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THE ELIMINATION MATRIX: SOME LEMMAS AND
APPLICATIONS*®

JAN R. MAGNUS' anpD H. NEUDECKER?

Abstract. Two transformation matrices are introduced, L and D, which contain zero and unit elements
only. If 4 is an arbitrary (n, n) matrix, L eliminates from vecA the supradiagonal elements of 4, while D
performs the inverse transformation for symmetric A. Many properties of L and D are derived, in particular
in relation to Kronecker products. The usefulness of the two matrices is demonstrated in three areas of
mathematical statistics and matrix algebra: maximum likelihood estimation of the multivariate normal
distribution, the evaluation of Jacobians of transformations with symmetric or lower triangular matrix

arguments, and the solution of matrix equations.

1. Intreduction. If a matrix 4 has a known structure (symmetric, skew symmetric,
diagonal, triangular), some elements of A are redundant in the sense that they can be
deduced from this structure. Thus, if 4 is a symmetric or lower triangular matrix of
order n, its 3 n(n—1) supradiagonal elements are redundant. If we eliminate these
elements from vecA (the column vector stacking the columns of A), this defines a new
vector of order 5 n(n+ 1) which we denote as v(A). The matrix which, for arbitrary A4,
transforms vecA 1nto v(A4) is the elimination matrix L, first mentioned by Tracy and
Singh (1972) and later by Vetter (1975) and Balestra (1976).

Of equal interest is the inverse transformation from v(A4) to vecA4. For lower
triangular 4, we shall see that L'v(A)=vecA. We further introduce the duplication
matrix D such that, for symmetric 4, Dv(A)=vecA. The matrix D (or a matrix
comparable to D) was previously defined by Tracy and Singh (1972), Browne (1974),
Vetter (1975), Balestra (1976), and Nel (1978). D™*, the Moore-Penrose inverse of D,
possesses the property, used by Browne (1974) and Nel (1978), D *vecA =v(A), for
symmeltric A.

The purpose of this paper is to study the matrices L and D. Both matrices consist
of zero and unit elements only. §2 gives the necessary definitions and basic tools. The
next two sections contain the theoretical heart of the paper and establish a number of
results on L and D. §§5-7 are devoted to applications: maximum likelihood estima-
tion of the multivariate normal distribution, the evaluation of Jacobians of transfor-
mations with symmetric or lower triangular matrix arguments, and, finally, the
solution of matrix equations. An appendix presents the proofs of the lemmas in §4.

Not all results are new. Thus, Tracy and Singh (1972) established that |IL(A®
A)D|=|A|""'. They obtained two other determinants as well (their examples 5.3 and
5.4), but these are both in error. Browne (1974) proved the important fact that
(D'(A®A)D) " '=D* (A '®A4 "D * for nonsingular 4, while Nel (1978) evaluated
the determinant of DY (A®B)D, when AB=BA, A and B symmetric. Concurrently
with the present paper, Henderson and Searle (1979) wrote an article on the same
topic. Inevitably there is some overlap between the two papers.

2. Notation and preliminary results. All matrices are real; capital letters represent
matrices; lowercase letters denote vectors or scalars. An (m, n) matrix is one having »
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rows and n columns; 4" denotes the transpose of A, trA its trace, and |A4] its
determinant. If 4 1s a square matnx, A denotes the lower triangular matrix derived
from A by setting all supradiagonal elements in 4 equal to zero; dg(A4) is the diagonal
matrix derived from A by setting all supra- and infradiagonal elements in 4 equal to
zero. If x 1s an n-vector, and f(x)=(/f,(x)---f (x)) a differentiable vector function

of x, then the matrix df/0x has order (n, m) with typical element (df, /0x;,).
The unit vector e,, i=1,---, n, 1s the ith column of the identity matrix 7, i.e., it is

an n-vector with one in 1ts ith position and zeroes elsewhere. The (n, n) matrix E,; has
one 1n 1its {th position and zeroes elsewhere, 1.e., E;; =e,e;. We partition the identity
matrix of order 5 n(n+1) as follows:

Lo inatnd ™ (U gy Uy s Uy U, ).

;18 a umt vector of order -;-n(n+1) with unity mn its [(j— Dn+i
— 3 j(j— 1)]-th position and zeroes elsewhere (1</SiSn).

If A 1s an (m, n) matrix and A4 ; its jth column, then vecA is the mn-column
vector

Formally, u,.

vecA =

If A 1s square of order n, v(A) denotes the :'! n(n+ 1) vector that 1s obtained from
vecA by eliminating all supradiagonal elements of 4. For example, if n=3,

Loy r
vecA = (al1“21‘731“12‘322"32"13“23333) ,
and
s I
U(A)“‘(‘3’11921031‘122‘132“33) .

Finally, the Kronecker product of an (m, n) matrix A= (a,,) and an (s, ) matii
B 1s the (ms, nt) matrix

A®B=(a,;B).
This settles the notation. Let us now state some preliminary results that will be

used throughout. If 4=(q,;) i1s an (n, n) matrix, then 4, 4, and dg(A) can be
expressed as

(2.1) A= %aUE,.J.; A= g_aijU; dg(A)= 21 QB
i i) i =
A standard result on vecs 1s
(2.2) veCABC=(C'®A)vecB,
if the matrix product ABC exists. For vectors x and y of any order we then have
(2.3) x®y=vecyx’ and x®y'=xy'=py'Qux.
The basic connection between the vec-function and the trace is
(2.4) (vecA)'vecB=1trA’'B,
where A and B are (m, n) matrices. From (2.2) and (2.4) follows
(2.5) (vecA) (BRC)vecD=trA'CDB’,

1f the expression on the right-hand side exists.
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We shall frequently use the commutation matrix K defmed implicitly as:

DeriniTiON 2.1a (implicit definition of K'). The (n?, n*) commutation matrix K
performs for every (n, n) matrix A the transformation KvecA =vecA’.

In fact, K is a special case of the (mn, mn) matrix K, which maps vec4 nto
vecA’ for an arbitrary (m, n) matrix 4. The matrix K, was introduced by Tracy and
Dwyer (1969). Many of its properties are derived in Magnus and Neudecker (1979),
who also established the following explicit expression for K.

DEFINI]ION 2.1b (explicit definition of K').

K= 2 2 (E,,®FE)).

i=]1 j=1

Closely related to the commutation matrix is the matnx N.

DEFINITION 2.2a (implicit definition of N). The (n?, n*) matrix N performs for
every (n, n) matrix A the transformation NvecA4 =vec,(A+A).

Its explicit expression is immediately derived.

DerFiNITION 2.2b (explicit definition of V).

N=3(I+K).

Note that the implicit definitions of K and N are proper definitions in the sense
that they uniquely determine K and N. The following lemma gives some properties of
K and M.

LemMmA 2.1.

