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Habit Formation and the Evolution of Social

Communication Networks™

Edward Drostef

Abstract

This paper analyzes a finite normal-form game, where the players’ pure
strategies consist of establishing links with the other players. The payoffs result
from social communication between the players. We identify a social commu-
nication network with a mixed-strategy profile and we model the evolution of
networks using a stochastic process of habit formation in discrete time. Borgers
and Sarin [5] show that at every finite period of time, assuming frequent com-
munication and slow adjustment, the stochastic process can be approximated
by the continuous-time replicator dynamics. Using this result we are able to
specify an asymptotically stable set of social communication networks which
consists of Nash equilibria of the corresponding game. Furthermore, in the
3-player case this set reduces to the set consisting of the two efficient ‘cyclic’

social communication networks.
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1 Introduction

Human interactions in an economic context often have a social character. For ex-
ample, one could think of talking with friends about job openings, working together
with colleagues, and asking acquaintances about business opportunities. Recurring
patterns of such interaction bind individuals together into social networks. Social
networks as means to communicate information have a significant influence on the
outcome of a variety of economic relationships. Ellison and Fudenberg [10] find that
the structure of a communication process affects the diffusion of new products and
technologies. According to Bolton and Dewatripont [3] and Radner [16] a firm’s effi-
ciency depends on the organizational structure through which information is shared
among the employees. Information exchange networks influence stock market volatil-
ity as shown by Baker and Iyer [1].

In this paper we propose a probabilistic choice approach to social communication
networks. Theories of probabilistic choice state that agents behave in a way that
tends toward choosing better alternatives with higher probability than inferior ones.
Alternatively, the algebraic approach (cf. Luce [13]), which is conventional in eco-
nomics, assumes that choice probabilities are always zero or one and that the observed
choices tell us which it actually is. The question which approach is most appropriate
seems unanswerable. Empirical data on intransitivities of choices and inconsistencies
when the same choices are offered several times suggests that a probabilistic model
is preferable. The data is, however, far from conclusive as both phenomena can also
be explained by an algebraic theory provided that preferences are allowed to change
over time.

The literature offers two explanations for the apparently stochastic choices made
by agents. A first explanation states that agents have some randomly drawn evalu-
ations with respect to which they maximize utility. McKelvey and Palfrey [15] and
McFadden [14] follow this way of reasoning by arguing that an agent’s perception of
the utility of the alternatives is subject to noise and that utility functions of agents
are randomly drawn from some specific family, respectively.

A second explanation takes the view that agents are not utility maximizers but
instead choose randomly in a fashion that is influenced by a subconscious utility
function. If an agent’s subconscious utility function specifies that one alternative is
preferred to another, it will be chosen with higher probability. The decisions of an
agent therefore reflect a rough recognition of his deterministic preference ordering
which is buried rather deeply in his unconscious mind. This bounded rationality
interpretation was pioneered by Chen, Friedman, and Thisse [7] and is also pursued

in this paper.



In the finite normal-form game analyzed in this paper, a pure strategy of a player
consist of forming a link with another player. A graph, with its nodes representing
the players and its edges capturing the links, can therefore be associated with an
outcome of the game. The payoffs in the game result from social communication
between the players and depend on how well-connected the players are in the graph.
Namely, when a player forms a link with another player it not only enables him to
communicate with that player, but also with the players he is indirectly connected
with through that player. Notice that the above description implies that we consider
a model where link formation is one-sided, 1.e., every link is initiated by exactly one
player, while the benefits are multi-sided, i.e., possibly all players may use a link for
communication. Taking a probabilistic choice approach, as explained above, means
that we characterize players by their mixed strategies and that we identify a social
communication network with a mixed-strategy profile of the players. In other words,
a social communication network specifies for every possible graph the probability that
it will actually be realized.

