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Multilevel Latent Class Models

Abstract

Latent class (LC) models developed so far assume that observations are independent. Para-
metric and nonparametric random-coefficient LC models are proposed that make it possible to
relax this assumption. The models can, for example, be used for the analysis of data collected
with complex sampling designs, data with a multilevel structure, and multiple-group data for
more than a few groups. An adapted EM algorithm is presented that makes maximum like-
lihood estimation feasible. The new model is illustrated with examples from organizational,

educational, and cross-national comparative research.



Multilevel Latent Class Models

1 Introduction

In the past decade, latent class (LLC) analysis (Lazarsfeld, 1950; Goodman, 1974) has become
a more widely used technique in social sciences research. One of its applications is clustering
or constructing typologies with observed categorical variables. Another related application is
dealing with measurement error in nominal and ordinal indicators. An important limitation of
the LC models developed so far is, however, that they assume that observations are independent,
an assumption that is often violated. This paper presents a random-coefficients or multilevel
LC model that makes it possible to relax this assumption.

Random-coefficients models can be used to deal with various types of dependent observations
(Agresti et al., 2000). An example is dependent observations in data sets collected by two-stage
cluster sampling or longitudinal designs. A more theory based use of random-coefficients models
that is popular in fields such as educational and organizational research is often referred to as
multilevel or hierarchical modeling, a method that is intended to disentangle group-level from
individual-level effects (Bryk and Raudenbush, 1992; Goldstein, 1995; Snijders and Bosker,
1999). Another interesting application of these methods is in the context of multiple-group
analysis, such as in cross-national comparative research based on data from a large number of
countries (see, for example, Wong and Mason, 1985).

In a standard LC model, it is assumed that the model parameters are the same for all
persons (level-1 units). The basic idea of a multilevel LC model is that some of the model
parameters are allowed to differs across groups, clusters, or level-2 units. For example, the
probability of belonging to a certain latent class may differ across organizations or countries.

Such differences can be modelled by including group dummies in the model, as is done in



multiple-group LC analysis (Clogg and Goodman, 1984), which amounts to using what is
called a fixed-effects approach. Alternatively, in a random-effects approach, the group-specific
coefficients are assumed to come from a particular distribution, whose parameters should be
estimated. Depending on whether the form of the mixing distribution is specified or not, either
a parametric or a nonparametric random-effects approach is obtained.

The proposed multilevel LC model is similar to a random-coefficients logistic regression
model (Wong and Mason, 1985; Hedeker and Gibbons, 1996; Hedeker, 1999; Agresti et al.,
2000). A difference is that the dependent variable is not directly observed, but a latent variable
with several observed indicators. The model can, therefore, be seen as an extension of a random-
coefficients logistic regression model in which there is measurement error in the dependent
variable. It is well-known that LC models can be used to combine the information contained
in multiple outcome variables (Bandeen-Roche et al., 1997).

The model is also similar to the multilevel item response theory (IRT) model that was
recently proposed by Fox and Glas (2001). A conceptual difference is, however, that in IRT
models the underlying latent variables are assumed to be continuous instead of discrete. Be-
cause of the similarity between LC and IRT models (see, for example, Heinen, 1996), it is
not surprising that restricted multilevel LC models can be used to approximate multilevel IRT
models.

The idea of introducing random effects in LC analysis is not new: see, for example, Qu, Tan,
and Kutner (1996), and Lenk and DeSarbo (2000). The models proposed by these authors are,
however, not multilevel models, and therefore conceptually and mathematically very different
from the models described in this paper. Although there is no option for combining LC struc-
tures with random effects in the current version of the GLLAMM program of Rabe-Hesketh,

Pickles, and Skrondal (2001), the model I propose fits very naturally into the general multilevel



modeling framework developed by these authors.

The multilevel LC model can be represented as a graphical or path model containing one
latent variable per random coefficient and one latent variable per level-1 unit within a level-2
unit. The fact that the model contains so many latent variables makes the use of a standard EM
algorithm for maximum likelihood (ML) estimation impractical. The ML estimation problem
can, however, be solved by making use of the conditional independence assumptions implied by
the graphical model. More precisely, I adapted the E step of the EM algorithm to the structure
of the multilevel LC model.

The next section describes the multilevel LC model. Then, attention is paid to estimation
issues that are specific for this new model. Section 4 presents applications from organizational,

educational, and cross-national comparative research. The paper ends with a short discussion.

2 The multilevel LC model

Let Y;;, denote the response of individual or level-1 unit ¢ within group or level-2 unit j on
indicator or item k. The number of level-2 units is denoted by J, the number of level-1 units
within level-2 unit j by n;, and the number of items by K. A particular level of item k is
denoted by sj, and its number of categories by S;. The latent class variable is denoted by X;,
a particular latent class by ¢, and the number of latent classes by T'. Notation Y;; is used to
refer to the full vector of responses of case i in group 7, and s to refer to a possible answer
pattern.

