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Hyroxwlrqdu| Vhohfwlrq ri Ehkdylrudo Uxohv lq d

Frxuqrw Prgho= D Orfdo Elixufdwlrq Dqdo|vlvú

Hgzdug Gurvwh| Mdq Wxlqvwud}

Devwudfw

Dq hyroxwlrqdu| jdph wkhruhwlf prgho ri Frxuqrw frpshwlwlrq zlwk khw0

hurjhqhrxv ehkdylrudo uxohv lv dqdo|}hg1 Lqglylgxdov fkrrvh iurp d ?qlwh vhw

ri gl>huhqw ehkdylrudo uxohv1 Lq jhqhudo/ d uxoh vshfl?hv wkh txdqwlw| wr eh

surgxfhg lq wkh fxuuhqw shulrg dv d ixqfwlrq ri sdvw revhuydwlrqv1 Pruh vr0

sklvwlfdwhg uxohv fdq rqo| eh rewdlqhg e| pdnlqj h{wud lqirupdwlrq frvwv1 Wkh

iudfwlrq ri wkh srsxodwlrq fkrrvlqj d fhuwdlq ehkdylrudo uxoh lv xsgdwhg hyhu|

shulrg rq wkh edvlv ri sdvw shuirupdqfh ri wkdw uxoh1 Wzr xsgdwlqj vfkhgxohv

dqdo|}hg lq ghswk duh wkh glvfuhwh fkrlfh prgho dqg wkh uhsolfdwru g|qdplfv1

Wkh g|qdplfdo v|vwhp frqvlvwlqj ri wkh srsxodwlrq g|qdplfv frxsohg zlwk

wkh txdqwlw| g|qdplfv ri wkh Frxuqrw jdph pd| ihdwxuh orfdo lqvwdelolw| dqg

h{klelw wkh dvvrfldwhg frpsolfdwhg g|qdplfdo skhqrphqd1 Lq sduwlfxodu/ kljk

hyroxwlrqdu| suhvvxuh ru d vpdoo qrlvh udwh zlwk uhvshfw wr wkh fkrlfh ri ehkdy0

lrudo uxohv ohdgv wr kljko| luuhjxodu txdqwlw| g|qdplfv frqyhujlqj wr d vwudqjh

dwwudfwru1 Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl?fdwlrq Qxpehuv= F:5/ F:6/

G76/ O461

Nh|zrugv= Hyroxwlrqdu| jdph wkhru|/ khwhurjhqhrxv ehkdylrudo uxohv/

Frxuqrw frpshwlwlrq/ qrqolqhdu g|qdplfv/ dqg elixufdwlrq wkhru|1

úZh zrxog olnh wr wkdqn Zlooldp Eurfn/ Fduv Krpphv/ Plfkdho Nrvihog/ Iuìgìulf Sdorplqr/ dqg
vhplqdu sduwlflsdqwv dw wkh wklug zrunvkrs rq Hfrqrplfv zlwk Khwhurjhqhrxv Lqwhudfwlqj Djhqwv/
Dqfrqd/ Pd| 5<063/ 4<<;/ wkh wklug Vsdqlvk phhwlqj rq Jdph Wkhru|/ Edufhorqd/ Mxqh 4804:/ 4<<;/
dqg wkh froortxlxp 3Wkhru| ri Pdunhwv dqg wkhlu Ixqfwlrqlqj4 ri wkh Ur|do Qhwkhuodqgv Dfdghp|
ri Duwv dqg Vflhqfhv/ Dpvwhugdp/ Mxo| 406/ 4<<;/ iru wkhlu xvhixo vxjjhvwlrqv1

|Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/ Wloexuj Xqlyhuvlw|/ S1R1 Er{ <3486/ 8333 OH Wloexuj/
Wkh Qhwkhuodqgv/ H0pdlo= H1M1U1GurvwhCnxe1qo

}Lqvwlwxwh ri Dfwxduldo Vflhqfh dqg Hfrqrphwulfv/ Idfxow| ri Hfrqrplfv dqg Hfrqrphwulfv/ Xql0
yhuvlw| ri Dpvwhugdp/ Urhwhuvvwuddw 44/ 434; ZE Dpvwhugdp/ Wkh Qhwkhuodqgv/ H0pdlo= Wxlq0
vwudCihh1xyd1qo
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4 Lqwurgxfwlrq

Wkh vljql?fdqw lq xhqfh ri djhqwv* prwlyhv dqg ghflvlrq0pdnlqj surfhvvhv rq wkh

srsxodwlrq*v ehkdylru zdv ?uvw uhfrjql}hg dqg ghvfulehg h{whqvlyho| e| Vfkhoolqj

^55`1 Vfkhoolqj lqglfdwhv wkdw wr frsh zlwk d srsxodwlrq ri khwhurjhqhrxv djhqwv lw

lv qhfhvvdu| wr frqvlghu wkh lqglylgxdo prwlyhv dqg ghflvlrq0pdnlqj surfhvvhv lq d

kljko| vlpsol?hg irup1 Lq sduwlfxodu/ hdfk djhqw pd| eh frqvlghuhg dv d urxwlqh

zlwk d zhoo0gh?qhg zd| ri ixqfwlrqlqj lq uhodwlrq wr lwv hqylurqphqw1 Wklv sdshu

lqwurgxfhv dq hyroxwlrqdu| jdph wkhruhwlf prgho lq zklfk wkh hqylurqphqw lv jlyhq

e| wkh djhqwv zkr lqwhudfw dprqj wkhpvhoyhv1 Lq idfw/ hdfk wlph shulrg wkh djhqwv duh

pdwfkhg lq sdluv wr sod| d Frxuqrw jdph1 Wr doorz iru khwhurjhqhrxv djhqwv zh iroorz

Eurfn dqg Krpphv ^:/ ;` dqg ohw lqglylgxdov fkrrvh wkhlu ehkdylrudo uxoh/ l1h1 urxwlqh/

iurp d ?qlwh vhw ri gl>huhqw uxohv1 Wkhvh uxohv duh ixqfwlrqv ri sdvw lqirupdwlrq dqg

kdyh d sxeolfo| dydlodeoh shuirupdqfh phdvxuh1 Ixuwkhupruh/ wkh frvwv dvvrfldwhg

zlwk d fhuwdlq uxoh ghshqg rq wkh lqirupdwlrq dqg frpsxwdwlrqdo uhtxluhphqwv ri wkh

uxoh1 Lqglylgxdov pdnh d fkrlfh frqfhuqlqj wkh ehkdylrudo uxohv edvhg xsrq wkhlu sdvw

shuirupdqfh dqg frvwv1 Wklv uhvxowv lq d qrqolqhdu g|qdplfdo v|vwhp zlwk uhvshfw wr

wkh fkrlfh ri ehkdylrudo uxohv wkdw lv frxsohg zlwk wkh g|qdplfv ri wkh hqgrjhqrxv

txdqwlwlhv vxssolhg lq wkh Frxuqrw jdph1

Rxu frqfhuq lv zkhwkhu ru qrw dq lqglylgxdo pd| zdqw wr vzlwfk ehwzhhq ehkdy0

lrudo uxohv ryhu wlph1 Frqvlghu wkh iroorzlqj vfhqdulr1 Doo lqglylgxdov lq d srsxodwlrq

fdq hlwkhu ehkdyh dffruglqj wr d vrsklvwlfdwhg ehkdylrudo uxohM� dw vpdoo exw srvlwlyh

frvwv ru rewdlq d vlpsoh ehkdylrudo uxoh M2 iru iuhh1 Hdfk wlph shulrg doo lqglylgxdov

duh udqgrpo| pdwfkhg lq sdluv wr sod| d Frxuqrw gxrsro| jdph1 Wkh| xvh wkh ehkdy0

lrudo uxohv wr ghwhuplqh wkh txdqwlw| wkh| vxsso| lq wklv vwdjh jdph dqg wkh| whqg wr

fkrrvh wkh uxoh wkdw |lhogv wkh kljkhvw h{shfwhg qhw sur?w1 Vxssrvh wkdw li doo sod|huv

xvh wkh vrsklvwlfdwhg uxoh M�/ doo wlph sdwkv ri wkh hqgrjhqrxv yduldeohv/ l1h1 wkh

txdqwlwlhv vxssolhg lq wkh Frxuqrw jdph/ zrxog frqyhujh wr d xqltxh vwdeoh vwhdg|

vwdwh/ zklfk lv wkh zhoo nqrzq Frxuqrw0Qdvk htxloleulxp1 Ixuwkhupruh/ dvvxph wkdw

zkhq doo djhqwv xvh wkh vlpsoh uxoh M2/ wkh Frxuqrw0Qdvk htxloleulxp lv xqvwdeoh1 Li

txdqwlwlhv vwduw rxw forvh wr wkh Frxuqrw0Qdvk htxloleulxp dqg doprvw doo sod|huv xvh

wkh vlpsoh uxoh M2/ txdqwlwlhv zloo glyhujh iurp wkh htxloleulxp dqg dyhudjh sur?wv

iurp xvlqj uxoh M2 zloo ghfuhdvh1 Dv d uhvxow/ wkh qxpehu ri sod|huv zloolqj wr sd|

vrph lqirupdwlrq frvwv wr xvh wkh vrsklvwlfdwhg ehkdylrudo uxoh M� lqfuhdvhv1 Dv vrrq

dv hqrxjk djhqwv kdyh vzlwfkhg wr M�/ txdqwlwlhv zloo eh sxvkhg edfn wrzdugv wkhlu

vwhdg| vwdwh ydoxhv1 Zlwk txdqwlwlhv forvh wr wkhlu vwhdg| vwdwh ydoxh/ wkh dyhudjh qhw

sur?w ri wkh vlpsoh suhglfwru M2 ehfrphv kljkhu/ zkloh wkh sod|huv xvlqj wkh vrsklv0

wlfdwhg uxoh M� vwloo kdyh wr sd| wkh lqirupdwlrq frvwv1 Frqvhtxhqwo|/ prvw djhqwv
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zloo vzlwfk wr xvlqj wkh vlpsoh uxoh M2 djdlq/ dqg wkh vwru| uhshdwv1 Lq wklv sdshu zh

pdnh wkh deryh dujxphqw uljrurxv e| shuiruplqj d orfdo elixufdwlrq dqdo|vlv1

Dqrwkhu prgho lq zklfk djhqwv duh lghqwl?hg zlwk d ehkdylrudo uxoh lv glvfxvvhg

lq D{hourg ^5`1 D{hourg ghvfulehv wzr frpsxwhu wrxuqdphqwv iru zklfk kh lqylwhg

ydulrxv shrsoh wr vxeplw dxwrpdwd wkdw zrxog wkhq frpshwh djdlqvw hdfk rwkhu lq

wkh uhshdwhg Sulvrqhu*v Glohppd1 Wkh wlw0iru0wdw dxwrpdwrq zrq erwk wlphv1 Klv

qh{w vwhs zdv wr vlpxodwh wkh h>hfw ri ixuwkhu wrxuqdphqwv1 Kh ehjdq zlwk dq lqlwldo

srsxodwlrq lq zklfk hdfk ri wkh dxwrpdwd xvhg lq klv vhfrqg wrxuqdphqw zdv htxdoo|

qxphurxv1 Kh wkhq xvhg d yhuvlrq ri wkh uhsolfdwru g|qdplfv wr pdnh d jxhvv dw wkh

sur?oh ri dxwrpdwd wkdw zrxog kdyh ehhq vxeplwwhg lq odwhu wrxuqdphqwv1 Lq wkh

orqj uxq/ wkh surfhvv vhwwohg rq d sro|prusklf sur?oh lq zklfk wlw0iru0wdw kdg wkh

odujhvw vkduh1 Wkh vxuylydo ri wkh wlw0iru0wdw dxwrpdwrq vkrzv wkdw frrshudwlrq lq

wkh Sulvrqhu*v Glohppd lv vxvwdlqdeoh1

Uhodwhg lvvxhv frqfhuqlqj wkh vhohfwlrq dqg hyroxwlrq ri ehkdylrudo ru ohduqlqj

uxohv duh glvfxvvhg lq Emùuqhuvwhgw dqg Vfkodj ^9` dqg Nlufkndps dqg Vfkodj ^47`/

uhvshfwlyho|1 Edqhumhh dqg Zhlexoo ^6` dqdo|}h wkh vxuylydo ri qrqudwlrqdo djhqwv lq

d vwudwhjlf hqylurqphqw uhsuhvhqwhg dv d v|pphwulf wzr0sod|hu jdph1 Ixuwkhupruh/

vhh Yhjd0Uhgrqgr ^5:` iru dq hyroxwlrqdu| prgho ri Frxuqrwldq roljrsro| dqg Ukrgh

dqg Vwhjhpdq ^4<` iru d gxrsro| vfhqdulr1 H{whqvlyh glvfxvvlrqv rq vhyhudo hyrox0

wlrqdu| jdph wkhruhwlf prghov fdq eh irxqg lq Vdpxhovrq ^54`/ Yhjd0Uhgrqgr ^59`/

dqg Zhlexoo ^5;`1 Iru d vxuyh| rq g|qdplfdo v|vwhpv dqg fkdrv wkhru| zh uhihu wr

Kriedxhu dqg Vljpxqg ^46`1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh lqwurgxfh wkh jhqhudo hyrox0

wlrqdu| prgho dqg wkh fruuhvsrqglqj g|qdplfdo v|vwhp1 Lq dgglwlrq/ zh vwdwh vrph

orfdo lqvwdelolw| uhvxowv1 Lq vhfwlrq 6 dqg vhfwlrq 7 zh dqdo|}h wzr w|slfdo h{dpsohv

zkhuh djhqwv fdq fkrrvh ehwzhhq wzr gl>huhqw ehkdylrudo uxohv1 Iru erwk h{dpsohv

zh vwxg| wzr srsxodwlrq g|qdplfv= wkh glvfuhwh fkrlfh prgho dqg wkh uhsolfdwru

g|qdplfv1 Ilqdoo|/ vhfwlrq 8 frqfoxghv1

5 Wkh Prgho

Frqvlghu dq lq?qlwh srsxodwlrq ri sod|huv zkr duh pdwfkhg lq sdluv udqgrpo| hdfk

glvfuhwh0wlph shulrg wr sod| d v|pphwulf Frxuqrw gxrsro| jdph1 Krzhyhu/ lqvwhdg

ri vlpxowdqhrxvo| fkrrvlqj wkh vxssolhg txdqwlwlhv gluhfwo|/ wkh sod|huv dfw dffruglqj

wr ehkdylrudo uxohv wkdw h{dfwo| suhvfuleh wkh txdqwlw| wr eh vxssolhg1 Qrwh wkdw hyhq

wkrxjk wkh prgho lv irupxodwhg iru wkh gxrsro| fdvh/ lw fdq hdvlo| eh jhqhudol}hg wr

doorz iru dq| ?qlwh qxpehu ri sod|huv ehlqj udqgrpo| pdwfkhg wr sod| d v|pphwulf
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Frxuqrw roljrsro| jdph1 Iru odwhu frqyhqlhqfh zh vwduw e| eulh | frqvlghulqj wkh

wudglwlrqdo Frxuqrw gxrsro| dqdo|vlv1

514 Wudglwlrqdo Frxuqrw Gxrsro| Dqdo|vlv

Ohw %ð ghqrwh wkh txdqwlw| vxssolhg e| sod|hu ð ' �c 21 Lq dgglwlrq/ ohw å E%ð n %æä/

ð 9' æ/ ghqrwh wkh lqyhuvh ghpdqg ixqfwlrq dqg ohw ä E%ðä ghqrwh wkh frvw ixqfwlrq/

zklfk lv lghqwlfdo iru erwk sod|huv1 Zh dvvxph wkdw å G W+n $ W+n lv frqwlqxrxv/

wkhuh h{lvwv 7% ÷ 4 vxfk wkdw å E7%ä ' f/ dqg å lv erwk ä2/ l1h1 wzlfh frqwlqxrxvo|

gl>huhqwldeoh/ dqg vwulfwo| ghfuhdvlqj rq dfc 7%ä1 Ixuwkhupruh/ zh dvvxph wkdw iru doo

% 5 dfc 7%ä lw krogv wkdw å â E%ä n %ðå ââ E%ä é f1 Wklv phdqv wkdw hdfk ?up*v pdujlqdo

uhyhqxh lv ghfuhdvlqj lq wkh rxwsxw ri wkh rwkhu ?up1 Htxlydohqwo|/ hdfk ?up*v sur?w

ixqfwlrq kdv qrqsrvlwlyh furvv sduwldov zlwk uhvshfw wr lwv rzq dqg wkh rwkhu ?up*v

rxwsxw1 Ilqdoo|/ zh lpsrvh wkdw å Efä : ä â Efä1 Wklv frqglwlrq vwdwhv wkdw hdfk ?up

zrxog olnh wr surgxfh dw ohdvw d vpdoo txdqwlw| li lw zhuh d prqrsro|1 Zlwk uhvshfw

wr wkh frvw ixqfwlrq zh dvvxph wkdw ä G W+n $ W+n lv ä2 dqg qrqghfuhdvlqj1

Iru sod|hu ð wkh sur?w uhvxowlqj iurp wkh deryh Frxuqrw jdph lv jlyhq e|

Zð E%ðc %æä ' å E%ð n %æä %ð ý ä E%ðä é

Zh dvvxph wkdw wkh sur?w ixqfwlrq lv vwulfwo| frqfdyh lq wkh ?up*v rzq rxwsxw %ð1

Sur?w pd{lpl}lqj ehkdylru/ wdnlqj wkh txdqwlw| vxssolhg e| wkh rssrqhqw dv jlyhq/

uhvxowv lq wkh iroorzlqj vr0fdoohg uhdfwlrq ixqfwlrq iru sod|hu ð

%ð ' -ð E%æä ' @h}4@ 
%ð

då E%ð n %æä%ð ý ä E%ðäo é

Gxh wr v|pphwu|/ sod|huv ð dqg æ/ ð 9' æ/ kdyh wkh vdph uhdfwlrq ixqfwlrq - Eüä1
Ixuwkhupruh/ iru erwk sod|huv wkh Frxuqrw0Qdvk htxloleulxp txdqwlw| %W fruuhvsrqgv
wr wkh vroxwlrq ri