() K=K'=K~';

(ii) K(A®B)=(B®A)K, for any (n,n) matrices A and B;

(iii) N=N'=N?*;

(iv) NK=N=KN.

For any (n, n) matrix A we have

(V) N(ARA)=(ARA)N=N(ARA)N,;

(vi) NIRA+ARI)=(I®A+ARSI)N=N(IXA + 4 X71)N

=2N(IQA)N=2N(ARQI)N.

Proof. The properties of K follow from Magnus and Neudecker (1979). The
properties of N follow from those of K since N = 2(]+1'<) (]

Let us now give four results on the unit vector u, ; of order % n(n+1) and the v(-)
operator.

(26) 2 uu U (l/2)n(n+|)

l'==_)'

If A is an (n, n) matrix, then

(27) U(A)_U(A )_ E au ij and D(dg(A))_ Eau Ui
i)

(2.8) U, ==v(EU) and a;; =u;jv(A), P

(2.9) v(A)=v(dg(A)), if A is upper triangular.

Finally, we make use of the following standard facts in matrix differentiation.
For every matrix X and Y of appropnate orders,

(2.10) d(XY)=(dX)Y+X(dY),
(2:11) dirXY=tr(dX )Y + trXdY.
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For every nonsingular X,
(2.12) dlog| X |=trX ~'dX,

(2.13) dx = ==X "HdX )X ™",

3. Basic properties of L and D. Let us now introduce the elimination matrix L. As
in the previous section, where we defined K and N, the elimination matrix will be
defined implicitly and explicitly.

DEFINITION 3.1a (implicit definition of L). The (% n(n+ 1), n*) elimination matrix
L performs for every (n, n) matrix A4 the transformation LvecA =ov(A).

L, thus defined, eliminates from vecA the supradiagonal elements of 4. We shall
show that L 1s uniquely determined by (3.1a). Let A be an arbitrary (n, n) matrix, and
suppose that L and L both transform vecA into v(A4). Then (L — L)vecA =0 for every
A. Hence, L.=L. We can derive an explicit expression for L as follows. Recall that e
i=1---n,1s the ith unmit vector of order n. Then, using (2.7), (2.4), and (2.3), we find

v(A)= Z au,, g u,.J.(e,‘.'Aej)= g uutr(eje;A)
=) I=)

E u, \r(E/;A) = 2 u,(vecE;;)'vecA= Z (u, ®e e/ )vecA.
izy

l'l::J

This leads to the following explicit definition.
DEFINITION 3.1b (explicit definition of L).

L= z u;, (vecE, ;) = 2 (u,,®e;®e).
I==j I = ./

An example, for n=3, 1s

100: ! ]
o1 0, O = 0
L=00 . |
0 1 0
0
100 11 .
- 0 | 0 0 0 1.

Most authors on (0,1) matrices are interested only in transformations with
symmelric matrices, and work with LN rather than L. See, e.g., Browne (1974) and Nel
(1978). The justification for this lies in the following lemma.

LEMMA 3.1. For any (n, n) matrix A we have

(1) LNvecA= %—v(A +A') .

In particular, when A is symmetric,
(11) LNvecA=v(A).

Proof. Immediate from the implicit definitions of N and L. []

Thus, 1f 4 1s symmetric, L and LN play the same role. In this paper we have
chosen a more general approach, based on LvecA =v(A4) for arbitrary A, largely
because this allows us to study transformations with triangular matrices as well. The
following lemma characterizes L as a (0,1) matrix with %n(n +1) 1’s, one 1n each row
and not more than one in each column.
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LEMMA 3.2.
(1) L has full row-rank % n(n+1);

(“) L[; =](1/2)ntn+l);+
() L7 =L", where L™ is the Moore-Penrose generalized inverse of L.

Proof. We shall show that LL"=1. The other two results then follow directly.
LL'= ) (u, ®e Qe/) 2 (u, e, Re, )= 2 2 (u,,u,Leje,Rele,)

iaj =k ias ek
= é: U, Uu;; = 1{1/2;f:(n+1)= by (2.6). O

[et us now determine three matrices that are useful for certain linear transformations.
LEMMA 3.3. The matrices L'L, LKL', and L'LKL'L are diagonal and idempotent of
rank %n(n+ 1), n, and n respectively. Let A be an arbitrary (n, n) matrix. Then,

(i) L'LvecA =vecA:
(ii) L'L= E(E ®E.);
(m) LKL’ v(A)—L(dg(A))
(1v) LKL = E TEE T i
(v) L*LKL’};'ecA = vec(dg(A));
(vi) L'LKL'L= 2 (E,®F.).

=]

Proof. By the explicit definition of L we have
L'L= 2 (HI_}®€ ®€ ) 2 (uhk®€;&'®€;)_ E 2 (u:_;uhk®e ek®€ eh)

2 h=k i2j hak
= 2 (e;ej®eef)= X (E,®E,),
<] ij

so that, using (2.2) and (2.1),
L'LvecA= 2 (E,®E,)vecA= 2, vec(E,AE;)

I==_} IZ_}

-—vecE(eeAee vecZaU E,; =vecA.
I=j '-J

Further, for arbitrary v(A4),
LKL'v(A)=LKvecA=LvecA =v(A)=v(dg(A4))

—Za,, u;, Eu., i0(A),

by (1), the implicit definitions of K and L, (2.9), (2.7) and (2.8). This proves (iii) and
(1v). Similarly, for arbitrary vecA4,

L'LKL LvecA=L"v(dg(A))=vec(dg(A))=vec D (a. E.,)

——vecz (e;e/Ae,e])= zwzec(E AE;))= D (E,®E, )vecA,

by (1), (1), (2.1) and (2.2). It is easy to see that the three matrices are diagonal with
only zeroes and ones on the diagonal. Hence they are idempotent. The rank of each of



THE ELIMINATION MATRIX 427

the three matrices equals the number of ones on the diagonal, 1.e., %n(n+ 1), n, and n
respectively. [] |

Note that Lemma 3.3(1) implies that L'LvecAd =vecA if and only if A is lower
triangular. The matnx LKL’, as shown in the previous lemma, i1s diagonal with n ones
and 5 n(n—1) zeroes. Hence, /+ LKL’ is a nonsingular diagonal matrix with n times 2

and -2'—n(n — 1) times | on the diagonal. Because LNL’ =%L(1+ K)L'
%(LL’+LKL’)=%(!+ LKL'"), 1t 1s diagonal too with n» times 1 and %n(n— l) times
on the diagonal. The following properties of LNL’ are of interest.

