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Pxowlohyho Odwhqw Fodvv Prghov

Devwudfw

Odwhqw fodvv +OF, prghov ghyhorshg vr idu dvvxph wkdw revhuydwlrqv duh lqghshqghqw1 Sdud0

phwulf dqg qrqsdudphwulf udqgrp0frh!flhqw OF prghov duh sursrvhg wkdw pdnh lw srvvleoh wr

uhod{ wklv dvvxpswlrq1 Wkh prghov fdq/ iru h{dpsoh/ eh xvhg iru wkh dqdo|vlv ri gdwd froohfwhg

zlwk frpsoh{ vdpsolqj ghvljqv/ gdwd zlwk d pxowlohyho vwuxfwxuh/ dqg pxowlsoh0jurxs gdwd iru

pruh wkdq d ihz jurxsv1 Dq dgdswhg HP dojrulwkp lv suhvhqwhg wkdw pdnhv pd{lpxp olnh0

olkrrg hvwlpdwlrq ihdvleoh1 Wkh qhz prgho lv looxvwudwhg zlwk h{dpsohv iurp rujdql}dwlrqdo/

hgxfdwlrqdo/ dqg furvv0qdwlrqdo frpsdudwlyh uhvhdufk1
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Pxowlohyho Odwhqw Fodvv Prghov

4 Lqwurgxfwlrq

Lq wkh sdvw ghfdgh/ odwhqw fodvv +OF, dqdo|vlv +Od}duvihog/ 4<83> Jrrgpdq/ 4<:7, kdv ehfrph

d pruh zlgho| xvhg whfkqltxh lq vrfldo vflhqfhv uhvhdufk1 Rqh ri lwv dssolfdwlrqv lv foxvwhulqj

ru frqvwuxfwlqj w|srorjlhv zlwk revhuyhg fdwhjrulfdo yduldeohv1 Dqrwkhu uhodwhg dssolfdwlrq lv

ghdolqj zlwk phdvxuhphqw huuru lq qrplqdo dqg ruglqdo lqglfdwruv1 Dq lpsruwdqw olplwdwlrq ri

wkh OFprghov ghyhorshg vr idu lv/ krzhyhu/ wkdw wkh| dvvxph wkdw revhuydwlrqv duh lqghshqghqw/

dq dvvxpswlrq wkdw lv riwhq ylrodwhg1 Wklv sdshu suhvhqwv d udqgrp0frh!flhqwv ru pxowlohyho

OF prgho wkdw pdnhv lw srvvleoh wr uhod{ wklv dvvxpswlrq1

Udqgrp0frh!flhqwv prghov fdq eh xvhg wr ghdo zlwk ydulrxv w|shv ri ghshqghqw revhuydwlrqv

+Djuhvwl hw do1/ 5333,1 Dq h{dpsoh lv ghshqghqw revhuydwlrqv lq gdwd vhwv froohfwhg e| wzr0vwdjh

foxvwhu vdpsolqj ru orqjlwxglqdo ghvljqv1 D pruh wkhru| edvhg xvh ri udqgrp0frh!flhqwv prghov

wkdw lv srsxodu lq �hogv vxfk dv hgxfdwlrqdo dqg rujdql}dwlrqdo uhvhdufk lv riwhq uhihuuhg wr dv

pxowlohyho ru klhudufklfdo prgholqj/ d phwkrg wkdw lv lqwhqghg wr glvhqwdqjoh jurxs0ohyho iurp

lqglylgxdo0ohyho h�hfwv +Eu|n dqg Udxghqexvk/ 4<<5> Jrogvwhlq/ 4<<8> Vqlmghuv dqg Ervnhu/

4<<<,1 Dqrwkhu lqwhuhvwlqj dssolfdwlrq ri wkhvh phwkrgv lv lq wkh frqwh{w ri pxowlsoh0jurxs

dqdo|vlv/ vxfk dv lq furvv0qdwlrqdo frpsdudwlyh uhvhdufk edvhg rq gdwd iurp d odujh qxpehu ri

frxqwulhv +vhh/ iru h{dpsoh/ Zrqj dqg Pdvrq/ 4<;8,1

Lq d vwdqgdug OF prgho/ lw lv dvvxphg wkdw wkh prgho sdudphwhuv duh wkh vdph iru doo

shuvrqv +ohyho04 xqlwv,1 Wkh edvlf lghd ri d pxowlohyho OF prgho lv wkdw vrph ri wkh prgho

sdudphwhuv duh doorzhg wr gl�huv dfurvv jurxsv/ foxvwhuv/ ru ohyho05 xqlwv1 Iru h{dpsoh/ wkh

suredelolw| ri ehorqjlqj wr d fhuwdlq odwhqw fodvv pd| gl�hu dfurvv rujdql}dwlrqv ru frxqwulhv1

Vxfk gl�huhqfhv fdq eh prghoohg e| lqfoxglqj jurxs gxpplhv lq wkh prgho/ dv lv grqh lq
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pxowlsoh0jurxs OF dqdo|vlv +Forjj dqg Jrrgpdq/ 4<;7,/ zklfk dprxqwv wr xvlqj zkdw lv

fdoohg d �{hg0h�hfwv dssurdfk1 Dowhuqdwlyho|/ lq d udqgrp0h�hfwv dssurdfk/ wkh jurxs0vshfl�f

frh!flhqwv duh dvvxphg wr frph iurp d sduwlfxodu glvwulexwlrq/ zkrvh sdudphwhuv vkrxog eh

hvwlpdwhg1 Ghshqglqj rq zkhwkhu wkh irup ri wkh pl{lqj glvwulexwlrq lv vshfl�hg ru qrw/ hlwkhu

d sdudphwulf ru d qrqsdudphwulf udqgrp0h�hfwv dssurdfk lv rewdlqhg1

Wkh sursrvhg pxowlohyho OF prgho lv vlplodu wr d udqgrp0frh!flhqwv orjlvwlf uhjuhvvlrq

prgho +Zrqj dqg Pdvrq/ 4<;8> Khghnhu dqg Jleerqv/ 4<<9> Khghnhu/ 4<<<> Djuhvwl hw do1/

5333,1 D gl�huhqfh lv wkdw wkh ghshqghqw yduldeoh lv qrw gluhfwo| revhuyhg/ exw d odwhqw yduldeoh

zlwk vhyhudo revhuyhg lqglfdwruv1 Wkh prgho fdq/ wkhuhiruh/ eh vhhq dv dq h{whqvlrq ri d udqgrp0

frh!flhqwv orjlvwlf uhjuhvvlrq prgho lq zklfk wkhuh lv phdvxuhphqw huuru lq wkh ghshqghqw

yduldeoh1 Lw lv zhoo0nqrzq wkdw OF prghov fdq eh xvhg wr frpelqh wkh lqirupdwlrq frqwdlqhg

lq pxowlsoh rxwfrph yduldeohv +Edqghhq0Urfkh hw do1/ 4<<:,1

Wkh prgho lv dovr vlplodu wr wkh pxowlohyho lwhp uhvsrqvh wkhru| +LUW, prgho wkdw zdv

uhfhqwo| sursrvhg e| Ir{ dqg Jodv +5334,1 D frqfhswxdo gl�huhqfh lv/ krzhyhu/ wkdw lq LUW

prghov wkh xqghuo|lqj odwhqw yduldeohv duh dvvxphg wr eh frqwlqxrxv lqvwhdg ri glvfuhwh1 Eh0

fdxvh ri wkh vlplodulw| ehwzhhq OF dqg LUW prghov +vhh/ iru h{dpsoh/ Khlqhq/ 4<<9,/ lw lv

qrw vxusulvlqj wkdw uhvwulfwhg pxowlohyho OF prghov fdq eh xvhg wr dssur{lpdwh pxowlohyho LUW

prghov1

Wkh lghd ri lqwurgxflqj udqgrp h�hfwv lq OF dqdo|vlv lv qrw qhz= vhh/ iru h{dpsoh/ Tx/ Wdq/

dqg Nxwqhu +4<<9,/ dqg Ohqn dqg GhVduer +5333,1 Wkh prghov sursrvhg e| wkhvh dxwkruv duh/

krzhyhu/ qrw pxowlohyho prghov/ dqg wkhuhiruh frqfhswxdoo| dqg pdwkhpdwlfdoo| yhu| gl�huhqw

iurp wkh prghov ghvfulehg lq wklv sdshu1 Dowkrxjk wkhuh lv qr rswlrq iru frpelqlqj OF vwuxf0

wxuhv zlwk udqgrp h�hfwv lq wkh fxuuhqw yhuvlrq ri wkh JOODPP surjudp ri Udeh0Khvnhwk/

Slfnohv/ dqg Vnurqgdo +5334,/ wkh prgho L sursrvh �wv yhu| qdwxudoo| lqwr wkh jhqhudo pxowlohyho
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prgholqj iudphzrun ghyhorshg e| wkhvh dxwkruv1

Wkh pxowlohyho OF prgho fdq eh uhsuhvhqwhg dv d judsklfdo ru sdwk prgho frqwdlqlqj rqh

odwhqw yduldeoh shu udqgrp frh!flhqw dqg rqh odwhqw yduldeoh shu ohyho04 xqlw zlwklq d ohyho05

xqlw1 Wkh idfw wkdw wkh prgho frqwdlqv vr pdq| odwhqw yduldeohv pdnhv wkh xvh ri d vwdqgdug HP

dojrulwkp iru pd{lpxp olnholkrrg +PO, hvwlpdwlrq lpsudfwlfdo1 Wkh PO hvwlpdwlrq sureohp

fdq/ krzhyhu/ eh vroyhg e| pdnlqj xvh ri wkh frqglwlrqdo lqghshqghqfh dvvxpswlrqv lpsolhg e|

wkh judsklfdo prgho1 Pruh suhflvho|/ L dgdswhg wkh H vwhs ri wkh HP dojrulwkp wr wkh vwuxfwxuh

ri wkh pxowlohyho OF prgho1

Wkh qh{w vhfwlrq ghvfulehv wkh pxowlohyho OF prgho1 Wkhq/ dwwhqwlrq lv sdlg wr hvwlpdwlrq

lvvxhv wkdw duh vshfl�f iru wklv qhz prgho1 Vhfwlrq 7 suhvhqwv dssolfdwlrqv iurp rujdql}dwlrqdo/

hgxfdwlrqdo/ dqg furvv0qdwlrqdo frpsdudwlyh uhvhdufk1 Wkh sdshu hqgv zlwk d vkruw glvfxvvlrq1

5 Wkh pxowlohyho OF prgho

Ohw t � ��� ghqrwh wkh uhvsrqvh ri lqglylgxdo ru ohyho04 xqlw � zlwklq jurxs ru ohyho05 xqlw � rq

lqglfdwru ru lwhp &1 Wkh qxpehu ri ohyho05 xqlwv lv ghqrwhg e| a / wkh qxpehu ri ohyho04 xqlwv

zlwklq ohyho05 xqlw � e| ? � / dqg wkh qxpehu ri lwhpv e| g1 D sduwlfxodu ohyho ri lwhp & lv

ghqrwhg e| r � dqg lwv qxpehu ri fdwhjrulhv e| 7 � 1 Wkh odwhqw fodvv yduldeoh lv ghqrwhg e| f � � /

d sduwlfxodu odwhqw fodvv e| |/ dqg wkh qxpehu ri odwhqw fodvvhv e| A 1 Qrwdwlrq v � � lv xvhg wr

uhihu wr wkh ixoo yhfwru ri uhvsrqvhv ri fdvh � lq jurxs �/ dqg t wr uhihu wr d srvvleoh dqvzhu

sdwwhuq1

Wkh suredelolw| vwuxfwxuh gh�qlqj d vlpsoh OF prgho fdq eh zulwwhq grzq dv iroorzv=

� Ev � � ' t� '

�
[

���	� � Ef � � ' |�� Ev � � ' tmf � � ' |�

'

�
[

���	� � Ef � � ' |�



\

� �	� � Et � ��� ' r � mf � � ' |�� +4,

Wkh suredelolw| ri revhuylqj d sduwlfxodu uhvsrqvh sdwwhuq/ � Ev � � ' t�/ lv d zhljkwhg dyhudjh