%W ' - E%Wä é

Dv vkrzq e| Qryvkhn ^4:` dqg Urvhq ^53` vxfk d vroxwlrq %W h{lvwv1 Wkh ?uvw0rughu
frqglwlrq iru d pd{lpxp lv

å E%ä n %ðå
â E%äý ä â E%ðä ' fé

Wdnlqj wkh wrwdo gl>huhqwldo ri wkh ?uvw0rughu frqglwlrq jlyhv

E2å â E%ä n %ðå ââ E%äý ä ââ E%ðää Y%ð n Eå â E%ä n %ðå ââ E%ää Y%æ ' fé

Uhduudqjlqj whupv zh ?qg wkdw

-âð E%æä '
Y%ð
Y%æ

' ý å â E%ä n %ðå ââ E%ä
2å â E%ä n %ðå ââ E%äý ä ââ E%ðä é
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Djdlq/ v|pphwu| lpsolhv wkdw -âð Eüä ' -âæ Eüä1 Iluvw/ qrwlfh wkdw wkh ghulydwlyh ri wkh
uhdfwlrq ixqfwlrq lv qrqlqfuhdvlqj1 Wkh qxphudwru lv qrqsrvlwlyh ehfdxvh pdujlqdo

uhyhqxh lv ghfuhdvlqj lq wkh rwkhu ?up*v rxwsxw dqg wkh ghqrplqdwru lv vwulfwo| qhj0

dwlyh ehfdxvh wkh sur?w ixqfwlrq lv dvvxphg wr eh vwulfwo| frqfdyh1 Vhfrqg/ wkh

ghulydwlyh ri wkh uhdfwlrq ixqfwlrq lv frqwlqxrxv ehfdxvh erwk wkh lqyhuvh ghpdqg

ixqfwlrq dqg wkh frvw ixqfwlrq duh wzlfh frqwlqxrxvo| gl>huhqwldeoh1 Wluroh ^58` vwdwhv

wkdw d vx!flhqw frqglwlrq iru wkh htxloleulxp %W wr eh xqltxh lv wkdw wkh ghulydwlyh

ri wkh uhdfwlrq ixqfwlrq lv xqhtxdo wr 4 lq devroxwh ydoxh ryhu wkh uhohydqw udqjh ri

rxwsxwv/ l1h1 m-â E%äm 9' � iru doo % 5 dfc 7%ä1 Vlqfh wkh ghulydwlyh ri wkh uhdfwlrq ixqf0

wlrq lv frqwlqxrxv wklv lpsolhv wkdw m-â E%äm ÷ � iru doo % 5 dfc 7%ä ru m-â E%äm : � iru doo

% 5 dfc 7%ä1

Wkh wudglwlrqdo Frxuqrw dqdo|vlv uhihuv wr d vwdwlf hqylurqphqw1 Krzhyhu/ lq d

g|qdplf vhwwlqj wkh uhdfwlrq ixqfwlrq lqwurgxfhg deryh fdq eh xvhg wr hvwdeolvk wkh

vr0fdoohg ehvw0uhso| g|qdplfv

%ðc| ' - E%æc|3�ä c ð 9' æc

zkhuh %ðc|/ ð ' �c 2/ ghqrwhv wkh txdqwlw| vxssolhg e| sod|hu ð lq shulrg |1 Dv vkrzq e|

Udqg ^4;` wkhvh ehvw0uhso| g|qdplfv pd| frqyhujh wr wkh Frxuqrw0Qdvk htxloleulxp/

uhvxow lq dq h{sorglqj sdwk ri txdqwlwlhv/ ru hyhq uhvxow lq f|folf ru fkdrwlf ehkdylru1

Lq idfw/ wkh Frxuqrw0Qdvk htxloleulxp lv vwdeoh +xqvwdeoh, xqghu wkh ehvw0uhso| g|0

qdplfv li m-â E%Wäm ÷ � +m-â E%Wäm : �,1 Wkh vwdelolw| surshuwlhv ri wkh Frxuqrw prgho

xqghu vwdqgdug dgmxvwphqw v|vwhpv duh dqdo|}hg pruh suhflvho| lq Kdkq ^45` dqg

Vhdgh ^57`1

Lq sduw ri wkh sdshu zh irfxv rq wkh iroorzlqj olqhdu0txdgudwlf vshfl?fdwlrq ri wkh

Frxuqrw gxrsro| jdph1 Wkh lqyhuvh ghpdqg dqg frvw ixqfwlrq duh jlyhq e|

å E%� n %2ä ' @ý K E%� n %2ä

dqg

ä E%ðä ' S%ð ý _
2
%2ð c ð ' �c 2c

uhvshfwlyho|1 Iluvw/ lq rughu wr kdyh d vwulfwo| frqfdyh sur?w ixqfwlrq zh dvvxph

wkdw _ ÷ 2K1 Vhfrqg/ zh uhtxluh wkdw dw doo wlphv %ð é S
_
vlqfh wkh frvw ixqfwlrq lv

rqo| xszdug vorslqj li wklv frqglwlrq krogv1 Wkh iudfwlrq S
_
fdq eh lqwhusuhwhg dv d

fdsdflw| frqvwudlqw1 Iru wkh deryh vshfl?fdwlrq ri wkh lqyhuvh ghpdqg ixqfwlrq dqg

frvw ixqfwlrq wkh uhdfwlrq ixqfwlrq lv jlyhq e|

%ð ' - E%æä '
@ý Sý K%æ
2Ký _ é
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Lw fdq hdvlo| eh fdofxodwhg wkdw lq wklv fdvh wkh Frxuqrw0Qdvk htxloleulxp txdqwlw|/

sulfh/ dqg sur?w duh htxdo wr

%W '
@ý S
ôKý _c å E2%Wä '

@ EKý _ä n 2KS

ôKý _ c dqg Z E%Wc %Wä '

#
Ký _

2

$ë
@ý S
ôKý _

ê2
c

uhvshfwlyho|1 Ixuwkhupruh/ zh ?qg wkdw

Y- E^ä

Y^
' ý K

2Ký _é

Wklv lpsolhv wkdw wkh Frxuqrw0Qdvk htxloleulxp lq wkh olqhdu0txdgudwlf vshfl?fdwlrq

ri wkh Frxuqrw gxrsro| jdph lv vwdeoh +xqvwdeoh, xqghu wkh ehvw0uhso| g|qdplfv li

_ ÷ K E_ : Kä1 Qrwh wkdw wkh uhvxowv vwdwhg lq wklv sdshu gr qrw dulvh iurp wklv

sduwlfxodu qrqolqhdu vshfl?fdwlrq ri wkh Frxuqrw jdph1

515 Txdqwlw| G|qdplfv

Dv phqwlrqhg ehiruh wkh sod|huv dfw dffruglqj wr ehkdylrudo uxohv wkdw h{dfwo| suh0

vfuleh wkh txdqwlw| wr eh vxssolhg lq wkh Frxuqrw jdph1 Lq idfw/ wkh sod|huv fdq

fkrrvh ehwzhhq g gl>huhqw ehkdylrudo uxohv M�c M2c éééc Mg1 Zlwk hdfk ehkdylrudo

uxoh Mð/ ð ' �c éééc g/ zh dvvrfldwh dq lqirupdwlrq vhw Uð dqg frvwv A EUðä1 Dq h{dp0

soh ri vxfk dq lqirupdwlrq vhw lv wkh fdvh zkhuh djhqwv rqo| qhhg wr nqrz dyhudjh

lqgxvwu| rxwsxw lq wkh suhylrxv shulrg1 Dqrwkhu/ pruh frpsohwh/ lqirupdwlrq vhw

pd| frqwdlq dgglwlrqdo lqirupdwlrq derxw wkh vwuxfwxuh ri wkh xqghuo|lqj prgho ru

lqirupdwlrq derxw wkh ehvw0uhso| pdsslqj1 Lw vhhpv reylrxv wkdw rewdlqlqj wkh odwwhu

lqirupdwlrq vhw uhtxluhv pruh uhvrxufhv wkdq wkh iruphu1 Wkhuhiruh wkh frvwv A EUðä

dvvrfldwhg zlwk rewdlqlqj wklv lqirupdwlrq vhw duh kljkhu1

Ohw ?ðc|/ ð ' �c c éééc g/ ghqrwh wkh iudfwlrq ri sod|huv xvlqj uxoh Mð lq shulrg | dqg

ohw %ðc|/ ð ' �c éééc g/ ghqrwh wkh txdqwlw| vxssolhg e| d sod|huv xvlqj uxoh Mð lq shulrg

|1 Jlyhq d fhuwdlq lqirupdwlrq vhw Uð wkh fruuhvsrqglqj ehkdylrudo uxoh lv jlyhq e|

%ðc|n� ' Mð Ej|cû|ä c

zkhuh

j| '
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Wkh deryh vshfl?fdwlrq ri j| dqg û| lqglfdwhv wkdw ehkdylrudo uxohv kdyh d olplwhg

phpru| ri u n � shulrgv1 Qrwh wkdw/ dv wkh froxpqv lq û| vxp xs wr rqh/ wkh odvw

urz ri wklv pdwul{ frxog eh ljqruhg1 Zh lqfoxgh lw/ krzhyhu/ rqo| iru qrwdwlrqdo

frqyhqlhqfh1 Wrjhwkhu/ wkh g khwhurjhqhrxv ehkdylrudo uxohv frqvwlwxwh wkh txdqwlw|

g|qdplfv ri wkh prgho1 Wr pdnh vxuh wkdw wkh txdqwlw| g|qdplfv duh zhoo0ehkdyhg

lq whupv ri g|qdplf lpsolfdwlrqv zh lpsrvh wkh iroorzlqj uhjxodulw| frqglwlrqv1 Ohw

�6f? E7ä ghqrwh wkh vhw ri doo 6û ? pdwulfhv zlwk hqwulhv iurp wkh vhw 71

Dvvxpswlrq T4 Wkh ixqfwlrqv iMðj duh doo ä�/ l1h1 frqwlqxrxvo| gl>huhqwldeoh1

Ixuwkhupruh/ hdfk ehkdylrudo uxoh Mð G �gfEun�ä EW+nä û �gfEun�ä Edfc �oä $ W+n/

ð ' �c éééc g/ kdv wkh Frxuqrw0Qdvk txdqwlw| %W dv lwv xqltxh vwhdg| vwdwh txdqwlw|/

l1h1 %W ' Mð EjWcû|ä/ iru doo û| 5�gfEun�ä Edfc �oä/ zkhuh jW 5�gfEun�ä Ei%Wjä1

Wkh odwwhu dvvxpswlrq lv d zhdn frqvlvwhqf| dvvxpswlrq lpso|lqj wkdw wkh Frxuqrw0

Qdvk htxloleulxp %W +ru htxlydohqwo| jW, lv wkh xqltxh vwhdg| vwdwh txdqwlw| ri wkh

frpsohwh g|qdplfv ri wkh Frxuqrw gxrsro| prgho zlwk khwhurjhqhrxv ehkdylrudo

uxohv= jlyhq wkdw doo sod|huv kdyh ehhq sod|lqj wkh Frxuqrw0Qdvk htxloleulxp txdq0

wlw| iru vrph wlph/ hdfk ehkdylrudo uxoh vshfl?hv wr sod| wkh Frxuqrw0Qdvk htxloleulxp

lq wkh fxuuhqw shulrg1 Sduwlfxoduo|/ lw vwdwhv wkdw %W lv wkh xqltxh vwhdg| vwdwh ri hdfk
krprjhqhrxv ehkdylrudo uxoh1 Dvvxpswlrq T4 h{foxghv wkh srvvlelolw| wkdw sod|huv

3eholhyh4 lq gl>huhqw vwhdg| vwdwh txdqwlwlhv1 Doorzlqj iru wklv eldv zrxog lqwurgxfh

dq dgglwlrqdo vrxufh ri lqvwdelolw| lq wkh prgho/ qrw frqvlghuhg lq wklv sdshu1

Uhpdun 4 Wkh Frxuqrw gxrsro| jdph zlwk khwhurjhqhrxv ehkdylrudo uxohv gh0

vfulehg deryh fdq eh lqwhusuhwhg dv d v|pphwulf g ûg pdwul{ jdph zlwk d ydu|lqj

sd|r>pdwul{1 Wklv lv fdxvhg e| wkh idfw wkdw wkh txdqwlw| d sod|hu xvlqj d fhuwdlq eh0

kdylrudo uxoh vxssolhv/ dqg frqvhtxhqwo| dovr wkh sur?w wklv sod|hu uhfhlyhv/ w|slfdoo|

ydulhv ryhu wlph1

Uhpdun 5 Wkh txdqwlw| g|qdplfv ri wkh prgho fdq dowhuqdwlyho| eh ghulyhg iurp wkh

sod|huv kdylqj khwhurjhqhrxv h{shfwdwlrqv zlwk uhvshfw wr wkh txdqwlwlhv vxssolhg e|

wkhlu srwhqwldo rssrqhqwv lq wkh qh{w shulrg1 Iru hfrqrplf prghov zlwk khwhurjhqhrxv

eholhiv zh uhihu wr Eurfn dqg Krpphv ^:/ ;` dqg Fdeudohv dqg Krvkl ^<`1

516 Srsxodwlrq G|qdplfv

Zh zloo qrz ghvfuleh krz wkh iudfwlrqv ?ðc| hyroyh ryhu wlph1 Wkh fkrlfh ri d ehkdy0

lrudo uxoh lv edvhg xsrq lwv sdvw shuirupdqfh1 Ohw Zðcæc| E%ðc|c %æc|ä ghqrwh wkh uhdol}hg

sur?w ri d sod|hu vxsso|lqj %ðc| zkhq kh lv pdwfkhg zlwk d sod|hu vxsso|lqj %æc| lq

:



shulrg |1 Pruh vshfl?fdoo|/

Zðcæc| E%ðc|c %æc|ä ' å E%ðc| n %æc|ä %ðc| ý ä E%ðc|ä é

Wr nhhs wkh g|qdplfv ri wkh prgho dqdo|wlfdoo| wudfwdeoh/ zh rqo| xvh wkh uhdol}hg

sur?w lq wkh odvw shulrg wr ghwhuplqh wkh ?wqhvv phdvxuh ri d ehkdylrudo uxoh1 Wkh

suredelolw| ri phhwlqj d sod|hu vxsso|lqj %æc| lq shulrg | lv htxdo wr ?æc|é Khqfh/ wkh

qhw h{shfwhg sur?w ri ehkdylrudo uxoh Mð lq shulrg | lv

Lðc| '
g[
æ'�

?æc|Zðcæc| E%ðc|c %æc|äý A EUðä ' áð E |c?|äý A EUðä c

zkhuh áð E |c?|ä lv wkh h{shfwhg sur?w ri djhqwv xvlqj ehkdylrudo uxoh Mð lq shulrg

| dqg A EUðä duh wkh dvvrfldwhg lqirupdwlrq frvwv1 Lq wkh deryh h{suhvvlrq  | '

E%�c|c é é é c %gc|ä
â duh wkh txdqwlwlhv fruuhvsrqglqj wr wkh gl>huhqw ehkdylrudo uxohv lq

shulrg | dqg ?| ' E?�c|c é é é c ?gc|ä
â duh wkh fruuhvsrqglqj srsxodwlrq iudfwlrqv1 Qrwh

wkdw wkh h{shfwhg sur?wv/ zklfk ghwhuplqh wkh ?wqhvv phdvxuhv Lðc|/ duh htxdo wr wkh

dyhudjh sur?wv ri wkh ehkdylrudo uxohv1 Zh dvvxph wkdw wkh ?wqhvv phdvxuhv Lðc| duh

sxeolfo| revhuydeoh1

Wkh ?wqhvv phdvxuhv Lðc| duh xvhg wr ghwhuplqh wkh srsxodwlrq iudfwlrqv ?ðc|n�1 Lq

jhqhudo/ vxfk dq dgmxvwphqw surfhvv ru g|qdplfv lq glvfuhwh wlph/ ghvfulelqj krz wkh

srsxodwlrq iudfwlrqv hyroyh/ lv jlyhq e|

?ðc|n� ' û ELðc|c ?ðc|cN3ðc|c?3ðc|ä c

zlwkN3ðc| ' EL�c|c éééc Lð3�c|c Lðn�c|c éééc Lgc|ä
â dqg ?3ðc| ' E?�c|c éééc ?ð3�c|c ?ðn�c|c éééc ?gc|ä

â1
Wr pdnh vxuh wkdw wkh srsxodwlrq g|qdplfv lv zhoo0ehkdyhg lq whupv ri g|qdplf lpsol0

fdwlrqv zh dvvxph wkdw û Eüc üc üc üä lv frqwlqxrxv/ qrqghfuhdvlqj lq wkh ?uvw dujxphqw/

dqg vxfk wkdw wkh srsxodwlrq vwdwh uhpdlqv lq wkh Eg ý �ä0glphqvlrqdo xqlw vlpsoh{

{g / zklfk lv d vxevhw ri wkh g0glphqvlrqdo hxfolghdq vsdfh W+g 1 Jlyhq wkh idfw

wkdw wkh g|qdplfv uhpdlqv lq wkh xqlw vlpsoh{/ wkh ?uvw uhjxodulw| uhtxluhphqw lv d

vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d vwhdg| vwdwh ri wkh srsxodwlrq g|qdplfv1

Qrwh wkdw g|qdplfv lq glvfuhwh wlph/ frqwudu| wr g|qdplfv lq frqwlqxrxv wlph/ dxwr0

pdwlfdoo| lqgxfh h{lvwhqfh dqg xqltxhqhvv ri d vroxwlrq wr wkh dvvrfldwhg g|qdplfdo

v|vwhp wkurxjk dq| lqlwldo srsxodwlrq vwdwh lq wkh vlpsoh{1 Wkh vhfrqg uhjxodulw| uh0

txluhphqw uh hfwv wkh dvvxpswlrq wkdw vxffhvvixo ehkdylru uhsurgxfhv pruh udslgo|1