LEMMA 3.4. The matrix LNL' is diagonal with determinant

(i) |LNL'|=2-Q/Dn(n=1
Its inverse is

(i) (LNLY) '=21-LKL"

Proof. Since LNL' 1s a diagonal matrix, its determinant is the product of its
diagonal elements, i.e., |[LNL'|=2"0/27("=1_ Property (ii) is easily established using
LNL’'=>(I+ LKL’) and the idempotency of LKL'. []

ol I

As we have seen, L uniquely transforms vecA into v(A). The inverse transforma-
tion generally does not exist. We can, however, easily transform v(A4) into (the vecs
of) a lower tnangular matrix or a diagonal matrix, since

L'v(A)=vecA  (Definition 3.1a and Lemma 3.3 (i)),

and
L'LKLv(A)=vecdg(A) (Definition 3.1a and Lemma 3.3(v)).

Combining these two transformations one verifies that
(L'+KL'— L'LKL')o(A)=vec( A+ A4 —dg(4)).

We have thus found a matrix which transforms v(A) 1nto (the vec of) a symmetric
matrix. Let us define this matrix implicitly.
DEFINITION 3.2a (implicit definition of D). The (n?, 3 n(n+1)) duplication matrix
D performs for every (n, n) matrix A the transformation Dv(A)=vec(1:1_+A’ —dg(A)).
It 1s easy to see that D is unique. Hence, D=L+ KL'— L'LKL'=2NL'—L'LKL’.
Note that in particular, if 4 1s symmetric, DLvecA=Dv(A)=vecA. This 1s an
important property that we will frequently use. The converse i1s also true; 1.e., any A4
satisfying DLvecA =vecA 1s symmetric.
LEMMA 3.5.
(1) LD=1; s2)n(n+1)’
(1) DLN=N;
(iiil) D=2NL'~L'LKL'=NL/(LNL)»™".
Proof. Let A=A’; then LDv(A)=LvecA=v(A). Hence, LD =1, since the sym-
metry of 4 does not restrict v(A4). Further, for arbitrary A,

DLNvecA=DLvecs(A+A)=Do(3(A+A))=veci(A+A)=NvecA,

which proves (i1). It also implies that DLNL'=NL’, and because of the nonsingularity
of LNL', D=NL'(LNL)~". ]

Note that DLN =N is a defining property of D. In fact, it is just a reformulation
of Definition 3.2a. The matrix D can be explicitly expressed in terms of unit vectors of
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order % n(n-+1) and n, i.e., in terms of u, , e;, and e;. From the explicit definition of K
and L, and the expression for L'L (Lemma 3.3 (ii)), one verifies that

LK= 2, u:‘j(veCEﬁ)r*
ij
and
LKL'L = 2 u(veckE, ),

so that
D=L+ LK—LKL'L
= g ufj.(vecEl.j)’+ g uU(vecEﬂ)’— Zuﬁ(vecE”-)’.
1= ) i< ]

Hence, we may define D as follows.
DEerINITION 3.2b (explicit definition of D). Let 7, be an (n, n) matrix with 1 1n 1ts
i/jth and jith position, and zeroes elsewhere. Then

D'= > u,(vecT;) .
i2)

Note that 7;, =E,, + E,, for i#}/, and that T;; = E,. An example, for n=3, 1S

1 0 O |

0 1 O 0 :0

0 0 1 ,

0O 1 0'"O0 O
D=0 0 0'1 0'O

0O 0 0, 0 1

0O 0 1'"0 O0'O

0O 0 0,0 1.0

O 0 0,0 O, 1

Further properties of D are contained in the following two lemmas.

LEMMA 3.6.
(i) D has full column-rank 5 n(n+1);
- (n) KD=D=ND;
(iii) D'D=(LNL")™';
(iv) D™ =LN.
Proof. Straightforward from the expression D=NL'(LNL’)" ' and the properties
DIN=N=N?=KN, and LD=1. []

L.LemMA 3.7. Let A be an arbitrary (n, n) matrix. Then,
(1) D'vecA=v(A+ A" —dg(A));
(i1) DD'vecA=vec(A+A" —dg(A));
(1i) DD'=2N—-L'LKL'L.
Proof. From Lemmas 3.3(iii) and (v), and 3.5(iii), and Definitions 2.1a, 2.2b, 3.1a,
and 3.2a, we have

D'vecA=(L+LK— LKL L)vecA=v(A)+v(A")—v(dg(A)),
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and
DD'vecA=Dv(A+A —dg(A))=vec(A+A —dg(A4))
=(/+K)vecA—L'I.KL LvecA=(2N—-L LKL L)vecA,
for an arbitrary (n, n) matnx A. Hence, DD'=2N—-L"LKL L.

The matrices L. and D, hike the commutation matrix K, are useful in matrix
differentiation. From Definition 2.1a, 1t follows that dvec X /dvec X’ = K where X is an
(n, n) matrix. The corresponding results for L and D are contained in the following

lemma.
LEMMA 3.8. Let X be an (n, n) matrix. Then

. L,  for lower triangular X ;
X/0dv(X)=
i) Gl fon(A ) { D', for symmetric X;
(1) dv(X)/dvecX=L".

Proof. Immediate from the relations vecX = L'v(X) (lower tnangular X'), vecX =
Dvu( X ) (symmetric X' ), and v( X )= LvecAX.

Comment. More general results are easily obtained from Lemma 3.8, using the
chain rule. In particular, let Y=F(x) be an (n,n) matrix whose elements are
differentiable functions of a vector x. Then

r (do(Y)/dx)L  if Yis lower triangular for all x;

(dv(Y)/dx)D’ if Yis symmetric for all x;
(1) dv(Y)/dx=(dvecY/dx)L" for all Y.

(1) dvecY/dx= !

4. Applications to Kronecker products. From §2 we know that the commutation
matrix K possesses two major properties: a transformation property, KvecA =vecA’
(its definition), and a Kronecker property, K(A® B)K=BXA. The elimination matrix
L and the duplication matrix D have likewise been defined by their transformation
properties, viz. LvecA=v(A) and, for symmetric A, Dv(A)=vecA. Let us now
investigate their Kronecker properties. The applications in §§5-7 are based almost
entirely on the lemmas 1n the present section. Proofs are postponed to the Appendix.

We shall first show that, if A and B have a certain structure (diagonal, trangular),
Kronecker forms of the type L(A®B)L’ and L(A®B)D often possess the same
structure. '

LEMMA 4.1. Let A and M be diagonal n-matrices with diagonal elements A\ . and p,
(i=1---n). Let further P and Q be lower triangular n-matrices with diagonal elements p,.
and q;;, i=1---n. Then, |

(1) L(A@M)L’ L(AQM)D is diagonal with elements }LIAJ(I_J) and determi-
nant H,P- An :+l

(11) L(P@Q)L’ is lower triangular with diagonal elements q,;p, (i 2j) and determi-

n—i+1.

nant 11,q;;p7™"";
(m) L(P®Q)D is lower triangular and L(P' ®Q")D is upper triangular. Both

matrices have diagonal elements q,.p; (i 2j) and determinant 1] .q! p"~'*".