The probability structure defining a simple LC model can be written down as follows:

M=

P(Yi=s) = ) P(Xy=0)P(Yy=s|X;=1)

il
X

I
M=

P(X;; =1) ﬁ P(Yijr = sk| Xij = 11). (1)

il
X

The probability of observing a particular response pattern, P(Y;; =s), is a weighted average
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of class-specific probabilities P(Y;; = s|X;; = t). The weight P(X;; = t) is the probability
that person i in group j belongs to latent class t. As can be seen from the second line, the
indicators Y;;; are assumed to be independent of each other given class membership, which
is often referred to as the local independence assumption. The term P(Yj;, = sg|Xi; = 1) is
the probability of observing response s; on item k given that the person concerned belongs to
latent class t. These conditional response probabilities are used to name the latent classes.
The general definition in equation (1) applies to both the standard and the multilevel LC
model. In order to be able to distinguish the two, the model probabilities have to be written

in the form of logit equations. In the standard LC model,

exp(y1)

PXy=1) = o —— :

( ) =TT ea() .
iy o)

P(Y;Jk = 3k|XZJ = t) o eril eXp(ﬁft) ‘ (3)

As always, identifying constraints have to be imposed on the logit parameters, for example,
=0}, =0.

The fact that the v and § parameters appearing in equations (2) and (3) do not have an
index j indicates that their values are assumed to be independent of the group to which one
belongs. Taking into account the multilevel structure involves relaxing this assumption. The
most general multilevel LC model is obtained by assuming that all model parameters are group

specific; that is,

exp(%j)
P(Xy=t) = =~ '
(X =1) ST exp(yr4) a
- o exp(BEy)
P(Y;Jk = Sk|XZ_7 = t) o eril eXp(ﬁftj) . (5)

Without further restrictions, this model is equivalent to an unrestricted multiple-group LC
model (Clogg and Goodman, 1984). A more restricted multiple-group LC model is obtained

by assuming that the item conditional probabilities do not depend on the level-2 unit; that
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is, by combining specifications (4) and (3). In practice, such a partially heterogeneous model
assuming invariant measurement error is the most useful specification, although it is not a
problem to relax this assumption for some of the indicators.

It will, however, be clear that such a multiple-group or fixed-effects approach may be prob-
lematic if there are more than a few groups because group-specific estimates have to be obtained
for certain model parameters. Not only the number of parameters to be estimated increases
rapidly with the number of level-2 units, the estimates may also be very unstable with group
sizes that are typical in multilevel research. Another disadvantage of the fixed-effects approach
is that all group differences are “explained” by the group dummies, making it impossible to
determine the effects of level-2 covariates on the probability of belonging to a certain latent

class. Below I show how to include such covariates in the model.

A parametric approach

The problems associated with the multiple-group approach can be tackled by adopting a
random-effects approach: rather than estimating a separate set of parameters for each group,
the group-specific effects are assumed to come from a certain distribution. Let us look at the
simplest case: a two-class model with group-specific class-membership probabilities as defined
by equation (4), and with v;; = 0 for identification. Typically, random coeflicients are assumed

to come from a normal distribution, yielding a LC model in which

Yoj = Y2 + T2 - Uy, (6)

with u; ~ N(0,1). Note that this amounts to assuming that the between-group variation in the
log odds of belonging to the second instead of the first latent class follows a normal distribution
with a mean equal to 7, and a standard deviation equal to 7.

With more than two latent classes, one has to specify the distribution of the T'— 1 random-



intercept terms 7;;. One possibility is to work with a (7" — 1)-dimensional normal distribution.

Another option is to use more a restricted structure of the form,

Y = Ye + Tt Uy, (7)

with u; ~ N(0,1) and with one identifying constraint on the ¢ and another on the 7: for
example, 71 = 71 = 0. This specification was also used by Hedeker (1999) in the context of
random-effects multinomial logistic regression analysis. The implicit assumption that is made
is that the random components in the various <y, are perfectly correlated. More specifically,
the same random effect u; is scaled in a different manner for each ¢ by the unknown 7;. This
formulation, which is equivalent to Bock’s nominal response model (Bock, 1972), is based on the
assumption that each nominal category is related to an underlying latent response tendency.
Whether such a restricted structure suffices or a more general formulation is needed is an
empirical issue. Note that (7) reduces to (6) if 7' = 2.

A measure that often of interest in random-effects models is the intraclass correlation. It
is defined as the proportion of the total variance accounted for by the level-2 units, where the
total variance equals the sum of the level-1 and level-2 variances. Hedeker (in press) showed
how to compute the intraclass correlation in random-coefficients multinomial logistic regression
models. The same method can be used in multilevel LC models; that is,

2
Tt

t 2 +72/3 (®)
This formula makes use of the fact that the level-1 variance can be set equal to the variance of

the logistic distribution, which equals 72/3 ~ 3.29. Notice that T'— 1 independent intraclass

correlations can be computed.



A nonparametric approach

A disadvantage of the presented random-effects approach is that it makes quite strong assump-
tions about the mixing distribution. An attractive alternative is, therefore, to work with a
discrete unspecified mixing distribution. This yields a nonparametric random-coefficients LC
model in which there are not only latent classes of level-1 units but also latent classes of level-2
units sharing the same parameter values. Such an approach does not only have the advantage of
less strong distributional assumptions and less computational burden (Vermunt and Van Dijk,
2001), it may also fit better to the substantive research problem at hand. In many settings, it
is more natural to classify groups (for example, countries) into a small number of types than
to place them on a continuous scale.

It should be noted that with nonparametric I do not mean “distribution free”. In fact, the
normal distribution assumption is replaced by a multinomial distribution assumption. Accord-
ing to Laird (1978), a nonparametric characterization of the mixing distribution is obtained by
increasing the number of mass points till a saturation point is reached. In practice, however,
one will work with fewer latent classes that the maximum number that can be identified.