7



ri fodvv0vshfl�f suredelolwlhv � Ev � � ' tmf � � ' |�1 Wkh zhljkw � Ef � � ' |� lv wkh suredelolw|

wkdw shuvrq � lq jurxs � ehorqjv wr odwhqw fodvv |1 Dv fdq eh vhhq iurp wkh vhfrqg olqh/ wkh

lqglfdwruv t � ��� duh dvvxphg wr eh lqghshqghqw ri hdfk rwkhu jlyhq fodvv phpehuvkls/ zklfk

lv riwhq uhihuuhg wr dv wkh orfdo lqghshqghqfh dvvxpswlrq1 Wkh whup � Et � ��� ' r � mf � � ' |� lv

wkh suredelolw| ri revhuylqj uhvsrqvh r � rq lwhp & jlyhq wkdw wkh shuvrq frqfhuqhg ehorqjv wr

odwhqw fodvv |1 Wkhvh frqglwlrqdo uhvsrqvh suredelolwlhv duh xvhg wr qdph wkh odwhqw fodvvhv1

Wkh jhqhudo gh�qlwlrq lq htxdwlrq +4, dssolhv wr erwk wkh vwdqgdug dqg wkh pxowlohyho OF

prgho1 Lq rughu wr eh deoh wr glvwlqjxlvk wkh wzr/ wkh prgho suredelolwlhv kdyh wr eh zulwwhq

lq wkh irup ri orjlw htxdwlrqv1 Lq wkh vwdqgdug OF prgho/

� Ef � � ' |� '
i TE� � �

S

�
� �	� i TE� � �

+5,

� Et � ��� ' r � mf � � ' |� '
i TEq

�

�� � �

S � �� �	� i TEq
�� � �

� +6,

Dv dozd|v/ lghqwli|lqj frqvwudlqwv kdyh wr eh lpsrvhg rq wkh orjlw sdudphwhuv/ iru h{dpsoh/

� � ' q
���� ' f1

Wkh idfw wkdw wkh � dqg q sdudphwhuv dsshdulqj lq htxdwlrqv +5, dqg +6, gr qrw kdyh dq

lqgh{ � lqglfdwhv wkdw wkhlu ydoxhv duh dvvxphg wr eh lqghshqghqw ri wkh jurxs wr zklfk rqh

ehorqjv1 Wdnlqj lqwr dffrxqw wkh pxowlohyho vwuxfwxuh lqyroyhv uhod{lqj wklv dvvxpswlrq1 Wkh

prvw jhqhudo pxowlohyho OF prgho lv rewdlqhg e| dvvxplqj wkdw doo prgho sdudphwhuv duh jurxs

vshfl�f> wkdw lv/

� Ef � � ' |� '
i TE� � � �

S

�
� �	� i TE� � � � +7,

� Et � ��� ' r � mf � � ' |� '
i TEq

�

�� � � �

S � �� �	� i TEq
�� � � �

� +8,

Zlwkrxw ixuwkhu uhvwulfwlrqv/ wklv prgho lv htxlydohqw wr dq xquhvwulfwhg pxowlsoh0jurxs OF

prgho +Forjj dqg Jrrgpdq/ 4<;7,1 D pruh uhvwulfwhg pxowlsoh0jurxs OF prgho lv rewdlqhg

e| dvvxplqj wkdw wkh lwhp frqglwlrqdo suredelolwlhv gr qrw ghshqg rq wkh ohyho05 xqlw> wkdw
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lv/ e| frpelqlqj vshfl�fdwlrqv +7, dqg +6,1 Lq sudfwlfh/ vxfk d sduwldoo| khwhurjhqhrxv prgho

dvvxplqj lqyduldqw phdvxuhphqw huuru lv wkh prvw xvhixo vshfl�fdwlrq/ dowkrxjk lw lv qrw d

sureohp wr uhod{ wklv dvvxpswlrq iru vrph ri wkh lqglfdwruv1

Lw zloo/ krzhyhu/ eh fohdu wkdw vxfk d pxowlsoh0jurxs ru �{hg0h�hfwv dssurdfk pd| eh sure0

ohpdwlf li wkhuh duh pruh wkdq d ihz jurxsv ehfdxvh jurxs0vshfl�f hvwlpdwhv kdyh wr eh rewdlqhg

iru fhuwdlq prgho sdudphwhuv1 Qrw rqo| wkh qxpehu ri sdudphwhuv wr eh hvwlpdwhg lqfuhdvhv

udslgo| zlwk wkh qxpehu ri ohyho05 xqlwv/ wkh hvwlpdwhv pd| dovr eh yhu| xqvwdeoh zlwk jurxs

vl}hv wkdw duh w|slfdo lq pxowlohyho uhvhdufk1 Dqrwkhu glvdgydqwdjh ri wkh �{hg0h�hfwv dssurdfk

lv wkdw doo jurxs gl�huhqfhv duh �h{sodlqhg� e| wkh jurxs gxpplhv/ pdnlqj lw lpsrvvleoh wr

ghwhuplqh wkh h�hfwv ri ohyho05 fryduldwhv rq wkh suredelolw| ri ehorqjlqj wr d fhuwdlq odwhqw

fodvv1 Ehorz L vkrz krz wr lqfoxgh vxfk fryduldwhv lq wkh prgho1

D sdudphwulf dssurdfk

Wkh sureohpv dvvrfldwhg zlwk wkh pxowlsoh0jurxs dssurdfk fdq eh wdfnohg e| dgrswlqj d

udqgrp0h�hfwv dssurdfk= udwkhu wkdq hvwlpdwlqj d vhsdudwh vhw ri sdudphwhuv iru hdfk jurxs/

wkh jurxs0vshfl�f h�hfwv duh dvvxphg wr frph iurp d fhuwdlq glvwulexwlrq1 Ohw xv orrn dw wkh

vlpsohvw fdvh= d wzr0fodvv prgho zlwk jurxs0vshfl�f fodvv0phpehuvkls suredelolwlhv dv gh�qhg

e| htxdwlrq +7,/ dqg zlwk � � � ' f iru lghqwl�fdwlrq1 W|slfdoo|/ udqgrp frh!flhqwv duh dvvxphg

wr frph iurp d qrupdo glvwulexwlrq/ |lhoglqj d OF prgho lq zklfk

� � � ' � � n � � � �� c +9,

zlwk �� � �Efc ��1 Qrwh wkdw wklv dprxqwv wr dvvxplqj wkdw wkh ehwzhhq0jurxs yduldwlrq lq wkh

orj rggv ri ehorqjlqj wr wkh vhfrqg lqvwhdg ri wkh �uvw odwhqw fodvv iroorzv d qrupdo glvwulexwlrq

zlwk d phdq htxdo wr � � dqg d vwdqgdug ghyldwlrq htxdo wr � � 1

Zlwk pruh wkdq wzr odwhqw fodvvhv/ rqh kdv wr vshfli| wkh glvwulexwlrq ri wkh A � � udqgrp0
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lqwhufhsw whupv � � � 1 Rqh srvvlelolw| lv wr zrun zlwk d +A � �,0glphqvlrqdo qrupdo glvwulexwlrq1

Dqrwkhu rswlrq lv wr xvh pruh d uhvwulfwhg vwuxfwxuh ri wkh irup/

� � � ' � � n � � � �� c +:,

zlwk � � � �Efc �� dqg zlwk rqh lghqwli|lqj frqvwudlqw rq wkh � � dqg dqrwkhu rq wkh � � = iru

h{dpsoh/ � � ' � � ' f1 Wklv vshfl�fdwlrq zdv dovr xvhg e| Khghnhu +4<<<, lq wkh frqwh{w ri

udqgrp0h�hfwv pxowlqrpldo orjlvwlf uhjuhvvlrq dqdo|vlv1 Wkh lpsolflw dvvxpswlrq wkdw lv pdgh

lv wkdw wkh udqgrp frpsrqhqwv lq wkh ydulrxv � � � duh shuihfwo| fruuhodwhg1 Pruh vshfl�fdoo|/

wkh vdph udqgrp h�hfw � � lv vfdohg lq d gl�huhqw pdqqhu iru hdfk | e| wkh xqnqrzq � � 1 Wklv

irupxodwlrq/ zklfk lv htxlydohqw wr Erfn*v qrplqdo uhvsrqvh prgho +Erfn/ 4<:5,/ lv edvhg rq wkh

dvvxpswlrq wkdw hdfk qrplqdo fdwhjru| lv uhodwhg wr dq xqghuo|lqj odwhqw uhvsrqvh whqghqf|1

Zkhwkhu vxfk d uhvwulfwhg vwuxfwxuh vx!fhv ru d pruh jhqhudo irupxodwlrq lv qhhghg lv dq

hpslulfdo lvvxh1 Qrwh wkdw +:, uhgxfhv wr +9, li A ' 21

D phdvxuh wkdw riwhq ri lqwhuhvw lq udqgrp0h�hfwv prghov lv wkh lqwudfodvv fruuhodwlrq1 Lw

lv gh�qhg dv wkh sursruwlrq ri wkh wrwdo yduldqfh dffrxqwhg iru e| wkh ohyho05 xqlwv/ zkhuh wkh

wrwdo yduldqfh htxdov wkh vxp ri wkh ohyho04 dqg ohyho05 yduldqfhv1 Khghnhu +lq suhvv, vkrzhg

krz wr frpsxwh wkh lqwudfodvv fruuhodwlrq lq udqgrp0frh!flhqwv pxowlqrpldo orjlvwlf uhjuhvvlrq

prghov1 Wkh vdph phwkrg fdq eh xvhg lq pxowlohyho OF prghov> wkdw lv/

o � � ' �
��

�
�� n Z � *� � +;,

Wklv irupxod pdnhv xvh ri wkh idfw wkdw wkh ohyho04 yduldqfh fdq eh vhw htxdo wr wkh yduldqfh ri

wkh orjlvwlf glvwulexwlrq/ zklfk htxdov Z
�
*� � ��2b1 Qrwlfh wkdw A � � lqghshqghqw lqwudfodvv

fruuhodwlrqv fdq eh frpsxwhg1

:



D qrqsdudphwulf dssurdfk

D glvdgydqwdjh ri wkh suhvhqwhg udqgrp0h�hfwv dssurdfk lv wkdw lw pdnhv txlwh vwurqj dvvxps0

wlrqv derxw wkh pl{lqj glvwulexwlrq1 Dq dwwudfwlyh dowhuqdwlyh lv/ wkhuhiruh/ wr zrun zlwk d

glvfuhwh xqvshfl�hg pl{lqj glvwulexwlrq1 Wklv |lhogv d qrqsdudphwulf udqgrp0frh!flhqwv OF

prgho lq zklfk wkhuh duh qrw rqo| odwhqw fodvvhv ri ohyho04 xqlwv exw dovr odwhqw fodvvhv ri ohyho05

xqlwv vkdulqj wkh vdph sdudphwhu ydoxhv1 Vxfk dq dssurdfk grhv qrw rqo| kdyh wkh dgydqwdjh ri

ohvv vwurqj glvwulexwlrqdo dvvxpswlrqv dqg ohvv frpsxwdwlrqdo exughq +Yhupxqw dqg Ydq Glmn/

5334,/ lw pd| dovr �w ehwwhu wr wkh vxevwdqwlyh uhvhdufk sureohp dw kdqg1 Lq pdq| vhwwlqjv/ lw

lv pruh qdwxudo wr fodvvli| jurxsv +iru h{dpsoh/ frxqwulhv, lqwr d vpdoo qxpehu ri w|shv wkdq

wr sodfh wkhp rq d frqwlqxrxv vfdoh1

Lw vkrxog eh qrwhg wkdw zlwk qrqsdudphwulf L gr qrw phdq �glvwulexwlrq iuhh�1 Lq idfw/ wkh

qrupdo glvwulexwlrq dvvxpswlrq lv uhsodfhg e| d pxowlqrpldo glvwulexwlrq dvvxpswlrq1 Dffrug0

lqj wr Odlug +4<:;,/ d qrqsdudphwulf fkdudfwhul}dwlrq ri wkh pl{lqj glvwulexwlrq lv rewdlqhg e|

lqfuhdvlqj wkh qxpehu ri pdvv srlqwv wloo d vdwxudwlrq srlqw lv uhdfkhg1 Lq sudfwlfh/ krzhyhu/

rqh zloo zrun zlwk ihzhu odwhqw fodvvhv wkdw wkh pd{lpxp qxpehu wkdw fdq eh lghqwl�hg1