Next we establish some properties of L(P'®@ Q)L’, with lower tnangular P and Q.
Notice that (1) 1s the Kronecker counterpart of the property L’'LvecP=vecP for lower
triangular P.

Lemma 4.2. For lower triangular n-matrices P=(p, ;) and Q=(q,,),

(1) L'L(P'O®Q)L'=(P'OQ)L’;
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(§=0,1,2,---,
. o, o VS R A e ) : | p—
[L(P-'@Q)Lr]'iL__L[(P*)J®Q‘-JIJ1 'ﬁj " 2.. ]-. ffP afl'dQ EXISI .
5=, if lower triangular P'* and Q'/* exist;

.

(i) L(P'®@Q)L' =D (P ®Q)L" has eigenvalues q,p,, (i2)) and determinant

n—i14+1

H J‘q:.:' p:’ i

In Lemma 4.1 we have proved that, for lower triangular P and Q, the matrices

L(PR®Q)L'. L(P®Q)D, L(P'®Q’)L’, and
diagonal elements g, p,;, iZ/. Although the

L(P'®Q’)D are triangular as well, with
matrices L(P ' &Q)L’, L(PX®Q’)L’, and

’ . . ‘ -7 2
L(PRQ")D are not tnangu]ar:, they also pOSSess eigenvalues g, p,;, 12/; see Lemmd
4.2. The matrix L(P'®@Q)D i1s more complicated and seems not to have such nice
properties. In particular, its eigenvalues are in general different from ¢, p,;, i2/.

The results of Lemmas 4.1 and 4.2 enable us to find the following determinants

which are of importance in the evaluation of
triangular matrix arguments (see §60).

Jacobians of transformations with lower

LeEMMA 4.3. For lower triangular n-matrices P, Q, R, and S with diagonal elements

Dii» 4ii» Fiij» and s;;, i=1---n, we have
() |L(PQ'®R'S)L'|=11,(r,;5,)( P, ;1)
(11) L(P'®Q+R’®S)L’]=Hf_;; 4., p;;
(i) |L(P®Q'R)D|=11,(¢,r.) P """
(iv) |L(PQ'®@R)D|=11,r( P, 4,,)
If P,Q, R, S are nonsingular,
(v) [L(PQ'®R'S)L'] '=L(Q" '®S~
Finally,

.

n—i1+4+ |

H
Vi) [L S (PP L |=H"|P|" N, p,. H
h=

where ..

H _H
(P,-,- —Pjj )
(pf;' _p-u)

Hp.‘t?"” :

p{f==<

L

n—i+ 1,
b

+5,i0,)5

WL'L(P '®R )L’

7 I REE

’ ffpii:’.‘:pjj‘

A variety of corollaries flow from Lemma 4.3 by putting one or more of the
matrices P, Q, R, and S equal to /. Also, the four matrices L(PQ'®@Q'P)L’,
L(PQ'®@P'Q)L', L(PQ®Q'P)D, and L(PQ'®@P'Q')D have the same determinant,

~pamely |P|"*! Q|
In Lemmas 4.1-4.3 we have studied

triangular matrices only. The crucial

properties for lower triangular matrices are L’'LvecP=vecP and its Kronecker coun-
terpart L'L(P'@Q)L'=(P'®@Q)L’, which enable us to discover further properties of
the important matrix L(P'®Q)L’. Let us now turn away from triangular matrices.
An equally important property is DLvecA =vecA for symmetric 4. Its Kronecker
counterpart is DL(A®A)D=(A®A)D for arbitrary A, as we shall see shortly, and 1t

enables us to study the matrix L(AX®A)D.
[LEMMA 4.4. For any (n,n) matrix A,
(1) DL(AR®RAYD=(ARDA)D;

(i) [L(A®A)D) =L(A*®A)D,  15="

S=

:
2

§=0,1,2,---,

o, =2, —1 if A~ exists,

if AV % exists;
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(1) The eigenvalues of L(AXA)D are A\, iZj, when A has eigenvalues
A (i=1---n);

(iv) |L(A®A)D|=|A|""";

(V) |[D'(A®A)D|=20/2n=D| 4|+ 1,
If A is nonsingular,

(vi) [D'(A®A)D)  '=LN(A '®A~")NL .

If AB=BA, and A and B have eigenvalues A\, and p.., i=1-- - n,

(vii) |D'(A®B)D|=|A|| Bl ;(An, +A,p,).

Note that 1n (vi1) we do not require 4 and B to be symmetric, in contrast to Nel
(1978). In applying (vi1) one must be careful to note that knowledge of A; and p; is not
sufficient in order to compute [I,_;(A;n; +A;p,;). In general, it is necessary to carry
out the simultaneous reduction of 4 and B to diagonal form, because the ordering of
the eigenvalues 1s important. A case that can be solved without this reduction 1s

’ — +n - - |
| D(AP®A%)D|=[A|7*"¢ TT (A=9 +279),
1>
where p and ¢ are integers (positive, negative or zero).

Similar results hold for the Kronecker sum /®A4A +AX/:
LEMMA 4.5. For any (n, n) matrix A with eigenvalues A; (i=1---n),

(1) DL(IQA+ARI)D=(IQA+ARI)D=2N(IRA)D=2N(ARI)D;
(ii) the eigenvalues of L(I®A+A®I)D are A, + A, i2/;
(i) |[L(I®A+ARI)D|=2"|A|Il,_ (A; +A));
(iv) [LUU®A+ARI)D] '=L(IQRA+ARI) 'D;
for nonsingularH IRA+ARI. The resuﬁs (1) and (11) can be generalized to

(v) DL > (A7 "®@A4" “W\D= > (4" "®4" "D, H=23,---,

h=] h=1
and
H
() |L 2, (4704 )D| =B Al gty H=2,3,007,
where
(N -\
X7 =%) if A, #A,

p'fj=< (AI_A';) ,
HN=Y GfA, =),

The next lemma concerns the determinant of the sum or the difference of the

matrices L(A®A)D and L(B®B)D.
LEMMA 4.6. Let A and B be (n, n) matrices. Then the determinant

| L(A®A+B®B)D|

equals
(i) |A|"*"'L;>;,(1£X,X)), if A is nonsingular and A, i=1-- - n, are the eigenvalues

of BA™';

() I,z (a,a,, £b,;b,.), if A=(a,;) and B=(b,;) are lower triangular;

(1) II;z (uipn, +6,0,), if AB=BA, where pn; and 0, (i=1--- n) denote the eigenval-
ues of A and B.

Again, knowledge of u; and 6, is, in general, not sufficient to compute (u11). See
the remarks under Lemma 4.4(v1).