Let W; denote the value of group j on the latent class variable defining the discrete mixing

distribution. In a nonparametric approach, the model for the latent class probability equals

eXp(’th)
P X id = t H/ s = = y 9
o =t =) = o o) ©)

where m denotes a particular mixture component. Besides the M component-specific coeffi-
cients, we have to estimate the size of each component, denoted by ,,,. Note that we can write
Ytm aS

Vem = V¢ T Utm, (10)

where the wuy,, come from an unspecified distribution with M mass points.



Covariates

A natural extension of the random-coefficient LC model involves including level-1 and level-2
covariates to predict class membership. Suppose that there is one level-2 covariate Z;; and one
level-1 covariate Zs;;. A multinomial logistic regression model for X;; with a random intercept

is obtained by

exp (Yot + V1215 + Y2t Z2ij)
ZZ; exp(Yorj + Y1rZ1j + Yor Z2ij)

P(Xiy = t|Z1), Zaij) =

This model is an extension of the LC model with concomitant variables proposed by Dayton
and McReady (1988); that is, a model containing not only fixed but also random effects.

Not only the intercept, but also the effects of the level-1 covariates may be assumed to be
random coefficients. A model with a random slope is obtained by replacing 7o with s, and
making certain distributional assumptions about v;. In fact, any multilevel model that can
be specified for an observed nominal outcome variable can also be applied with the latent class
variable, which is in fact an indirectly observed nominal outcome variable.

Also the nonparametric approach can easily be extended to include level-1 and level-2 co-

variates. An example is

exp(Yotm + YiemZ1j + Yot Zoij)

P(Xi; = t|Z15, Zoyi, Wi = m) = .
( ! ‘ ! ! ! ) Zf:l eXp(IVOTm + Vlrmzlj + 727“221']')

In this model, both the intercept and the slope of the level-1 covariate are assumed to depend

on the mixture variable Wj.

Item bias

The last extension I would like to mention is the possibility to allow for group differences in
the class-specific conditional response probabilities, as was already indicated in equation (5).
It may happen that certain items are responded in a different manner by individuals belonging

to different groups, a phenomenon that is sometimes referred to as item bias.
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A random-effects specification for the item bias in item k can, for example, be of the form

k _ nk
sptj — Mspt + 0 €j;

where the o are category-specific parameters, and e; ~ N(0,1). One identifying constraint
has to be imposed on the 3}, and on the oy parameters: for example, 8}, = o1 = 0. Note that
this specification is similar to the one that was proposed for 7;; in equation (7). The terms u;
and e; can be assumed to be correlated or uncorrelated.

In the nonparametric approach, item bias can be dealt with by allowing the conditional
response probabilities to depend on the mixture variable; i.e.,

eXp( sktm)

Zr: 1 €Xp (/Brtm) .

In such a specification, latent classes of groups not only differ with respect to the latent class

P(Y;Jk = Sk|Xij = t,Wj = m) =

distribution of individuals, but also with respect to item distributions within latent classes of

individuals.
3 Maximum likelihood estimation

The parameters of the multilevel LC model can be estimated by maximum likelihood (ML).
The likelihood function is based on the probability density for the data of a complete level-2
unit, denoted by P(Y,|Z;). It should be noted that these are independent observations while
observations within a level-2 unit are not assumed to be independent. The log-likelihood to be
maximized equals

J
log L = log P(Y;|Z;).
j=1
In a parametric random-coefficient LC model, the relevant probability density equals

P(Y,|Z;) = [ P(Y,|Z;u.6)f(ul6)du

e

{HP YiilZij,u, 0)} f(u]@)du, (11)



where 0 denotes the complete set of unknown parameters to be estimated and f(u|@) the
multivariate normal mixing distribution. As can be seen, the responses of the n; level-1 units
with level-2 unit j are assumed to be independent of one another given the random coefficients.

Of course, the contributions of the level-1 units have the form of a LC model; that is,

M=

P(Yij\Zij,u, 0) = P(X” = t,Yij|Z¢j,u,0)

o~
Il

1

K
P(X” = t|Zij,u, 0) H P(Y;Jk|XZJ = t, Zija u, 0)

1 k=1

I
M=

o~
Il

The integral at the right-hand side of equation (11) can be evaluated by the Gauss-Hermite
quadrature numerical integration method (Stroud and Secrest, 1966; Bock and Aitkin, 1981).
After orthonormalizing the random coefficients, the multivariate normal mixing distribution
is approximated by a limited number of M discrete points. Hedeker (1999) provided a de-
tailed description of the implementation of this method in the estimation of random-coefficients
multinomial logistic regression models. An equivalent approach is used here. The basic idea is

that the integral is replaced by a summation over M quadrature points,

M
P(Y;|Z;) = Y P(Y;|Zju,, 0)r,

m=1
M n;
~ 3 {prz@,um,e)}wm. 12)
m=1 (i=1

Here, u,, and 7, denote the fixed optimal quadrature nodes and weights corresponding to the
(multivariate) normal density of interest. These can be obtained from published tables (see, for
example, Stroud and Secrest, 1966). The integral can be approximated to any practical degree
of accuracy by setting M sufficiently large.