Ohw ` � ghqrwh wkh ydoxh ri jurxs � rq wkh odwhqw fodvv yduldeoh gh�qlqj wkh glvfuhwh pl{lqj

glvwulexwlrq1 Lq d qrqsdudphwulf dssurdfk/ wkh prgho iru wkh odwhqw fodvv suredelolw| htxdov

� Ef � � ' |m` � ' 6� '
i TE� ��� �

S

�
� �	� i TE� � � �

c +<,

zkhuh 6 ghqrwhv d sduwlfxodu pl{wxuh frpsrqhqw1 Ehvlghv wkh � frpsrqhqw0vshfl�f frh!0

flhqwv/ zh kdyh wr hvwlpdwh wkh vl}h ri hdfk frpsrqhqw/ ghqrwhg e| Z � 1 Qrwh wkdw zh fdq zulwh

� ��� dv

� ��� ' � � n � ��� c +43,

zkhuh wkh � ��� frph iurp dq xqvshfl�hg glvwulexwlrq zlwk � pdvv srlqwv1

;



Fryduldwhv

D qdwxudo h{whqvlrq ri wkh udqgrp0frh!flhqw OF prgho lqyroyhv lqfoxglqj ohyho04 dqg ohyho05

fryduldwhv wr suhglfw fodvv phpehuvkls1 Vxssrvh wkdw wkhuh lv rqh ohyho05 fryduldwh ~ � � dqg rqh

ohyho04 fryduldwh ~ � � � 1 D pxowlqrpldo orjlvwlf uhjuhvvlrq prgho iru f ��� zlwk d udqgrp lqwhufhsw

lv rewdlqhg e|

� Ef � � ' |m~ � � c ~ � � � � ' i TE� � � � n � ��� ~ � � n � � � ~ � � � �
S

�
� �	� i TE� � � � n � � � ~ � � n � � � ~ � � � �

�

Wklv prgho lv dq h{whqvlrq ri wkh OF prgho zlwk frqfrplwdqw yduldeohv sursrvhg e| Gd|wrq

dqg PfUhdg| +4<;;,> wkdw lv/ d prgho frqwdlqlqj qrw rqo| �{hg exw dovr udqgrp h�hfwv1

Qrw rqo| wkh lqwhufhsw/ exw dovr wkh h�hfwv ri wkh ohyho04 fryduldwhv pd| eh dvvxphg wr eh

udqgrp frh!flhqwv1 D prgho zlwk d udqgrp vorsh lv rewdlqhg e| uhsodflqj � � � zlwk � � � � / dqg

pdnlqj fhuwdlq glvwulexwlrqdo dvvxpswlrqv derxw � � � � 1 Lq idfw/ dq| pxowlohyho prgho wkdw fdq

eh vshfl�hg iru dq revhuyhg qrplqdo rxwfrph yduldeoh fdq dovr eh dssolhg zlwk wkh odwhqw fodvv

yduldeoh/ zklfk lv lq idfw dq lqgluhfwo| revhuyhg qrplqdo rxwfrph yduldeoh1

Dovr wkh qrqsdudphwulf dssurdfk fdq hdvlo| eh h{whqghg wr lqfoxgh ohyho04 dqg ohyho05 fr0

yduldwhv1 Dq h{dpsoh lv

� Ef � � ' |m~ � � c ~ � � � c ` � ' 6� '
i TE� � ��� n � ����� ~ � � n � � � ~ � � � �

S

�
� �	� i TE� � � � n � � � � ~ � � n � � � ~ � � � � �

Lq wklv prgho/ erwk wkh lqwhufhsw dqg wkh vorsh ri wkh ohyho04 fryduldwh duh dvvxphg wr ghshqg

rq wkh pl{wxuh yduldeoh ` � 1

Lwhp eldv

Wkh odvw h{whqvlrq L zrxog olnh wr phqwlrq lv wkh srvvlelolw| wr doorz iru jurxs gl�huhqfhv lq

wkh fodvv0vshfl�f frqglwlrqdo uhvsrqvh suredelolwlhv/ dv zdv douhdg| lqglfdwhg lq htxdwlrq +8,1

Lw pd| kdsshq wkdw fhuwdlq lwhpv duh uhvsrqghg lq d gl�huhqw pdqqhu e| lqglylgxdov ehorqjlqj

wr gl�huhqw jurxsv/ d skhqrphqrq wkdw lv vrphwlphv uhihuuhg wr dv lwhp eldv1

<



D udqgrp0h�hfwv vshfl�fdwlrq iru wkh lwhp eldv lq lwhp & fdq/ iru h{dpsoh/ eh ri wkh irup

q
�

�� � � ' q

�

�� � n j 
 � e � c

zkhuh wkh j 
 duh fdwhjru|0vshfl�f sdudphwhuv/ dqg e � � �Efc ��1 Rqh lghqwli|lqj frqvwudlqw

kdv wr eh lpsrvhg rq wkh q
�

�� � dqg rq wkh j � sdudphwhuv= iru h{dpsoh/ q

���� ' j � ' f1 Qrwh wkdw

wklv vshfl�fdwlrq lv vlplodu wr wkh rqh wkdw zdv sursrvhg iru � � � lq htxdwlrq +:,1 Wkh whupv � �

dqg e � fdq eh dvvxphg wr eh fruuhodwhg ru xqfruuhodwhg1

Lq wkh qrqsdudphwulf dssurdfk/ lwhp eldv fdq eh ghdow zlwk e| doorzlqj wkh frqglwlrqdo

uhvsrqvh suredelolwlhv wr ghshqg rq wkh pl{wxuh yduldeoh> l1h1/

� Et � ��� ' r � mf � � ' |c ` � ' 6� '
i TEq

�

�� ��� �

S � �� �	� i TEq
�� ��� �
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Lq vxfk d vshfl�fdwlrq/ odwhqw fodvvhv ri jurxsv qrw rqo| gl�hu zlwk uhvshfw wr wkh odwhqw fodvv

glvwulexwlrq ri lqglylgxdov/ exw dovr zlwk uhvshfw wr lwhp glvwulexwlrqv zlwklq odwhqw fodvvhv ri

lqglylgxdov1

6 Pd{lpxp olnholkrrg hvwlpdwlrq

Wkh sdudphwhuv ri wkh pxowlohyho OF prgho fdq eh hvwlpdwhg e| pd{lpxp olnholkrrg +PO,1

Wkh olnholkrrg ixqfwlrq lv edvhg rq wkh suredelolw| ghqvlw| iru wkh gdwd ri d frpsohwh ohyho05

xqlw/ ghqrwhg e| � Ev � m~� �1 Lw vkrxog eh qrwhg wkdw wkhvh duh lqghshqghqw revhuydwlrqv zkloh

revhuydwlrqv zlwklq d ohyho05 xqlw duh qrw dvvxphg wr eh lqghshqghqw1 Wkh orj0olnholkrrg wr eh

pd{lpl}hg htxdov

*L}u '

�
[

� �	� *L}� Ev � m~� ��

Lq d sdudphwulf udqgrp0frh!flhqw OF prgho/ wkh uhohydqw suredelolw| ghqvlw| htxdov

� Ev� m~� � '
]

� � Ev� m~� c �c w�sE�mw�_�

'
]

�

+ ���
\

� �	� � Ev � � m~ � � c �c w�

,

sE�mw�_�c +44,

43



zkhuh w ghqrwhv wkh frpsohwh vhw ri xqnqrzq sdudphwhuv wr eh hvwlpdwhg dqg sE�mw� wkh

pxowlyduldwh qrupdo pl{lqj glvwulexwlrq1 Dv fdq eh vhhq/ wkh uhvsrqvhv ri wkh ? � ohyho04 xqlwv

zlwk ohyho05 xqlw � duh dvvxphg wr eh lqghshqghqw ri rqh dqrwkhu jlyhq wkh udqgrp frh!flhqwv1

Ri frxuvh/ wkh frqwulexwlrqv ri wkh ohyho04 xqlwv kdyh wkh irup ri d OF prgho> wkdw lv/

� Ev � � m~ � � c �c w� '

�
[

���	� � Ef � � ' |c v � � m~ � � c �c w�

'

�
[

���	� � Ef � � ' |m~ � � c �c w�



\

� ��� � Et � ��� mf � � ' |c ~ � � c �c w�

Wkh lqwhjudo dw wkh uljkw0kdqg vlgh ri htxdwlrq +44, fdq eh hydoxdwhg e| wkh Jdxvv0Khuplwh

txdgudwxuh qxphulfdo lqwhjudwlrq phwkrg +Vwurxg dqg Vhfuhvw/ 4<99> Erfn dqg Dlwnlq/ 4<;4,1

Diwhu ruwkrqrupdol}lqj wkh udqgrp frh!flhqwv/ wkh pxowlyduldwh qrupdo pl{lqj glvwulexwlrq

lv dssur{lpdwhg e| d olplwhg qxpehu ri � glvfuhwh srlqwv1 Khghnhu +4<<<, surylghg d gh0

wdlohg ghvfulswlrq ri wkh lpsohphqwdwlrq ri wklv phwkrg lq wkh hvwlpdwlrq ri udqgrp0frh!flhqwv

pxowlqrpldo orjlvwlf uhjuhvvlrq prghov1 Dq htxlydohqw dssurdfk lv xvhg khuh1 Wkh edvlf lghd lv

wkdw wkh lqwhjudo lv uhsodfhg e| d vxppdwlrq ryhu � txdgudwxuh srlqwv/

� Ev � m~ � � '

 
[

�!�	� � Ev� m~ � c � � c w�Z �

'

 
[

�!�	�

+ � �
\

� �	� � Ev � � m~ � � c � � c w�

,

Z � � +45,

Khuh/ � � dqg Z � ghqrwh wkh �{hg rswlpdo txdgudwxuh qrghv dqg zhljkwv fruuhvsrqglqj wr wkh

+pxowlyduldwh, qrupdo ghqvlw| ri lqwhuhvw1 Wkhvh fdq eh rewdlqhg iurp sxeolvkhg wdeohv +vhh/ iru

h{dpsoh/ Vwurxg dqg Vhfuhvw/ 4<99,1 Wkh lqwhjudo fdq eh dssur{lpdwhg wr dq| sudfwlfdo ghjuhh

ri dffxudf| e| vhwwlqj � vx!flhqwo| odujh1

Dv zdv h{sodlqhg deryh/ lw lv dovr srvvleoh wr xvh dq xqvshfl�hg glvfuhwh pl{lqj glvwulexwlrq1

Wkh suredelolw| ghqvlw| fruuhvsrqglqj wr d qrqsdudphwulf prgho zlwk � frpsrqhqwv lv vlplodu

wr wkh dssur{lpdwh ghqvlw| gh�qhg lq htxdwlrq +45,1 D gl�huhqfh lv/ krzhyhu/ wkdw qrz � �

dqg Z � duh xqnqrzq sdudphwhuv wr eh hvwlpdwhg/ dqg wkdw wkh sdudphwhu yhfwru w qr orqjhu
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frqwdlqv wkh yduldqfhv dqg fryduldqfhv ri wkh udqgrp frh!flhqwv1 Htxdwlrq +43, gh�qhv � � iru

wkh qrqsdudphwulf fdvh1

Lpsohphqwdwlrq ri wkh HP dojrulwkp

PO hvwlpdwhv ri wkh prgho sdudphwhuv fdq eh rewdlqhg e| dq HP dojrulwkp zlwk dq H vwhs

wkdw lv hvshfldoo| dgdswhg wr wkh sureohp dw kdqg1 D vwdqgdug lpsohphqwdwlrq ri wkh H vwhs

zrxog lqyroyh frpsxwlqj wkh mrlqw frqglwlrqdo h{shfwdwlrq ri ? � odwhqw fodvv yduldeohv dqg wkh

odwhqw yduldeohv uhsuhvhqwlqj wkh udqgrp h�hfwv> wkdw lv/ d srvwhulru glvwulexwlrq zlwk � � A
���

hqwulhv � E` � ' 6c j � ' |mv � c ~� �1 Lw zloo eh fohdu wkdw wklv lv qrw sudfwlfdo zkhq wkhuh duh

pruh wkdq d ihz ohyho04 xqlwv shu ohyho05 xqlw1

^Lqvhuw �jxuh 4 derxw khuh`

Iljxuh 4 ghslfwv wkh judsklfdo prgho xqghuo|lqj wkh pxowlohyho OF prgho1 Wkh ohyho05 odwhqw

yduldeoh ` � lq xhqfhv wkh ? � ohyho04 odwhqw yduldeohv f � � / zklfk duh pxwxdoo| lqghshqghqw jlyhq