Lq vhfwlrq 51614 dqg vhfwlrq 51615 zh lqwurgxfh vrph frpprqo| xvhg vshfl?f srs0

xodwlrq g|qdplfv wkdw vdwlvi| wkhvh frqglwlrqv dqg ?jxuh surplqhqwo| lq hfrqrplf

dssolfdwlrqv1

Wkh suhfhglqj glvfxvvlrq vkrzv wkdw wkh hyroxwlrqdu| jdph wkhruhwlf prgho zlwk

g ehkdylrudo uxohv fdq eh wudqviruphg lqwr d E2g ý �ä0glphqvlrqdo g|qdplfdo v|v0

whp1 Zh qhhg g htxdwlrqv wr nhhs wudfn ri wkh txdqwlw| g|qdplfv/ l1h1 wkh txdqwlwlhv

;



vxssolhg lq wkh Frxuqrw gxrsro| jdph e| wkh sod|huv xvlqj wkh gl>huhqw ehkdylrudo

uxohv1 Wkh rwkhu g ý � htxdwlrqv ghvfuleh wkh srsxodwlrq g|qdplfv/ l1h1 wkh iudf0

wlrqv ri wkh srsxodwlrq xvlqj wkh gl>huhqw ehkdylrudo uxohv1 Frqvhtxhqwo|/ wkh jhqhudo

g|qdplfdo v|vwhp frqvlghuhg lq wklv sdshu lv wkh iroorzlqj

%ðc|n� ' Mð Ej|cû|ä iru doo ð ' �c éééc g +4,

?ðc|n� ' û ELðc|c ?ðc|cN3ðc|c?3ðc|ä iru doo ð ' �c éééc g ý �é

Lq wkh h{dpsohv dqdo|}hg lq vhfwlrq 6 dqg vhfwlrq 7 zh irfxv rq prghov zlwk g ' 2

ehkdylrudo uxohv1 Wkhvh hyroxwlrqdu| prghov jlyh ulvh wr +dw prvw, ô0glphqvlrqdo

g|qdplfdo v|vwhpv1 Wklv lv qr uhvwulfwlrq vlqfh wkhuh duh uhodwlyho| ihz g|qdplfdo

skhqrphqd wkdw duh fxuuhqwo| xqghuvwrrg zklfk rqo| rffxu lq glphqvlrq irxu ru

pruh1

Uhpdun 6 Wkh gh?qlwlrq ri wkh ?wqhvv phdvxuh fdq eh jhqhudol}hg lq d vwudljkw0

iruzdug pdqqhu wr lqfoxgh wkh shuirupdqfh ri wkh ehkdylrudo uxoh ryhu wkh odvw �

shulrgv1 Lq fdvh wkhuh lv d ghod| lq hydoxdwlqj wkh ehkdylrudo uxohv/ d ?wqhvv phdvxuh

Lðc| ehfrphv
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ì
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zkhuh
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&'f

çðc& ' �c;ðc dqg çðc& è fc ;ðc &é

Qxphulfdo vlpxodwlrqv lqglfdwh wkdw lqfrusrudwlqj d ghod| |lhogv vlplodu uhvxowv dv

zrunlqj zlwk wkh pruh edvlf gh?qlwlrq ri d ?wqhvv phdvxuh xvhg lq wklv sdshu1

51614 Glvfuhwh Fkrlfh Prgho

Wklv vhfwlrq frqwdlqv d eulhi glvfxvvlrq ri wkh glvfuhwh fkrlfh prgho1 Wklv prgho lv

wuhdwhg h{whqvlyho| lq Dqghuvrq/ Gh Sdopd/ dqg Wklvvh ^4` dqg Pdqvnl dqg PfIdg0

ghq ^48`1 Eurfn dqg Krpphv ^:/ ;` dovr irfxv rq wkh glvfuhwh fkrlfh prgho1 Rwkhu

lqwhuhvwlqj dssolfdwlrqv ri wkh glvfuhwh fkrlfh iudphzrun fdq eh irxqg lq Jrhuhh ^44`1

Ixuwkhupruh/ vhh Fkhq/ Iulhgpdq/ dqg Wklvvh ^43` iru dq lqwhuhvwlqj glvfxvvlrq rq

wkh suredelolvwlf fkrlfh dssurdfk1

Vxssrvh wkdw wkh xwlolw| dvvrfldwhg zlwk xvlqj ehkdylrudo uxoh Mð wdnhv wkh irup

hLð ' Lð n �

q
0ðc

zkhuh wkh 0ð*v duh LLG1 Lq idfw/ Lð lv wkh ghwhuplqlvwlf sduw dqg �
q
0ð fdswxuhv wkh

vwrfkdvwlf sduw ri wkh xwlolw| ri ehkdylrudo uxoh Mð1 Dv h{sodlqhg e| Dqghuvrq/ Gh

<



Sdopd/ dqg Wklvvh ^4` wkh iudfwlrq ri wkh srsxodwlrq fkrrvlqj ehkdylrudo uxoh Mð fru0

uhvsrqgv wr wkh suredelolw| èh
í hLð ' 4@ æ hLæì1 Wklv fdswxuhv wkh lghd ri erxqghg

udwlrqdolw| vlqfh lqglylgxdov gr qrw qhfhvvdulo| vhohfw wkh uxoh wkdw |lhogv wkh kljk0

hvw xwlolw|1 Li wkh 0ð*v duh glvwulexwhg dffruglqj wr wkh h{wuhph ydoxh glvwulexwlrq

wklv uhvxowv lq wkh vr0fdoohg pxowlqrpldo orjlw prgho/ fruuhvsrqglqj wr wkh iroorzlqj

xsgdwlqj ri iudfwlrqv

?ðc|n� '
i T dqLð|oSg
æ'� i T dqLæ|o

c ;ðé

Wkh sdudphwhu q lv wkh lqwhqvlw| ri fkrlfh phdvxulqj wkh lqhuwld lq vzlwfklqj ehkdy0

lrudo uxohv1 Qrwlfh wkdw li q ' f ehkdylru lv frpsohwho| udqgrp= hyhu| ehkdylrudo uxoh

lv fkrvhq zlwk suredelolw| �
g
1 Li q $ 4 wkh prvw sur?wdeoh vwudwhj| lv sod|hg e|

wkh frpsohwh srsxodwlrq1 Lq idfw/ q fdq eh lqwhusuhwhg dv d phdvxuh ri wkh qdwxudo

vhohfwlrq zlwk uhvshfw wr wkh ehkdylrudo uxohv1

Qrwh wkdw lq wkh fdvh ri wkh glvfuhwh fkrlfh prgho wkh srsxodwlrq g|qdplfv

û Eüc üc üc üä hyhq uhpdlqv lq wkh lqwhulru ri wkh xqlw vlpsoh{1 Wr eh pruh suhflvh/ wkh glv0
fuhwh fkrlfh prgho grhv qrw vdwlvi| wkh iruzdug lqyduldqfh surshuw|/ vhh h1j1 Qdfkedu

^49`1 Hyhq wkrxjk wkh glvfuhwh fkrlfh g|qdplfv vdwlv?hv wkh qr0h{wlqfwlrq frqglwlrq/

wklv g|qdplfv odfnv wkh qr0fuhdwlrq frqglwlrq1 Krzhyhu/ dv zh jhqhudoo| ylhz doo

vwudwhjlhv dv ehlqj uhsuhvhqwhg lq wkh lqlwldo glvwulexwlrq wkh qr0fuhdwlrq frqglwlrq

kdv olwwoh elwh1 Wkh htxloleulxp iudfwlrqv duh hdvlo| vhhq wr eh

?Wð '
i T dýqA EUðäoSg
æ'� i T dýqA EUðäo

é

51615 Uhsolfdwru G|qdplfv

Dqrwkhu g|qdplfv wkdw ?jxuhv surplqhqwo| lq hfrqrplf dssolfdwlrqv lv wkh glvfuhwh

wlph uhsolfdwru g|qdplfv1 Lq wklv fdvh wkh iudfwlrq ri djhqwv sod|lqj ehkdylrudo uxoh

Mð lq shulrg |n � ehfrphv

?ðc|n� '
?ðc|8 ELðc|äSg
æ'� ?æc|8 ELæc|ä

c

zkhuh 8 Eüä : f1 Lq wklv vshfl?fdwlrq 8 ELðc|ä fdq eh lqwhusuhwhg dv wkh qxpehu

ri r>vsulqj ri dq lqglylgxdo xvlqj ehkdylrudo uxoh Mð lq shulrg |1 Reylrxvo|/ wkh

uhsolfdwru g|qdplfv vdwlv?hv erwk wkh qr0fuhdwlrq dqg wkh qr0h{wlqfwlrq frqglwlrq1

Lq dgglwlrq/ lw lv uhtxluhg wkdw 8 â Eüä : f1 Wklv lpsolhv wkdw r>vsulqj lqfuhdvhv

zlwk wkh sd|r> ri d ehkdylrudo uxoh1 Dv vkrzq e| Elqpruh/ Jdoh/ dqg Vdpxhovrq

^7`/ Elqpruh dqg Vdpxhovrq ^8`/ dqg Vfkodj ^56`/ xvlqj wkh uhsolfdwru g|qdplfv wr

uhsuhvhqw wkh srsxodwlrq g|qdplfv fdq eh prwlydwhg lq wkh frqwh{w ri d ohduqlqj/

dvsludwlrq/ ru lplwdwlrq vwru|1 Ixuwkhupruh/ wkh vlpsolflw| ri wkh uhsolfdwru g|qdplfv

43



ohqgv lw frqvlghudeoh dsshdo1 Qrwh wkdw dw d vwhdg| vwdwh ri wkhvh uhsolfdwru g|qdplfv

zh pxvw kdyh ?Wð ' f/ ?Wð ' �/ ru

[
æMa
?Wæ8

í
LWæ
ì
' 8 ELWð ä c;ð 5 ac

zkhuh a ë i�c é é é c gj lv wkh vhw ri ehkdylrudo uxohv wkdw duh ehlqj sod|hg zlwk srvlwlyh
suredelolw| lq wkh vwhdg| vwdwh1 Wklv lpsolhv wkdw 8 ELWð ä kdv wr eh wkh vdph iru doo

ð 5 a dqg wklv phdqv wkdw lqirupdwlrq frvwv A EUðä kdyh wr eh htxdo iru doo ð 5 a 1 Li
wklv lv wkh fdvh dq| vhw ri iudfwlrqv ?W ' E?W�c é é é c ?

W
gä

â/ zlwk
S
æMa ?Wæ ' � dqg ?Wð ' f

iru ð *5 a lv d vwhdg| vwdwh1 Wkh fdvh ri htxdo lqirupdwlrq frvwv lv frqvlghuhg lq

Sursrvlwlrq 4 lq vhfwlrq 5171

Lq jhqhudo/ zkhq lqirupdwlrq frvwv A EUðä duh gl>huhqw iru doo ehkdylrudo uxohv/ zh

kdyh g glvwlqfw vwhdg| vwdwhv1 Lq hdfk ri wkhvh vwhdg| vwdwhv rqo| rqh ehkdylrudo uxoh

lv sod|hg zlwk srvlwlyh suredelolw|1 Rqo| wkh vwhdg| vwdwh lq zklfk wkh ehkdylrudo

uxoh zlwk wkh orzhvw lqirupdwlrq frvwv A EUðä lv sod|hg zlwk srvlwlyh suredelolw| fdq

eh orfdoo| vwdeoh1 Lq dq| rwkhu vwhdg| vwdwh lw lv sur?wdeoh wr fkrrvh d ehkdylrudo

uxoh zlwk orzhu lqirupdwlrq frvwv/ vlqfh wkh v|vwhp zloo uhpdlq dw wkh Frxuqrw0Qdvk

htxloleulxp1 Zkhq lq d vwhdg| vwdwh rqo| wkh ehkdylru uxoh zlwk wkh orzhvw lqirupd0

wlrq frvwv lv sod|hg zlwk srvlwlyh suredelolw|/ wkh +lq,vwdelolw| ri d vwhdg| vwdwh ri wkh

frpsohwh v|vwhp iroorzv iurp wkh +lq,vwdelolw| ri wklv ehkdylrudo uxoh1

Lq wkh uhpdlqlqj sduw ri wkh sdshu zh pdlqo| irfxv rq wkh uhsolfdwru g|qdplfv

zlwk ghwhuplqlvwlf qrlvh/ dv glvfxvvhg e| \rxqj dqg Irvwhu ^5<`1 Wkh srsxodwlrq

g|qdplfv wkhq orrnv olnh

?ðc|n� ' E�ýgBä ?ðc|8 ELðc|äSg
æ'� ?æc|8 ELæc|ä

n Bc

zkhuh B ÷ �
g
lv dvvxphg wr eh vpdoo1 Wkh sdudphwhu B lv fdoohg ghwhuplqlvwlf qrlvh

dqg lwv lqwhusuhwdwlrq lv dv iroorzv1 Hdfk shulrg | d iudfwlrq ri gB ?upv ohdyhv wkh

pdunhw dqg lv uhsodfhg e| qhz ?upv1 Lq wkhlu ?uvw shulrg wkhvh qhz ?upv fkrrvh rqh

ri wkh h{lvwlqj ehkdylrudo uxohv udqgrpo|1 D odz ri odujh qxpehuv dujxphqw fdq eh

xvhg wr vkrz wkdw hdfk ehkdylrudo uxoh lv fkrvhq e| d iudfwlrq ri �
g
ri wkh qhz ?upv1

Wkh suhvhqfh ri wkh qrlvh lpsolhv wkdw doo vwhdg| vwdwhv kdyh wr eh lqwhulru= wkh vwhdg|

vwdwhv lq zklfk rqo| rqh ehkdylrudo uxoh lv sod|hg duh ghvwur|hg1 Wkh lqwhulru vwhdg|

vwdwhv kdyh wkh surshuw| wkdw B ÷ ?Wð ÷ �ýEg ý �ä B iru doo ð ' �c ééécg1 Lq wklv sdshu

zh zloo sulpdulo| eh frqfhuqhg zlwk wkh fdvh g ' 2/ zkhuh wkhuh lv rqh ehkdylrudo

uxoh zlwk }hur lqirupdwlrq frvwv dqg rqh ehkdylrudo uxoh zlwk srvlwlyh lqirupdwlrq

frvwv A 1 Ixuwkhupruh/ zh wdnh 8 ELðc|ä ' knLðc|/ zkhuh k lv wkh vr0fdoohg edfnjurxqg

+olihwlph, eluwkudwh1 Vrph vwudljkwiruzdug fdofxodwlrqv vkrz wkdw wkh xqltxh vwhdg|
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vwdwh iudfwlrq ri shrsoh sod|lqj wkh ehkdylrudo uxoh zlwk lqirupdwlrq frvwv A lv htxdo

wr

?W '
�

2A

ë
B E2 EknáWäý A ä n A ý

t
B2 E2 EknáWäý A ä2 n E�ý 2BäA 2

ê
c

zkhuh áW lv wkh sur?w/ h{foxvlyh ri lqirupdwlrq frvwv/ pdgh e| doo wkh sod|huv lq wkh

htxloleulxp ri wkh g|qdplfdo v|vwhp1 Lq idfw/ lw fdq eh vkrzq wkdw B ÷ ?W ÷ �
2
1

517 Orfdo Lqvwdelolw| Uhvxowv

Dvvxpswlrq T4 vwdwhv wkdw %W lv wkh xqltxh vwhdg| vwdwh txdqwlw| ri wkh frpsohwh

E2g ý �ä0glphqvlrqdo g|qdplfdo v|vwhp wkdw ghvfulehv wkh Frxuqrw gxrsro| prgho

zlwk khwhurjhqhrxv ehkdylrudo uxohv1 Frqvlghu vxfk d prgho zlwk sod|huv xqlirupo|

glvwulexwhg ryhu wkh vsdfh ri ehkdylrudo uxohv dqg doo iudfwlrqv ri sod|huv ?{hg dw
�
g
/ l1h1 %ðc|n� ' Mð

í
j|c 7û|

ì
iru doo ð ' �c ééécg/ zkhuh 7û| 5 �gfEun�ä

íq
�
g

rì
1 Zh

dvvxph wkh iroorzlqj1

Dvvxpswlrq T5 Wkh vwhdg| vwdwh txdqwlw| %W +ru htxlydohqwo| jW, ri wkh prgho
zlwk sod|huv xqlirupo| glvwulexwhg ryhu wkh ehkdylrudo uxohv lv k|shuerolf +iru doo

ð ' �c éééc g wkh olqhdul}dwlrq ri %ðc|n� ' Mð
í
j|c 7û|

ì
kdv qr hljhqydoxhv rq wkh xqlw

flufoh, dqg wkhuh h{lvwv dq ð vxfk wkdw %ðc|n� ' Mð
í
j|c 7û|

ì
lv orfdoo| xqvwdeoh dw %W1

Wklv dvvxpswlrq phdqv wkdw zkhq doo iudfwlrqv ri sod|huv xvlqj ehkdylrudo uxoh

Mð duh ?{hg dw �
g
/ wkh fruuhvsrqglqj txdqwlw| g|qdplfv kdv dq xqvwdeoh vwhdg| vwdwh

%W1 Ohw EjWcûWä ghqrwh wkh htxloleulxp ri wkh frpsohwh g|qdplfdo v|vwhp1

Dvvxpswlrq T6 Zlwk uhvshfw wr wkh ehkdylrudo uxohv dvvxph wkdw iru doo Mð/

ð ' �c éééc g/ lw krogv wkdw3C YMð
Yû|

ñññññ
EjWcûWä

4D
&cæ

'