As was explained above, it is also possible to use an unspecified discrete mixing distribution.
The probability density corresponding to a nonparametric model with M components is similar
to the approximate density defined in equation (12). A difference is, however, that now u,,

and 7, are unknown parameters to be estimated, and that the parameter vector 8 no longer
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contains the variances and covariances of the random coefficients. Equation (10) defines u,, for

the nonparametric case.

Implementation of the EM algorithm

ML estimates of the model parameters can be obtained by an EM algorithm with an E step
that is especially adapted to the problem at hand. A standard implementation of the E step
would involve computing the joint conditional expectation of n; latent class variables and the
latent variables representing the random effects; that is, a posterior distribution with M - T™
entries P(W; = m,X; = t|Y;,Z;). It will be clear that this is not practical when there are

more than a few level-1 units per level-2 unit.
[Insert figure 1 about here]

Figure 1 depicts the graphical model underlying the multilevel LC model. The level-2 latent
variable W; influences the n; level-1 latent variables X,;, which are mutually independent given
W;. The number of level-1 latent variables differs per group. More precisely, there is one X,
for each each 7 within group j, which means n; in total. Each level-1 unit has it own set of
indicators Y;j;. The graphical representation shows that, on the one hand, we are dealing with
a model with many latent variables, but that, on the other hand, it is a quite restricted model.

The algorithm I developed makes use of the fact that the only thing we need in the E step
are the marginal posterior probabilities P(W; = m, X;; = t|Y;,Z;). This follows from the
fact that these are the terms appearing in the complete data log-likelihood. Rather than first
computing P(W; = m, X, = t|Y;, Z;) and subsequently collapsing over all X;;, i’ # i, in order
to obtain P(W; = m, X;; = t|Y;,Z,), P(W; = m, X;; = t|[Y;,Z;) is computed directly. The
procedure makes use of the conditional independence assumptions underlying the graphical

model associated with the density defined in equation (12). This yields an algorithm in which
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computation time increases linearly rather than exponentially with n,. The proposed method
is similar to the forward-backward algorithm for the estimation of hidden Markov models for
large numbers of time points (Baum et al., 1970; Juang and Rabiner, 1991). As will become
clear below, the method I propose could be called an upward-downward algorithm. Latent
variables are integrated or summed out by going from the lower- to the higher-level units, and
the marginal posteriors are subsequently obtained by going from the higher- to the lower-level
units.

The marginal posterior probabilities P(W; = m, X;; = t|Y;,Z;) needed to perform the E

step can be obtained using the following simple decomposition:

P(W;=m, X =t|Y;,Z;) = P(W; = m|Y;,Z;) P(Xy; = t|W; = m, Y, Zj)

The proposed efficient algorithm makes use of the fact that in the multilevel LC model

P(Xi; =tlW; =m,Y;,Z;) = P(Xi; = t|W; = m, Yy, Zij),

i.e., given W;, X;; is independent of the observed (and latent) variables of the other level-1
units within the same level-2 unit. This is the result of the fact that level-1 observations are
mutually independent given the random coefficients (given the value of W), as is expressed in
the density function described in equation (11). This can also be seen from Figure 1, which
depicts the conditional independence assumptions underlying the multilevel LC model. Using

this important result, we get the following slightly simplified decomposition:

P(W] = m,Xij = t|Yj, Z]) = P(W] = m|Yj, Z])P(XZJ = t|W] = m,Yij, Z”) (13)

This shows that the problem of obtaining the marginal posterior probabilities reduces to the
computation of the two terms at the right-hand side of this equation. Using the short-hand

notation 7, for P(Y;|Z;j,u,,,0) and 7w, for P(X;; = t,Y;|Z;j,u,,,0), and noting that
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T :
Tijjm = Y_1=1 Tijtjm, W€ Obtain

PW; =m|Y;,Z;) = Tom Lim1 Tigim (14)

M ;)
Zm:1 Tm, Hii1 Tijlm

P(XU = t|Wj =m, Yz’j, Z”) _ T jt|m _ 7T’ijt|m.

T
D=1 T4 jt|m Tij|m

As can be seen, the basic operation that has to be performed is the computation of 7;j, for
each i, j, t, and m. In the upward step, the n; sets of 7;jyn, terms are used to obtain P(W; =
m|Y;,Z;). The downward step involves the computation of P(X,; = t|W,; = m,Y,;,Z;;), as
well as P(W; = m, X;; = t|Y;,Z;) via equation (13). In the upward-downward algorithm
computation time increases linearly with the number of level-1 observations instead of expo-
nentially, as would be the case in a standard E step. Computation time can be decreased
somewhat more by grouping records with the same values for the observed variables within
level-2 units; that is, records with the same value for 7;;y,.

The remaining part of the implementation of the EM algorithm is as usual. In the E step,
the P(W; = m|Y;,Z;) and P(W; = m, X,; = t|Y;,Z;) are used to obtain improved estimates
for the observed cell entries in the relevant marginal tables. Suppose that we have a multilevel
LC model in which the latent class probabilities contain random coefficients and are influenced
by covariates Z. Denoting a particular covariate pattern by r, the relevant marginal tables have

. XY, . .
entries fv, f7X% and f;, ", which can be obtain as follows:

J
= Y P(W;=m[Y;,Z)
=1

J mny
nv,g,,).(z = ZZP(WJ = m,Xij = t|Yj, ZJ)I(ZJ = ’/‘)
j=1l1i=1
v M J 7
it = > > P(Wy=m, X5 = t[Y;, Z;)I(Yijr = s1);
m=1 j=11i=1

where I(Y;jr = si) and I(Z; = r) are 1 if the corresponding condition is fulfilled, and 0

otherwise.
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In the M step, standard complete data methods for the estimation of logistic regression
models can be used to update the parameter estimates using the completed data as if it were
observed.