` � 1 Wkh qxpehu ri ohyho04 odwhqw yduldeohv gl�huv shu jurxs1 Pruh suhflvho|/ wkhuh lv rqh f � �

iru hdfk hdfk � zlwklq jurxs �/ zklfk phdqv ? � lq wrwdo1 Hdfk ohyho04 xqlw kdv lw rzq vhw ri

lqglfdwruv t ����� 1 Wkh judsklfdo uhsuhvhqwdwlrq vkrzv wkdw/ rq wkh rqh kdqg/ zh duh ghdolqj zlwk

d prgho zlwk pdq| odwhqw yduldeohv/ exw wkdw/ rq wkh rwkhu kdqg/ lw lv d txlwh uhvwulfwhg prgho1

Wkh dojrulwkp L ghyhorshg pdnhv xvh ri wkh idfw wkdw wkh rqo| wklqj zh qhhg lq wkh H vwhs

duh wkh pdujlqdo srvwhulru suredelolwlhv � E` � ' 6c f � � ' |mv � c ~� �1 Wklv iroorzv iurp wkh

idfw wkdw wkhvh duh wkh whupv dsshdulqj lq wkh frpsohwh gdwd orj0olnholkrrg1 Udwkhu wkdq �uvw

frpsxwlqj � E` � ' 6c j � ' |mv � c ~� � dqg vxevhtxhqwo| froodsvlqj ryhu doo f ��" � / �
#

9' �/ lq rughu

wr rewdlq � E` � ' 6c f � � ' |mv � c ~ � �/ � E` � ' 6c f � � ' |mv � c ~ � � lv frpsxwhg gluhfwo|1 Wkh

surfhgxuh pdnhv xvh ri wkh frqglwlrqdo lqghshqghqfh dvvxpswlrqv xqghuo|lqj wkh judsklfdo

prgho dvvrfldwhg zlwk wkh ghqvlw| gh�qhg lq htxdwlrq +45,1 Wklv |lhogv dq dojrulwkp lq zklfk
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frpsxwdwlrq wlph lqfuhdvhv olqhduo| udwkhu wkdq h{srqhqwldoo| zlwk ? � 1 Wkh sursrvhg phwkrg

lv vlplodu wr wkh iruzdug0edfnzdug dojrulwkp iru wkh hvwlpdwlrq ri klgghq Pdunry prghov iru

odujh qxpehuv ri wlph srlqwv +Edxp hw do1/ 4<:3> Mxdqj dqg Udelqhu/ 4<<4,1 Dv zloo ehfrph

fohdu ehorz/ wkh phwkrg L sursrvh frxog eh fdoohg dq xszdug0grzqzdug dojrulwkp1 Odwhqw

yduldeohv duh lqwhjudwhg ru vxpphg rxw e| jrlqj iurp wkh orzhu0 wr wkh kljkhu0ohyho xqlwv/ dqg

wkh pdujlqdo srvwhulruv duh vxevhtxhqwo| rewdlqhg e| jrlqj iurp wkh kljkhu0 wr wkh orzhu0ohyho

xqlwv1

Wkh pdujlqdo srvwhulru suredelolwlhv � E` � ' 6c f � � ' |mv � c ~ � � qhhghg wr shuirup wkh H

vwhs fdq eh rewdlqhg xvlqj wkh iroorzlqj vlpsoh ghfrpsrvlwlrq=

� E` � ' 6c f � � ' |mv � c ~ � � ' � E` � ' 6mv� c ~� �� Ef � � ' |m` � ' 6c v � c ~ � �

Wkh sursrvhg h!flhqw dojrulwkp pdnhv xvh ri wkh idfw wkdw lq wkh pxowlohyho OF prgho

� Ef � � ' |m` � ' 6c v � c ~ � � ' � Ef � � ' |m` � ' 6c v � � c ~ � � �c

l1h1/ jlyhq ` � / f � � lv lqghshqghqw ri wkh revhuyhg +dqg odwhqw, yduldeohv ri wkh rwkhu ohyho04

xqlwv zlwklq wkh vdph ohyho05 xqlw1 Wklv lv wkh uhvxow ri wkh idfw wkdw ohyho04 revhuydwlrqv duh

pxwxdoo| lqghshqghqw jlyhq wkh udqgrp frh!flhqwv +jlyhq wkh ydoxh ri ` � ,/ dv lv h{suhvvhg lq

wkh ghqvlw| ixqfwlrq ghvfulehg lq htxdwlrq +44,1 Wklv fdq dovr eh vhhq iurp Iljxuh 4/ zklfk

ghslfwv wkh frqglwlrqdo lqghshqghqfh dvvxpswlrqv xqghuo|lqj wkh pxowlohyho OF prgho1 Xvlqj

wklv lpsruwdqw uhvxow/ zh jhw wkh iroorzlqj voljkwo| vlpsol�hg ghfrpsrvlwlrq=

� E` � ' 6c f � � ' |mv � c ~� � ' � E` � ' 6mv � c ~� �� Ef � � ' |m` � ' 6c v � � c ~ � � �� +46,

Wklv vkrzv wkdw wkh sureohp ri rewdlqlqj wkh pdujlqdo srvwhulru suredelolwlhv uhgxfhv wr wkh

frpsxwdwlrq ri wkh wzr whupv dw wkh uljkw0kdqg vlgh ri wklv htxdwlrq1 Xvlqj wkh vkruw0kdqg

qrwdwlrq Z � �%$ � iru � Ev � � m~ � � c � � c w� dqg Z � � � $ � iru � Ef � � ' |c v � � m~ � � c � � c w�/ dqg qrwlqj wkdw
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Dv fdq eh vhhq/ wkh edvlf rshudwlrq wkdw kdv wr eh shuiruphg lv wkh frpsxwdwlrq ri Z � � � $ � iru

hdfk �/ �/ |/ dqg 61 Lq wkh xszdug vwhs/ wkh ? � vhwv ri Z � � � $ � whupv duh xvhg wr rewdlq � E` � '

6mv� c ~ � �1 Wkh grzqzdug vwhs lqyroyhv wkh frpsxwdwlrq ri � Ef � � ' |m` � ' 6c v � � c ~ � � �/ dv

zhoo dv � E` � ' 6c f � � ' |mv� c ~ � � yld htxdwlrq +46,1 Lq wkh xszdug0grzqzdug dojrulwkp

frpsxwdwlrq wlph lqfuhdvhv olqhduo| zlwk wkh qxpehu ri ohyho04 revhuydwlrqv lqvwhdg ri h{sr0

qhqwldoo|/ dv zrxog eh wkh fdvh lq d vwdqgdug H vwhs1 Frpsxwdwlrq wlph fdq eh ghfuhdvhg

vrphzkdw pruh e| jurxslqj uhfrugv zlwk wkh vdph ydoxhv iru wkh revhuyhg yduldeohv zlwklq

ohyho05 xqlwv> wkdw lv/ uhfrugv zlwk wkh vdph ydoxh iru Z � � � $ � 1

Wkh uhpdlqlqj sduw ri wkh lpsohphqwdwlrq ri wkh HP dojrulwkp lv dv xvxdo1 Lq wkh H vwhs/

wkh � E` � ' 6mv� c ~� � dqg � E` � ' 6c f � � ' |mv � c ~ � � duh xvhg wr rewdlq lpsuryhg hvwlpdwhv

iru wkh revhuyhg fhoo hqwulhv lq wkh uhohydqw pdujlqdo wdeohv1 Vxssrvh wkdw zh kdyh d pxowlohyho

OF prgho lq zklfk wkh odwhqw fodvv suredelolwlhv frqwdlq udqgrp frh!flhqwv dqg duh lq xhqfhg

e| fryduldwhv ~1 Ghqrwlqj d sduwlfxodu fryduldwh sdwwhuq e| o/ wkh uhohydqw pdujlqdo wdeohv kdyh

hqwulhv s )� / s )+*-,�.� � / dqg s *!/
�� 
�� / zklfk fdq eh rewdlq dv iroorzv=

s )� '
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s *!/
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[

� �	� � E` � ' 6c f � � ' |mv� c ~� �UEt � ��� ' r � �(

zkhuh UEt � ��� ' r � � dqg UE~� ' o� duh � li wkh fruuhvsrqglqj frqglwlrq lv ixo�oohg/ dqg f

rwkhuzlvh1

47



Lq wkh P vwhs/ vwdqgdug frpsohwh gdwd phwkrgv iru wkh hvwlpdwlrq ri orjlvwlf uhjuhvvlrq

prghov fdq eh xvhg wr xsgdwh wkh sdudphwhu hvwlpdwhv xvlqj wkh frpsohwhg gdwd dv li lw zhuh

revhuyhg1

D sudfwlfdo sureohp lq wkh deryh lpsohphqwdwlrq ri wkh PO hvwlpdwlrq ri wkh pxowlohyho

OF prgho lv wkdw xqghu rzv pd| rffxu lq wkh frpsxwdwlrq ri � E` � ' 6mv � c ~� �1 Pruh

suhflvho|/ ehfdxvh lw pd| lqyroyh pxowlsolfdwlrq ri d odujh qxpehu +� n ? � � g, ri suredelolwlhv/

wkh qxphudwru ri htxdwlrq +47, pd| ehfrph htxdo wr }hur iru hdfk 61 Vxfk xqghu rzv fdq/

krzhyhu/ hdvlo| eh suhyhqwhg e| zrunlqj rq d orj vfdoh1 Ohwwlqj @ � � ' *L}EZ � �nS

���� *L}EZ � �%$ � �

dqg K � ' 4@ E@ � � �/ � E` � ' 6mv� c ~� � fdq eh rewdlqhg e|

� E` � ' 6mv� c ~� � ' i T d@ � � � K� o
S

 
� i T d@ � � � K � �o

�

Srvwhulru phdqv

Rqh ri wkh remhfwlyhv ri d pxowlohyho dqdo|vlv pd| eh wr rewdlq hvwlpdwhv ri wkh jurxs0vshfl�f

sdudphwhuv1 Vxssrvh zh duh lqwhuhvwhg lq wkh ydoxh ri � � � iru hdfk ohyho05 xqlw1 D vlpsoh

hvwlpdwru lv wkh srvwhulru phdq/ ghqrwhg e| � � � 1 Lw lv frpsxwhg dv iroorzv=

� � � ' � � n � � � ��

' � � n � � �

 
[

�!�	� � � � E` � ' 6mv � c ~ � �� +48,

Khuh/ � � ghqrwhv wkh ydoxh ri wkh 6wk txdgudwxuh qrgh dqg � E` � ' 6mv� � wkh srvwhulru

suredelolw| dvvrfldwhg zlwk wklv qrgh1 Wkh txdqwlw| � � � fdq vxevhtxhqwo| eh xvhg wr fdofxodwh

wkh jurxs0vshfl�f odwhqw fodvv glvwulexwlrqv e| phdqv ri htxdwlrq +7,1

Lq wkh qrqsdudphwulf dssurdfk/ � � � lv gh�qhg dv

� � � '
 

[

�!�	� � ��� � E` � ' 6mv � c ~� �( +49,

wkdw lv/ dv d zhljkwhg dyhudjh ri wkh sdudphwhuv ri wkh � pl{wxuh frpsrqhqwv1
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Vwdqgdug huuruv

Frqwudu| wr Qhzwrq0olnh phwkrgv/ wkh HP dojrulwkp grhv qrw surylgh vwdqgdug huuruv ri wkh

prgho sdudphwhuv dv d e|0surgxfw1 Hvwlpdwhg dv|pswrwlf vwdqgdug huuruv fdq eh rewdlqhg e|

frpsxwlqj wkh revhuyhg lqirupdwlrq pdwul{/ wkh pdwul{ ri vhfrqg0rughu ghulydwlyhv ri wkh orj0

olnholkrrg ixqfwlrq wrzdugv doo prgho sdudphwhuv1 Wkh lqyhuvh ri wklv pdwul{ lv wkh hvwlpdwhg

yduldqfh0fryduldqfh pdwul{1 Iru wkh h{dpsohv suhvhqwhg lq wkh qh{w vhfwlrq/ L frpsxwhg wkh

qhfhvvdu| ghulydwlyhv qxphulfdoo|1

Wkh lqirupdwlrq pdwul{ fdq dovr eh xvhg wr fkhfn lghqwl�delolw|1 D vx!flhqw frqglwlrq iru

orfdo lghqwl�fdwlrq lv wkdw doo wkh hljhqydoxhv ri wkh lqirupdwlrq pdwul{ duh odujhu wkdq }hur1