3C YMð
Yû|

ñññññ
EjWcûWä

4D
,cæ

iru doo &c , ' �c éééc g dqg æ ' �c éééc un �é

Dvvxpswlrq T6 sxwv vrph uhvwulfwlrq rq wkh fodvv ri ehkdylrudo uxohv zh doorz iru

lq Sursrvlwlrq 41 Krzhyhu/ wkh deryh uhtxluhphqw grhv qrw h{foxgh dq| frpprq eh0

kdylrudo uxohv1 Lq sduwlfxodu/ lw vwloo doorzv iru wkh ehvw0uhso| dqg lplwdwlrq ehkdylrudo

uxohv vwdwhg h{solflwo| lq wkh uhpdlqlqj sduw ri wklv sdshu1 Wkh ?uvw orfdo lqvwdelolw|

uhvxow vd|v wkdw wkh xqvwdeoh vwhdg| vwdwh ri wkh g|qdplfdo v|vwhp zlwk doo srsxodwlrq

iudfwlrqv ?{hg dw �
g
fdqqrw eh vwdelol}hg e| vzlwfklqj ri ehkdylrudo uxohv1

Sursrvlwlrq 4 Dvvxph T4/ T5/ dqg T61 Zlwk uhvshfw wr wkh ehkdylrudo uxohv dvvxph
wkdw iru doo Mð lqirupdwlrq frvwv A EUðä ' f1 Ixuwkhupruh/ dvvxph wkdw wkh srsxodwlrq
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g|qdplfv lv ghvfulehg e| wkh glvfuhwh fkrlfh prgho/ wkh uhsolfdwru g|qdplfv/ ru wkh

uhsolfdwru g|qdplfv zlwk ghwhuplqlvwlf qrlvh1 Wkhq wkh frpsohwh g|qdplfdo v|vwhp

zlwk ehkdylrudo uxohv jlyhq e| %ðc|n� ' Mð Ej|cû|ä kdv d orfdoo| xqvwdeoh vwhdg| vwdwh1

Surri1 Zh vkrz wkdw wkh olqhdul}dwlrq ri %ðc|n� ' Mð Ej|cû|ä dw %W +ru htxlydohqwo|

jW, lv wkh vdph dv wkh olqhdul}dwlrq ri %ðc|n� ' Mð
í
j|c 7û|

ì
dw %W1 Ehfdxvh A EUðä ' f

iru doo ð ' �c ééécg lw iroorzv wkdw iru wkh srsxodwlrq g|qdplfv ghvfulehg e| wkh

glvfuhwh fkrlfh prgho lw krogv wkdw ?Wð ' �
g

iru doo ð ' �c éééc g1 Ixuwkhupruh/ wklv

glvwulexwlrq ri sod|huv ryhu ehkdylrudo uxohv lv dovr d vwhdg| vwdwh ri wkh srsxodwlrq

g|qdplfv lq fdvh lw lv ghvfulehg e| wkh uhsolfdwru g|qdplfv ru wkh uhsolfdwru g|qdplfv

zlwk ghwhuplqlvwlf qrlvh1 Frqvlghu wkh olqhdul}dwlrq ri %ðc|n� ' Mð Ej|cû|ä durxqg

wkh vwhdg| vwdwh EjWcûWä ri wkh g|qdplfdo v|vwhp

B%ðc|n� ' iA

57 YMð
Yj|

ñññññ
EjWcûWä

ó Bj|

68 in iA

57 YMð
Yû|

ñññññ
EjWcûWä

ó Bû|

68i
' iA

57 YMð
Yj|

ñññññ
EjWcûWä

ó Bj|

68 i
niA

57 YMð
Yû|

ñññññ
EjWcûWä

óû|

68 iý �

g
iA

57 YMð
Yû|

ñññññ
EjWcûWä

68 ic
zkhuh B%ðc|n� ' %ðc|n� ý %W/ iA 5 ��fg Ei�jä/ i 5 �Eun�äf� Ei�jä dqg ó ghqrwhv wkh

gluhfw surgxfw1 Ehfdxvh zh dvvxphg wkdw3C YMð
Yû|

ñññññ
EjWcûWä

4D
&cæ

'

3C YMð
Yû|

ñññññ
EjWcûWä

4D
,cæ

iru doo &c , ' �c éééc g dqg æ ' �c éééc un �c

B%ðc|n� fdq eh uhzulwwhq dv iroorzv

B%ðc|n� ' iA

57 YMð
Yj|

ñññññ
EjWcûWä

ó Bj|

68 i
n
un�[
æ'�

3C YMð
Yû|

ñññññ
EjWcûWä

4D
&cæ

ý �

g

g[
&'�

un�[
æ'�

3C YMð
Yû|

ñññññ
EjWcûWä

4D
&cæ

é

Lq wkh deryh h{suhvvlrq wkh odvw wzr whupv rq wkh uljkw0kdqg vlgh ri wkh htxdolw| vljq

fdqfho1 Wkhuhiruh/ zh duh ohiw zlwk

B%ðc|n� ' iA

57 YMð
Yj|

ñññññ
EjWcûWä

ó Bj|

68 ié
Wklv lv h{dfwo| wkh olqhdul}dwlrq ri %ðc|n� ' Mð

í
j|c 7û|

ì
dw %W1
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D vhfrqg orfdo lqvwdelolw| uhvxow dulvhv zkhq wkhuh duh gl>huhqw lqirupdwlrq frvwv1

Dvvxph z1o1r1j1 wkdw A EU�ä : ééé : A EUgä è f1 Zh uhsodfh dvvxpswlrqv T5 dqg T6

e| dvvxpswlrqv T5* dqg T6*/ uhvshfwlyho|1

Dvvxpswlrq T5* Zkhq doo sod|huv xvh wkh fkhdshvw ehkdylrudo uxoh Mg / wkh

vwhdg| vwdwh %W +ru htxlydohqwo| jW, lv k|shuerolf dqg orfdoo| xqvwdeoh1

Lq dq hfrqrplf vhwwlqj lw lv qdwxudo wr wdnh wkh fkhdshvw ehkdylrudo uxoh wr eh

vrph p|rslf ru qdlyh uxoh ri wkxpe1 Vxfk d ehkdylrudo uxoh w|slfdoo| lqfoxghv d

wlph odj/ grhv qrw lqfrusrudwh dq| nqrzohgjh derxw wkh zd| wkh pdunhw zrunv/ dqg

odfnv lqirupdwlrq rq wkh htxloleulxp txdqwlwlhv1 Ixuwkhupruh/ d p|rslf uxoh lv olnho|

wr lqfoxgh shuvlvwhqw iruhfdvw huuruv zlwk uhvshfw wr wkh ehkdylru ri rwkhu pdunhw

sduwlflsdqwv/ ru qrw wr wdnh wklv ehkdylru lqwr dffrxqw dw doo1 Lw lv qrw gl!fxow wr

lpdjlqh wkdw pdunhwv duh xqvwdeoh xqghu vxfk d ehkdylrudo uxoh1

Ohw -| ghqrwh wkh vhw ri doo hqwulhv iurp wkh pdwul{ j| dqg ohw h ghqrwh d g0

glphqvlrqdo yhfwru zlwk doo g frpsrqhqwv o&/ & ' �c ééécg/ wdnhq iurp wkh vhw -|/

l1h1 h 5 -g| 1 Gh?qh iru doo ehkdylrudo uxohv Mð/ ð ' �c ééécg/ dqg iru doo wlph odjv

, ' fc éééc u d ixqfwlrq ûðc|3, G -| $ W+n1 Ixuwkhupruh/ iru doo ð ' �c ééécg dqg iru doo

, ' fc éééc u ohw üðc|3, ghqrwh wkh g0glphqvlrqdo yhfwru zlwk wkh &wk frpsrqhqw htxdo

wr ûðc|3, Eo&ä1

Dvvxpswlrq T6* Zlwk uhvshfw wr hdfk ehkdylrudo uxoh Mð/ ð ' �c éééc g/ dvvxph

wkdw lw lv lqghshqghqw ri û|/ l1h1 Mð Ej|cû|ä ' ÷Mð Ej|ä/ ru fdq eh uhzulwwhq dv iroorzv

Mð Ej|cû|ä ' ìMð E?| ü üðc|c?|3� ü üðc|3�c éééc?|3u ü üðc|3uä c

zkhuh ?|3, ü üðc|3, ghqrwhv wkh lqsurgxfw ri ?|3, ' E?�c|3,c éééc ?gc|3,ä
â dqg üðc|3,1

Djdlq/ wklv dvvxpswlrq grhv qrw h{foxgh dq| frpprq ehkdylrudo uxohv1 Wkh vhf0

rqg orfdo lqvwdelolw| uhvxow lv dv iroorzv1

Sursrvlwlrq 5 Dvvxph T4/ T5*/ dqg T6*1 Zlwk uhvshfw wr wkh ehkdylrudo uxohv dv0
vxph wkdw A EU�ä : ééé : A EUgä è f1 Ixuwkhupruh/ dvvxph wkdw wkh srsxodwlrq

g|qdplfv lv ghvfulehg e| wkh glvfuhwh fkrlfh prgho1 Zkhq wkh lqwhqvlw| ri fkrlfh

q lv vx!flhqwo| odujh/ wkhq wkh vwhdg| vwdwh %W +ru htxlydohqwo| jW, ri wkh frpsohwh
g|qdplfdo v|vwhp lv orfdoo| xqvwdeoh1

Surri1 Doo ehkdylrudo uxohv Mðc ð ' �c éééc gc duh un 2wk rughu gl>huhqfh htxdwlrqv

%ðc|n� ' Mð Ej|cû|ä ' 8ð
í
 |c |3�c éééc |3Eun�ä

ì
c
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zkhuh u n � lv wkh pd{lpxp qxpehu ri odjv ri wkh ehkdylrudo uxoh Mð1 Ohw %W eh
wkh vwhdg| vwdwh txdqwlw|1 Iluvw/ frqvlghu wkh ehkdylrudo uxohv wkdw gr ghshqg rq û|1

Ehfdxvh
Sg
ð'� ?ðc|3, ' �/ iru doo , ' fc éééc u/ zh nqrz wkdw lq wkh vwhdg| vwdwh %W +ru

htxlydohqwo| jW, lw krogv wkdw ?|3, ü üðc|3, ' ûðc|3u E%Wä/ iru doo wkhvh ehkdylrudo uxohv
dqg iru doo , ' fc éééc u1 Frqvhtxhqwo|/ 8ð E Wc éééc Wc ä '  W iru doo wkhvh uxohv dqg
iru doo  1 Khqfh/ wkh sduwldo ghulydwlyh 8

â
ðcun2 E 

Wc éééc Wc ä ' f iru doo wkhvh uxohv1

Vhfrqg/ lw lv wulyldo wkdw wklv frqfoxvlrq dovr krogv iru wkh ehkdylrudo uxohv wkdw gr

qrw ghshqg rq û|1 Dv wkh srsxodwlrq g|qdplfv lv ghvfulehg e| wkh glvfuhwh fkrlfh

prgho zh nqrz wkdw wkh vwhdg| vwdwh iudfwlrqv duh jlyhq e|

?Wð '
i T dýqA EUðäoSg
æ'� i T dýqA EUæäo

c ð ' �c éééc gé

Frqvlghu d ehkdylrudo uxoh Mð

%ðc|n� ' Mð Ej|cû
Wä ' C E |c |3�c éééc |3uä c

ghvfulelqj wkh txdqwlw| g|qdplfv zkhq wkh iudfwlrqv ri sod|huv xvlqj ehkdylrudo uxohv

M�c éééc Mg duh ?{hg dw wkh vwhdg| vwdwh ydoxhv ri wkh frpsohwh g|qdplfdo v|vwhp1

Wkh g|qdplfdo v|vwhp zlwk ?{hg srsxodwlrq iudfwlrqv lv dq un �wk rughu gl>huhqfh

htxdwlrq1 Xvlqj 8
â
ðcun2 E 

Wc éééc Wc ä ' f iru doo ð/ lw fdq eh vkrzq wkdw iru hdfk

ehkdylrudo uxoh wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ dw wkh vwhdg| vwdwh ri wkh

Eun 2ä0glphqvlrqdo v|vwhp duh b ' f dqg wkh vdph un � hljhqydoxhv fruuhvsrqglqj

wr wkh Mdfreldq dw wkh vwhdg| vwdwh ri wkh g|qdplfdo v|vwhp zlwk ?{hg srsxodwlrq

iudfwlrqv1

Iru q odujh/ wkh vwhdg| vwdwh iudfwlrq xvlqj wkh fkhdshvw ehkdylrudo uxoh dssurdfkhv

4/ l1h1 ?Wg Eqä ä �/ zkhuhdv ?Wæ Eqä ä f iru doo æ 9' g1 Frqvlghu wkh g|qdplfdo

v|vwhp ghvfulelqj wkh txdqwlw| g|qdplfv zkhq doo sod|huv xvh ehkdylrudo uxoh Mg1 E|

dvvxpswlrq T5*/ wkh vwhdg| vwdwh ri wklv g|qdplfdo v|vwhp lv orfdoo| xqvwdeoh1 Vlqfh

iru q odujh/ wkh v|vwhp zlwk ?{hg srsxodwlrq iudfwlrqv jhwv ä�0forvh wr wkh v|vwhp lq

zklfk doo sod|huv xvh ehkdylrudo uxoh Mg / zh frqfoxgh wkdw iru q vx!flhqwo| odujh/

dw wkh vwhdg| vwdwh %W wkh v|vwhp zlwk ?{hg srsxodwlrq iudfwlrqv lv orfdoo| xqvwdeoh1

Wklv lpsolhv wkdw wkh frpsohwh g|qdplfdo v|vwhp lv dovr orfdoo| xqvwdeoh dw wkh vwhdg|

vwdwh %W1

6 Ehvw0Uhso| yhuvxv Udwlrqdo Sod|huv

Lq wklv vhfwlrq zh frqvlghu d vlpsoh/ exw w|slfdo/ h{dpsoh ri wkh jhqhudo prgho lqwur0

gxfhg lq vhfwlrq 51 Lq idfw/ zh dqdo|}h wkh fdvh zkhuh wkhuh duh g ' 2 ehkdylrudo

uxohv dydlodeoh lq wkh srsxodwlrq1 Qdpho|/ d ehvw0uhso| ehkdylrudo uxoh dqg d vr0fdoohg
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udwlrqdo ehkdylrudo uxoh1 Ohw ?| eh wkh iudfwlrq ri udwlrqdo sod|huv lq shulrg | dqg ohw

%| dqg +| ghqrwh wkh txdqwlwlhv vxssolhg e| wkh ehvw0uhso| sod|huv dqg wkh udwlrqdo

sod|huv lq shulrg |/ uhvshfwlyho|1

Zlwk uhvshfw wr wkh ehvw0uhso| sod|huv zh dvvxph wkdw wkh| nqrz dyhudjh lqgxvwu|

rxwsxw lq wkh suhylrxv shulrg1 Vlqfh dyhudjh lqgxvwu| rxwsxw lq shulrg | lv htxdo wr

%| ' ?|+| n E�ý ?|ä%|/ wkh ehvw0uhso| sod|huv vxsso| wkh txdqwlw|

%|n� ' - E7%|ä ' - E?|+| n E�ý ?|ä %|ä
lq shulrg | n �1 Iurp wkh deryh h{suhvvlrq lw iroorzv wkdw wkh lqwurgxfwlrq ri d

fhuwdlq dprxqw ri udwlrqdo sod|huv pd| vwdelol}h wkh ehvw0uhso| g|qdplfv1 Lq idfw/

zh kdyh _-E7%|ä
_%|

' E�ý ?|ä-â E%|ä1 Frqvhtxhqwo|/ li wkh iudfwlrq ?| lv odujh hqrxjk wkh

uhvxowlqj ehvw0uhso| g|qdplfv pd| ehfrph vwdeoh/ hyhq wkrxjk wkh ruljlqdo ehvw0uhso|

g|qdplfv lv qrw +m-â E%Wäm : �,1

Udwlrqdo sod|huv uhdvrq pruh vxewoh wkdq ehvw0uhso| sod|huv1 Zh dvvxph wkdw

dw wlph | n � wkh| nqrz wkh iudfwlrq ri shrsoh sod|lqj dffruglqj wr wkh udwlrqdo

ehkdylrudo uxoh lq wkdw shulrg1 Udwlrqdo sod|huv fdq wkhuhiruh dovr eh lqwhusuhwhg dv

shuihfw iruhvljkw sod|huv1 Lq dgglwlrq/ wkh| duh deoh wr fdofxodwh wkh txdqwlw| %|n�
vxssolhg e| wkh ehvw0uhso| sod|huv lq shulrg |n�1 Wkhlu rswlpdo vwudwhj| lv lpsolflwo|

gh?qhg dv iroorzv

+|n� ' - E?|n�+|n� n E�ý ?|n�ä%|n�ä é
Wkh vwudwhj| ri wkh udwlrqdo sod|huv lv vrphwklqj olnh d Qdvk htxloleulxp lq d jdph

zklfk lv 3frqwdplqdwhg4zlwk d qxpehu ri ehvw0uhso| sod|huv1 Ehfdxvh ri wkh h{whqvlyh

frpsxwdwlrqdo dqg lqirupdwlrqdo uhtxluhphqwv ri wkh udwlrqdo ehkdylrudo uxoh lw vhhpv

orjlfdo wr dvvrfldwh frvwv A : f zlwk wklv uxoh1 Vlqfh zh dvvxphg - Eüä wr eh grzqzdug
vorslqj wkh udwlrqdo ehkdylrudo uxoh fdq eh ghwhuplqhg h{solflwo| dqg eh zulwwhq dv

+|n� ' C E%|n�c ?|n�ä é

Qrwh wkdw erwk uxohv glvfxvvhg deryh duh xqeldvhg dv wkh| kdyh wkh Frxuqrw0Qdvk

htxloleulxp txdqwlw| %W dv wkhlu xqltxh vwhdg| vwdwh txdqwlw|1 Ixuwkhupruh/ %W lv

dovr wkh xqltxh vwhdg| vwdwh txdqwlw| ri wkh frpsohwh g|qdplfv ri wkh prgho zlwk

khwhurjhqhrxv ehkdylrudo uxohv1 Lq idfw/ wklv g|qdplfdo v|vwhp lv jlyhq e|

%|n� ' s E%|c +|c ?|ä ' - E?|+| n E�ý ?|ä %|ä
+|n� ' } E%|c +|c ?|ä ' C Es E%|c +|c ?|ä c û E%|c +|c ?|ää