A practical problem in the above implementation of the ML estimation of the multilevel
LC model is that underflows may occur in the computation of P(W; = m|Y;,Z;). More
precisely, because it may involve multiplication of a large number (1 + n; - K) of probabilities,
the numerator of equation (14) may become equal to zero for each m. Such underflows can,
however, easily be prevented by working on a log scale. Letting a;,, = log(m,,) + X" log(7ijim)

and b; = max(a;n,), P(W; = m|Y;,Z;) can be obtained by

exp [ajm — bj]
YN exp [aj, — b;)]

P(W; =m|Y,,Z;) =
Posterior means

One of the objectives of a multilevel analysis may be to obtain estimates of the group-specific
parameters. Suppose we are interested in the value of 7;; for each level-2 unit. A simple

estimator is the posterior mean, denoted by 7¥,;. It is computed as follows:

Yij = Vet TicU

M
= Y+ Z um PW; =m|Y;, Z;). (15)

m=1
Here, u,, denotes the value of the mth quadrature node and P(W; = m|Y;) the posterior
probability associated with this node. The quantity 7,; can subsequently be used to calculate
the group-specific latent class distributions by means of equation (4).

In the nonparametric approach, ¥,; is defined as
M
Vij = Z YemP(W; =m|Y;, Zj); (16)
m=1

that is, as a weighted average of the parameters of the M mixture components.
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Standard errors

Contrary to Newton-like methods, the EM algorithm does not provide standard errors of the
model parameters as a by-product. Estimated asymptotic standard errors can be obtained by
computing the observed information matrix, the matrix of second-order derivatives of the log-
likelihood function towards all model parameters. The inverse of this matrix is the estimated
variance-covariance matrix. For the examples presented in the next section, I computed the
necessary derivatives numerically.

The information matrix can also be used to check identifiability. A sufficient condition for

local identification is that all the eigenvalues of the information matrix are larger than zero.

Software implementation

The multilevel LC model cannot be estimated with standard software for LC analysis. The
upward-downward algorithm described in this section was implemented in an experimental
version of the Latent GOLD program (Vermunt and Magidson, 2000). The method will become

available in a next version of this program for LC analysis.
4 Three applications

Three applications of the proposed new method are presented. These not only illustrate three
interesting application fields, but also the most important model specification options. In
the first example, I use data from a Dutch survey in which employees of various teams are
asked about their work conditions. Multilevel LC analysis is used to construct a task-variety
scale and to determine the between-team heterogeneity of the latent class probabilities. The
second example uses a Dutch data set containing information on the mathematical skills of
grade 8 pupils from various schools. The research question of interest is as to whether school

differences remain after controlling for individual characteristics such as non-verbal intelligence
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and socioeconomic status of the family. In the third example, I use data from the 1999 European
Values Survey. Country differences in the proportion of post-materialists are modelled by means
random effects. Contrary to the previous applications, I am not only interested in the overall

between-group differences, but also in the latent distribution for each of the groups (countries).
4.1 Organizational research

In a Dutch study on the effect of autonomous teams on individual work conditions, data were
collected from 41 teams of two organizations, a nursing home and a domiciliary care organiza-
tion. These teams contained 886 employees. For the example, I took five dichotomized items
of a scale measuring perceived task variety (Van Mierlo et al., 2002). The item wording is as

follows (translated from Dutch):

1. Do you always do the same things in your work?

2. Does your work require creativity?

3. Is your work diverse?

4. Does your work make enough usage of you skills and capacities?
5. Is there enough variation in your work?

The original items contained four answer categories. In order simplify the analysis, I col-
lapsed the first two and the last two categories. Because some respondents had missing values
on one or more of the indicators, I adapted the ML estimation procedure to deal with such
partially observed indicators.

I will analyze this data set by means of LC analysis. This means that I am assuming
that the researcher is interested in building a typology of employees based on their perceived

task variety. On other hand, if one would be interested in constructing a continuous scale, a
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latent trait analysis would be more appropriate. Of course, also in that situation the multilevel
structure should be taken into account.

In the analysis of this data set, I used a simple unrestricted LC model combined with three
types of specifications for the between-team variation in the class-membership probabilities:
no random effects, parametric random effects as defined in equation (6), and nonparametric

random effects as defined in equation (9).
[Insert Table 1 about here]

Table 1 reports the log-likelihood (LL) value, the number of parameters, and the BIC value
for the models that were estimated. I first estimated models without random effects. The
BIC values for the one to three class model (Models 1-3) without random effects show that a
solution with two classes suffices. Subsequently, I introduced random effects in the two-class
model (Models 4-6). From the results obtained with Models 4 and 5, it can be seen that there is
clear evidence for between-team variation in the latent distribution: These models have much
lower BIC values than the two-class model without random effects. The two-class finite-mixture
representation (Model 5) yields a slightly lower LL than the parametric representation of the
between-team variation (Model 4), but a somewhat higher BIC because it uses one additional
parameter. The three-class finite-mixture model (Model 6) has almost the same LL value as

Model 5, which indicates that no more than two latent classes of teams can be identified.
[Insert Table 2 about here]

Table 2 reports the parameter estimates obtained with Models 4 and 5, where the conditional
response probabilities describing the relationship between the latent variable and the indicators
correspond to the high task-variety response (disagree for item 1 and agree for the others). The

first class has a much lower conditional response probability than class two on each of the
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indicators. The two classes can therefore be named “low task-variety” and “high task-variety”.
Note that the conditional response probabilities take on almost the same values in both random-
effects models, which shows that the definition of the classes is quite robust for the specification
of the mixture distribution.