A final lemma will prove useful in §§5 and 6.
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LEmMA 4.7. Let P be a lower triangular and nonsingular (n, n) matrix, and «a a
scalar. Let

(1) L[P'®P+avecP(veCP’)']L*|=(]+am)|P|"+l;

(i) [L[P' ® P+ avecP(vecP'Y]L') "= L[P' "'®P ' — fvecP '(vecP " "NIL,
where B=a /(1 +an). Let further A be a symmetric and nonsingular (n, n) matrix. Then,

(i1) |L[A®A+avecA(vecA)]D|=(l +an)| A"t

(iv) [L{A®A+avecA(vecA)|D] " '=L[A'®A "' —pvecAd '(vecA')]D.

This ends the theoretical part of this paper.

5. Maximum likelihood estimation of the multivariate normal distribution. We
shall now show the usefulness of L and D in a number of applications. Consider a
sample of size m from the n-dimensional normal distribution of y with mean p and
positive definite covariance matrix ®. The maximum likelihood (ML) estimators of p
and ® are well known, but the derivation of these estimators is often incorrect. The
problem is to take properly into account the symmetry conditions on ®, as has
recently been stressed by Richard (1975) and Balestra (1970). More precisely, we
should not differentiate the likelihood function with respect to vec®, but with respect
to v(P). First we derive the ML estimators of p and ® (Lemma 5.1), then the
information matrix and asymptotic covariance matrix (Lemma 5.2), and finally we
investigate properties of the random vector v(F), an unbiased estimator of (D).

LEMMA 5.1. Consider a sample of size m from the n-dimensional normal distribution
of y with mean p and positive definite covariance matrix ®. The maximum likelihood
estimators of i and ® are

7 = _1._ —
“—(m)%:yl—y’

54%);(_;}; )y, -7).

Proof. The loglikelihood function for the sample 1s

A (y;p,o(®))=— %nm10g2w—~ %mlog\@]—-— —;-tr(I)_’Z,

where | m
Z= Y (yi—=p)y;—n).

i=1
Using well-known properties of matrix differentials (see (2.10)-(2.13)) and traces
(2.4)-(2.5), the first differential of A can be written as

dA=—-%-mdlog\tm—%tr(d@")z-——;—tr@“dz
. %mtr@"d¢+ —;-trfb_'(dfb)@“'z
1 ; '
+o @7 Xy, —p)(dp) +(dp) 2 (i 1)

= L i(a®)o N (Z-m®)D "+ (dp) ' D (v, —p)

TR
. %(vecd‘b)’(@_ Q0 )vec(Z—m®)+(dp)® 'S (5, —p)
- %(dﬁ(q)))fpf(@“'@(b “Nvec(Z—m®)+(dp)® "' X (v, — 1),
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Necessary for a maximum 1s that A =0 for all du+0 and dv(®)+#0. This gives
¢ IZ(}’;' —p)=0,

and
D'(®'®P "Yvec(Z—md)=0.
The first condition implies 4= (1/m)Zy, =y. The second can be written as
D'(®'®P ")Do(Z—md)=0,
that 1s
U(Z—n1¢)=0,
since D'(® ~'®® ~')D is nonsingular. Thus,

‘5=(1/fn)f=(1/m)2()’; =FRH=¥ ) [

The precision and efficiency of an estimator is usually stated in terms of the
information matrix defined by

s azAm / ’ /
\I,m: —Eagagr ) 9 =(H’ 1*(U(‘:I))) )

Its inverse is a lower bound for the covariance matrix of any unbiased estimator of L
and v(®). This i1s the Cramér-Rao inequality (see, e.g., Rao (1973)). The asymptotic
information matrix is defined as

LY

m-—oo M

and 1ts inverse 1s the asymptotic covariance matrix of the ML estimator.'
LEMMA 5.2. The information matrix for n and o(®) is the (% n(n+3), % n

(n+3)) matrix

s o 0
=m 2
. 0 1p(o'®® ")D)

the asymptotic covariance matrix of the ML estimators i and v(®) is

=% auweee)
0 2LN(P®P)NL')’
and the generalized asymptotic variance of v(‘i) IS
2LN(PKQP)NL'|=2"|D|"+!.
Proof. Recall that the first differential of A is

dA=(d,u)’¢'"'2 (y,—pn)+ %(a’v(@))’l)’(@‘ ‘@D Yvec(Z—md).

'Some authors refer to ¥, ! (rather than ¥ ~') as the asymptotic covariance matrix of 6
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The second differential 1s therefore

A= (du)(d® )3 (3, — )~ m(dp)®~\(dp)

+ %(dp(@)‘)*o*(d(cb @@ "))vec(Z—m®)

+ .%(dﬁ((b))'D'((I)_l®¢) ~V)vec(dZ — md®).

Taking expectations, and observing that Ey, =pu, EZ=m®, and £EdZ=0, we find
—Ed2A=m(dp)fcp-l(du)+(i’2"-)(du(¢>))'o-'(¢—‘®cb-l)vecdcp
= m(dp)®- ‘(dp)+(’—;-)(dv(¢))’D’(¢"®¢)_’)de(tb).

The information matrix then follows. From Lemma 4.4 we know that

[D'(®'®®")D] ' =LN(®PQP)NL',

and
|DI(¢)—l®q)—l)D‘=2(l/2)n(n-—l)'(D, —(n+IJ-
Hence,
] =) o 0
= [ 8 -
L "(m‘l’m) (0 2LN(<D®¢I>)NL’)’
and

IZLN(‘I)@(I))NL"=2(1/2)H(H+I)ID.¢(¢)-—[®q)__l)D' 1

=2(l/2)n(n+l)2“(l/2)n(n— l)l(bln+l =2n,q),n+l- D

The ML estimator.v(fil) is not an unbiased estimator of v(®). Let us therefore define

P, [T Y L

T L% m—1

The following properties of v( F') can then be established.

LEMMA 5.3. The random vector v( F) is an unbiased estimator of v(P),
(1) Ev(F)=0v(?).
Its covariance matrix is
(11) cov(v(F))=2(LN(®PRP)NL")/(m—1),
and v(F) is therefore a consistent estimator of v(®). In particular,
(111) Var(ﬂj)=(¢?j+¢;‘f¢jj)/(m" 1), igj=l-++8,
Finally, the efficiency of v(F) is
(iv) eff(o(F))=[(m—1)/m]/2rn+D
Proof. We know that

m® = 2 (yf “)7)()’;' ".}H’*)I= 2)’;')’; —myy’

1s centrally Wishart distributed W, (m—1,®), see Rao (1973, p. 537). Therefore, as
derived in Magnus and Neudecker (1979, Corollary 4.2),

mE®=(m—1)®,
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and
cov(mvec®)=(m— N /+K)(PRD).