To model the evolution of social communication networks we appeal to the stochas-
tic processes for reinforcement learning of Bush and Mosteller [6]. Players in these
learning models adjust their mixed strategies over time in response to their expe-
riences. The attractiveness of models for reinforcement learning follows from the
characteristic that players respond to very limited information. Namely, experiences
only consist of their own pure strategy and the payoff they receive. This characteristic
fits with the natural assumption that a player’s mixed strategy can not be observed by
the other players. Furthermore, in models of reinforcement learning payoffs are used
as parametrizations of players’ responses to their experiences and should therefore
not be interpreted as von Neumann-Morgenstern utilities. We focus on the process
of habit formation as previously considered by Cross [8]. This process is referred to
as a model of habit formation to denote that all experiences are positively reinforced,
meaning that all experiences induce a player to increase the probability of the strat-
egy just chosen. Payoffs only matter in that they determine how much the probability
increases, 1.e., payoffs determine the extent to which habit formation occurs.

Borgers and Sarin [5] show that at every finite point in time, assuming frequent
communication and slow adjustment, the process of habit formation as considered by
Cross [8] can be approximated by the well-known continuous time replicator dynam-
ics. We use this result to select among the possible social communication networks.
In particular, we specify an asymptotically stable set of social communication net-
works which consists of Nash equilibria of the corresponding game. Note that Nash
equilibria are necessarily steady states of the replicator dynamics. When we restrict

ourselves to the 3-player case we can show that only the two efficient ‘cyclic’ social



communication networks are asymptotically stable. A social communication network
is efficient if it maximizes the summation of the players’ expected payoffs.

As mentioned before the model presented in this paper is a probabilistic choice
approach to social communication networks. Hence, players tend to change the prob-
abilities of forming links over time in directions that appear to be beneficial. For
algebraic choice approaches to the evolution of social communication networks we
refer to, e.g., Bala and Goyal [2] and Watts [19]. These deterministic models are
based on the symmetric connections model as introduced by Jackson and Wolinsky
[12]. In the symmetric connections model agents communicate with all other agents
they are directly or indirectly connected with. Furthermore, the value of the commu-
nication depends on the number of links involved in the shortest path that connects
a pair of agents. Both Bala and Goyal [2] and Watts [19] identify a social commu-
nication network with a graph and assume that players myopically form and sever
links. Watts [19] shows convergence to an efficient network in case maintenance costs
of links are small and closer connections are valued more than distant connections.
Bala and Goyal [2] also find convergence to efficient networks in a variety of cases.
Their model differs from Watts [19] as an agent can form a link without consent of
other agent involved. Obviously, the costs of forming a link are then incurred by the
agent who initiated the link.

The paper is organized as follows. In Section 2 we introduce the model. The
related results of Borgers and Sarin [5] are stated in Section 3. Section 4 deals with
the social communication game in case there are 3 players. The general n-player

model is analyzed in Section 5. Finally, Section 6 concludes.

2 Model

Counsider a finite normal-form game represented by a tuple G' = (N, (S;)ien, (7:)ien),
where N = {1,....n} is a finite set of players. Every player i € N has a finite set of

pure strategies, henceforth actions, given by

Sii=A{si |5 € N\{i}}, (1)

where action s;; means that player i establishes a (direct) link with player j # 1.
Irom (1) it follows directly that |S;| = n — 1 for all players i € N. Since we identify
establishing a link with an action, every player initiates exactly one link with another
player when the game is played. For this reason we abstract from cost considerations
of links. Instead of s;; we will also use s; to denote an element of S; in case the

identity of the player that player i establishes a link with can be neglected. The joint



action set of the players is denoted by S = [[,c 5 S; and we write S_; = [[;c a3 S5
for notational convenience. Furthermore, for an action tuple s = (s1,...,$,) € S and
a player i € N we let s_; = (81,..., 8i-1, Si41, .-, 8n) € S_; and, with a slight abuse
of notation, s = (s;,s ;) € S. We denote the set of mixed strategies, henceforth

strategies, for player 7 by

Ai = {O'Z' : Sz — R ’ VSZ‘ < SZ : O'Z'<SZ') Z 0, Z O'Z'<SZ') = 1},
8;,€8;

where 0;(s;) is the probability that player i plays action s;. In case the players’
identity is important we use 0;; := 0;(s;;) to denote the probability that player i
establishes a link with player j. Analogous to the action case we use notations A,