In the parametric specification of the between-team heterogeneity (Model 4), the mean and
standard deviation of the log odds of belonging to class 2 equal 0.73 and 0.87, respectively.
In order to get an impression of the meaning of these numbers on the probability scale, one
can fill in a value for u; in equation (6) and substitute the obtained value for 7,; in equation
(4). For example, with u; equal to -1.28 and 1.28, the z values corresponding to the lower
and upper 10% tails of the normal distribution, we get latent class probabilities of .41 and .86.
These numbers indicate that there is a quite large team effect on the perceived task variety.
The intraclass correlation obtained with equation (8) equals .19, which means that 19% of the
total variance is explained by team membership.

The mixture components in the two-class finite-mixture model (Model 5) contained 37 and
63 percent of the teams. Their log odds of belonging to the high task-variety class are -.35
and 1.29, respectively. These log odds correspond to probabilities of .41 and .78. Although
the parametric and non-parametric approach capture the variation across teams in a somewhat
different manner, both show that there are large between-team differences in the individual
perception of the variety of the work. The substantive conclusion based on Model 5 would be
that there are two types of employees and two types of teams. The two types of teams differ

with respect to the distribution of the team members over the two types of employees.

4.2 Educational research

For the second example, I used data from a Dutch study aimed to compare the mathematical

skills of grade 8 students across schools (Doolaard, 1999). A mathematical test consisting of
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18 items was given to 2156 students of a sample of 97 schools. The 18 dichotomous (cor-
rect/incorrect) items are used to construct a LC model measuring individual skills. There
is also information on the individual-level covariates socioeconomic status (Ses; standardized),
non-verbal intelligence (Isis; standardized), and Gender (0=male, 1=female), and a school-level
covariate indicating whether a school participates in the national school leaving examination
(Cito; 0=no, 1=yes).

Again I assume that the researcher is interest in constructing a latent typology, in this case
of types of students who differ in their mathematical skills. It can be expected that schools differ
with respect to the mathematical ability of their students. However, in the Dutch educational
context in which schools are assumed to be more or less of the same quality, one would expect
that the school effect decreases or may be even disappears if one controls for the composition of
the groups. The availability of individual level covariates that can be expected to be strongly

related to mathematical ability makes it possible to control for such composition effects.

[Insert Table 3 about here]

Table 3 reports the test results obtained with this data set. I first estimated LC models
without covariates nor random effects. The BIC values of these models (Models 1-4) show
clearly that more than two latent classes are needed, which is not surprising given the large
number of indicators. Because the three-class class model has the lowest BIC, I decided to
continue with this solution when introducing covariates and random-coefficients. In the para-
metric random-effects approach, the random intercepts were modelled as in equation (7). The
between-school variation in the latent distribution is captured equally well by a parametric
specification and a nonparametric specification with three latent classes (see LL of Models 6-9).
As can be seen from the BIC values of Models 10 and 11, introduction of covariates yields a

large improvement of the fit compared to Models 6 and 8. Comparison with Model 5, which
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contains the four covariates but no random effects, shows that the between-school differences

remain after controlling for the three level-1 and the single level-2 covariate.
[Insert Table 4 about here]

Table 4 reports the estimated parameters of the multinomial logistic regression model for
the latent class variable according to Model 10. These are effects on the log odds of belonging
to class 2 or 3 rather than to class 1. The item parameters, which are not reported here, show
that the three ordered latent classes can be labelled as “low”, “medium”, and “high”.

Ses, Isis, and Cito have positive effects of both log odds, and Gender has negative effects.
This shows that having a higher socioeconomic status, having a higher score on the non-verbal
intelligence test, being a male, and belonging to a Cito school increases the probability of
belonging to the middle and high ability groups. It can also be seen that there remains a large
amount of between-school variation after controlling for the four covariates. The size of the
school effect can directly be compared with the effects of the Ses and Isis covariates because
these are also standardized variables. The standard deviation of the Gender and Cito dummies
are about twice as small, which means that we have to divide their effects by two if we want
to compare them with the other ones. The school effect turns out to be as important as the
effect of a pupil’s non-verbal intelligence (Isis) and more important than the other covariates.
The differences between schools can not be explained by differences in the composition of their

populations.
4.3 Comparative research

The third example makes use of data from the 1999 European Values Study (EVS) containing
information from 32 countries. I took a sample of 10% of the available cases per countries,

yielding 3584 valid cases. An popular scale in the survey is the post-materialism scale developed
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by Inglehart (1977). An important issue has always been the comparison of countries on the
basis of the individual-level responses, something that can be done in a very elegant manner
using the multilevel LC model.