Vriwzduh lpsohphqwdwlrq

Wkh pxowlohyho OF prgho fdqqrw eh hvwlpdwhg zlwk vwdqgdug vriwzduh iru OF dqdo|vlv1 Wkh

xszdug0grzqzdug dojrulwkp ghvfulehg lq wklv vhfwlrq zdv lpsohphqwhg lq dq h{shulphqwdo

yhuvlrq ri wkh Odwhqw JROG surjudp +Yhupxqw dqg Pdjlgvrq/ 5333,1 Wkh phwkrg zloo ehfrph

dydlodeoh lq d qh{w yhuvlrq ri wklv surjudp iru OF dqdo|vlv1

7 Wkuhh dssolfdwlrqv

Wkuhh dssolfdwlrqv ri wkh sursrvhg qhz phwkrg duh suhvhqwhg1 Wkhvh qrw rqo| looxvwudwh wkuhh

lqwhuhvwlqj dssolfdwlrq �hogv/ exw dovr wkh prvw lpsruwdqw prgho vshfl�fdwlrq rswlrqv1 Lq

wkh �uvw h{dpsoh/ L xvh gdwd iurp d Gxwfk vxuyh| lq zklfk hpsor|hhv ri ydulrxv whdpv duh

dvnhg derxw wkhlu zrun frqglwlrqv1 Pxowlohyho OF dqdo|vlv lv xvhg wr frqvwuxfw d wdvn0ydulhw|

vfdoh dqg wr ghwhuplqh wkh ehwzhhq0whdp khwhurjhqhlw| ri wkh odwhqw fodvv suredelolwlhv1 Wkh

vhfrqg h{dpsoh xvhv d Gxwfk gdwd vhw frqwdlqlqj lqirupdwlrq rq wkh pdwkhpdwlfdo vnloov ri

judgh ; sxslov iurp ydulrxv vfkrrov1 Wkh uhvhdufk txhvwlrq ri lqwhuhvw lv dv wr zkhwkhu vfkrro

gl�huhqfhv uhpdlq diwhu frqwuroolqj iru lqglylgxdo fkdudfwhulvwlfv vxfk dv qrq0yhuedo lqwhooljhqfh
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dqg vrflrhfrqrplf vwdwxv ri wkh idplo|1 Lq wkh wklug h{dpsoh/ L xvh gdwd iurp wkh 4<<< Hxurshdq

Ydoxhv Vxuyh|1 Frxqwu| gl�huhqfhv lq wkh sursruwlrq ri srvw0pdwhuldolvwv duh prghoohg e| phdqv

udqgrp h�hfwv1 Frqwudu| wr wkh suhylrxv dssolfdwlrqv/ L dp qrw rqo| lqwhuhvwhg lq wkh ryhudoo

ehwzhhq0jurxs gl�huhqfhv/ exw dovr lq wkh odwhqw glvwulexwlrq iru hdfk ri wkh jurxsv +frxqwulhv,1

714 Rujdql}dwlrqdo uhvhdufk

Lq d Gxwfk vwxg| rq wkh h�hfw ri dxwrqrprxv whdpv rq lqglylgxdo zrun frqglwlrqv/ gdwd zhuh

froohfwhg iurp 74 whdpv ri wzr rujdql}dwlrqv/ d qxuvlqj krph dqg d grplfloldu| fduh rujdql}d0

wlrq1 Wkhvh whdpv frqwdlqhg ;;9 hpsor|hhv1 Iru wkh h{dpsoh/ L wrrn �yh glfkrwrpl}hg lwhpv

ri d vfdoh phdvxulqj shufhlyhg wdvn ydulhw| +Ydq Plhuor hw do1/ 5335,1 Wkh lwhp zruglqj lv dv

iroorzv +wudqvodwhg iurp Gxwfk,=

41 Gr |rx dozd|v gr wkh vdph wklqjv lq |rxu zrunB

51 Grhv |rxu zrun uhtxluh fuhdwlylw|B

61 Lv |rxu zrun glyhuvhB

71 Grhv |rxu zrun pdnh hqrxjk xvdjh ri |rx vnloov dqg fdsdflwlhvB

81 Lv wkhuh hqrxjk yduldwlrq lq |rxu zrunB

Wkh ruljlqdo lwhpv frqwdlqhg irxu dqvzhu fdwhjrulhv1 Lq rughu vlpsoli| wkh dqdo|vlv/ L fro0

odsvhg wkh �uvw wzr dqg wkh odvw wzr fdwhjrulhv1 Ehfdxvh vrph uhvsrqghqwv kdg plvvlqj ydoxhv

rq rqh ru pruh ri wkh lqglfdwruv/ L dgdswhg wkh PO hvwlpdwlrq surfhgxuh wr ghdo zlwk vxfk

sduwldoo| revhuyhg lqglfdwruv1

L zloo dqdo|}h wklv gdwd vhw e| phdqv ri OF dqdo|vlv1 Wklv phdqv wkdw L dp dvvxplqj

wkdw wkh uhvhdufkhu lv lqwhuhvwhg lq exloglqj d w|srorj| ri hpsor|hhv edvhg rq wkhlu shufhlyhg

wdvn ydulhw|1 Rq rwkhu kdqg/ li rqh zrxog eh lqwhuhvwhg lq frqvwuxfwlqj d frqwlqxrxv vfdoh/ d
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odwhqw wudlw dqdo|vlv zrxog eh pruh dssursuldwh1 Ri frxuvh/ dovr lq wkdw vlwxdwlrq wkh pxowlohyho

vwuxfwxuh vkrxog eh wdnhq lqwr dffrxqw1

Lq wkh dqdo|vlv ri wklv gdwd vhw/ L xvhg d vlpsoh xquhvwulfwhg OF prgho frpelqhg zlwk wkuhh

w|shv ri vshfl�fdwlrqv iru wkh ehwzhhq0whdp yduldwlrq lq wkh fodvv0phpehuvkls suredelolwlhv=

qr udqgrp h�hfwv/ sdudphwulf udqgrp h�hfwv dv gh�qhg lq htxdwlrq +9,/ dqg qrqsdudphwulf

udqgrp h�hfwv dv gh�qhg lq htxdwlrq +<,1

^Lqvhuw Wdeoh 4 derxw khuh`

Wdeoh 4 uhsruwv wkh orj0olnholkrrg +OO, ydoxh/ wkh qxpehu ri sdudphwhuv/ dqg wkh ELF ydoxh

iru wkh prghov wkdw zhuh hvwlpdwhg1 L �uvw hvwlpdwhg prghov zlwkrxw udqgrp h�hfwv1 Wkh

ELF ydoxhv iru wkh rqh wr wkuhh fodvv prgho +Prghov 406, zlwkrxw udqgrp h�hfwv vkrz wkdw d

vroxwlrq zlwk wzr fodvvhv vx!fhv1 Vxevhtxhqwo|/ L lqwurgxfhg udqgrp h�hfwv lq wkh wzr0fodvv

prgho +Prghov 709,1 Iurp wkh uhvxowv rewdlqhg zlwk Prghov 7 dqg 8/ lw fdq eh vhhq wkdw wkhuh lv

fohdu hylghqfh iru ehwzhhq0whdp yduldwlrq lq wkh odwhqw glvwulexwlrq= Wkhvh prghov kdyh pxfk

orzhu ELF ydoxhv wkdq wkh wzr0fodvv prgho zlwkrxw udqgrp h�hfwv1 Wkh wzr0fodvv �qlwh0pl{wxuh

uhsuhvhqwdwlrq +Prgho 8, |lhogv d voljkwo| orzhu OO wkdq wkh sdudphwulf uhsuhvhqwdwlrq ri wkh

ehwzhhq0whdp yduldwlrq +Prgho 7,/ exw d vrphzkdw kljkhu ELF ehfdxvh lw xvhv rqh dgglwlrqdo

sdudphwhu1 Wkh wkuhh0fodvv �qlwh0pl{wxuh prgho +Prgho 9, kdv doprvw wkh vdph OO ydoxh dv

Prgho 8/ zklfk lqglfdwhv wkdw qr pruh wkdq wzr odwhqw fodvvhv ri whdpv fdq eh lghqwl�hg1

^Lqvhuw Wdeoh 5 derxw khuh`

Wdeoh 5 uhsruwv wkh sdudphwhu hvwlpdwhv rewdlqhg zlwkPrghov 7 dqg 8/ zkhuh wkh frqglwlrqdo

uhvsrqvh suredelolwlhv ghvfulelqj wkh uhodwlrqvkls ehwzhhq wkh odwhqw yduldeoh dqg wkh lqglfdwruv

fruuhvsrqg wr wkh kljk wdvn0ydulhw| uhvsrqvh +glvdjuhh iru lwhp 4 dqg djuhh iru wkh rwkhuv,1 Wkh

�uvw fodvv kdv d pxfk orzhu frqglwlrqdo uhvsrqvh suredelolw| wkdq fodvv wzr rq hdfk ri wkh
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lqglfdwruv1 Wkh wzr fodvvhv fdq wkhuhiruh eh qdphg �orz wdvn0ydulhw|� dqg �kljk wdvn0ydulhw|�1

Qrwh wkdw wkh frqglwlrqdo uhvsrqvh suredelolwlhv wdnh rq doprvw wkh vdph ydoxhv lq erwk udqgrp0

h�hfwv prghov/ zklfk vkrzv wkdw wkh gh�qlwlrq ri wkh fodvvhv lv txlwh urexvw iru wkh vshfl�fdwlrq

ri wkh pl{wxuh glvwulexwlrq1

Lq wkh sdudphwulf vshfl�fdwlrq ri wkh ehwzhhq0whdp khwhurjhqhlw| +Prgho 7,/ wkh phdq dqg

vwdqgdug ghyldwlrq ri wkh orj rggv ri ehorqjlqj wr fodvv 5 htxdo 31:6 dqg 31;:/ uhvshfwlyho|1

Lq rughu wr jhw dq lpsuhvvlrq ri wkh phdqlqj ri wkhvh qxpehuv rq wkh suredelolw| vfdoh/ rqh

fdq �oo lq d ydoxh iru �� lq htxdwlrq +9, dqg vxevwlwxwh wkh rewdlqhg ydoxh iru � � � lq htxdwlrq

+7,1 Iru h{dpsoh/ zlwk � � htxdo wr 0415; dqg 415;/ wkh 5 ydoxhv fruuhvsrqglqj wr wkh orzhu

dqg xsshu 43( wdlov ri wkh qrupdo glvwulexwlrq/ zh jhw odwhqw fodvv suredelolwlhv ri 174 dqg 1;91

Wkhvh qxpehuv lqglfdwh wkdw wkhuh lv d txlwh odujh whdp h�hfw rq wkh shufhlyhg wdvn ydulhw|1

Wkh lqwudfodvv fruuhodwlrq rewdlqhg zlwk htxdwlrq +;, htxdov 14</ zklfk phdqv wkdw 4<( ri wkh

wrwdo yduldqfh lv h{sodlqhg e| whdp phpehuvkls1

Wkh pl{wxuh frpsrqhqwv lq wkh wzr0fodvv �qlwh0pl{wxuh prgho +Prgho 8, frqwdlqhg 6: dqg

96 shufhqw ri wkh whdpv1 Wkhlu orj rggv ri ehorqjlqj wr wkh kljk wdvn0ydulhw| fodvv duh 0168

dqg 415</ uhvshfwlyho|1 Wkhvh orj rggv fruuhvsrqg wr suredelolwlhv ri 174 dqg 1:;1 Dowkrxjk

wkh sdudphwulf dqg qrq0sdudphwulf dssurdfk fdswxuh wkh yduldwlrq dfurvv whdpv lq d vrphzkdw

gl�huhqw pdqqhu/ erwk vkrz wkdw wkhuh duh odujh ehwzhhq0whdp gl�huhqfhv lq wkh lqglylgxdo

shufhswlrq ri wkh ydulhw| ri wkh zrun1 Wkh vxevwdqwlyh frqfoxvlrq edvhg rq Prgho 8 zrxog eh

wkdw wkhuh duh wzr w|shv ri hpsor|hhv dqg wzr w|shv ri whdpv1 Wkh wzr w|shv ri whdpv gl�hu

zlwk uhvshfw wr wkh glvwulexwlrq ri wkh whdp phpehuv ryhu wkh wzr w|shv ri hpsor|hhv1