Thus, o(F)=(m/(m— l))r(fi) 1s an unbiased estimator of v(®) and its covariance
matrix 1s

cov(v(F))= ] cov(mu(P))= | cov( Lvec m®)
(m=1) (m=1Y
" | = (m=1)L(I+K)(dRD)L’
s
2 , 2 ;
- LN(OP®D)L = — LN(®®D)NL'.
(m—1) (m—1)

We see that cov(v( F))—0 as m—oo. This shows that vo( F) 1s a consistent estimator of
v(®), given (1). The diagonal elements of LN(OPX®P)NL" can be dernived as follows.
Let i2/; then, by (2.8), Lemma 3.3 (1), and (2.5),

u IN(P®P)NL'u,, =(v(E;;))LN(®QP)NL'v(E,)
= i(vec( EU. + EJ.,. ))’(@@@)vec( E,.j. + Eﬁ)

— {(WE,, OF,, @+ wE, ®E,®) = 1(¢], +$,9,,).
Thus,

var(j}j)=( (mi_ T )(¢?_,, +¢.:9,)-

Finally, the efficiency of v(F) 1s [see Anderson (1958, p. 57)]
=0

— EJ%A

do(P)do(P)
eff(0( F))=— -lcovw

=4 =
=|=D(®"'®® "D : IN(PQP)NL’
2 (m—1)

g (m—1) 1(1/2)n(n+1)

[

m

Lemmas 5.1 and 5.2 can be straightforwardly generalized by allowing the y; to
have different expectations pu;. Clearly, 1t 1s not possible to estimate all p, (i=1--- m)
and v(P), 1e., nm+%n(n+1) parameters, from nm observations. If, however, we
assume that the p; depend upon a fixed number of parameters (#,- - - 0, )=60’, and 0 1s
the ML estimator of #, then the ML estimator of ® 1s

- 11 ... v
‘I’=(—”—1)2 ()";' _Pﬁ(g))()’f "#5(9)) )
and the asymptotic covariance matrix of v( ti)) 1S again

as.cov( v(&))) =2IN(PRXD)NL'.
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6. Jacobians. Let the matrix Y be a one-to-one function of a matrix X. The
matrix J=J(Y, X)=(dvecY/dvecX ) 1s called the Jacobian matrix and its determu-
nant the Jacobian of the transformation of X to Y.

Because the ordering of the varnables 1s arbitrary, the value of the Jacobian can
vary in sign, but since only the absolute value matters, this should not worry us. Note
that our definition of a Jacobian differs from some textbooks’, where J(Y, Y) 1s
defined as |dvecY /dvecX | .

Consider for example the linear transformation

Y=AX,

where X and Y are (m, n) matrices, and A 1s a nonsingular (m, m) matnx. Taking
differentials and vecs we have

dY=A4dX.
and
dvecY=(I®A)dvecX,
so that
avecY
4 —— - — |= "_
IV, X)|=| s | = | T®A| = | 4]

The evaluation of Jacobians of transformations involving symmetric or lower
triangular matrix arguments is not straightforward, since in this case X contzains only
%n(zz+ ) “essential” variables. To account for this, a variety of methods have been

used, notably differential techniques (Deemer and Olkin (1951) and Olkin (1933)).
induction (Jack (1966)), and functional equations induced on the relevant spaces
(Olkin and Sampson (1972)). Our approach finds its root in Tracy and Singh (1972)
who used modified matrix differentiation results to obtain Jacobians in a simple
fashion.

Consider the relation between the %n(n+l) variables y,; and the —zl-n(n+1)
variables x;; given by

Y=AXA',
where X (and hence Y') 1s symmetric. Taking differentials and vecs, we have
dvecY=(A®A)dvecX,

and, using the definitions of L and D,
do(Y)=L(A®A)Ddv(X),

so that by Lemma 4.4 (1v)

do(Y)

dv( X))

|J(Y, X)|= =|L(AQA)D|=|A|"*".

See also Deemer and Olkin (1951), Anderson (1958, pp. 156 and 162), Jack (1568),
Tracy and Singh (1972), and Olkin and Sampson (1972). Anderson unnecessanly
assumes that X has a Wishart distribution or that 4 i1s triangular. A more general
transformation 1s

Y=AXA + BXB’,
where X again 1s symmetric. This yields

dv(Y)=L(A®A+BR®B)Ddv(X),

and the Jacobian matrix is
J(Y,X)=L(AP®A+BXB)D,
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of which we know the determinant from Lemma 4.6. See Tracy and Singh (1972) for

an earlier (wrong) solution in the case AB=BA.
We now turn to nonlinear transformations involving symmetric matrix arguments.

Consider
Y=XAX,
where A and X are symmetric. Differentiating,
dY=(dX )AX+XA(dX),

so that
dvecY=(XARI+1®XA)dvecX,
and
do(Y)=L(XAQI+I®XA)Ddv(X).
Thus, from Lemma 4.5 (111), the Jacobian i1s

|J(Y, X)|=|L(XARI+IQXA)D|=2"|A|| X| 11 ()\E+}\j),

i>)
where A, i=1---n, are the eigenvalues of XA4. This problem has been studied by
Tracy and Singh (1972), but not solved satisfactorily. See also Olkin and Sampson

(1972).
The 1nverse transformation

P X
for symmetric X gives
do(Y)=—L(X " '®X ~")Ddv(X).
Disregarding the minus sign, the Jacobian 1s (Lemma 4.4 (1v))
(Y, X)|=|L(X T'®X ~Y)D|=|X|~("*D,

See Jack (1968), Zellner (1971, pp. 226 and 395), and Olkin and Sampson (1972).

Zellner assumes (unnecessarily) that X i1s positive definite.
More interesting is the transformation, again for X =X",

Y=|X|X"".
Totally differentiating yields
dY=(d| X)X "+|X|dx !
=|X|(trX X)X "= |X|X " (dx)Xx 7,
sO that
dvecY=|X|[(vecX“‘)(vecXH‘)’dvch—-(X"@X_’)dvecX]
= —|X|[ X '®X ' —(vecX ~")(vecX ~') |dvecX,

and
do(Y)=—|X|L[ X '®X ' —(vecX ~')(vecX ~') | Ddv(X).
The Jacobian 1s
|J(Y, X)|=|X|V/22+D| L x ~'@X ~!'—(vecX ~')(vecX ~') | D]

=|X|A/Dn (1 —n)| X | ~*D  (by Lemma 4.7 (iii))
— ‘“"(H'—' l)‘X,(l/Z}(n-i-l)(n—-l)_
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See Deemer and Olkin (1951) for a solution along completely different lines, ass..—.=
X to be positive definite rather than only symmetric.