The Inglehart scale consists of making a first (Y;;1) and second (Y;2) choice out of a set of
four alternatives. Respondents indicate what they think that should be the most and next most
important aim of their country for the next ten years. The four alternatives are: 1) “Maintain-
ing order in the nation”, 2) “Giving people more say in important government decisions”, 3)
“Fighting rising prices”, and 4) “Protecting freedom of speech”. The two observed indicators
can be modelled by the LC model for (partial) rankings proposed by Croon (1989), in which

P(Y;j1 = s1,Yij2 = s2) is assumed to be equal to

T exp(ﬂslt) eXp(ﬂth)
P(Yij1 = s1,Yip = 52) = Y P(X;; =
(Yij1 = 51, Yijo = 52) ; Xy =1) Y1 €xP(Brt) Xpss, exp(Bre)

for s; # s9, and 0 otherwise. This model differs from a standard LC model in that the 3

parameters are equal for the two items and that the probability of giving the same response
on the two items is structurally zero. This is a way to take into account that the preferences
remain the same in the both choices and that the second choice cannot be the same as the
first one. The [ parameters can be interpreted as the class-specific utilities of the alternative
concerned. The alternative with the largest positive utility has the highest probability to be
selected, and the one with the largest negative value the lowest probability.

The multilevel structure is used to model country differences in the latent distribution. I
will again use both a continuous and a discrete mixture distribution in order to be able to see
the effect of the specification of this part of the model on the final results. From a substantive
point of view, the finite mixture approach yielding a typology of countries is the more natural

one in this application.

[Insert Table 5 about here]
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Table 5 reports the test results obtained with the EVS data. Again I started estimating
models without random effects. Comparison of the BIC values of Models 1, 2, and 3 shows
that a two-class model should be preferred for this data set. Note that this is in agreement
with the intension of this scale which should make a distinction between materialists and
post-materialists. The much lower BIC values obtained with the two-class models with a
random log-odds of belonging to the post-materialist class (Models 4-7) indicate that there
is considerable between-country variation in the latent distribution. The continuous normal
mixing distribution and the three-class finite mixture capture the between-country variation

equally well.
[Insert Table 6 about here]

Table 6 reports the parameter estimates obtained with Models 4 and 6. The (35; parame-
ters, which are very similar for both models, indicate that class one can be named “materialist”
since it has much higher utilities for the “order” and “prices” alternatives and therefore higher
probabilities of selecting these alternatives than class two. The other class is named “postmate-

rialist” because it has higher probabilities of selecting the “more say”

and “freedom of speech”
alternatives than class one.

There turn out to be large country differences in the probability that a citizen belongs to
the postmaterialist class. For example, filling in u; values of -1.28 and 1.28 in the results of
Model 4 yields class-membership probabilities for class two of .09 and 86, respectively. Also
the intraclass correlation is very large (.44). These results are confirmed by the nonparametric
approach of Model 6 in which we see large differences in the logit of belonging to class two

between the three mixture components. The three logits correspond to probabilities of 0.06,

0.53, and 0.97, respectively.

[Insert Table 7 about here]
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Table 7 reports the estimated posterior means %,; obtained via equations (15) and (16) for
each of the 32 countries, as well as the corresponding values for the probability of belonging
to latent class two, P(X;; = 2). The countries are ordered from most to least post-materialist
based on the results of Model 4. As can be seen, the finite mixture specification yields somewhat
more extreme values for P(X;; = 2) and, as can be expected, sharper cut off poins between
groups of countries. From a substantive point of view, the results are, however, quite similar.
The main difference is that based on the results of Model 4, one might conclude that there are

four or five groups of countries.
5 Discussion

Parametric and nonparametric random-coefficient LC models were proposed that make it possi-
ble to deal with various types of dependent observations. In addition, an adapted EM algorithm
named upward-downward algorithm was presented that makes maximum likelihood estimation
feasible.

The new model was illustrated with examples from organizational, educational, and cross-
national comparative research. In the first application, I used a random-intercept model to take
the nested data structure into account and to estimate the between-group variation in class
membership. The second application was similar to a standard random-coefficient multinomial
regression model. An important difference was, of course, that we were able to correct for
measurement error in the dependent variable. The third application showed that the multilevel
LC model can be used as a parsimonious multiple-group model when there are more than a
few groups, as well as that it can also be used with slightly more complicated LC models, such
as models for ranking data. In each of the empirical examples, there was clear evidence for

between-group variation in the latent class distribution.
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A problem with the presented parametric approach is that the numerical integration to
be performed for parameter estimation can involve summation over a large number of points
when the number of random coefficients is increased. It should be noted that the total number
of quadrature points equals the product of the number of points used for each dimension.
Despite the fact that the number of points per dimension can be somewhat reduced with
multiple random coefficients, computational burden becomes enormous with more than 5 or
6 random coefficients. There exist other methods for computing high-dimensional integrals,
such as Bayesian simulation and simulated maximum likelihood methods, but these are also
computationally intensive. As shown by Vermunt and Van Dijk (2001), these problems can
be circumvented by adopting a nonparametric approach in which computation burden is much
less dependent on the number of random coefficients. The finite mixture specification is not
only interesting on its own, but it can also be used to approximate a multivariate continuous

mixture distribution.
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Table 1. Testing results obtained with the task-variety data

Random-coefficients

Model LC part part LL #par BIC
1 1-class none -2685 5 5405
2 2-class none -2385 11 4844
3 3-class none -2375 16 4859
4 2-class Y2, 9 nodes -2368 12 4818
5 2-class Yom, 2 Classes -2367 13 4822
6 2-class Yom, 3 Classes -2366 15 4835
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Table 2. Estimated parameter values of Models 4 and 5 (task-variety data)