A,Z‘, and 0 = (O'Z‘,O',Z'). By

int (A;) :={0;: 5 — R |Vs; €S;:0:(s) >0, Z oi(s;) =1}
8:€85;
we denote the set of strategies for player i, such that a positive probability is assigned
to all actions. The definitions of int(A) and int(A_;) are straightforward. For a strat-
egy profile 0 ; € A_;, we write 0_;(s ;) := [Ljen(s} 75(5;) to denote the probability
that the opponents of player i play the action profile s_; € S_;.

In describing players’ behavior we take a probabilistic choice approach as is con-
ventional in psychology (see, e.g., Bush and Mosteller [6], Cross [9], and Estes [11])
and as is supported by experimental evidence (see, e.g., Suppes and Atkinson [18]).
A probabilistic choice approach states that players’ behavior is random, meaning that
every player i does play an action s; € 5;, but this action is drawn from the probability
distribution over his action set induced by his strategy ;. We therefore characterize
every player i by a strategy o; € A;. A possible interpretation of a player’s strategy
is as follows. Every player has to decide how to divide his available time (or effort)
over his relations with the other n — 1 players. The more time a player spends on
his relation with another player, the more likely it is that a link will actually be es-
tablished. In fact, we will normalize total available time at 1 for all players, meaning
that time can actually be interpreted as the probability of establishing a link. We
will refer to a strategy profile o as a social communication network.

The payoffs in the game are based on a modification of the symmetric connections
model as introduced by Jackson and Wolinsky [12]. An outcome of the game s can be
represented by a graph: the n players are the nodes and the links are the edges of the
graph. As this is a model of social communication the players exchange information.
Players directly communicate with those to whom they are directly linked. Through
these links they also benefit from indirect communication with those to whom their

adjacent nodes are linked, and so on. Consequently, the payoff a player receives
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from an outcome of the game is not only determined by the direct links but also the
indirect ones. The payoff of communication obtained from other nodes depends on the
distance to these nodes. In fact, if the minimal path in the graph that connects player
© with another player j consists of /;; links, then player ¢ receives a payoff of 8" from
his communication with player j. We assume that 0 < § < ﬁ, meaning that payoffs
decrease as the path connecting the players increases. An economic interpretation
for this assumption is that information that travels a long distance becomes diluted
and is less valuable than information obtained from a closer neighbor. Formally, the

payoff player i associates with an outcome of the game s is equal to

i (8) = Zél”,
I
where [;; := 1;; (s) is the number of links in the shortest path between players i and
J in the graph representing the outcome of the game s (setting l;; = oo in case there
is no path connecting player i and j). For later convenience we also introduce the

expected payoff that player i associates with a social communication network o:

n
u; (0) = ( g; (sl)> i (s).
s€8 \i=1

From the above description it follows that we consider a model where link formation
is one-sided, 1.e., every link is initiated by exactly one player, while benefits are multi-
sided, 1.e., possibly all players may use a link for communication. We refer to the
game introduced above as the social communication game.

The n players maintain mutual relations and communicate repeatedly. The iter-
ations of the social communication game are indexed by k € N U {0}. At each time
k € N U {0}, every player i € N will be characterized by a strategy o € A;. By

¥ (s;) and ij := 0¥ (s;;) we denote the probability that player i, at time k, plays

action s; and s;;, respectively. The state of the game o* = (0’1“, e UZ) € A at time

o)

k € NU{0} identifies a strategy for each player i, with the initial state of the game
o® = (09, ...,0%) exogenously given.