?|n� ' û E%|c +|c ?|ä c

zkhuh wkh pdsslqj û E%|c +|c ?|ä uhsuhvhqwv wkh srsxodwlrq g|qdplfv1 Zlwk uhvshfw wr

wkh deryh g|qdplfdo v|vwhp lw vkrxog eh qrwhg wkdw

%|n� ' - E?|+| n E�ý ?|ä%|ä ' +|é
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Wklv phdqv wkdw wkh rqo| gl>huhqfh ehwzhhq wkh udwlrqdo vwudwhj| dqg wkh ehvw0uhso|

vwudwhj| lv wkdw wkh odwwhu dozd|v odjv rqh shulrg ehklqg1 Wkhuhiruh/ zh fdq uhgxfh

wkh glphqvlrq ri wkh g|qdplfdo v|vwhp e| rqh dqg zulwh hyhu|wklqj lq whupv ri %|1

Wkh uhvxowlqj 50glphqvlrqdo g|qdplfdo v|vwhp lv

%|n� ' - E?|C E%|c ?|ä n E�ý ?|ä %|ä +5,

?|n� ' û E%|c C E%|c ?|ä c ?|ä é

Ehiruh vshfli|lqj wkh srsxodwlrq g|qdplfv û E%|c C E%|c ?|ä c ?|ä zh pdnh wkh iro0

orzlqj revhuydwlrq zlwk uhvshfw wr wkh g|qdplfdo v|vwhp +5,1

Ohppd 6 Frqvlghu wkh g|qdplfdo v|vwhp +5,1 Wkh hljhqydoxhv ri wkh Mdfreldq pd0
wul{ ri wkh olqhdul}hg v|vwhp/ hydoxdwhg dw wkh htxloleulxp E%Wc ?Wä/ duh b� '

E�3?Wä-âE%Wä
�3?W-âE%Wä

dqg b2 '
YûE%|cCE%|c?|äc?|ä

Y?|

ñññ
E%Wc?Wä

1

Surri1 Wr ghwhuplqh wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ hydoxdwhg lq wkh htxl0

oleulxp E%Wc ?Wä/ zh frqvlghu wkh hqwulhv lq wkh ?uvw urz ri wklv pdwul{1 Lw lv hdvlo|

vhhq wkdw wkhvh hqwulhv duh jlyhq e|

a�� ' E?WC� E%
Wc ?Wä n E�ý ?Wää-â E%Wä dqg a�2 ' ?WC2 E%

Wc ?Wä-â E%Wä c

zkhuh Cð lv wkh ghulydwlyh ri wkh ixqfwlrq C Eüc üä zlwk uhvshfw wr lwv ðwk yduldeoh1 Wr

frpsxwh erwk C� E%
Wc ?Wä dqg C2 E%

Wc ?Wä zh qhhg wr wdnh wkh wrwdo gl>huhqwldo ri

+|n� ' - E?|+|n� n E�ý ?|n�ä%|n�ä c

zklfk uhvxowv lq

Y+|n� ' -â E?|n�+|n� n E�ý ?|n�ä%|n�ä
û EE�ý ?|n�ä Y%|n� n ?|n�Y+|n� n E+|n� ý %|n�ä Y?|n�ä é

Uhduudqjlqj whupv jlyhv

Y+|n�
Y%|n�

' C� E%|n�c ?|n�ä '
E�ý ?|n�ä-â E?|n�+|n� n E�ý ?|n�ä%|n�ä
�ý ?|n�-â E?|n�+|n� n E�ý ?|n�ä%|n�ä

dqg

Y+|n�
Y?|n�

' C2 E%|n�c ?|n�ä '
E+|n� ý %|n�ä-â E?|n�+|n� n E�ý ?|n�ä%|n�ä

�ý ?|n�-â E?|n�+|n� n E�ý ?|n�ä %|n�ä é

Hydoxdwlqj wkh deryh h{suhvvlrqv lq wkh htxloleulxp E%Wc ?Wä uhvxowv lq

C� E%
Wc ?Wä '

E�ý ?Wä-â E%Wä
�ý ?W-â E%Wä dqg C2 E%

Wc ?Wä ' fé
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Zlwk uhvshfw wr wkh Mdfreldq pdwul{ wklv lpsolhv

a�� '

#
?W

E�ý ?Wä-â E%Wä
�ý ?W-â E%Wä n E�ý ?Wä

$
-â E%Wä '

E�ý ?Wä-â E%Wä
�ý ?W-â E%Wä dqg a�2 ' fé

Frqvhtxhqwo|/ wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ ri wkh olqhdul}hg v|vwhp/ hydo0

xdwhg lq wkh htxloleulxp E%Wc ?Wä/ duh b� ' a�� ' E�3?Wä-âE%Wä
�3?W-âE%Wä dqg b2 ' a22 '

YûE%|cCE%|c?|äc?|ä
Y?|

ñññ
E%Wc?Wä

1

614 Glvfuhwh Fkrlfh Prgho

Vxssrvh wkdw wkh srsxodwlrq iudfwlrqv ri sod|huv xvlqj d fhuwdlq ehkdylrudo uxoh duh

xsgdwhg dffruglqj wr wkh glvfuhwh fkrlfh prgho1 Lq wklv fdvh wkh g|qdplfdo v|vwhp

+5, ehfrphv

%|n� ' - E?|C E%|c ?|ä n E�ý ?|ä %|ä +6,

?|n� ' û E%|c C E%|c ?|ä c ?|ä '

'
i T dq Eáo E%|c C E%|c ?|ä c ?|äý A äo

i T dq Eáo E%|c C E%|c ?|ä c ?|äý A äo n i T dqáKo E%|c C E%|c ?|ä c ?|äo
c

zkhuh

áo E%|c C E%|c ?|ä c ?|ä ' ?|Z EC E%|c ?|ä c C E%|c ?|ää n E�ý ?|äZ EC E%|c ?|ä c %|ä

dqg

áKo E%|c C E%|c ?|ä c ?|ä ' ?|Z E%|c C E%|c ?|ää n E�ý ?|äZ E%|c %|ä
duh wkh dyhudjh sur?w ri wkh udwlrqdo sod|huv dqg wkh ehvw0uhso| sod|huv lq shulrg |/

uhvshfwlyho|1 Lq wkh deryh gh?qlwlrqv vxevfulswv kdyh ehhq rplwwhg iru qrwdwlrqdo

frqyhqlhqfh1 Ixuwkhupruh/ wkh sdudphwhu q lv wkh lqwhqvlw| ri fkrlfh1 Zh zloo vwxg|

zkdw kdsshqv wr wkh g|qdplfv ri +6, dv wkh lqwhqvlw| ri fkrlfh q lqfuhdvhv1 Qrwh wkdw

e| gh?qlwlrq zh kdyh wkdw áo E%|c C E%|c ?|ä c ?|ä è áKo E%|c C E%|c ?|ä c ?|ä1

61414 Orfdo Vwdelolw| Dqdo|vlv

Wkh ?uvw vwhs lq dqdo|}lqj wkh ehkdylru ri wkh g|qdplfdo v|vwhp +6, lv wr lqyhvwljdwh

wkh orfdo vwdelolw| surshuwlhv ri wkh htxloleulxp1 Wkhvh surshuwlhv duh vxppdul}hg lq

Sursrvlwlrq 71

Sursrvlwlrq 7 Frqvlghu wkh g|qdplfdo v|vwhp +6,1 Ohw -â E%Wä ÷ ý�1 Wkh htxl0
oleulxp ri +6, lv E%Wc ?Wä/ zkhuh %W lv wkh Frxuqrw0Qdvk htxloleulxp txdqwlw| dqg

?W ' �
�ni TdqA o

1 Wkhq jlyhq A wkhuh h{lvwv d ydoxh qW ri q vxfk wkdw wkh htxlole0
ulxp E%Wc ?Wä lv orfdoo| vwdeoh iru doo q ÷ qW dqg xqvwdeoh iru doo q : qW1 Pruhryhu/

qW ' �
A
*?
k
-âE%Wä3�
-âE%Wän�

l
1

4;



Surri1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw E%Wc ?Wä lv wkh htxloleulxp ri +6,1 Df0

fruglqj wr Ohppd 6 wkh hljhqydoxhv ri +6, duh b� '
E�3?Wä-âE%Wä
�3?W-âE%Wä dqg b2 '

YûE%|cCE%|c?|äc?|ä
Y?|

ñññ
E%Wc?Wä

1

Zh vwduw e| frqvlghulqj wkh hljhqydoxh b21 Qrwh wkdw û E%|c C E%|c ?|ä c ?|ä rqo| ghshqgv

xsrq ?| wkurxjk wkh sur?w ixqfwlrqv1 Ixuwkhupruh/ lw krogv wkdw

Yáo E%|c C E%|c ?|ä c ?|ä

Y?|
' ?|

#
YZ E+c +ä

Y+
C2 n

YZ E+c +ä

Y%
C2

$

nE�ý ?|ä YZ E+c %ä
Y+

C2

nZ EC E%|c ?|ä c C E%|c ?|ääý Z EC E%|c ?|ä c %|ä c

zklfk lv htxdo wr f lq htxloleulxp ehfdxvh C2 E%
Wc ?Wä ' f1 D vlplodu dujxphqw fdq

eh xvhg wr vkrz wkdw

YáKo E%|c C E%|c ?|ä c ?|ä

Y?|

ñññññ
E%Wc?Wä

' fé

Iurp wkh deryh uhdvrqlqj lw iroorzv lpphgldwho| wkdw b2 ' f1 Dv d uhvxow/ zh kdyh

wkdw wkh hljhqydoxh b� lv wkh rqo| qrq}hur hljhqydoxh1 Khqfh/ wkh htxloleulxp lv orfdoo|

vwdeoh +xqvwdeoh, li

b� '
E�ý ?Wä-â E%Wä
�ý ?W-â E%Wä : E÷äý �é

Vlqfh ?W ' �
�ni TdqA o

wklv frqglwlrq lv htxlydohqw wr f ÷ q ÷ qW Eq : qWä/ zkhuh

qW ' �
A
*?
k
-âE%Wä3�
-âE%Wän�

l
1

Sursrvlwlrq 7 vwdwhv wkdw wkh htxloleulxp ri +6, orvhv vwdelolw| iru kljk ydoxhv ri

wkh lqwhqvlw| ri fkrlfh q1 D kljk lqwhqvlw| ri fkrlfh phdqv wkdw wkhuh lv olwwoh lqhuwld

lq vzlwfklqj ehwzhhq ehkdylrudo uxohv1 Dv d uhvxow/ prvw sod|huv zloo vzlwfk wr wkh

p|rslf ehkdylrudo uxoh zkhqhyhu wkh g|qdplfdo v|vwhp lv forvh wr wkh htxloleulxp1

Qdpho|/ forvh wr wkh htxloleulxp wkh p|rslf uxoh uhvxowv lq d kljkhu sur?w ehfdxvh

wkhuh duh qr lqirupdwlrq frvwv dvvrfldwhg zlwk wklv uxoh1 Vlqfh wkh htxloleulxp lv

xqvwdeoh xqghu wklv p|rslf ehkdylrudo uxoh zh duh ohiw zlwk wkh deryh uhvxow1

Qrwh wkdw wkh htxloleulxp ri +6, lv orfdoo| vwdeoh iru doo ydoxhv ri wkh lqwhqvlw| ri

fkrlfh q : f lq fdvh ý� é -â E%Wä é f1 Ixuwkhupruh/ lq fdvh lqirupdwlrq frvwv A ' f

zh kdyh b� '
�
2
-âE%Wä

�3 �
2
-âE%Wä 1 Wklv phdqv wkdw lq wkh prgho zlwkrxw lqirupdwlrq frvwv wkh

htxloleulxp lv vwdeoh iru doo ydoxhv q : f1

Ilqdoo|/ Sursrvlwlrq 7 frxog eh uhirupxodwhg zlwk wkh urohv ri wkh lqwhqvlw| ri

fkrlfh q dqg wkh lqirupdwlrq frvwv A lqwhufkdqjhg1 Lq idfw/ jlyhq q wkhuh h{lvwv

d ydoxh A W ' �
q
*?
k
-âE%Wä3�
-âE%Wän�

l
ri A vxfk wkdw wkh htxloleulxp lv orfdoo| vwdeoh iru doo

A ÷ A W dqg xqvwdeoh iru doo A : A W1
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61415 D Elixufdwlrq Vfhqdulr

Wklv vhfwlrq ghdov zlwk wkh olqhdu0txdgudwlf vshfl?fdwlrq ri wkh Frxuqrw gxrsro|

prgho1 Iru odwhu frqyhqlhqfh zh uhzulwh wkh g|qdplfdo v|vwhp lq whupv ri ghyldwlrqv

f| ' %| ý %W dqg t| ' +| ý %W iurp wkh Frxuqrw0Qdvk htxloleulxp txdqwlw| %W1 Lw

fdq hdvlo| eh vkrzq wkdw

t| ' C Ef|c ?|ä ' ý K E�ý ?|ä
E2 n ?|ä Ký _f|é

Frqvhtxhqwo|/ wkh olqhdu0txdgudwlf vshfl?fdwlrq ri wkh g|qdplfdo v|vwhp +6, zulwwhq

lq ghyldwlrqv ehfrphv

f|n� ' ý K E�ý ?|ä
E2 n ?|ä Ký _f| +7,

?|n� '
�

� n i T
é
q
ë
A ý

í
Ký _

2

ì í
ôK3_

E2n?|äK3_
ì2
f2
|

êè é
Zulwh 8 iru wkh 20glphqvlrqdo pds +7,1 Wkh ghulydwlrq ri wkh sur?w ixqfwlrqv iru wkh

olqhdu0txdgudwlf vshfl?fdwlrq ri wkh prgho/ zklfk duh xvhg wr ghwhuplqh wkh srsxod0

wlrq g|qdplfv ri +7,/ fdq eh irxqg lq Dsshqgl{ D1 Zh kdyh wr nhhs lq plqg wkdw

surgxfwlrq ohyhov duh dozd|v qrqqhjdwlyh dqg vpdoohu wkdq wkh fdsdflw| frqvwudlqw/

wkdw lv ý%W é f| é S
_
ý %W ru/ htxlydohqwo|/ ý @3S

ôK3_ é f| é S
_
ý @3S

ôK3_ 1 Dq lpsruwdqw

ihdwxuh ri wkh g|qdplfdo v|vwhp +7, lv wkdw lw lv v|pphwulf zlwk uhvshfw wr wkh olqh

f| ' f1 Wklv surshuw| zloo suryh wr eh frqyhqlhqw odwhu rq1 Lq idfw/ lw hqdeohv xv wr

ghwhuplqh wkh vhfrqgdu| elixufdwlrq dqdo|wlfdoo|1

Wkh prgho zlwk ehvw0uhso| yhuvxv udwlrqdo sod|huv/ glvfuhwh fkrlfh g|qdplfv/ dqg

wkh olqhdu0txdgudwlf vshfl?fdwlrq ri wkh Frxuqrw gxrsro| jdph lv/ xsrq d wudqvirupd0

wlrq ri yduldeohv/ pdwkhpdwlfdoo| htxlydohqw zlwk d fdvh vwxglhg lq Eurfn dqg Krpphv

^:/ ;`1 Wkh| vwxg| wkh hyroxwlrq ri htxloleulxp sulfhv lq d frezhe prgho zlwk udwlrqdo

yhuvxv qdlyh h{shfwdwlrqv1 Wkh vwdwh yduldeoh lq wkhlu prgho lv wkh sulfh R| dqg wkh

sdudphwhuv +qh{w wr wkh lqwhqvlw| ri fkrlfh q dqg lqirupdwlrq frvwv A , duh pdujlqdo

vxsso| eK dqg pdujlqdo ghpdqg î1 Lq sduwlfxodu/ li zh wudqvirup wkh vwdwh yduldeoh

R| dffruglqj wr f| '
t

2
2K3_R| dqg dgglwlrqdoo| dvvxph wkdw eK ' K dqg î ' 2K ý _

zh hqg xs h{dfwo| zlwk wkh prgho suhvhqwhg khuh1 Wkh htxlydohqfh lv vkrzq lq pruh

ghwdlo lq Dsshqgl{ E1

Zh zloo qrz vwxg| krz wkh g|qdplfdo ehkdylru ri +7, fkdqjhv dv q lqfuhdvhv1

Sursrvlwlrq 8 vwdwhv zkdw kdsshqv zkhq wkh htxloleulxp EfWc ?Wä/ zlwk fW ' f dqg

?W ' �
�ni TdqA o

/ orvhv vwdelolw|1

Sursrvlwlrq 8 Frqvlghu wkh g|qdplfdo v|vwhp +7,1 Ohw K ÷ _ ÷ 2K1 Wkhq wkh

sulpdu| elixufdwlrq/ l1h1 d shulrg grxeolqj elixufdwlrq/ rffxuv dw qW ' �
A
*?
k
ôK3_
_3K

l
1 Lq
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idfw/ iru ydoxhv q ÷ qW wkh htxloleulxp
í
fc �

�ni TdqA o

ì
lv orfdoo| vwdeoh dqg iru ydoxhv

q : qW wkh htxloleulxp lv xqvwdeoh dqg d orfdoo| vwdeoh shulrg 5 f|foh h{lvwv1 Wklv

shulrg 5 f|foh lv jlyhq e|;A?A=
3C
yxxw Eq ý qWäA
2 E2Ký _ä q c

_ý K
2K

4Dâ c
3Cý

yxxw Eq ý qWäA
2 E2Ký _äq c

_ý K
2K

4Dâ
<A@A> é

Wkh vhfrqgdu| elixufdwlrq/ zkhuh wkh shulrg 5 f|foh orvhv vwdelolw|/ rffxuv dw qWW '

qW n K
E_3KäA 1

Surri1 Iluvw/ wkh orfdo vwdelolw| uhvxow dqg wkh sulpdu| elixufdwlrq ydoxh iroorz

gluhfwo| iurp Sursrvlwlrq 71 Dw q ' qW lw krogv wkdw wkh hljhqydoxhv ri wkh Mdfreldq
pdwul{/ hydoxdwhg dw wkh htxloleulxp/ duh htxdo wr b� ' ý� dqg b2 ' f1 Frqvhtxhqwo|/

d shulrg grxeolqj elixufdwlrq rffxuv1 Vhfrqg/ gxh wr wkh diruhphqwlrqhg v|pphwu|

zh duh orrnlqj iru d shulrg 5 f|foh ri wkh irupq
Ef�c ?ä

â c Ef2c ?ä
âr c

zkhuh

f2 '
ýK E�ý ?ä
E2 n ?ä Ký _f�é

Vlqfh wkh vdph htxdolw| pxvw krog zlwk f� dqg f2 lqwhufkdqjhg/ zh jhw

ýK E�ý ?ä
E2 n ?ä Ký _ ' ý�c

lpso|lqj ? ' _3K
2K
1 Zulwlqj f ' f� ' ýf2 : f dqg xvlqj wkh vhfrqg htxdwlrq ri wkh

g|qdplfdo v|vwhp +7, zh ?qg wkdw f� lv wkh srvlwlyh vroxwlrq ri

? '
�

� n i T dq EA n 2K E2?ý �äf2äo
é

Vxevwlwxwlqj ? ' _3K
2K

dqg vroylqj wklv htxdwlrq jlyhv wkh vroxwlrq surylghg lq Sursr0

vlwlrq 81 Ohw 8 2 ghqrwh wkh vhfrqg lwhudwh ri wkh pds 8 / l1h1 wkh pds 8 frpsrvhg

zlwk lwvhoi wzr wlphv1 Wklug/ wr vwxg| wkh vwdelolw| ri wklv shulrg 5 f|foh zh frqvlghu

wkh Mdfreldq pdwul{ ri 8 2/ hydoxdwhg lq wkh shulrg 5 f|foh
q
Ef�c ?ä

â c Ef2c ?ä
âr1 Wklv

Mdfreldq pdwul{ lv jlyhq e|

a8 2 '

3EEC �ý 2E_3KäA Eq3qWä
K

u
HEq3qWäA
E2K3_äq

K3E_3KäEq3qWäA
ôK3_

ý
u
qEq3qWäA
2E2K3_ä

E_3KäE2K3_äEôK3_äEK3E_3KäEq3qWäA ä
Kô

ýA Eq3qWäE_3KäE2K3E_3KäEq3qWäA ä
K2

4FFD é
Lw fdq eh fkhfnhg wkdw wkh hljhqydoxhv ri wklv pdwul{ duh frpsoh{ frqmxjdwhv dqg wkdw

wkh ghwhuplqdqw ri a82 lv jlyhq e|

_i|a82 '
E_ý Kä2 Eq ý qWä2 A 2

K2
é
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Dw qWW wkh deryh ghwhuplqdqw lv htxdo wr � dqg erwk hljhqydoxhv olh rq wkh xqlw flufoh1
Lq idfw/ erwk hljhqydoxhv duh htxdo wr ý�1 Ilqdoo|/ ehfdxvh _i|a82 lv lqfuhdvlqj lq q
wkh shulrg 5 f|foh lv orfdoo| vwdeoh li q ÷ qWW dqg xqvwdeoh li q : qWW1

Sursrvlwlrq 8 lqglfdwhv d vrxufh ri frpsolfdwhg g|qdplfv iru lqwhuphgldwh ydoxhv

ri wkh lqwhqvlw| ri fkrlfh q1 Qdpho|/ dw qWW d vr0fdoohg � G 2 vwurqj uhvrqdqfh Krsi

elixufdwlrq rffxuv1 Dq lpsruwdqw ihdwxuh ri wklv Krsi elixufdwlrq lv wkh hphujhqfh

ri irxu shulrg 7 f|fohv/ wzr orfdoo| vwdeoh dqg wzr xqvwdeoh1 Wkhuhiruh/ zh kdyh

frh{lvwhqfh ri orz shulrglf dwwudfwruv1 Lw ghshqgv xsrq wkh lqlwldo vwdwh Effc ?fä

wr zklfk ri wkh wzr vwdeoh shulrg 7 f|fohv/ zklfk duh v|pphwulf zlwk uhvshfw wr

wkh olqh f| ' f/ wkh htxloleulxp sdwk vhwwohv grzq1 Wkh edvlq ri dwwudfwlrq ri dq

dwwudfwru lv wkh vhw ri lqlwldo vwdwhv Effc ?fä frqyhujlqj wr wkh dwwudfwru1 Lq fdvh

wkh g|qdplfdo v|vwhp h{klelwv vpdoo vwrfkdvwlf qrlvh/ frh{lvwlqj dwwudfwruv fdq eh d

vrxufh ri frpsolfdwhg g|qdplfdo ehkdylru vlqfh ruelwv pd| mxps luuhjxoduo| iurp rqh

edvlq ri dwwudfwlrq wr wkh rwkhu1 Iru d pruh ghwdlohg glvfxvvlrq ri wklv vshfldo Krsi

elixufdwlrq zh uhihu wr Eurfn dqg Krpphv ^;`1

Iru odujh ydoxhv ri wkh lqwhqvlw| ri fkrlfh q/ wkh g|qdplfdo ehkdylru fdq eh frp0

solfdwhg gxh wr wkh rffxuuhqfh ri vwudqjh dwwudfwruv1 Iljxuh 4 vkrzv wkh dwwudfwruv

ri wkh prgho iru wkh sdudphwhu ydoxhv @ ' �.c K ' �c S ' �fc _ ' D
e
c A ' �c dqg

iru gl>huhqw ydoxhv ri q1 Iru wklv qxphulfdo h{dpsoh wkh sulpdu| shulrg grxeolqj

elixufdwlrq rffxuv dw qW ' *? . dqg wkh � G 2 vwurqj uhvrqdqfh Krsi elixufdwlrq ri

wkh shulrg 5 f|foh rffxuv dw qWW ' e n *? .1 Dv q lqfuhdvhv ixuwkhu/ dssduhqwo| erwk

vwdeoh shulrg 7 f|fohv wxuq lqwr 70slhfh fkdrwlf dwwudfwruv diwhu d fdvfdgh ri lq?qlwho|

pdq| shulrg grxeolqj elixufdwlrqv1 Rqh ri wkhvh 70slhfh fkdrwlf dwwudfwruv lv ghslfwhg

lq Iljxuh 41 Olnh wkh wzr vwdeoh shulrg 7 f|fohv/ wkh wzr frh{lvwlqj 70slhfh fkdrwlf

dwwudfwruv duh dovr v|pphwulf zlwk uhvshfw wr wkh olqh f| ' f1 Dv q lqfuhdvhv hyhq

ixuwkhu/ rxu qxphulfdo vlpxodwlrqv vkrz wkh h{lvwhqfh ri d vwudqjh dwwudfwru1

Iljxuh 5 vkrzv wkh wlph vhulhv ri f| dqg ?| iru wkh g|qdplfdo v|vwhp dvvrfldwhg

zlwk wkh qxphulfdo h{dpsoh zkhq q htxdov 581 Wkhvh wlph vhulhv fohduo| uhyhdo zkdw

lv jrlqj rq1 Iru vrph wlph doprvw doo djhqwv xvh wkh ehvw0uhso| vwudwhj|/ l1h1 ?| lv

forvh wr f/ dqg wkh surgxfwlrq ohyhov duh forvh wr wkh Frxuqrw0Qdvk htxloleulxp/ l1h1

f| lv forvh wr f1 Krzhyhu/ vlqfh wkh ehvw0uhso| g|qdplfv lv xqvwdeoh/ wkh g|qdplfv

pryh dzd| iurp wkh vwhdg| vwdwh dqg rxwsxw ehjlqv wr  xfwxdwh huudwlfdoo|1 Dw d

fhuwdlq wlph wkh| pryh vr zlogo| wkdw lw ehfrphv zruwkzkloh wr vshqg prqh| rq wkh

udwlrqdo ehkdylrudo uxoh1 Wkhq doprvw doo djhqwv vxgghqo| vzlwfk ehkdylrudo uxohv dqg

?| ehfrphv forvh wr 41 Wklv vwdelol}hv wkh v|vwhp dqg rxwsxw uhwxuqv wr lwv htxloleulxp

ohyho/ zklfk lq wxuq pdnhv wkh ehvw0uhso| vwudwhj| pruh sur?wdeoh1 Dv d uhvxow/ ?|
frqyhujhv wr 3 yhu| txlfno| djdlq1
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Iljxuh 4= Dwwudfwruv iru wkh prgho zlwk ehvw0uhso| yhuvxv udwlrqdo sod|huv dqg glvfuhwh

fkrlfh g|qdplfv1

615 Uhsolfdwru G|qdplfv

Qrz zh frqvlghu wkh fdvh zkhuh wkh srsxodwlrq g|qdplfv lv prghoohg dffruglqj wr

wkh uhsolfdwru g|qdplfv zlwk ghwhuplqlvwlf qrlvh lqvwhdg ri wkh glvfuhwh fkrlfh prgho1

Wklv wudqvirupv wkh g|qdplfdo v|vwhp +5, lqwr

%|n� ' - E?|C E%|c ?|ä n E�ý ?|ä %|ä +8,

?|n� '
?| E�ý 2Bä Eknáo E%|c C E%|c ?|ä c ?|äý A ä

kn ?| Eáo E%|c C E%|c ?|ä c ?|äý A ä n E�ý ?|ä áKo E%|c C E%|c ?|ä c ?|ä
n Bé

Lq wklv vhfwlrq zh vwxg| zkdw kdsshqv wr wkh g|qdplfdo ehkdylru ri +8, dv wkh ghwhu0

plqlvwlf qrlvh B jrhv wr }hur1
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Iljxuh 5= Wlph vhulhv iru wkh prgho zlwk ehvw0uhso| yhuvxv udwlrqdo sod|huv dqg glvfuhwh

fkrlfh g|qdplfv iru q ' 2D/ fruuhvsrqglqj wr wkh vwudqjh dwwudfwru1

61514 Orfdo Vwdelolw| Dqdo|vlv

Wkh orfdo vwdelolw| dqdo|vlv ri wkh htxloleulxp ri wkh g|qdplfdo v|vwhp +8, lv vxppd0

ul}hg lq Sursrvlwlrq 91

Sursrvlwlrq 9 Frqvlghu wkh g|qdplfdo v|vwhp +8,1 Ohw f ÷ B ÷ �
2
/ A : f/ dqg

-â E%Wä ÷ ý�1 Wkh htxloleulxp ri +8, lv E%Wc ?Wä/ zkhuh %W lv wkh Frxuqrw0Qdvk
htxloleulxp txdqwlw| dqg

?W '
�

2A

ë
B E2 EknáWäý A ä n A ý

t
B2 E2 EknáWäý A ä2 n E�ý 2BäA 2

ê
é

Ixuwkhupruh/ wkh htxloleulxp E%Wc ?Wä lv orfdoo| vwdeoh +xqvwdeoh, iru B : BW EB ÷ BWä/
zkhuh

BW '

í
-â E%Wä2 ý �

ì
A

2-â E%Wä EA E-â E%Wä n �äý 2 EknáWää
é

Surri1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw E%Wc ?Wä lv wkh htxloleulxp ri +8,1

Dffruglqj wr Ohppd 6 wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ ri wkh g|qdplfdo

v|vwhp +5,/ hydoxdwhg dw wkh htxloleulxp E%Wc ?Wä/ duh b� ' E�3?Wä-âE%Wä
�3?W-âE%Wä dqg b2 '

YûE%|cCE%|c?|äc?|ä
Y?|

ñññ
E%Wc?Wä

1 Iluvw/ frqvlghu wkh hljhqydoxh b21 Lq fdvh wkh srsxodwlrq g|0

qdplfv duh uhsuhvhqwhg e| wkh uhsolfdwru g|qdplfv zlwk ghwhuplqlvwlf qrlvh lw krogv

wkdw

f ÷ b2 ' E�ý 2Bä
Ekn áWä EknáW ý A ä

EknáW ý ?WA ä2 ÷
EknáWä EknáW ý A ä

EknáW ý ?WA ä2
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÷
EknáWä EknáW ý A äí

knáW ý �
2
A
ì2 ÷ �é

Qrwh wkdw lq wkh deryh ghulydwlrq zh xvh B ÷ ?W ÷ �
2
1 Vhfrqg/ ehfdxvh wkh hljhq0

ydoxh b2 lv dozd|v vwulfwo| ehwzhhq f dqg �/ wkh htxloleulxp E%Wc ?Wä lv orfdoo| vwdeoh

+xqvwdeoh, li

b� '
E�ý ?Wä-â E%Wä
�ý ?W-â E%Wä : E÷äý �é

Vxevwlwxwlqj wkh h{suhvvlrq iru ?W dqg vroylqj iru wkh ghwhuplqlvwlf qrlvh B jlyhv wkh

frqglwlrq dv vwdwhg lq Sursrvlwlrq 91

Sursrvlwlrq 9 vd|v wkdw wkh htxloleulxp ri +8, orvhv vwdelolw| iru orz ydoxhv ri

wkh ghwhuplqlvwlf qrlvh B1 D orz ghwhuplqlvwlf qrlvh phdqv wkdw wkhuh duh kdugo|

dq| sod|huv zkr fkrrvh d ehkdylrudo uxoh dw udqgrp1 Dv d uhvxow/ doprvw doo sod|huv

zloo xvh wkh p|rslf ehkdylrudo uxoh zkhqhyhu wkh g|qdplfdo v|vwhp lv forvh wr wkh

htxloleulxp1 Qdpho|/ forvh wr wkh htxloleulxp wkh p|rslf uxoh uhvxowv lq d kljkhu

sur?w ehfdxvh wkhuh duh qr lqirupdwlrq frvwv dvvrfldwhg zlwk wklv uxoh1 Vlqfh wkh

htxloleulxp lv xqvwdeoh xqghu wklv p|rslf ehkdylrudo uxoh zh duh ohiw zlwk wkh uhvxow

phqwlrqhg lq Sursrvlwlrq 91

Qrwh wkdw wkh htxloleulxp E%Wc ?Wä ri +8, lv orfdoo| vwdeoh iru doo ydoxhv ri wkh

ghwhuplqlvwlf qrlvh B lq fdvh ý� é -â E%Wä é f1 Ixuwkhupruh/ lq fdvh wkhuh duh qr

lqirupdwlrq frvwv wkh htxloleulxp lv vwdeoh iru doo ydoxhv ri wkh ghwhuplqlvwlf qrlvh

B : f1

Djdlq/ Sursrvlwlrq 9 fdq eh uhirupxodwhg zlwk wkh urohv ri wkh ghwhuplqlvwlf qrlvh

B dqg wkh lqirupdwlrq frvwv A lqwhufkdqjhg1 Lq idfw/ jlyhq B wkhuh h{lvwv d ydoxh

A W ' ý eB-â E%Wä EknáWä
-â E%Wä E-â E%Wäý 2B E-â E%Wä n �ääý �

ri A vxfk wkdw wkh htxloleulxp lv orfdoo| vwdeoh iru doo A ÷ A W dqg xqvwdeoh iru doo

A : A W1

61515 D Elixufdwlrq Vfhqdulr

Lq wklv vhfwlrq zh frqvlghu wkh olqhdu0txdgudwlf vshfl?fdwlrq ri wkh Frxuqrw gxrsro|

prgho zkhuh wkh uhsolfdwru g|qdplfv zlwk ghwhuplqlvwlf qrlvh ghvfulehv wkh srsx0

odwlrq g|qdplfv1 Frqwudu| wr wkh g|qdplfdo v|vwhp +7,/ zkhuh wkh glvfuhwh fkrlfh

prgho ghvfulehv wkh srsxodwlrq g|qdplfv/ wkh fxuuhqw olqhdu0txdgudwlf vshfl?fdwlrq

grhv qrw h{klelw dq| v|pphwu|1 Wklv lv gxh wr wkh pruh frpsolfdwhg vwuxfwxuh ri

wkh uhsolfdwru g|qdplfv frpsduhg wr wkh glvfuhwh fkrlfh prgho1 Dv d uhvxow/ zh kdyh
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wr wxuq wr qxphulfdo vlpxodwlrqv lpphgldwho| lq rughu wr dqdo|}h d elixufdwlrq vfh0

qdulr1 Lq wkhvh vlpxodwlrqv zh ohw @ ' �./ K ' �/ S ' �f/ _ ' �é�/ A ' �/ dqg

k ' f1 Wr eh frqvlvwhqw zh kdyh shuiruphg wkh vlpxodwlrqv zlwk wkh prgho uhzulwwhq

lq ghyldwlrqv iurp wkh Frxuqrw0Qdvk txdqwlw|1 Krzhyhu/ zh kdyh qrw lqfoxghg wkh uh0

vxowlqj g|qdplfdo v|vwhp ehfdxvh ri wkh frpsolfdwhg dqg qrqlqwxlwlyh h{suhvvlrq iru

wkh srsxodwlrq g|qdplfv1 Qrwh wkdw wkh txdqwlw| g|qdplfv ri wkh fxuuhqw prgho duh

uhsuhvhqwhg e| wkh vdph htxdwlrq dv wkh txdqwlw| g|qdplfv lq +7,1 Wkh htxloleulxp

iudfwlrq ri wkh srsxodwlrq g|qdplfv lv jlyhq e|

?W '
�

2

ë
��B n �ý

t
E��Bä2 n E�ý 2Bä

ê
é

Iurp Sursrvlwlrq 9 lw fdq eh frqfoxghg wkdw wkh g|qdplfdo v|vwhp xqghujrhv wkh

sulpdu| elixufdwlrq/ l1h1 d shulrg grxeolqj elixufdwlrq/ dw BW ' �b
2�Hf

1 Dv d uhvxow/

d orfdoo| vwdeoh shulrg 5 f|foh hphujhv1 Jhqhulfdoo|/ wkh vhfrqgdu| elixufdwlrq lv d