715 Hgxfdwlrqdo uhvhdufk

Iru wkh vhfrqg h{dpsoh/ L xvhg gdwd iurp d Gxwfk vwxg| dlphg wr frpsduh wkh pdwkhpdwlfdo

vnloov ri judgh ; vwxghqwv dfurvv vfkrrov +Grroddug/ 4<<<,1 D pdwkhpdwlfdo whvw frqvlvwlqj ri
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4; lwhpv zdv jlyhq wr 5489 vwxghqwv ri d vdpsoh ri <: vfkrrov1 Wkh 4; glfkrwrprxv +fru0

uhfw2lqfruuhfw, lwhpv duh xvhg wr frqvwuxfw d OF prgho phdvxulqj lqglylgxdo vnloov1 Wkhuh

lv dovr lqirupdwlrq rq wkh lqglylgxdo0ohyho fryduldwhv vrflrhfrqrplf vwdwxv +Vhv> vwdqgdugl}hg,/

qrq0yhuedo lqwhooljhqfh +Lvlv> vwdqgdugl}hg,/ dqg Jhqghu +3@pdoh/ 4@ihpdoh,/ dqg d vfkrro0ohyho

fryduldwh lqglfdwlqj zkhwkhu d vfkrro sduwlflsdwhv lq wkh qdwlrqdo vfkrro ohdylqj h{dplqdwlrq

+Flwr> 3@qr/ 4@|hv,1

Djdlq L dvvxph wkdw wkh uhvhdufkhu lv lqwhuhvw lq frqvwuxfwlqj d odwhqw w|srorj|/ lq wklv fdvh

ri w|shv ri vwxghqwv zkr gl�hu lq wkhlu pdwkhpdwlfdo vnloov1 Lw fdq eh h{shfwhg wkdw vfkrrov gl�hu

zlwk uhvshfw wr wkh pdwkhpdwlfdo delolw| ri wkhlu vwxghqwv1 Krzhyhu/ lq wkh Gxwfk hgxfdwlrqdo

frqwh{w lq zklfk vfkrrov duh dvvxphg wr eh pruh ru ohvv ri wkh vdph txdolw|/ rqh zrxog h{shfw

wkdw wkh vfkrro h�hfw ghfuhdvhv ru pd| eh hyhq glvdsshduv li rqh frqwurov iru wkh frpsrvlwlrq ri

wkh jurxsv1 Wkh dydlodelolw| ri lqglylgxdo ohyho fryduldwhv wkdw fdq eh h{shfwhg wr eh vwurqjo|

uhodwhg wr pdwkhpdwlfdo delolw| pdnhv lw srvvleoh wr frqwuro iru vxfk frpsrvlwlrq h�hfwv1

^Lqvhuw Wdeoh 6 derxw khuh`

Wdeoh 6 uhsruwv wkh whvw uhvxowv rewdlqhg zlwk wklv gdwd vhw1 L �uvw hvwlpdwhg OF prghov

zlwkrxw fryduldwhv qru udqgrp h�hfwv1 Wkh ELF ydoxhv ri wkhvh prghov +Prghov 407, vkrz

fohduo| wkdw pruh wkdq wzr odwhqw fodvvhv duh qhhghg/ zklfk lv qrw vxusulvlqj jlyhq wkh odujh

qxpehu ri lqglfdwruv1 Ehfdxvh wkh wkuhh0fodvv fodvv prgho kdv wkh orzhvw ELF/ L ghflghg wr

frqwlqxh zlwk wklv vroxwlrq zkhq lqwurgxflqj fryduldwhv dqg udqgrp0frh!flhqwv1 Lq wkh sdud0

phwulf udqgrp0h�hfwv dssurdfk/ wkh udqgrp lqwhufhswv zhuh prghoohg dv lq htxdwlrq +:,1 Wkh

ehwzhhq0vfkrro yduldwlrq lq wkh odwhqw glvwulexwlrq lv fdswxuhg htxdoo| zhoo e| d sdudphwulf

vshfl�fdwlrq dqg d qrqsdudphwulf vshfl�fdwlrq zlwk wkuhh odwhqw fodvvhv +vhh OO ri Prghov 90<,1

Dv fdq eh vhhq iurp wkh ELF ydoxhv ri Prghov 43 dqg 44/ lqwurgxfwlrq ri fryduldwhv |lhogv d

odujh lpsuryhphqw ri wkh �w frpsduhg wr Prghov 9 dqg ;1 Frpsdulvrq zlwk Prgho 8/ zklfk
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frqwdlqv wkh irxu fryduldwhv exw qr udqgrp h�hfwv/ vkrzv wkdw wkh ehwzhhq0vfkrro gl�huhqfhv

uhpdlq diwhu frqwuroolqj iru wkh wkuhh ohyho04 dqg wkh vlqjoh ohyho05 fryduldwh1

^Lqvhuw Wdeoh 7 derxw khuh`

Wdeoh 7 uhsruwv wkh hvwlpdwhg sdudphwhuv ri wkh pxowlqrpldo orjlvwlf uhjuhvvlrq prgho iru

wkh odwhqw fodvv yduldeoh dffruglqj wr Prgho 431 Wkhvh duh h�hfwv rq wkh orj rggv ri ehorqjlqj

wr fodvv 5 ru 6 udwkhu wkdq wr fodvv 41 Wkh lwhp sdudphwhuv/ zklfk duh qrw uhsruwhg khuh/ vkrz

wkdw wkh wkuhh rughuhg odwhqw fodvvhv fdq eh odehoohg dv �orz�/ �phglxp�/ dqg �kljk�1

Vhv/ Lvlv/ dqg Flwr kdyh srvlwlyh h�hfwv ri erwk orj rggv/ dqg Jhqghu kdv qhjdwlyh h�hfwv1

Wklv vkrzv wkdw kdylqj d kljkhu vrflrhfrqrplf vwdwxv/ kdylqj d kljkhu vfruh rq wkh qrq0yhuedo

lqwhooljhqfh whvw/ ehlqj d pdoh/ dqg ehorqjlqj wr d Flwr vfkrro lqfuhdvhv wkh suredelolw| ri

ehorqjlqj wr wkh plggoh dqg kljk delolw| jurxsv1 Lw fdq dovr eh vhhq wkdw wkhuh uhpdlqv d odujh

dprxqw ri ehwzhhq0vfkrro yduldwlrq diwhu frqwuroolqj iru wkh irxu fryduldwhv1 Wkh vl}h ri wkh

vfkrro h�hfw fdq gluhfwo| eh frpsduhg zlwk wkh h�hfwv ri wkh Vhv dqg Lvlv fryduldwhv ehfdxvh

wkhvh duh dovr vwdqgdugl}hg yduldeohv1 Wkh vwdqgdug ghyldwlrq ri wkh Jhqghu dqg Flwr gxpplhv

duh derxw wzlfh dv vpdoo/ zklfk phdqv wkdw zh kdyh wr glylgh wkhlu h�hfwv e| wzr li zh zdqw

wr frpsduh wkhp zlwk wkh rwkhu rqhv1 Wkh vfkrro h�hfw wxuqv rxw wr eh dv lpsruwdqw dv wkh

h�hfw ri d sxslo*v qrq0yhuedo lqwhooljhqfh +Lvlv, dqg pruh lpsruwdqw wkdq wkh rwkhu fryduldwhv1

Wkh gl�huhqfhv ehwzhhq vfkrrov fdq qrw eh h{sodlqhg e| gl�huhqfhv lq wkh frpsrvlwlrq ri wkhlu

srsxodwlrqv1

716 Frpsdudwlyh uhvhdufk

Wkh wklug h{dpsoh pdnhv xvh ri gdwd iurp wkh 4<<< Hxurshdq Ydoxhv Vwxg| +HYV, frqwdlqlqj

lqirupdwlrq iurp 65 frxqwulhv1 L wrrn d vdpsoh ri 43( ri wkh dydlodeoh fdvhv shu frxqwulhv/

|lhoglqj 68;7 ydolg fdvhv1 Dq srsxodu vfdoh lq wkh vxuyh| lv wkh srvw0pdwhuldolvp vfdoh ghyhorshg
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e| Lqjohkduw +4<::,1 Dq lpsruwdqw lvvxh kdv dozd|v ehhq wkh frpsdulvrq ri frxqwulhv rq wkh

edvlv ri wkh lqglylgxdo0ohyho uhvsrqvhv/ vrphwklqj wkdw fdq eh grqh lq d yhu| hohjdqw pdqqhu

xvlqj wkh pxowlohyho OF prgho1

Wkh Lqjohkduw vfdoh frqvlvwv ri pdnlqj d �uvw +t � � � , dqg vhfrqg +t � � � , fkrlfh rxw ri d vhw ri

irxu dowhuqdwlyhv1 Uhvsrqghqwv lqglfdwh zkdw wkh| wklqn wkdw vkrxog eh wkh prvw dqg qh{w prvw

lpsruwdqw dlp ri wkhlu frxqwu| iru wkh qh{w whq |hduv1 Wkh irxu dowhuqdwlyhv duh= 4, �Pdlqwdlq0

lqj rughu lq wkh qdwlrq�/ 5, �Jlylqj shrsoh pruh vd| lq lpsruwdqw jryhuqphqw ghflvlrqv�/ 6,

�Iljkwlqj ulvlqj sulfhv�/ dqg 7, �Surwhfwlqj iuhhgrp ri vshhfk�1 Wkh wzr revhuyhg lqglfdwruv

fdq eh prghoohg e| wkh OF prgho iru +sduwldo, udqnlqjv sursrvhg e| Furrq +4<;<,/ lq zklfk

� Et ��� � ' r � c t � � � ' r � � lv dvvxphg wr eh htxdo wr

� Et � � � ' r � c t � � � ' r � � '
�

[

����� � Ef � � ' |�
i TEq 
�1 � �

S2� �	� i TEq � � �
i TEq 
�3 � �

S �&4� 
 1 i TEq � � �

iru r � 9' r � / dqg f rwkhuzlvh1 Wklv prgho gl�huv iurp d vwdqgdug OF prgho lq wkdw wkh q

sdudphwhuv duh htxdo iru wkh wzr lwhpv dqg wkdw wkh suredelolw| ri jlylqj wkh vdph uhvsrqvh

rq wkh wzr lwhpv lv vwuxfwxudoo| }hur1 Wklv lv d zd| wr wdnh lqwr dffrxqw wkdw wkh suhihuhqfhv

uhpdlq wkh vdph lq wkh erwk fkrlfhv dqg wkdw wkh vhfrqg fkrlfh fdqqrw eh wkh vdph dv wkh