In this paper we consider an adjustment process that assumes all experiences to
be habit forming, meaning that they make the player more likely to establish the
same link again. How much more likely, however, depends on the payoff a player
receives from the outcome of the game. Consider a fixed period k € NU {0}. In case
player i realized a direct link with player j, habit formation gives rise the following

adjustment of the social communication network o*:

Kl _ { (1 = Dohi 5%) Lo, + (Zh# 5%) -1 ifh=7. @)

"
" (1 — Y ohri (5lfh) .ok, , otherwise,



where lfj = lfj (s) is the number of links in the shortest path between players i and
J in the graph representing the outcome of the game s at time k. Note that 37, ; Stin
can be used as a weight because 0 < § < ﬁ implies that 0 < 37, s < 1. Given
an initial state 0% the stochastic process (2) defines a Markov process {Uk}keNu{o}

with infinite state space A.

3 Habit Formation and Replicator Dynamics

In this section we briefly discuss two results of Boérgers and Sarin [5] who recently
analyzed the habit-formation model of Cross [8] for general normal-form games. In
Section 4 and Section 5 we will use their results to analyze the evolution of social
communication networks.

Proposition 1 deals with the asymptotic behavior (kK — o0) of the stochastic
process (2). In fact, the result states that a player’s asymptotic behavior consists of
playing an action, i.e., a pure strategy. Hence, players will not divide their available
time (or effort) over different relations, but instead focus on communicating with

exactly one other player.

Proposition 1 [Proposition 2 and Remark 3 of Bérgers and Sarin [5]] For all initial

states o° the sequence {0’“} converges with probability 1, and its limil is an

keNU{0}
element of the joint action set S. Moreover, in case 0° € int(A), every element of S

has a positive probability of being the limit of {Uk}keNu{o}'

Note that Proposition 1 does not exclude the possibility of two different play-
ers, say player ¢ and j, forming two mutual links, i.e., playing action s;; and s;;,
respectively. Since a second mutual link is redundant for successful communication
and limits the ability to communicate with others, efficiency of the resulting social
communication network can not be guaranteed.

The proposition above deals with the asymptotic behavior of the stochastic process
in discrete time. Alternatively, one could consider the behavior of the habit-formation
process at finite points in time. To make the analysis tractable we focus on frequent
communication, i.e., we analyze what happens when the time interval between suc-
cessive rounds of communication goes to zero. Let the time that passes between two
successive rounds of communication be denoted by n with 0 < n < 1. Under the
assumption that the rate at which the players adjust their strategy slows down at
the same rate at which the time interval shrinks, the evolution of the social commu-

nication network is described by the following modification of (2) for all i € N and



ke NU{0}:

T=n- Y hu g - T+ <77 D onti 6Zg};k> -1 ibh =,

T .k .
L—=n 3 p 6 )0y , otherwise.

n7k+1 —_
Tin =

(3)

Note that 0" is the state of the process at ‘real’ time nk. The stochastic process (3)
can be used to determine what happens to the evolution of the social communication
network as 7 — 0. We refer to this limit as the frequent communication case. Borgers
and Sarin [5] show that under the assumptions of frequent communication and slow
adjustment, actual adjustment of the habit-formation process can be approximated by
expected adjustment at every finite time period. Furthermore, expected adjustment
of the habit-formation process coincides with the well-known replicator dynamics in
continuous time, i.e., a system of deterministic differential equations. This result is

stated in Proposition 2.

Proposition 2 [Proposition 1 of Bérgers and Sarin [5]] Suppose that for all0 < n <1
it holds that o™ = G° with probability 1. Consider some t with 0 < t < oo and let
n — 0 and nk — t. Let 6 be the solution of the continuous time replicator dynamics

for initial value 6°. Then o™* converges in probability to 6.

We will use Proposition 2 to analyze the evolution of social communication net-
works. In fact, the above proposition implies that we can, at least to some extent,
analyze the process of habit formation in finite time by looking at the steady states,
and their stability properties, of the continuous time replicator dynamics that cor-
responds to the social communication game. As will be shown below the results
obtained in this way differ significantly from the results as stated in Proposition
1. Furthermore, Proposition 2 implies that results from the huge literature on the

replicator dynamics (see, e.g., Weibull [20] for a survey) can be applied.