Model 4 (parametric)

Modéel 5 (nonparametric)

t=1 t=2 t=1 t=2

Parameter Vaue SE. Vaue SE. Vaue SE. Vaue SE.
Latent logit mean (y2) 0.73 015

Latent logit std. dev. (12) 087 014

Latent logit for m=1 (y21) -0.35 0.20
Latent logit for m=2 (y22) 129 0.18
P(Yij1=1) 017 003 054 002 017 003 054 0.02
P(Y;j2=2) 030 003 071 002 030 003 071 0.02
P(Yij5=2) 021 004 097 001 022 004 097 001
P(Yij4=2) 044 003 083 002 044 003 08 002
P(Yijs5=2) 017 003 094 002 017 003 094 0.02
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Table 3. Testing results obtained with the mathematical ability data

Random-coefficients

Model LC part part LL #pa BIC
1 1-class none -22264 18 44667
2 2-class none -20386 37 41055
3 3-class none -20175 56 40779
4 4-class none -20127 75 40831
5  3-classwith predictors none -19791 64 40072
6 3-class 74, 9 nodes -20039 58 40524
7 3-class Ytm, 2 Classes -20067 59 40586
8 3-class Ytm, 3 Classes -20039 62 40555
9 3-class Ym, 4 Classes -20037 65 40572
10  3-classwith predictors Yoy, 9 nodes -19696 66 39899
11  3-classwith predictors Yotm, 3 classes -19689 70 39916
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Table 4. Estimated parameter values of parametric Model 10 (mathematical ability
data)

t=2 t=3

Parameter Vaue SE. Value SE.

Intercept/Mean (yor) 0.82 0.26 -0.70 0.38
SES (y1) 0.83 0.11 1.36 0.13
IST (y2) 1.15 0.12 2.28 0.12
GENDER (yz) -0.61 0.18 -1.03 0.21
CITO (yar) 1.85 0.29 3.08 0.42
Std. dev. (1) 111 0.18 2.25 0.27
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Table 5. Testing results obtained with the EV S data

Random-coefficients

Model LC part part LL #par BIC
1 1-class none -8392 3 16809
2 2-class none -8259 7 16576
3 3-class none -8248 11 16587
4 2-class Y2, 9 nodes -8158 8 16382
5 2-class Yom, 2 Classes -8191 9 16457
6 2-class Yom, 3 Classes -8156 11 16402
7 2-class Yom, 4 Classes -8151 13 16409




Table 6. Estimated parameter values of Modes 4 and 6 (EV S data)

Model 4 (parametric)

Model 6 (nonparametricO

t=1 t=2 t=1 t=2

Parameter Vaue SE. Vaue SE. Vaue SE. Vaue SE.
Latent logit mean (y2) -0.27 0.25

Latent logit std. dev. (12) 161 0.20

Latent logit for m=1 (y21) -275 0.65
Latent logit for m=2 (y22) 013 0.20
Latent logit for m=3 (y23) 337 147
Order (B1) 108 006 032 004 103 007 034 004
More say (B2r) 007 005 027 004 007 005 026 0.04
Prices (Ba) 041 007 -066 006 040 0.07 -067 0.07
Freedom of speech (Bar) -156 014 008 005 -150 015 006 0.06
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Table 7. Posterior means of random effects and the corresponding proportion of
postmaterialists for the 32 countries (Models 4 and 6, EV S data)

Model 4 Model 6
(parametric) (nonparametric)
Country i P(Xii=2) Vi P(Xij=2)
Italy 3.14 0.96 3.37 0.97
Sweden 2.99 0.95 3.37 0.97
Denmark 2.96 0.95 3.37 0.97
Austria 2.83 0.94 3.37 0.97
Netherlands 2.81 0.94 3.37 0.97
Croatia 1.67 0.84 3.29 0.96
Belgium 1.43 0.81 3.36 0.97
Greece 1.35 0.79 0.41 0.60
France 1.35 0.79 0.13 0.53
Spain 1.24 0.78 0.14 0.54
Northern Ireland  1.15 0.76 0.14 0.54
Ireland 1.06 0.74 0.16 0.54
Luxembourg 0.02 0.51 0.13 0.53
Slovenia -0.16 0.46 0.13 0.53
Czechia -0.23 0.44 0.13 0.53
Iceland -0.27 0.43 0.13 0.53
Finland -0.27 0.43 0.13 0.53
West Germany  -0.27 0.43 0.13 0.53
Portugal -0.28 0.43 0.13 0.53
Romania -0.29 0.43 0.13 0.53
Madta -0.29 0.43 0.11 0.53
East Germany -0.31 0.42 0.12 0.53
Bulgaria -0.31 0.42 0.12 0.53
Lithuania -1.83 0.14 -2.71 0.06
Latvia -1.87 0.13 -2.74 0.06
Poland -1.91 0.13 -2.75 0.06
Estonia -1.96 0.12 -2.75 0.06
Belarus -2.21 0.10 -2.75 0.06
Slovakia -2.24 0.10 -2.75 0.06
Hungary -2.39 0.08 -2.75 0.06
Ukraine -2.78 0.06 -2.75 0.06
Russia -3.75 0.02 -2.75 0.06
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Figure 1: Graphical model associated with a LC model with arandom-effect in the

latent class distribution.
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