As a final example of the usefulness of L and D in evaluating Jacobizzs Of
transformations with symmetric matrix arguments, consider

Y=X?, p=2,3, --.

fye

Upon differentiating we find
dY=(dX)X? '+ X(dX)XP 2+ - +XP(dX)

P
= S Xhdx)x* ",
h=1

which gives
P
dvecY= D (XP"®@X" dvecX,
h=
and
P
de(Y)=L D> (X*7'QX"YDadu( X },
h=1
so that the Jacobian matrix 1s
P
JY,X)=L > (X?~"®x"")D,
h=

the determinant of which is given in Lemma 4.5 (vi).
Summarizing, we have considered six relations between the 3 n(n+1) var.:nies

of a symmetric matrix Y and the 5 n(n+ 1) variables of a symmetric matrix Y. The
results are given in Table 6.1.
Let us now 1nvestigate transformations involving lower triangular matrix argu-

ments. Consider the relation between lower triangular Y and lower triangular X gwven
by

Y=PXQ,
where 7 and Q are also lower triangular. We find
dvecY=(Q'®P)dvecX,
and thus
do(Y)=L(Q'®P)L'dv(X).

Hence, the Jacobian 1s

[J(Y, X)|=|L(Q'®P)L'|= [l pjiq; """  (Lemma 4.3 (i)).

This problem has been solved by Olkin and Sampson (1972), Deemer and Olkin
(1951) foi Q=1, and Olkin (1953) for P=1.
Morc general is the transformation

Y=PXQO+ RXS,
with lowecr triangular P, Q, R, S. This leads to
do(Y)=L(Q'®P+S'®R)L'dv(X),

and the facobian follows from Lemma 4.3 (ii).
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TABLE 6.1
Jacobians of transformations with symrmetric matrix arguments

Transformaton Jacobian |J(Y, X)) Conditions, particulanues

(1) | Y=AXA’ [ A | A|+0

—

A L (A | 14190, (=1 n)
=

eigenvalues of B4 '

F L T L

(i) | Y=AXA'+ BXB’ _l;[_(a,,,,aﬂ-_.tb“bﬂ) A=(a,,)and B=(b,,)
ey
l_ lower tnangular
_J;I_(P;#Jia,-%)' AB=BA,p;and 8, (i=1---n)
=)
eigenvalues of A and B
| | |
(iii) | Y=XAX 27| Al X| 11 (A, 4+X)) |A=4" X, (i=1---n)
i>j
eigenvalues of XA
Gv) | Y=x" X[~ (r+D X |0
(v)]t}’=\X|X“' (n—D| X |1/ Hn+Xr=2) 1 | X|5£0
1+ i 5

( :
(AP =AP)/(A;=A)), if A A,
)| Y=XP(p=2,3,--- nix PV ] u,, o=
(vi) (p ) p"|X]| ;}j“*’ Yy | pAPT A, =M,
where A, (i=1---n) are
eigenvalues of X

T —— —— r——— — —

*See the remarks under Lemmas 4.4 (vi) and 4.6 (1u).

Next, we consider the relation between symmetric Y and lower tnangular X given

by
Y=B'XA+A'X'B.
Using the same technique, we have
dvecY=(A'@®B')dvecX+ (B ®A")dvecX’
=[A’®B +(B'®A)K]dvecX  (Definition 2.1a),
and
do(Y)=L| A®B +(B' ®A)K|Ldv(X).
The Jacobian 1s |
|J(Y, X)|=|L[ A®B +(B'@®A)K|L'|=|L[(A®B)+K(A®B')]|L’|
=2LN(A'®B’)L'|=2"/P""*D| L(A®B)NL'|
=20/9n(n+ D 1 (4@B)DLNL'| =2(l/2)ln(n+1)2—(1/2)n(n— | L( A ®B)D|
=2"|L(A®B)D|,

by the definition of N and Lemmas 2.1 (11), 3.5 (1), and 3.4 (1). The determinant
| L(A®B)D| can of course be evaluated for each specific A and B. In particular, if
A=Pand B=Q'R, or A=PQ’ and B=R’, where P, Q, and R are lower triangular, we
can express this determinant in terms of the diagonal elements of P, O, and R, by
LLemma 4.3 (11)-(1v). Special cases have been solved by Deemer and Olkin (1951)
(A=P"  and B=1) and by Olkin (1953) (A=1 and B=P).
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Turning now to nonlinear transformations involving lower triangular matrix
arguments, we first consider the relation

Y=XPX,
with lower tnangular P. We find
dY=(dX )PX+XP(dX),

and
do(Y)=L(X'P'®I+I®XP)L'dv(X).
By Lemma 4.3 (11) the Jacobian 1s
J(Y, X)|=|L(X'P'QI+IQXP)L’'|= I;I (2% 4%,
-

=27 P|| x| ] (Pixii +p;x)-

1 >)
The next transformation 1s between a symmetric Y and lower triangular X,
Y=X'AX+XBX',
where A=A4" and B= B’. Proceeding as before we find
dvecY=(IQX'A+XB®I)dvecX+ (X' ARI+IRXB)dvecX’

=2N(I®X'A+XB®I)dvecX,
so that
do(Y)=2LN(I®X'A+XBR®I)L'dv(X).
The Jacobian 1s thus
|J(Y, X)|=20/2"0+ D L(I®AX+BX'®I)NL'|

=2"|L(I®AX +BX'®I)D|.

Special cases are the transformations Y=XX'(A=0, B=1)and Y=X'X (A =1, B=0),
for which the Jacobians can be expressed in terms of the diagonal elements of X by
Lemma 4.3 (iii)—(iv). See Deemer and Olkin (1951), Olkin (1953), Jack (1966), Olkin
and Sampson (1972), and Zellner (1971, p. 392).

The Jacobians of the transformations Y=X "', Y=|X|X ! and Y=X7, p=
2,3,-- -, for lower triangular X and Y can be determined in a fashion very similar to
their symmetric counterparts. For Y=X ~! we find

do(Y)=—L(X'"'®X ~")L'dv(X).
For Y=|X|X !,
do(Y)=—|X|L| X' ~'®X ~' —vecX ~(vecX’ 'Y | L'dv(X),
and for Y= X7,
P
do(Y)=L 3 [(X)V'®x" | L'do(X).
h=1

The Jacobians of the three transformations are easily recognized as determinants
which have been studied in §4 (Lemmas 4.3 (i), 4.7 (i) and 4.3 (vi)).