4 The 3-Player Case

In this section we analyze the evolution of social communication networks with 3
players in finite time. In fact, there are two reasons for paying attention to this
specific case. First, the 3-player case enables us to develop some intuition for the
general n-player model. Second, and probably more important, the 3-player case
gives somewhat stronger results than the n-player model.

According to Proposition 2 the evolution of social communication networks in
finite time can be approximated (assuming frequent communication and slow ad-

justment) by looking at the expected adjustment of the stochastic process (2) or,

7



equivalently, the continuous time replicator dynamics corresponding to the social
communication game. The payoff matrix of the 3-player social communication game

is represented in Figure 1. Note that with 3 players only 23 different outcomes of the

521 593
s12 | 26,6 + 62,6+ 68 26,268, 26
S13 | 26,6+ 62,6 +68% | 6+ 62,6+ 682,26

831
21 593
S19 | 6+ 6%,26,6 +6% | 6+ 6%,28,6 + &
13 26,26,26 5§+ 6%6+6%26
532

Figure 1: The 3-Player Social Communication Game

game, 1.e., graphs, are possible since |S;| =2 for i = 1,2, 3.
In the 3-player case the expected adjustment of the stochastic process (2) in period

k € NU {0}, conditional on the state of the process in that period, is given by
]
= O'Z‘j{{l - F {Eh#i(slfh ’ O'k =0,0; = 1” © Oy
+F {Eh#iélfh ’ O'k =0,0; = 1} -1 - Uz’j} (4>
+ (1 — Uz‘j) { {1 —F {Eh#i(slfh ’ O'k = 0,04 = OH * 045 — Uz‘j}

E {JRH — ol | 0" = 0}

for all k € NU {0}, 7,5 € {1,2,3}, and i # j. Using the payofl matrix of the so-
cial communication game as represented in Figure 1, the expected adjustment of the
stochastic process (2) can easily be determined. Consider player i = 1. Straightfor-
ward calculations show that player 1’s expected payoff of the social communication

game in period k, conditional on the state of the process, is equal to

E {Ehﬂél?h | 0" = 0}
= 26 (012 * 093 031) + 26 (012 * 091" 031)
+(646%) (012 025 032) + (84 67) (012 021 - 732)
+26 (013 - 091 - 032) + 26 (013 + 021 - 031)
+ (5 + 52) (013 - 093 - 039) + (5 + 52) (013 - 093 - 031)
= 26(01p- 093+ 031+ 091 - 031+ T13- 091 - O39)

+ <5+52) (019 091+ O30+ 093+ O30+ 013+ Oa3 + 031) .

8



Consequently, player 1’s conditional expected payoffs when 19 =1 and 019 = 0, 1.e.,

conditional on his own action, are given by

1) {Eh;,él(sllfh ’ O’k = 0,019 = 1}

= 26(093 031+ 091+ 031) + (5 + 52) (91 039 + 093 - 039) (5)
and

B {Eh;,él(sllfh ’ O’k = 0,019 = 0}

= 26 (091 031+ 091+ 039) + (5 + 52) (093 - 039 + 093+ 031) (6)

respectively.  Subsequently substituting (5) and (6) in (4) and rearranging terms
shows that the expected adjustment of player 1’s strategy in period k, conditional on

the state of the process in that period, is given by
1) {O’T;l — O'IfQ ’ O'k = O'} = ((5 - (52) 019 (1 - 0'12) <0'31 - 0'21) (7>

and
E {0'1“;“1 — oty | ot = 0} = ((5 — 62) 013 (1 — 013) (021 — 031) . (8)
In fact, one of the equations (7) and (8) is redundant since o%, + ¥y, = 1 for all
k € NU {0}. The conditional expected adjustment of the strategies of players 2 and
3 can be derived in a similar way.
As mentioned before, the conditional expected adjustment of the stochastic pro-
cess (2) is equal to the continuous time replicator dynamics corresponding to the
social communication game. Straightforward calculations show that the continuous

