < n-2.

(2) & (3) If (3) does not hold, then v € BG¥(By) and there 1s an element z° € ( (v) such that
z%(S) > v(S) for all S # N, 0. Hence, z%(S) > v(S) + n for some n > 0 and all $ # N, 0. Then
¢ (v) # LC(v). If, conversely, (2) does not hold, then there 1s a number n > 0 such that C (v+nud) #
0 and, consequentially, z (S) > v(S)+n > v(S)forall S # N, andall z € C (v+nul). Therefore,
v € BG™(B,) and (3) does not hold. QED

If v € G" and 5 is a balanced collection of coalitions which contains besides N also another coalition
S # N, then we define v € GV (B) if v—e(v)u) € BGY (B). The next theorem gives a necessary

and sufficient condition that

LC(v)+ LC(w) C LC (v+ w).

Theorem 6. If v € G¥ (B) and w € GV (B') then: LC(v) + LC(w) C LC (v + w) if and only if

LN B’ contains a balanced collection 3" # {N}.

Proof. Let v:=v —¢(v)ud, w:= w— e(w)ud and 4:= v + w. Then C(7) = LC(v) and ( (@) =
LC (w). By the superadditivity of the core we find £C (v) + £C (w) C C (@)

Furthermore, there 18 an element z° of £( (v) such that z%S) = 4 (S) if and only if S € 8 and an
element y° of £LC (w) such that y°(S) = w(S) if and only if S € B'.

< If BNB' contains a non trivial balanced collection 3, then we find for every z € (! (%) and every
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positive solution {ys }sen of D _scun Yses = ey

WN)=z(N)= ) ysz(S)> D ysa(S)= D us(i(S)+w(S))

ses" SeB” Sseps”
= 3 ys(2°(8) +4°(S)) = 2°(N) + y°(N) = &(N).
SEHH

Hence, z(S) = u(S) for all S € 13 and dim(C(4)) < n —2. Then € (u) = LC(4) = LC (v + w) by

Lemma 5.

= If, conversely, LC(v) + LC(w) C LC(v+w)and v+ w:= v+ w — (v + w)ul, then there 1s a

balanced collection 5" with rank £5” > 2 such that v + w € BGV (") (by Lemma 5, (2) = (3)). As
' +y° € LU (v+w) and z°(S) 4+ y°(S) = 4 (S)+w(S)ifandonly 1if S € LNL’ we have 8" C BN,
QED

[n the next Corollary we apply the Theorems 3 and 6 in a special case.
Corollary. The core (least core) of a game v consists of one point if and only if v € BGN (B)( or
v € GV (B)), respectively with rank (5) = n. If v € GV (B) and w € GV (B') and BN B’ contains a

balanced collection of rank n. then

LC(v)+ LC(w) = LC(v+ w).

Finally we give an example of two games in the same cone BGY () such that the least core 1s not

additive.

Example Let N = {1,2,3} and v,g defined by

0 if S=N,{12}, 13}
Vag (S) = { -a if §'={13}, {23}

-6 if S={1}, {2}
Fora, J > 01s vap € BG™ (B) where 3 = {{12}, {3}}. The core(which is also the least core) of vag

consists of the points (t, —¢t,0) with |¢| < mun(a,d). If we choose for (a,/) the pairs (1,1/2) and

(1/3,1) and call the corresponding games v and w, respectively, then

LC(v) + LC(w) = [-1/2,1/2)+ (=1/3,1/3) = [—5/6,5/6) # [—4/3,4/3) = LC (v + w).
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