Krsi elixufdwlrq/ uhvxowlqj lq dq lqyduldqw vhw frqvlvwlqj ri wzr forvhg fxuyhv1 Lq

wklv qxphulfdo h{dpsoh wkh shulrg 5 f|foh xqghujrhv d Krsi elixufdwlrq dw BMJRs ä
féff�f.1 Iljxuh 6 jlyhv irxu dwwudfwruv ri wklv g|qdplfdo v|vwhp iru wkh qxphulfdo

h{dpsoh zlwk wkh sdudphwhuv @ ' �./ K ' �/ S ' �f/ _ ' �é�/ A ' �/ k ' f/ dqg

gl>huhqw ydoxhv ri B1

Iljxuh 7 vkrzv wkh fruuhvsrqglqj wlph vhulhv iru B ' féfffSf1 Wkh wlph vhulhv fdq

eh lqwhusuhwhg vlploduo| dv lq wkh fdvh ri wkh glvfuhwh fkrlfh g|qdplfv1 Li wkh g|qdplfdo

v|vwhp lv qhdu wkh Frxuqrw0Qdvk htxloleulxp txdqwlw|/ wkh iudfwlrq ri sod|huv xvlqj

wkh ehvw0uhso| ehkdylrudo uxoh zloo lqfuhdvh1 Wklv fdxvhv wkh g|qdplfdo v|vwhp wr

ehfrph xqvwdeoh dqg gulyhv wkh txdqwlwlhv dzd| iurp wkh Frxuqrw0Qdvk htxloleulxp

txdqwlw|/ pdnlqj lw sur?wdeoh iru wkh sod|huv wr xvh wkh udwlrqdo ehkdylrudo uxoh1

Frqvhtxhqwo|/ wkh iudfwlrq ri udwlrqdo sod|huv zloo lqfuhdvh dqg wkh g|qdplfdo v|vwhp

ehfrphv vwdeoh djdlq/ l1h1 txdqwlwlhv uhwxuq wr wkh Frxuqrw0Qdvk htxloleulxp1 Wkh

pdlq gl>huhqfh ehwzhhq wkh glvfuhwh fkrlfh g|qdplfv dqg wkh uhsolfdwru g|qdplfv lv

wkdw wkh odwwhu uhvsrqgv ohvv idvw wr gl>huhqfhv lq wkh ?wqhvv ri wkh ehkdylrudo uxohv1

Wklv fdq eh frqfoxghg iurp frpsdulqj Iljxuh 5 dqg Iljxuh 71

7 Lplwdwruv yhuvxv Ehvw0Uhso| Sod|huv

Dv d vhfrqg h{dpsoh zh frqiurqw ehvw0uhso| sod|huv zlwk lplwdwruv1 Mxvw olnh wkh

prgho lq vhfwlrq 6/ ehvw0uhso| sod|huv uhvsrqg rswlpdoo| wr wkh dyhudjh lqgxvwu|

rxwsxw lq wkh suhylrxv shulrg1 Lplwdwruv frs| wkh txdqwlw| surgxfhg e| wkh ehvw0

uhso| sod|huv lq wkh suhylrxv shulrg1 Dv d frqvhtxhqfh/ wkh lplwdwlrq uxoh lv uhodwlyho|

fkhds frpsduhg wr wkh ehvw0uhso| uxoh vlqfh lw grhv qrw uhtxluh dq| nqrzohgjh ri wkh
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Iljxuh 6= Dwwudfwruv iru wkh prgho zlwk ehvw0uhso| yhuvxv udwlrqdo sod|huv dqg uhsol0

fdwru g|qdplfv1

xqghuo|lqj Frxuqrw prgho1 Qrz ohw %| ghqrwh wkh txdqwlw| vxssolhg e| wkh ehvw0uhso|

sod|huv/ 5| wkh txdqwlw| vxssolhg e| wkh lplwdwruv/ dqg ?| wkh iudfwlrq ri wkh srsxodwlrq

xvlqj wkh ehvw0uhso| ehkdylrudo uxoh lq shulrg |1 Frqvhtxhqwo|/ wkh frpsohwh g|qdplfv

ri wkh prgho duh jlyhq e|

%|n� ' - E?%| n E�ý ?ä 5|ä
5|n� ' %| +9,

?|n� ' û E%|c 5|c ?|ä é

Qrwh wkdw wklv lv d 60glphqvlrqdo g|qdplfdo v|vwhp zklfk glphqvlrq fdqqrw eh uh0

gxfhg1 Ixuwkhupruh/ wkh Frxuqrw0Qdvk htxloleulxp txdqwlw| %W lv qrw wkh xqltxh

vwhdg| vwdwh txdqwlw| ri wkh lplwdwlrq uxoh1 Lq idfw/ dq| txdqwlw| lv d vwhdg| vwdwh

ri wkh lplwdwlrq uxoh1 Wkh Frxuqrw0Qdvk htxloleulxp txdqwlw| lv/ krzhyhu/ vwloo wkh

xqltxh vwhdg| vwdwh txdqwlw| ri wkh frpsohwh g|qdplfdo v|vwhp1 Iru wklv uhdvrq zh

gr qrw kdyh wr zruu| derxw Dvvxpswlrq T4 qrw ehlqj vdwlv?hg1 Ehiruh vshfli|lqj
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Iljxuh 7= Wlph vhulhv iru wkh prgho zlwk ehvw0uhso| yhuvxv udwlrqdo sod|huv dqg uhsol0

fdwru g|qdplfv iru B ' féfffSf/ fruuhvsrqglqj wr wkh vwudqjh dwwudfwru1

wkh srsxodwlrq g|qdplfv û E%|c 5|c ?|ä zh kdyh wkh iroorzlqj uhvxow zlwk uhvshfw wr wkh

g|qdplfdo v|vwhp +9,1

Ohppd : Frqvlghu wkh g|qdplfdo v|vwhp +9,1 Wkh hljhqydoxhv ri wkh Mdfreldq pd0
wul{ ri wkh olqhdul}hg v|vwhp/ hydoxdwhg dw wkh htxloleulxp E%Wc %Wc ?Wä/ duh

b�c2 '
�

2
?W-â E%Wä÷ �

2

t
E?W-â E%Wää2 n e E�ý ?Wä-â E%Wä

dqg bô '
YûE%|c5|c?|ä

Y?|

ñññ
E%Wc%Wc?Wä

1

Surri1 Lw fdq hdvlo| eh vkrzq wkdw wkh Mdfreldq pdwul{/ hydoxdwhg dw wkh htxloleulxp
E%Wc %Wc ?Wä/ lv jlyhq e|

a '

3EEEC
?W-â E%Wä E�ý ?Wä-â E%Wä f

� f f

aô� aô2
YûE%|c5|c?|ä

Y?|

ñññ
E%Wc%Wc?Wä

4FFFD é
Wkh fruuhvsrqglqj hljhqydoxhv duh h{dfwo| dv vwdwhg lq Ohppd :1

714 Glvfuhwh Fkrlfh Prgho

Ohw wkh srsxodwlrq iudfwlrqv eh xsgdwhg dffruglqj wr wkh glvfuhwh fkrlfh prgho djdlq1

Lq wklv fdvh wkh prgho zlwk lplwdwruv dqg ehvw0uhso| sod|huv/ dv uhsuhvhqwhg e| wkh

5;



g|qdplfdo v|vwhp +9,/ ehfrphv

%|n� ' - E?%| n E�ý ?ä 5|ä
5|n� ' %| +:,

?|n� ' û E%|c 5|c ?|ä '
i T

k
q
í
áKo E%|c 5|c ?|äý A

ìl
i T dq EáKo E%|c 5|c ?|äý A äo n i T dqáð6 E%|c 5|c ?|äo

c

zkhuh áKo E%|c 5|c ?|ä dqg áð6 E%|c 5|c ?|ä duh wkh dyhudjh sur?w ri wkh ehvw0uhso| sod|huv

dqg wkh lplwdwruv lq shulrg |/ uhvshfwlyho|1 Zh zloo vwxg| zkdw kdsshqv wr wkh

g|qdplfv ri +:, dv wkh lqwhqvlw| ri fkrlfh q lqfuhdvhv1

71414 Orfdo Vwdelolw| Dqdo|vlv

Zh kdyh wkh iroorzlqj uhvxow zlwk uhvshfw wr wkh orfdo vwdelolw| ri wkh htxloleulxp ri

wkh g|qdplfdo v|vwhp +:,1

Sursrvlwlrq ; Frqvlghu wkh g|qdplfdo v|vwhp +:,1 Ohw ýH ÷ -â E%Wä ÷ ý�1 Wkh
htxloleulxp ri +:, lv E%Wc %Wc ?Wä/ zkhuh %W lv wkh Frxuqrw0Qdvk htxloleulxp txdqwlw|

dqg ?W ' �
�ni TdqA o

1 Wkhq jlyhq A wkhuh h{lvwv d ydoxh qW ri q vxfk wkdw wkh htxloleulxp
E%Wc %Wc ?Wä lv orfdoo| vwdeoh iru doo q ÷ qW dqg xqvwdeoh iru doo q : qW1 Pruhryhu/

qW '
�

A
*?

%
�

ý-â E%Wäý �

&
é

Surri1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw E%Wc %Wc ?Wä lv wkh htxloleulxp ri +:,1

Iluvw/ lw fdq hdvlo| eh fkhfnhg wkdw wkh hljhqydoxh bô ' f1 Vhfrqg/ wkh rwkhu wzr

hljhqydoxhv b� dqg b2 duh frpsoh{ frqmxjdwhv li dqg rqo| li

E?W-â E%Wää2 n e E�ý ?Wä-â E%Wä ÷ fé

Uhduudqjlqj whupv vkrzv wkdw wklv frqglwlrq lv htxlydohqw wr

ý-â E%Wä ÷ e
�ý ?W
E?Wä2

é

Ehfdxvh ri wkh lqirupdwlrq frvwv A : f zh nqrz wkdw ?W 5
í
fc �

2

l
1 Frqvhtxhqwo|/ wkh

deryh frqglwlrq lv dozd|v vdwlv?hg li -â E%Wä : ýH1 Wkh htxloleulxp E%Wc %Wc ?Wä orvhv
lwv vwdelolw| zkhq wkh hljhqydoxhv b�c2 duh rq wkh xqlw flufoh/ l1h1

b� û b2 ' ý E�ý ?Wä-â E%Wä ' �/ ?W '
� n -â E%Wä
-â E%Wä

é

Vxevwlwxwlqj ?W ' �
�ni TdqA o

dqg vroylqj iru q jlyhv wkh frqglwlrq dv vwdwhg lq Sursr0

vlwlrq ;1

Qrwh wkdw wkh htxloleulxp ri +:, lv orfdoo| vwdeoh iru doo ydoxhv ri wkh lqwhqvlw| ri

fkrlfh q : f lq fdvh ý� é -â E%Wä é f1
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71415 D Elixufdwlrq Vfhqdulr

Lq fdvh zh frqvlghu d olqhdu lqyhuvh ghpdqg ixqfwlrq dqg txdgudwlf frvw ixqfwlrqv/

wkh g|qdplfdo v|vwhp +:, uhzulwwhq lq ghyldwlrqv ehfrphv

f|n� ' ý K

2Ký _ E?|f| n E�ý ?|ä~|ä
~|n� ' f| +;,

?|n� '
�

� n i T
k
q
í
A ý K E~| ýf|ä E?|f| n E�ý ?|ä~|ä n

í
�
2
_ý K

ì
E~2

| ýf2
| ä
ìl c

zkhuh f| ' %| ý %W dqg ~| ' 5| ý %W duh ghyldwlrqv iurp wkh Frxuqrw0Qdvk htxl0

oleulxp txdqwlw| %W1 Dv lqglfdwhg e| Sursrvlwlrq ; d Krsi elixufdwlrq rffxuv dw

qW ' �
A
*?
k
2K3_
_3K

l
1 Lq idfw/ wkh htxloleulxp ri wkh g|qdplfdo v|vwhp ehfrphv xqvwdeoh

dqg dq lqyduldqw forvhg fxuyh hphujhv1 Ehfdxvh wkh sulpdu| elixufdwlrq lv d Krsi

elixufdwlrq zh fdqqrw xvh wkh v|pphwu| ri wkh g|qdplfdo v|vwhp +;, wr ghwhuplqh

wkh vhfrqgdu| elixufdwlrq dqdo|wlfdoo|1 Wkh lqyduldqw vhw uhvxowlqj diwhu wkh Krsi el0

ixufdwlrq frqvlvwv ri lq?qlwho| pdq| srlqwv zklfk fdqqrw eh zulwwhq grzq h{solflwo|1

Frqvhtxhqwo|/ lw lv qrw srvvleoh wr ghwhuplqh wkh Mdfreldq pdwul{1 Dv q lqfuhdvhv

ixuwkhu wkh forvhg fxuyh euhdnv xs dqg d vwudqjh dwwudfwru lv fuhdwhg1 Iljxuh 8 jlyhv

slfwxuhv ri wkh dwwudfwruv iru sdudphwhu ydoxhv @ ' �./ K ' �/ S ' �f/ _ ' �é�/ A ' �c

dqg iru gl>huhqw ydoxhv ri q1 Iru wklv qxphulfdo h{dpsoh wkh sulpdu| elixufdwlrq

rffxuv dw qW ' 2 *? ô1

715 Uhsolfdwru G|qdplfv

Frqvlghu wkh prgho zlwk lplwdwruv yhuvxv ehvw0uhso| sod|huv dqg wkh srsxodwlrq g|0

qdplfv ghvfulehg e| wkh uhsolfdwru g|qdplfv zlwk ghwhuplqlvwlf qrlvh1 Wklv uhvxowv lq

d vshfl?fdwlrq ri wkh g|qdplfdo v|vwhp +9, jlyhq e|

%|n� ' - E?%| n E�ý ?ä 5|ä
5|n� ' %| +<,

?|n� '
?| E�ý 2Bä

í
knáKo Ef|c ~|c ?|äý A

ì
kn ?| EáKo Ef|c ~|c ?|äý A ä n E�ý ?|ä áð6 Ef|c ~|c ?|ä

n B

Lq wklv vhfwlrq zh vwxg| zkdw kdsshqv wr wkh g|qdplfdo ehkdylru ri +<, dv wkh ghwhu0

plqlvwlf qrlvh B dssurdfkhv }hur1

71514 Orfdo Vwdelolw| Dqdo|vlv

Wkh orfdo vwdelolw| dqdo|vlv ri wkh htxloleulxp ri wkh g|qdplfdo v|vwhp +<, lv vxppd0

ul}hg lq Sursrvlwlrq <1
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Iljxuh 8= Dwwudfwruv iru wkh prgho zlwk lplwdwruv yhuvxv ehvw0uhso| sod|huv dqg glv0

fuhwh fkrlfh g|qdplfv1

Sursrvlwlrq < Frqvlghu wkh g|qdplfdo v|vwhp +<,1 Ohw f ÷ B ÷ �
2
/ A : f/ dqg

ýH ÷ -â E%Wä ÷ ý�1 Wkh htxloleulxp ri +<, lv E%Wc %Wc ?Wä/ zkhuh %W lv wkh Frxuqrw0
Qdvk htxloleulxp txdqwlw| dqg

?W '
�

2A

ë
B E2 EknáWäý A ä n A ý

t
B2 E2 EknáWäý A ä2 n E�ý 2BäA 2

ê
é

Ixuwkhupruh/ wkh htxloleulxp E%Wc %Wc ?Wä lv orfdoo| vwdeoh +xqvwdeoh, iru B : BW EB ÷ BWä/
zkhuh

BW '
E-â E%Wä n �äA

-â E%Wä EE-â E%Wä n 2ä EknáWäý E-â E%Wä n �äA ä
é

Surri1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw E%Wc %Wc ?Wä lv wkh htxloleulxp ri +<,1

Lw fdq hdvlo| eh fkhfnhg wkdw wkh htxloleulxp E%Wc %Wc ?Wä orvhv vwdelolw| zkhq wkh

hljhqydoxhv b� dqg b2/ zklfk duh frpsoh{ frqmxjdwhv/ furvv wkh xqlw flufoh1 Wklv

kdsshqv zkhq

?W '
� n-â E%Wä
-â E%Wä

é
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Vxevwlwxwlqj wkh h{suhvvlrq iru ?W dqg vroylqj iru B jlyhv wkh frqglwlrq dv vwdwhg lq