time replicator dynamics in the 3-player social communication game is equal to
- 2
635 = (8= 6") 05 (1= 033) (03 — 033) (9)

for all h,i,j € {1,2,3}, h # i, h # j, and i # j. Note that for every player i
one equation in (9) is redundant, meaning that in the 3-player case the evolution of
the social communication network can be described completely by a 3-dimensional
dynamical system.

Below we analyze social communication networks in finite time by looking at
the steady states, and their stability properties, of the continuous time replicator
dynamics. In fact, the analysis is carried out in terms of the variables 019, 793, and

031. Proposition 3 gives the steady states of the replicator dynamics (9).

Proposition 3 The set of steady states of the replicator dynamics (9) consists of

the three isolated points (019,093,031) = (0,0,0), (012,093,031) = (%, %, %), and
(019,093,031) = (1,1,1), and the siz edges of the unitcube C, i.e.,

CZ{(012,023,031) ER*|0<01,<1,0<093<1,0< 03 < 1},

9



012

Figure 2: Steady states of the replicator dynamics with 3 players.

that have no point in common with (0,0,0) or (1,1,1).

The proof is straightforward and therefore omitted. Figure 2 illustrates the set
of steady states. In general (see, e.g., Proposition 5.9 in Chapter 5 of Weibull [20]),
Nash equilibria of a game are steady states of the corresponding replicator dynamics.
The converse is also true for interior steady states. In the social communication game
the boundary steady states (0,0,0) and (1,1,1) of the replicator dynamics are Nash
equilibria of the social communication game. This follows directly from the payoff
matrix as represented in Figure 1.

To select among the infinite number of steady states we consider their stability
properties. Proposition 4 states that only two steady states are asymptotically stable,

while all others are unstable.

Proposition 4 The two steady states (012, 093,031) = (0,0,0) and (012, 093,031) =
(1,1,1) of the replicator dynamics (9) are asymptotically stable with basins of attrac-

tion gwen by

Dy = {(012,023,031) ER? | 031 <1— 093,009 <1— 031,093 <1— 012}
and

D, = {(01270237031) e R’ | 031 > 1 — 093,019 > 1 — 031,093 > 1 — 012},
respectively. All other steady states of the replicator dynamics (9) are unstable.

Proof. The first part of the proof is based on Lyapunov’s Direct Method. Con-
sider the steady state (019, 093,031) = (0,0,0). Let

A= {(012,023,031) € R? ! 012 = 023 = 031 = 0},

10



the neighborhood D = Dy, and v (019, 093,031) = 019 + 093 + 031. Applying Theorem
6.4 in Chapter 6 of Weibull [20] immediately gives the required result. Now consider
the steady state (012, 093,031) = (1,1,1). Let

A= {(012,023,031) € R’ ’ 012 = 023 = 031 = 1}7

D = Dy, and v (019,093,031) = 3 — (012 + 093 + 031). Again, the result follows from
applying Theorem 6.4 in Chapter 6 of Weibull [20].

To show that all other steady states are unstable we use the well-known eigenvalue
analysis. The columns of the Jacobian matrix J = [J, Js, J3] corresponding to the

replicator dynamics (9) can easily seen to be given by
J1 = (5 — 52) (031 + 023 — 1) (1 — 2013) , 093 (1 — 0793) , 031 (1 — 031)]",