�uvw rqh1 Wkh q sdudphwhuv fdq eh lqwhusuhwhg dv wkh fodvv0vshfl�f xwlolwlhv ri wkh dowhuqdwlyh

frqfhuqhg1 Wkh dowhuqdwlyh zlwk wkh odujhvw srvlwlyh xwlolw| kdv wkh kljkhvw suredelolw| wr eh

vhohfwhg/ dqg wkh rqh zlwk wkh odujhvw qhjdwlyh ydoxh wkh orzhvw suredelolw|1

Wkh pxowlohyho vwuxfwxuh lv xvhg wr prgho frxqwu| gl�huhqfhv lq wkh odwhqw glvwulexwlrq1 L

zloo djdlq xvh erwk d frqwlqxrxv dqg d glvfuhwh pl{wxuh glvwulexwlrq lq rughu wr eh deoh wr vhh

wkh h�hfw ri wkh vshfl�fdwlrq ri wklv sduw ri wkh prgho rq wkh �qdo uhvxowv1 Iurp d vxevwdqwlyh

srlqw ri ylhz/ wkh �qlwh pl{wxuh dssurdfk |lhoglqj d w|srorj| ri frxqwulhv lv wkh pruh qdwxudo

rqh lq wklv dssolfdwlrq1

^Lqvhuw Wdeoh 8 derxw khuh`
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Wdeoh 8 uhsruwv wkh whvw uhvxowv rewdlqhg zlwk wkh HYV gdwd1 Djdlq L vwduwhg hvwlpdwlqj

prghov zlwkrxw udqgrp h�hfwv1 Frpsdulvrq ri wkh ELF ydoxhv ri Prghov 4/ 5/ dqg 6 vkrzv

wkdw d wzr0fodvv prgho vkrxog eh suhihuuhg iru wklv gdwd vhw1 Qrwh wkdw wklv lv lq djuhhphqw

zlwk wkh lqwhqvlrq ri wklv vfdoh zklfk vkrxog pdnh d glvwlqfwlrq ehwzhhq pdwhuldolvwv dqg

srvw0pdwhuldolvwv1 Wkh pxfk orzhu ELF ydoxhv rewdlqhg zlwk wkh wzr0fodvv prghov zlwk d

udqgrp orj0rggv ri ehorqjlqj wr wkh srvw0pdwhuldolvw fodvv +Prghov 70:, lqglfdwh wkdw wkhuh

lv frqvlghudeoh ehwzhhq0frxqwu| yduldwlrq lq wkh odwhqw glvwulexwlrq1 Wkh frqwlqxrxv qrupdo

pl{lqj glvwulexwlrq dqg wkh wkuhh0fodvv �qlwh pl{wxuh fdswxuh wkh ehwzhhq0frxqwu| yduldwlrq

htxdoo| zhoo1

^Lqvhuw Wdeoh 9 derxw khuh`

Wdeoh 9 uhsruwv wkh sdudphwhu hvwlpdwhv rewdlqhg zlwk Prghov 7 dqg 91 Wkh q 
 � sdudph0

whuv/ zklfk duh yhu| vlplodu iru erwk prghov/ lqglfdwh wkdw fodvv rqh fdq eh qdphg �pdwhuldolvw�

vlqfh lw kdv pxfk kljkhu xwlolwlhv iru wkh �rughu� dqg �sulfhv� dowhuqdwlyhv dqg wkhuhiruh kljkhu

suredelolwlhv ri vhohfwlqj wkhvh dowhuqdwlyhv wkdq fodvv wzr1 Wkh rwkhu fodvv lv qdphg �srvwpdwh0

uldolvw� ehfdxvh lw kdv kljkhu suredelolwlhv ri vhohfwlqj wkh �pruh vd|� dqg �iuhhgrp ri vshhfk�

dowhuqdwlyhv wkdq fodvv rqh1

Wkhuh wxuq rxw wr eh odujh frxqwu| gl�huhqfhv lq wkh suredelolw| wkdw d flwl}hq ehorqjv wr

wkh srvwpdwhuldolvw fodvv1 Iru h{dpsoh/ �oolqj lq �� ydoxhv ri 0415; dqg 415; lq wkh uhvxowv ri

Prgho 7 |lhogv fodvv0phpehuvkls suredelolwlhv iru fodvv wzr ri 13< dqg ;9/ uhvshfwlyho|1 Dovr

wkh lqwudfodvv fruuhodwlrq lv yhu| odujh +177,1 Wkhvh uhvxowv duh frq�uphg e| wkh qrqsdudphwulf

dssurdfk ri Prgho 9 lq zklfk zh vhh odujh gl�huhqfhv lq wkh orjlw ri ehorqjlqj wr fodvv wzr

ehwzhhq wkh wkuhh pl{wxuh frpsrqhqwv1 Wkh wkuhh orjlwv fruuhvsrqg wr suredelolwlhv ri 3139/

3186/ dqg 31<:/ uhvshfwlyho|1

^Lqvhuw Wdeoh : derxw khuh`
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Wdeoh : uhsruwv wkh hvwlpdwhg srvwhulru phdqv � � � rewdlqhg yld htxdwlrqv +48, dqg +49, iru

hdfk ri wkh 65 frxqwulhv/ dv zhoo dv wkh fruuhvsrqglqj ydoxhv iru wkh suredelolw| ri ehorqjlqj

wr odwhqw fodvv wzr/ � Ef � � ' 2�1 Wkh frxqwulhv duh rughuhg iurp prvw wr ohdvw srvw0pdwhuldolvw

edvhg rq wkh uhvxowv ri Prgho 71 Dv fdq eh vhhq/ wkh �qlwh pl{wxuh vshfl�fdwlrq |lhogv vrphzkdw

pruh h{wuhph ydoxhv iru � Ef � � ' 2� dqg/ dv fdq eh h{shfwhg/ vkdushu fxw r� srlqv ehwzhhq

jurxsv ri frxqwulhv1 Iurp d vxevwdqwlyh srlqw ri ylhz/ wkh uhvxowv duh/ krzhyhu/ txlwh vlplodu1

Wkh pdlq gl�huhqfh lv wkdw edvhg rq wkh uhvxowv ri Prgho 7/ rqh pljkw frqfoxgh wkdw wkhuh duh

irxu ru �yh jurxsv ri frxqwulhv1

8 Glvfxvvlrq

Sdudphwulf dqg qrqsdudphwulf udqgrp0frh!flhqw OF prghov zhuh sursrvhg wkdw pdnh lw srvvl0

eoh wr ghdo zlwk ydulrxv w|shv ri ghshqghqw revhuydwlrqv1 Lq dgglwlrq/ dq dgdswhg HP dojrulwkp

qdphg xszdug0grzqzdug dojrulwkp zdv suhvhqwhg wkdw pdnhv pd{lpxp olnholkrrg hvwlpdwlrq

ihdvleoh1

Wkh qhz prgho zdv looxvwudwhg zlwk h{dpsohv iurp rujdql}dwlrqdo/ hgxfdwlrqdo/ dqg furvv0

qdwlrqdo frpsdudwlyh uhvhdufk1 Lq wkh �uvw dssolfdwlrq/ L xvhg d udqgrp0lqwhufhsw prgho wr wdnh

wkh qhvwhg gdwd vwuxfwxuh lqwr dffrxqw dqg wr hvwlpdwh wkh ehwzhhq0jurxs yduldwlrq lq fodvv

phpehuvkls1 Wkh vhfrqg dssolfdwlrq zdv vlplodu wr d vwdqgdug udqgrp0frh!flhqw pxowlqrpldo

uhjuhvvlrq prgho1 Dq lpsruwdqw gl�huhqfh zdv/ ri frxuvh/ wkdw zh zhuh deoh wr fruuhfw iru

phdvxuhphqw huuru lq wkh ghshqghqw yduldeoh1 Wkh wklug dssolfdwlrq vkrzhg wkdw wkh pxowlohyho

OF prgho fdq eh xvhg dv d sduvlprqlrxv pxowlsoh0jurxs prgho zkhq wkhuh duh pruh wkdq d

ihz jurxsv/ dv zhoo dv wkdw lw fdq dovr eh xvhg zlwk voljkwo| pruh frpsolfdwhg OF prghov/ vxfk

dv prghov iru udqnlqj gdwd1 Lq hdfk ri wkh hpslulfdo h{dpsohv/ wkhuh zdv fohdu hylghqfh iru

ehwzhhq0jurxs yduldwlrq lq wkh odwhqw fodvv glvwulexwlrq1
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D sureohp zlwk wkh suhvhqwhg sdudphwulf dssurdfk lv wkdw wkh qxphulfdo lqwhjudwlrq wr

eh shuiruphg iru sdudphwhu hvwlpdwlrq fdq lqyroyh vxppdwlrq ryhu d odujh qxpehu ri srlqwv

zkhq wkh qxpehu ri udqgrp frh!flhqwv lv lqfuhdvhg1 Lw vkrxog eh qrwhg wkdw wkh wrwdo qxpehu

ri txdgudwxuh srlqwv htxdov wkh surgxfw ri wkh qxpehu ri srlqwv xvhg iru hdfk glphqvlrq1

Ghvslwh wkh idfw wkdw wkh qxpehu ri srlqwv shu glphqvlrq fdq eh vrphzkdw uhgxfhg zlwk

pxowlsoh udqgrp frh!flhqwv/ frpsxwdwlrqdo exughq ehfrphv hqruprxv zlwk pruh wkdq 8 ru

9 udqgrp frh!flhqwv1 Wkhuh h{lvw rwkhu phwkrgv iru frpsxwlqj kljk0glphqvlrqdo lqwhjudov/

vxfk dv Ed|hvldq vlpxodwlrq dqg vlpxodwhg pd{lpxp olnholkrrg phwkrgv/ exw wkhvh duh dovr

frpsxwdwlrqdoo| lqwhqvlyh1 Dv vkrzq e| Yhupxqw dqg Ydq Glmn +5334,/ wkhvh sureohpv fdq

eh flufxpyhqwhg e| dgrswlqj d qrqsdudphwulf dssurdfk lq zklfk frpsxwdwlrq exughq lv pxfk

ohvv ghshqghqw rq wkh qxpehu ri udqgrp frh!flhqwv1 Wkh �qlwh pl{wxuh vshfl�fdwlrq lv qrw

rqo| lqwhuhvwlqj rq lwv rzq/ exw lw fdq dovr eh xvhg wr dssur{lpdwh d pxowlyduldwh frqwlqxrxv

pl{wxuh glvwulexwlrq1
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Uhihuhqfhv

Djuhvwl Dodq/ Errwk/ Mdphv J1/ Krehuw/ Mdphv S1/ dqg Fd�r/ Euldq1 53331 �Udqgrp0h�hfwv

prgholqj ri fdwhjrulfdo uhvsrqvh gdwd1� Vrflrorjlfdo Phwkrgrorj| 63= 5:0;31

Edqghhq0Urfkh/ Nduhq M1/ Pljolruhwwl/ Gldqd O1/ ]hjhu/ Vfrww O1/ dqg Udwkrx}/ Sdxo M1 4<<:1

�Odwhqw yduldeoh uhjuhvvlrq iru pxowlsoh glvfuhwh rxwfrphv1� Mrxuqdo ri wkh Dphulfdq

Vwdwlvwlfdo Dvvrfldwlrq <5=46:8046;91

Edxp/ Ohrqdug H1/ Shwulh/ Whg/ Vrxohv/ Jhrujh dqg Zhlvv/ Qrupdq 4<:31 �D pd{lpl}dwlrq

whfkqltxh rffxuulqj lq wkh vwdwlvwlfdo dqdo|vlv ri suredelolvwlf ixqfwlrqv ri Pdunry fkdlqv1�

Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 74= 49704:41

Erfn/ U1 Gduuroo 4<:51 �Hvwlpdwlqj lwhp sdudphwhuv dqg odwhqw delolw| zkhq uhvsrqvhv duh

vfruhg lq wzr ru pruh qrplqdo fdwhjrulhv1� Sv|fkrphwulnd 6:= 5<0841

Erfn/ U1 Gduuroo dqg Dlwnlq/ Pxuud| 4<;41 �Pdujlqdo pd{lpxp olnholkrrg hvwlpdwlrq ri lwhp

sdudphwhuv1� Sv|fkrphwulnd 79= 776078<1

Eu|n/ Dqwkrq| V1/ dqg Udxghqexvk/ Vwhskhq Z1 4<<51 Klhudufklfdo olqhdu prghov= dssolfdwlrq

dqg gdwd dqdo|vlv1 Qhzexu| Sdun/ FD= Vdjh Sxeolfdwlrqv1

Forjj/ Fol�rug F1/ dqg Jrrgpdq/ Ohr D1 4<;71 �Odwhqw vwuxfwxuh dqdo|vlv ri d vhw ri pxo0

wlglphqvlrqdo frqwlqjhqf| wdeohv1� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :<=

:950::41

Furrq/ Pdufho D1 4<;<1 �Odwhqw fodvv prghov iru wkh dqdo|vlv ri udqnlqjv1� Ss <<0454 lq Qhz

ghyhorsphqwv lq sv|fkrorjlfdo fkrlfh prgholqj hglwhg e| J1 Gh Vrhwh/ K1 Ihjhu/ dqg N1F1

Nodxhu1 Hovhylhu Vflhqfh Sxeolvkhuv1
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Gd|wrq/ F1 Plwfkhoo/ dqg Pdfuhdg|/ Jhrujh E1 4<;;1 �Frqfrplwdqw0yduldeoh odwhqw0fodvv prg0

hov1� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;6= 4:604:;1

Grroddug/ Vlprqh 4<<<1 �Vfkrrov lq Fkdqjh ru Vfkrro lq Fkdlq1� Sk1 G1 glvvhuwdwlrq/ Xql0

yhuvlw| ri Wzhqwh/ Wkh Qhwkhuodqgv1

Ir{/ Mhdq0Sdxo1 dqg Jodv/ Fhhv D1Z1 53341 �Ed|hvldq hvwlpdwlrq ri d pxowlohyho LUW prgho

xvlqj Jleev vdpsolqj1� Sv|fkrphwulnd 99= 59<05;91

Jrogvwhlq/ Kduyh| 4<<81 Pxowlohyho vwdwlvwlfdo prghov1 Qhz \run= Kdovwhg Suhvv1

Jrrgpdq/ Ohr D1 4<:71 �Wkh dqdo|vlv ri v|vwhpv ri txdolwdwlyh yduldeohv zkhq vrph ri wkh

yduldeohv duh xqrevhuydeoh1 Sduw L= D prgl�hg odwhqw vwuxfwxuh dssurdfk1� Dphulfdq