Sursrvlwlrq <1

Qrwh wkdw wkh htxloleulxp E%Wc %Wc ?Wä ri +<, lv orfdoo| vwdeoh iru doo ydoxhv ri wkh

ghwhuplqlvwlf qrlvh B lq fdvh ý� é -â E%Wä é f1

71515 D Elixufdwlrq Vfhqdulr

Gxh wr wkh idfw wkdw wkh uhsolfdwru g|qdplfv uhsuhvhqwv wkh srsxodwlrq g|qdplfv/ wkh

g|qdplfdo v|vwhp +<, grhv qrw h{klelw dq| v|pphwu|1 Wklv lpsolhv wkdw zh kdyh wr

wxuq wr qxphulfdo vlpxodwlrqv lpphgldwho| wr dqdo|}h d elixufdwlrq vfhqdulr1 Iru wkh

vdph uhdvrq dv lq vhfwlrq 6 zh kdyh qrw lqfoxghg wkh g|qdplfdo v|vwhp uhsuhvhqwlqj

wkh olqhdu0txdgudwlf vshfl?fdwlrq ri wkh prgho zlwk wkh uhsolfdwru g|qdplfv ghvfulelqj

wkh srsxodwlrq g|qdplfv1 Ohw wkh sdudphwhuv @ ' �./ K ' �/ S ' �f/ _ ' �é�/ A ' �/

dqg k ' f1 Dv lqglfdwhg e| Sursrvlwlrq < d Krsi elixufdwlrq rffxuv dw BW ' b
ebf

1

Iljxuh 9 jlyhv dwwudfwruv iru wkh qxphulfdo h{dpsoh zlwk wkh deryh sdudphwhu ydoxhv

dqg gl>huhqw ydoxhv ri wkh ghwhuplqlvwlf qrlvh B1

8 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh kdyh frqvlghuhg dq hyroxwlrqdu| jdph wkhruhwlf prgho ghdolqj zlwk

wkh vhohfwlrq ri ehkdylrudo uxohv lq d Frxuqrw gxrsro| jdph1 Frqwudu| wr prvw

hyroxwlrqdu| jdph wkhru|/ zklfk frqfhqwudwhv rq wkh vhohfwlrq ri htxloleulxp dfwlrqv

lq pdwul{ jdphv/ zh kdyh irfxvvhg rq d vhwwlqj lq zklfk gl>huhqw w|shv ri ehkdylrudo

uxohv duh vhohfwhg1 Wkh srsxodwlrq g|qdplfv uhsuhvhqwlqj wkh hyroxwlrqdu| vhohfwlrq

ri ehkdylrudo uxohv lv frxsohg zlwk wkh txdqwlw| g|qdplfv dulvlqj iurp wkh lqwhusod|

ehwzhhq wkhvh gl>huhqw ehkdylrudo uxohv1 Rqfh djdlq/ qrwh wkdw wkh uhvxowv lq wklv

sdshu fdq hdvlo| eh jhqhudol}hg wr Frxuqrw roljrsro| jdphv1

Wkh ehkdylru ri wkh uhvxowlqj g|qdplfdo v|vwhp ghshqgv fulwlfdoo| rq wkh vwdelolw|

ri wkh txdqwlw| g|qdplfv1 Iluvw/ lq fdvh wkh fkhdshvw ehkdylrudo uxoh lv vwdeoh/ wkh

hyroxwlrqdu| surfhvv frqyhujhv wr d vlwxdwlrq zkhuh prvw djhqwv xvh wklv ehkdylrudo

uxoh dqg surgxfh txdqwlwlhv htxdo wr wkh Frxuqrw0Qdvk htxloleulxp txdqwlw|1 Vhfrqg/

li wkh fkhdshvw ehkdylrudo uxoh lv xqvwdeoh/ frpsolfdwhg g|qdplfdo ehkdylru pd| rf0

fxu1 Lq sduwlfxodu/ kljk hyroxwlrqdu| suhvvxuh ru d vpdoo qrlvh udwh zlwk uhvshfw wr

wkh fkrlfh ri ehkdylrudo uxohv ohdgv wr kljko| luuhjxodu txdqwlw| g|qdplfv frqyhujlqj

wr d vwudqjh dwwudfwru1

Wzr w|slfdo h{dpsohv kdyh ehhq dqdo|}hg wr looxvwudwh wkh frpsolfdwhg g|qdplfdo

ehkdylru lq ghwdlo1 Wkh iudfwlrqv ri wkh srsxodwlrq xvlqj hdfk ri wkh wzr ehkdylrudo
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Iljxuh 9= Dwwudfwruv iru wkh prgho zlwk lplwdwruv yhuvxv ehvw0uhso| sod|huv dqg uhsol0

fdwru g|qdplfv1

uxohv zhuh ghwhuplqhg e| wkh glvfuhwh fkrlfh g|qdplfv ru wkh uhsolfdwru g|qdplfv

zlwk ghwhuplqlvwlf qrlvh1 Lq fdvh wkh srsxodwlrq g|qdplfv lv ghvfulehg e| wkh glv0

fuhwh fkrlfh prgho/ zh irxqg wkdw li wkh vlpsoh ehkdylrudo uxoh lv xqvwdeoh dqg qdwxudo

vhohfwlrq zlwk uhvshfw wr wkh ehkdylrudo uxohv lv vwurqj hqrxjk/ vwudqjh g|qdplfdo eh0

kdylru pd| rffxu1 Lq fdvh zh xvh wkh uhsolfdwru g|qdplfv wr ghvfuleh wkh xsgdwlqj

ri wkh srsxodwlrq iudfwlrqv/ zh revhuyh frpsolfdwhg g|qdplfdo ehkdylru li wkh vlpsoh

uxoh lv xqvwdeoh dqg ghwhuplqlvwlf qrlvh lv vpdoo hqrxjk1 Qrwh wkdw wkh qrqolqhdulw|

fdxvlqj wklv huudwlf ehkdylru dulvhv iurp wkh lqwhusod| ehwzhhq srsxodwlrq g|qdp0

lfv dqg txdqwlw| g|qdplfv dqg qrw iurp d sduwlfxodu qrqolqhdu vshfl?fdwlrq ri wkh

xqghuo|lqj Frxuqrw gxrsro| prgho1

Wkh shulrg grxeolqj elixufdwlrq dqg wkh gl>huhqw nlqg ri Krsi elixufdwlrqv glv0

fxvvhg lq wklv sdshu duh vr0fdoohg orfdo elixufdwlrqv1 Wkhvh orfdo elixufdwlrqv ohdg wr

wkh fuhdwlrq ri qhz shulrglf ruelwv qhdu d vwhdg| vwdwh ru qhdu d shulrglf ruelw1 D

wrslf ri ixuwkhu uhvhdufk lv wkh dqdo|vlv ri joredo elixufdwlrqv/ l1h1 krprfolqlf elixu0
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fdwlrqv/ lq wklv nlqg ri prghov1 Joredo elixufdwlrqv kdyh lpsruwdqw frqvhtxhqfhv iru

wkh joredo g|qdplfdo ehkdylru ri wkh prgho1

Dsshqglfhv

D Ghulydwlrq ri Sur?w Ixqfwlrqv

Frqvlghu wkh v|pphwulf Frxuqrw gxrsro| jdph zlwk d olqhdu ghpdqg ixqfwlrq dqg

txdgudwlf frvw ixqfwlrqv/ dv vshfl?hg lq vhfwlrq 5141 Lq wkdw fdvh/ wkh sur?w ri dq

lqglylgxdo vxsso|lqj txdqwlw| %�/ zkhq kh lv pdwfkhg zlwk dq lqglylgxdo vxsso|lqj

%2/ lv jlyhq e|
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Qrz vxssrvh wkh lqglylgxdov lq wkh srsxodwlrq fdq fkrrvh ehwzhhq wkh ehkdylrudo

uxohv M� dqg M2/ zklfk suhvfuleh txdqwlwlhv %� dqg %2/ uhvshfwlyho|1 Ohw ? ghqrwh

wkh iudfwlrq ri wkh srsxodwlrq vxsso|lqj %�1 Wkhq/ lq wkh fdvh ri udqgrp pdwfklqj

ehwzhhq lqglylgxdov/ wkh dyhudjh sur?w ri vrphrqh vxsso|lqj %� fdq eh zulwwhq dv

á� E%�c %2c ?ä ' ?Z E%�c %�ä n E�ý ?ä Z E%�c %2ä
' E@ý Sä %� n

#
_

2
ý K

$
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Uhzulwwhq lq whupv ri ghyldwlrqv f� ' %� ý %W dqg f2 ' %2 ý %W iurp wkh Frxuqrw0

Qdvk htxloleulxp txdqwlw| %W/ wkh deryh h{suhvvlrq ehfrphv
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Xvlqj d vlplodu dujxphqw zh fdq ?qg wkh dyhudjh sur?w ri vrphrqh vxsso|lqj %21 Lq

idfw/ wklv sur?w lv jlyhq e|
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Qrwh wkdw rqo| wkh gl>huhqfh ehwzhhq wkh dyhudjh sur?wvá� Ef�c f2c ?ä dqgá2 Ef�c f2c ?ä

pdwwhuv iru wkh glvfuhwh fkrlfh g|qdplfv1 Wkhuhiruh/ dq lpsruwdqw txdqwlw| lv

á� Ef�c f2c ?äý á2 Ef�c f2c ?ä '

#
_

2
ý K

$í
f2

� ýf2
2

ì
nK E?f� n E�ý ?äf2ä Ef� ýf2ä é

E Htxlydohqfh ri wkh Frxuqrw dqg Frezhe Prgho

Lq wklv dsshqgl{ zh vkrz wkdw wkh Frxuqrw gxrsro| prgho glvfxvvhg lq vhfwlrq 614

lv pdwkhpdwlfdoo| htxlydohqw wr wkh frezhe prgho zlwk qdlyh yhuvxv udwlrqdo h{shf0

wdwlrqv lqwurgxfhg e| Eurfn dqg Krpphv ^:/ ;`1

Frqvlghu wkh Frxuqrw prgho zlwk udwlrqdo sod|huv dqg ehvw0uhso| sod|huv1 Lq fdvh

wkh glvfuhwh fkrlfh prgho ghvfulehv wkh srsxodwlrq g|qdplfv/ wklv Frxuqrw prgho lv

uhsuhvhqwhg e| wkh g|qdplfdo v|vwhp +7,/ wkdw lv

f|n� ' ý K E�ý ?|ä
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Wkh fruuhvsrqglqj frezhe prgho ri Eurfn dqg Krpphv ^:/ ;`/ zlwk d olqhdu ghpdqg

dqg vxsso| ixqfwlrq/ fdq eh uhsuhvhqwhg e|
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68ý A
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zkhuh eK dqg î duh wkh pdujlqdo ghpdqg dqg vxsso| sdudphwhuv/ R| lv wkh pdunhw

fohdulqj sulfh lq shulrg |/ dqg 6| ' ?�c| ý ?2c| ' 2?| ý � lv wkh gl>huhqfh lq wkh

srsxodwlrq iudfwlrqv1 Wklv phdqv wkdw li6| ' � doo djhqwv duh udwlrqdo dqg li6| ' ý�
doo djhqwv xvh qdlyh h{shfwdwlrqv1 Uhzulwlqj wkhlu g|qdplfdo v|vwhp lq whupv ri ?|
jlyhv
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Fohduo|/ li zh wdnh wkh sdudphwhuv eK ' K dqg î ' 2K ý _ wkhlu g|qdplfdo v|vwhp

ehfrphv
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zklfk lv htxlydohqw wr +7, xs wr wkh iroorzlqj wudqvirupdwlrq ri yduldeohv

f| '

v
K

2Ký _R|é

Uhihuhqfhv

^4` Dqghuvrq/ V1S1/ Gh Sdopd/ D1/ dqg Wklvvh/ M10I1 +4<<5,1 Glvfuhwh Fkrlfh

Wkhru| ri Surgxfw Gl>huhqwldwlrq1 Fdpeulgjh/ PD= PLW Suhvv1

^5` D{hourg/ U1P1 +4<;7,1 Wkh Hyroxwlrq ri Frrshudwlrq1 Qhz \run= Edvlf Errnv1

^6` Edqhumhh/ D1/ dqg Zhlexoo/ M1Z1 +4<<8,1 3Hyroxwlrqdu| Vhohfwlrq dqg Ud0

wlrqdo Ehkdylru/4 lq Ohduqlqj dqg Udwlrqdolw| lq Hfrqrplfv +D1 Nlupdq dqg P1

Vdoprq/ Hgv1,/ ss1 67606961 R{irug= Eodfnzhoo Sxeolvkhuv1

^7` Elqpruh/ N1/ Jdoh/ M1/ dqg Vdpxhovrq/ O1 +4<<8,1 3Ohduqlqj wr eh lpshu0

ihfw= Wkh Xowlpdwxp Jdph/4 Jdphv dqg Hfrqrplf Ehkdylru ;/ 890<31

^8` Elqpruh/ N1/ dqg Vdpxhovrq/ O1 +4<<:,1 3Pxggolqj Wkurxjk= Qrlv| Htxl0

oleulxp Vhohfwlrq/4 Mrxuqdo ri Hfrqrplf Wkhru| :7/ 56805981

^9` Emruqhuvwhgw/ M1/ dqg Vfkodj/ N1K1 +4<<7,1 3Wkh Hyroxwlrq ri Lplwdwlyh

ehkdylru/4 plphr/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Erqq1

^:` Eurfn/ Z1D1/ dqg Krpphv/ F1K1 +4<<8,1 3Udwlrqdo Urxwhv wr Udqgrpqhvv/4

VVUL Zrunlqj Sdshu <839 +uhylvhg yhuvlrq <863,/ Xqlyhuvlw| ri Zlvfrqvlq1

^;` Eurfn/ Z1D1/ dqg Krpphv/ F1K1 +4<<:,1 3D Udwlrqdo Urxwh wr Udqgrp0

qhvv/4 Hfrqrphwulfd 98/ 438<043<81

^<` Fdeudohv/ D1/ dqg Krvkl/ W1 +4<<9,1 3Khwhurjhqhrxv Eholhiv/ Zhdowk Dffx0

pxodwlrq/ dqg Dvvhw Sulfh G|qdplfv/4 Mrxuqdo ri Hfrqrplf G|qdplfv ) Frqwuro

53/ 43:6044331
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^43` Fkhq/ K10F1/ Iulhgpdq/ M1Z1/ dqg Wklvvh/ M10I1 +4<<:,1 3Erxqghgo| Udwlr0

qdo Qdvk Htxloleulxp= D Suredelolvwlf Fkrlfh Dssurdfk/4 Jdphv dqg Hfrqrplf

Ehkdylru 4;/ 650871

^44` Jrhuhh/ M1 +4<<:,1 Dssolfdwlrqv ri Glvfuhwh Fkrlfh Prghov / Sk1G1 wkhvlv/ Xql0

yhuvlw| ri Dpvwhugdp/ Wlqehujhq Lqvwlwxwh Uhvhdufk Vhulhv 4681

^45` Kdkq/ I1K1 +4<95,1 3Wkh Vwdelolw| ri wkh Frxuqrw Roljrsro| Vroxwlrq/4 Uhylhz

ri Hfrqrplf Vwxglhv 67/ 65<06641

^46` Kriedxhu/ M1/ dqg Vljpxqg/ N1 +4<;;,1 Wkh Wkhru| ri Hyroxwlrq dqg G|0

qdplfdo V|vwhpv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^47` Nlufkndps/ R1/ dqg Vfkodj/ N1K1 +4<<7,1 3Hqgrjhqrxv Ohduqlqj Uxohv lq

Vrfldo Qhwzrunv/4 plphr/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Erqq1

^48` Pdqvnl/ F1I1/ dqg PfIdgghq/ G1 +4<;4,1 Vwuxfwxudo Dqdo|vlv ri Glvfuhwh

Gdwd zlwk Hfrqrphwulf Dssolfdwlrqv1 Fdpeulgjh/ PD= PLW Suhvv1

^49` Qdfkedu/ M1 +4<<3,1 33Hyroxwlrqdu|4 Vhohfwlrq G|qdplfv lq Jdphv= Frqyhu0

jhqfh dqg Olplw Surshuwlhv/4 Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 4</ 8<0;<1

^4:` Qryvkhn/ Z1 +4<;8,1 3Rq wkh H{lvwhqfh ri Frxuqrw Htxloleulxp/4 Uhylhz ri

Hfrqrplf Vwxglhv 85/ ;80<;1

^4;` Udqg/ G1 +4<:;,1 3H{rwlf Skhqrphqd lq Jdphv dqg Gxrsro| Prghov/4 Mrxuqdo

ri Pdwkhpdwlfdo Hfrqrplfv 8/ 4:604;71

^4<` Ukrgh/ S1/ dqg Vwhjhpdq/ P1 +4<<8,1 3Qrq0Qdvk Htxloleuld ri Gduzlqldq

G|qdplfv/4 plphr/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Qruwk Fdurolqd1

^53` Urvhq/ M1E1 +4<98,1 3H{lvwhqfh dqg Xqltxhqhvv ri Htxloleulxp Srlqwv iru Frq0

fdyh ?0Shuvrq Jdphv/4 Hfrqrphwulfd 66/ 85308671

^54` Vdpxhovrq/ O1 +4<<:,1 Hyroxwlrqdu| Jdphv dqg Htxloleulxp Vhohfwlrq1 Fdp0

eulgjh/ PD= PLW Suhvv1

^55` Vfkhoolqj/ W1 +4<:;,1 Plfurprwlyhv dqg Pdfurehkdylru1 Qhz \run= Qruwrq )

Frpsdq|1

^56` Vfkodj/ N1K1 +4<<9, 3Zk| Lplwdwh/ dqg Li Vr/ KrzB D Erxqghg Udwlrqdo

Dssurdfk wr Pxowl0Duphg Edqglwv/4 Mrxuqdo ri Hfrqrplf Wkhru| :;/ 46304891
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^57` Vhdgh/ M1 +4<;3,1 3Wkh Vwdelolw| ri Frxuqrw Uhylvlwhg/4 Mrxuqdo ri Hfrqrplf

Wkhru| 56/ 4805:1

^58` Wluroh/ M1 +4<;;,1 Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 Fdpeulgjh/ PD=

PLW Suhvv1

^59` Yhjd0Uhgrqgr/ I1 +4<<9,1 Hyroxwlrq/ Jdphv/ dqg Hfrqrplf ehkdylru1 R{0

irug= R{irug Xqlyhuvlw| Suhvv1

^5:` Yhjd0Uhgrqgr/ I1 +4<<:,1 3Wkh Hyroxwlrq ri Zdoudvldq ehkdylru/4 Hfrqr0

phwulfd 98/ 6:806;71

^5;` Zhlexoo/ M1Z1 +4<<8,1 Hyroxwlrqdu| Jdph Wkhru|1 Fdpeulgjh/ PD= PLW

Suhvv1

^5<` \rxqj/ K1S1/ dqg Irvwhu/ G1 +4<<4,1 3Frrshudwlrq lq wkh Vkruw dqg lq wkh

Orqj Uxq/4 Jdphv dqg Hfrqrplf Ehkdylru 6/ 47804891
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