Jy = (5 - 52) [012 (1 - 012) ) (012 + 031 — 1) (1 - 2023) ;031 (1 - 031)]/7

and

Jy = ((5 — 52) (019 (1 — 019),093 (1 — 093), <U23 + o019 — 1) (1 - 2031)]/-

Stability properties of a steady state can be deduced from the Jacobian matrix by
evaluating the matrix at the steady state and calculating the eigenvalues. Since
((5 — 62) > 0 it follows that in all steady states unequal to (0,0,0) or (1,1,1) there is
always at least one strictly positive eigenvalue, which implies that the steady states

are unstable. m

The asymptotic stability of the two ‘cyclic’ social communication networks given
by (019,093,031) = (0,0,0) and (012, 093,031) = (1,1,1) can be explained by the fact
that these are the only 3-player social communication networks for which there is no
positive probability associated with the event of a ‘double link’, i.e., a pair of players
being connected by means of two mutual links. As the presence of one link is already
sufficient for successful communication, adding a second link is redundant and only
decreases the possibility to communicate with other players, which in turn results in
a lower payoff from the social communication network. For the same reason, the two
‘cyclic’ social communication networks are also the only efficient social communication
networks. Recall that a social communication network is efficient if it maximizes the
summation of the players’ expected payofts.

Finally, note that the first part of Proposition 4 is consistent with Proposition 2 in
Ritzberger and Weibull [17]. Namely, the two ‘cyclic’ social communication networks
are strict Nash equilibria of the social communication game according to the payoff
matrix as represented in Figure 1. Ritzberger and Weibull [17] show that strict Nash
equilibria coincide with asymptotically stable steady states in the continuous time

replicator dynamics.
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5 The n-Player Case

Consider the model as introduced in Section 2. In this section we will specify an
asymptotically stable set of social communication networks which consists of Nash
equilibria of the corresponding social communication game. Recall that Nash equi-
libria are necessarily steady states of the continuous time replicator dynamics (see,
e.g., Proposition 5.9 in Chapter 5 of Weibull [20]).

In order to prove existence of an asymptotically stable set of social communication
networks we introduce the following notation. For every nonempty subset H{ C S;
of player i’s actions, let A; (H{) C A; be the face of the simplex A; spanned by H,
Le.,

A; (HY)={o;, € A; | C(o;) C H},

where C (0;) = {si; € S; | 0i (si;) > 0} is the support (or carrier) of o; € A;. Likewise,
for every collection of nonempty subsets Hf C S; of actions, one for every player
i€ N,let H® = xuenH{ C S, and let the closed and convex set A (H€) be the
face of the set of strategy profiles A spanned by H¢, ie., A(H) = X;enA; (HY).

Furthermore, let
D = {0 € ANF | 5, (si;) - 0;(s;) =0 for all 4, j € N such that i # j},

where AMP denotes the set of Nash equilibria of the social communication game.
Below we will show that the set ® is asymptotically stable in the continuous time
replicator dynamics. It can easily be verified that the set ® is the union of a finite
(recall that this paper deals with finite normal-form games) number of faces A (H¢),
with e =1,...,C, Le., ® = U.y, A (H). In fact, we refer to A (H), ¢ =1,...,C,
as the components of ®.

The proof of asymptotic stability of the set ® is conducted through the following
lemma. The basic idea underlying the result in Lemma 5 is that the only way of
leaving a component of & without being confronted with a decreasing payoff is by

entering one of the other components.
Lemma 5 There exists some open set U O ® such that
e UNA and u; (s;,0 ;) > u; (0)] = (s;,0 ;) € D.

Proof. Consider a component A (H¢) of ®. It will be shown first that if there
exists some i € N such that s; ¢ Hf and v := (s;,0 ;) ¢ P lorallo_; € X2 (HJC),
then wu; (s;,0-;) < u; (o) for all 0 € A(H). Suppose there exists a s; ¢ Hf and
o € A(H¢) such that u; (s;,0_;) > w; (0). Since 0 € A(H®) C @ this immediately

implies that v € AV, Furthermore, since s; ¢ Hf and 0 € A (H¢) it also holds that
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Yi (855) v, (85) =0 for all4,j € N, with i # j. Consequently, v € ®, which gives the
required contradiction.