Mrxuqdo ri Vrflrorj| :<= 44:<0458<1

Khghnhu/ Grqdog 4<<<1 �PL[QR= d frpsxwhu surjudp iru pl{hg0h�hfwv qrplqdo orjlvwlf

uhjuhvvlrq1� Mrxuqdo ri Vwdwlvwlfdo Vriwzduh 7= 40<51

Khghnhu/ Grqdog/ 53351 �D pl{hg0h�hfwv pxowlqrpldo orjlvwlf uhjuhvvlrq prgho1� Vwdwlvwlfv lq

Phglflqh/ lq suhvv1

Khghnhu/ Grqdog/ dqg Jleerqv/ Urehuw G 4<<91 �PL[RU= D frpsxwhu surjudp iru pl{hg0

h�hfwv ruglqdo uhjuhvvlrq dqdo|vlv1� Frpsxwhu Phwkrgv dqg Surjudpv lq Elrphglflqh 7<=

48:04:91

Khlqhq/ Wrq 4<<91 Odwhqw Fodvv dqg Glvfuhwh Odwhqw Wudlw Prghov= Vlplodulwlhv dqg Gl�hu0

hqfhv1 Wkrxvdqg Rdnhv= Vdjh Sxeolfdwlrqv1

Lqjohkduw/ Urqdog 4<::1 Wkh Vlohqw Uhyroxwlrq1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
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Mxdqj/ Ellqj Kzdqj/ dqg Udelqhu/ Odxuhqfh U1 4<<41 �Klgghq Pdunry prghov iru vshhfk

uhfrjqlwlrq1� Whfkqrphwulfv 66= 58405:51

Odlug/ Qdq 4<:;1 �Qrqsdudphwulf pd{lpxp olnholkrrg hvwlpdwlrq ri d pl{wxuh glvwulexwlrq1�

Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :6= ;380;441

Od}duvihog/ Sdxo I1 4<831 �Wkh orjlfdo dqg pdwkhpdwlfdo irxqgdwlrq ri odwhqw vwuxfwxuh dqdo|0

vlv ) Wkh lqwhusuhwdwlrq dqg pdwkhpdwlfdo irxqgdwlrq ri odwhqw vwuxfwxuh dqdo|vlv1� Ss

69507:5 lq Phdvxuhphqw dqg Suhglfwlrq hglwhg e| V1D1 Vwrx�hu hw do1 Sulqfhwrq/ QM=

Sulqfhwrq Xqlyhuvlw| Suhvv1

Ohqn/ Shwhu M1/ dqg GhVduer/ Zd|qh V1 53331 �Ed|hvldq lqihuhqfh iru �qlwh pl{wxuh prghov

ri jhqhudol}hg olqhdu prghov zlwk udqgrp h�hfwv1� Sv|fkrphwulnd 98= <6044<1

Tx/ \lqvkhqj/ Wdq/ Plqj/ dqg Nxwqhu/ Plfkdho K1 4<<91 �Udqgrp h�hfwv prghov lq odwhqw

fodvv dqdo|vlv iru hydoxdwlqj dffxudf| ri gldjqrvwlf whvwv1� Elrphwulfv/ 85/ :<:0;431

Udeh0Khvnhwk/ Vrskld/ Slfnohv/ Dqguhz/ dqg Vnurqgdo/ Dqghuv 53341 �JOODPP= D jhqhudo

fodvv ri pxowlohyho prghov dqg d Vwdwd surjudp1� Pxowlohyho Prghoolqj Qhzvohwwhu 46=

4:0561

Vqlmghuv/ Wrp D1E1 ) Ervnhu/ Urho M1 4<<<1 Pxowlohyho Dqdo|vlv1 Orqgrq= Vdjh Sxeolfdwlrqv1

Vwurxg/ Duwkxu K1 dqg Vhfuhvw1 Grq1 4<991 Jdxvvldq Txdgudwxuh Irupxodv1 Hqjohzrrg Fol�v/

QM= Suhqwlfh Kdoo1

Ydq Plhuor/ Khohhq/ Yhupxqw/ Mhurhq N1/ dqg Uxwwh/ Fulvwho/ 53351 �Xvlqj lqglylgxdo ohyho

vxuyh| gdwd wr phdvxuh jurxs frqvwuxfwv= D frpsdulvrq ri lwhpv zlwk uhihuhqfh wr wkh

lqglylgxdo dqg wr wkh jurxs lq d mre ghvljq frqwh{w1� Pdqxvfulsw vxeplwwhg iru sxeolfd0

wlrqv1
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Yhupxqw/ Mhurhq N1 dqg Ydq Glmn/ Olhvehw 53341 �D qrqsdudphwulf udqgrp0frh!flhqwv ds0

surdfk= wkh odwhqw fodvv uhjuhvvlrq prgho1� Pxowlohyho Prghoolqj Qhzvohwwhu 46= 90461

Yhupxqw/ Mhurhq N1 dqg Pdjlgvrq/ Md| 53331 Odwhqw JROG Xvhu*v Pdqxdo1 Ervwrq= Vwdwlv0

wlfdo Lqqrydwlrqv1

Zrqj/ Jhrujh \1 dqg Pdvrq/ Zlooldp P1 4<;81 �Klhudufklfdo orjlvwlf prghov iru pxowlohyho

dqdo|vlv1� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;3= 84608571
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Table 1. Testing results obtained with the task-variety data 
 

Model LC part 
Random-coefficients 

part LL # par BIC  
1 1-class none -2685 5 5405 
2 2-class none -2385 11 4844 
3 3-class none -2375 16 4859 
4 2-class 2j, 9 nodes -2368 12 4818 
5 2-class 2m, 2 classes -2367 13 4822 
6 2-class 2m, 3 classes -2366 15 4835 
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Table 2. Estimated parameter values of Models 4 and 5 (task-variety data) 
 
 Model 4 (parametric) Model 5 (nonparametric) 
 t = 1 t = 2 t = 1 t = 2 
Parameter Value S.E. Value S.E. Value S.E. Value S.E. 
/DWHQW�ORJLW�PHDQ�� 2) 

 0.73 0.15   
/DWHQW�ORJLW�VWG��GHY��� 2) 

 0.87 0.14   
Latent logit for m=��� 21) 

   -0.35 0.20
Latent logit for m=��� 22) 

   1.29 0.18
P(Yij1=1) 0.17 0.03 0.54 0.02 0.17 0.03 0.54 0.02
P(Yij2=2) 0.30 0.03 0.71 0.02 0.30 0.03 0.71 0.02
P(Yij3=2) 0.21 0.04 0.97 0.01 0.22 0.04 0.97 0.01
P(Yij4=2) 0.44 0.03 0.83 0.02 0.44 0.03 0.83 0.02
P(Yij5=2) 0.17 0.03 0.94 0.02 0.17 0.03 0.94 0.02
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Table 3. Testing results obtained with the mathematical ability data 
 

Model LC part 
Random-coefficients 

part LL # par BIC  
1 1-class none -22264 18 44667 
2 2-class none -20386 37 41055 
3 3-class none -20175 56 40779 
4 4-class none -20127 75 40831 
5 3-class with predictors none -19791 64 40072 
6 3-class tj, 9 nodes -20039 58 40524 
7 3-class tm, 2 classes -20067 59 40586 
8 3-class tm, 3 classes -20039 62 40555 
9 3-class tm, 4 classes -20037 65 40572 

10 3-class with predictors 0tj, 9 nodes -19696 66 39899 
11 3-class with predictors 0tm, 3 classes -19689 70 39916 
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Table 4. Estimated parameter values of parametric Model 10 (mathematical ability 
data) 
 
 t = 2 t = 3 
Parameter  Value S.E. Value S.E. 
,QWHUFHSW�0HDQ�� 0t) 0.82 0.26 -0.70 0.38
6(6�� 1t) 0.83 0.11 1.36 0.13
,6,�� 2t) 1.15 0.12 2.28 0.12
*(1'(5�� 3t) -0.61 0.18 -1.03 0.21
&,72�� 4t) 1.85 0.29 3.08 0.42
6WG��GHY��� t) 1.11 0.18 2.25 0.27
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Table 5. Testing results obtained with the EVS data 
 

Model LC part 
Random-coefficients 

part LL # par BIC  
1 1-class none -8392 3 16809 
2 2-class none -8259 7 16576 
3 3-class none -8248 11 16587 
4 2-class 2j, 9 nodes -8158 8 16382 
5 2-class 2m, 2 classes -8191 9 16457 
6 2-class 2m, 3 classes -8156 11 16402 
7 2-class 2m, 4 classes -8151 13 16409 
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Table 6. Estimated parameter values of Modes 4 and 6 (EVS data) 
 
 Model 4 (parametric) Model 6 (nonparametric0 
 t = 1 t = 2 t = 1 t = 2 
Parameter Value S.E. Value S.E. Value S.E. Value S.E. 
/DWHQW�ORJLW�PHDQ�� 2) 

 -0.27 0.25   
/DWHQW�ORJLW�VWG��GHY��� 2) 

 1.61 0.20   
Latent logit for m=��� 21) 

   -2.75 0.65
Latent logit for m=��� 22) 

   0.13 0.20
Latent logit for m=��� 23) 

   3.37 1.47
2UGHU�� 1t) 1.08 0.06 0.32 0.04 1.03 0.07 0.34 0.04
0RUH�VD\�� 2t) 0.07 0.05 0.27 0.04 0.07 0.05 0.26 0.04
3ULFHV�� 3t) 0.41 0.07 -0.66 0.06 0.40 0.07 -0.67 0.07
)UHHGRP�RI�VSHHFK�� 4t) -1.56 0.14 0.08 0.05 -1.50 0.15 0.06 0.06
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Table 7. Posterior means of random effects and the corresponding proportion of 
postmaterialists for the 32 countries  (Models 4 and 6, EVS data)  
 

 
Model 4 

(parametric) 
Model 6 

(nonparametric) 
Country tj P(Xij=2) tj P(Xij=2)
Italy 3.14 0.96 3.37 0.97
Sweden 2.99 0.95 3.37 0.97
Denmark 2.96 0.95 3.37 0.97
Austria 2.83 0.94 3.37 0.97
Netherlands 2.81 0.94 3.37 0.97
Croatia 1.67 0.84 3.29 0.96
Belgium 1.43 0.81 3.36 0.97
Greece 1.35 0.79 0.41 0.60
France 1.35 0.79 0.13 0.53
Spain 1.24 0.78 0.14 0.54
Northern Ireland 1.15 0.76 0.14 0.54
Ireland 1.06 0.74 0.16 0.54
Luxembourg 0.02 0.51 0.13 0.53
Slovenia -0.16 0.46 0.13 0.53
Czechia -0.23 0.44 0.13 0.53
Iceland -0.27 0.43 0.13 0.53
Finland -0.27 0.43 0.13 0.53
West Germany -0.27 0.43 0.13 0.53
Portugal -0.28 0.43 0.13 0.53
Romania -0.29 0.43 0.13 0.53
Malta -0.29 0.43 0.11 0.53
East Germany -0.31 0.42 0.12 0.53
Bulgaria -0.31 0.42 0.12 0.53
Lithuania -1.83 0.14 -2.71 0.06
Latvia -1.87 0.13 -2.74 0.06
Poland -1.91 0.13 -2.75 0.06
Estonia -1.96 0.12 -2.75 0.06
Belarus -2.21 0.10 -2.75 0.06
Slovakia -2.24 0.10 -2.75 0.06
Hungary -2.39 0.08 -2.75 0.06
Ukraine -2.78 0.06 -2.75 0.06
Russia -3.75 0.02 -2.75 0.06
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Figure 1: Graphical model associated with a LC model with a random-effect in the 
latent class distribution.  
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