Suppose that for some i € N it holds that s; ¢ Hf. Then by continuity of u; and
compactness of A (H°), there exists an open set Uy, such that A (H®) C Uf, and
u; (5,0 3) < u; (0) for all o € (U5, NA)\®. Let Uf = NyypeUf,. Doing likewise
for all other players and taking the finite intersection U® = NM;enU; of open sets all
of which contain A (H¢), one obtains an open set U¢ that contains A (H¢) and for
which it holds that u; (s;,0_;) < u; (0) for alli € N, s; ¢ Hf, and 0 € (U NA)\D.
Once more taking the finite union U = U,y _~U* gives an open set as specified in

Lemma 5. =
Now we are able to prove asymptotic stability of the set ®.
Proposition 6 The set ® C A is asymptotically stable in the replicator dynamics.

Proof. Let U be as specified in Lemma 5. This implies that for every component
A (H*) there exists some £° such that for every ¢ € (0,2°) and every player i € N the
e-slice,

Bf(&) :{O'Z‘EAZ‘ ’ Ois, < ¢ for all SZQ_EHZC},

contains the corresponding face A; (H{) and B° (¢) = X;enBj (£) is contained in U*.
Obviously, B (g) = U.—1,.. ¢ B () is therefore contained in U. By continuity of u; for
all i € N, we may assume that for any 0 € B(e) N A, i € N, and (s;,0-;) ¢ P, it
holds that w; (s;,0 ;) —u; (6) < —6 for some 6 > 0. Hence,

é_isi = [U,Z (SZ', O',Z') — U; (U)] O_isi < _6O_isi (10>

forany o € B(e)NA, i€ N, and (s;,0_;) ¢ .

Let ¢ denote the solution mapping for the replicator dynamics, i.e., £ (t,0%) C A
is the popluation state at time ¢ € R if the initial state is 0 € A. Then (10)
implies that &, (., 0% : R — A decreases monotonically to zero for any i € N, and
(55,0 ;) ¢ A(H) from any initial state 0® € B (g) N A. Thus ® is asymptotically
stable. ®

In Section 4 it was shown that in the 3-player case the two asymptotically stable
social communication networks are also efficient. Recall that efficiency does not mean
Pareto efficiency, but instead refers to the total sum of the players’ expected payoffs
being maximal. Figure 3 shows that in general efficiency of the social communication
networks contained in the asymptotically stable set ® can not be guaranteed. In fact,
it can easily be verified that the 6-player social communication network represented

in Figure 3(a) is an element of the set @, and that the summation of the players’
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(@) (b)

Figure 3: (a) A 6-player social communication network o € ® which is not efficient

and (b) an efficient 6-player social communication network o € ®.

payoffs equals 126 + 146% 4+ 46°. Since the summation of the players’ payoffs in the 6-
player social communication network illustrated in Figure 3(b) is equal to 126 + 1862,
which is obviously larger than 126 + 146% + 46%, the social communication network
in Figure 3(a) is not efficient. Note that the social communication network in Figure
3(b) is also an element of @. Finally, straightforward calculations show that efficiency

is implied by asymptotic stability in case the number of players is at most 5.

6 Concluding Remarks

We have analyzed a social communication game, where the players’ pure strategies
consist of forming links with the other players. Taking a probabilistic choice ap-
proach we identified a social communication network with a mixed-strategy profile.
The evolution of networks is modeled using a stochastic process of habit formation in
discrete time. In finite time and assuming frequent communication and slow adjust-
ment, the stochastic process can be approximated by the replicator dynamics. We
were able to specify an asymptotically stable set of social communication networks
which consists of Nash equilibria of the social communication game. Furthermore,
in the 3-player case this set reduces to the set consisting of the two efficient ‘cyclic’
social communication networks.

Topics for future research include considering a social communication model with
a stochastic process that involves an endogenous aspiration level (see, e.g., Borgers

and Sarin [4]). Furthermore, it may be interesting to consider other payofl structures
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than the symmetric connections model.
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