The above discussion about Jacobians of transformations with lower triangular
matrix arguments is summarized in Table 6.2,
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TABLE 6.2

Jacobians of transformations with lower triangular matrix arguments
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Transformation

Jacobian | J(Y, X))

Conditions, partucularities

i) | Y=PXQ [I:plgnt+! P, Q lower triangular
| 1 '
(11) i Y=PXQO+ RXS i Hi>i(piiq;; +ris;;) P,Q, R, S lower triangular
(i11) Y=B'XA+A'X'B 2" L(A®B)D|
(iiia) Y=R'QXP+ P X'Q'R 2" kgwr ) ph = P, Q, R lower triangular
(11b) Y=RXPQ' +QP X'R’ A pisi)™ Tk P, Q, R lower triangular
(1v) J Y=XPX k 2" | P|| X |1, ;(PiiXii ¥ P X 5) | P lower tniangular
(V) Y=X"AX+ XBX’ 2" L(I®AX+BX'Q®I)D| A=A, B=B’
(va) Y=XX' 201, 3n 1
(vb) Y=X'X 2"11; x;; |
1 & §
(vi)y | Y=Xx"" jX| X|#0
(vii) | Y=|X|Xx"! (n— )| X |(1/2n+1IXn=2) X |0
I | |
(xf:' _xff)/(xil'_xﬂ)
(vii) Y=XP(p=2,3,--") P"|X|Fﬁlﬂf}jﬂu i i x;i #Xy5,
px;!‘;" if x,;=x,,
where x;. (i=1--- n) are the
diagonal elements of X

7. Matrix equations. A third area where we can demonstrate the usefulness of the
matrices L and D is the solution of matrix equations. Suppose we are given a matrix
equation Y= F(X), where we know a priori that X 1s symmetric (or triangular). We
wish to solve X in terms of Y. If Y is a one-to-one function of X, as in the preceding
section on Jacobians, then X=F ~!(Y) is the unique solution. If, however, Y is not in
one-to-one correspondence with X, we have to restrict the solution space of X to
symmetric (or triangular) matrices. In other words, we should not solve for X, but for

v(X). An example may clarify this approach.

LEMMA 7.1. The vector equation

QvecX =vecA,

where Q and A are (n%, n*) and (n, n) matrices respectively, and X is known to be
symmetric, has a solution for X if and only if

OD(QD)" vecA=vecA,

in which case the general solution is

vecX =D(QD)"*vecA+D| I—(QD)" QD |vecP,

where vecP is an arbitrary %n(n+ 1)-vector and (QD)* denotes the Moore-Penrose

inverse of QD.

Proof. Since X is symmetric, we have vecX =Dv(X) and thus QDv(X )=vecA.
The consistency and solution of this system follow from Penrose (1955, p. 409). Thus,
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if a solution exists. 1t has the form

c(X)=(0D)" vecA+| I-(QD)* QD |vecP,

for arbitrary P. Premultiplication with D gives the desired result.

This problem has also been studied by Vetter (1975, p. 187), but not solved
satisfactorily. If O is nonsingular, a solution exists if and only if (/—K)Q ~'vecA =0.
The (unique) solution then takes the form vecX=Q ™ 'vecA. If LQD is nonsingular,
we may write the solution, if it exists, as vecX =D(LQD) ™ 'LvecA. This is Vetter’s
solution. He assumes nonsingularity of QO and of LQD (neither of which implies the
other!) and also tacitly the existence of a solution for vecX. Note that if we know X to
be lower triangular rather than symmetric, the solution is obtained by replacing D
with L’.

As a final example, let us consider a problem which arises in dynamic economet-
ric models. It concerns the equilibrium covariance matrix. We want to find the matrix
of partial derivatives of S with respect to 4 for S=A4SA4"+ V, with symmetric ¥ and S,
when all eigenvalues of A4 are less than 1 in absolute value. This problem was first
studied by Conlisk (1969) who derived dvecS/0da,; for each element of A separately.
Neudecker (1969) gave a compact expression for dvecS/dvecA. His dernvation 1s
wrong, but the result 1s correct.

LEMMA 7.2. Consider the matrix equation

S=ASA"+ V,
when S and V are symmetric (n, n) matrices, and all eigenvalues of A are smaller than 1
in absolute value. The partial derivatives of S with respect to A can be expressed as

dvecS -
= 2 ..I‘M 1 i .
(avecA) (I®I-A®A)~ ' (AS®T)
The partial derivatives of the distinct elements of S with respect to A can be expressed as
do(.S) )f b =]
(8vécA =2IN(IRI-ARA) (ASRI).

Proof. We take differentials and vecs:
dS=A(dS)A'+(dA)SA"+ AS(dA) +dV,
dvecS=(ARA)dvecS+(AS®I)dvecA+(IRAS)dvecA +dvecV.

Using Lemma .2.1 (i1), and the definitions of K and N, we have
(IQI—AQA)dvecS=[ AS®RI+(IR®AS)K |dvecA+dvecV
=[ AS®I+K(AS®I)]dvecA+dvecV

=2N(ASRKI)dvecA+dvecV.

Since the eigenvalues of 4 are smaller than 1 in absolute value, the matrix /&/—-AX A
1s nonsingular, and

o0

(IQI-ARA) '= D (A"®A4").
h=0
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Thus, by Lemma 2.1 (v),
dvecS=2> (A"®@A")N(AS®I)dvecA+ (I®I-ARA) ™ 'dvecV
h

=2NS (A"®A")(AS®I)dvecA+ (IQI—ARA) 'dvecV
h
=2N(IQRI—ARA) "(AS®I)dvecA+(IQI—ARA) ™ 'dvecV,

and do(S)=LdvecS=2LN(IQI—ARA) '(AS®I)dvecA

+L(IRI—A®A) 'dvecV. O

Appendix: proofs of lemmas in §4.
Proof of Lemma 4.1. Let A and B be (n, n) matrices. We shall write L(A®B)L’
in terms of unit vectors, using the explicit definition of L and (2.5).

L(A®B)L = 2 u, (vecE, ) (A®B) X, (vecE,,)u,,

i f s2r
= 3 3 (vecE, ) (ABB)(vecE, Ju, i,
I=:_} .5‘-—!
gj 2 lr( BE A)u:_; LY 2 Erajfbljul_}u.ﬂ
ig] se :=; s2

If A=A, B=M, and §,, denotes the Kronecker delta symbol (§,, =0 if i+, §,, =1),
we find

L(A®M)L!= E 2 Jt rs .;“’1 1) .H 2)\ p’: 1j r_;’

f:.:_—j S21 :==_;
which 1s a dlagonal matrix (since w, u; is diagonal) with elements p A, i2j, and
determinant I[,> ju, A, =11\ """,
If A=P and B= Q we have L(P@Q)L 2z 25z PjiqisUi Uy, Because P and
Q are lower tnangular we may restrict the summation to i 2/ 21, :> >t This implies
that the matrix w, u’, is lower triangular. Hence, L(P®Q)L" 1s lower tnangular By

5 et

putting s=i and 7=/, we find that its diagonal elements are g, p,,, iZj, and its
n-— l+1

determinant is II,> ; ¢;;p,; =114, P;,
Similarly, we can express L( A ®B)D in terms of unit vectors, using the explicit

definitions of L. and D. One verifies that
L(A®B)D=L(A®B)L'+T(A, B),
where

I'(A, B)= Z 2 a,b;u,u,.
lﬂj s>1
Consider the matrix I'(A4, B). It 1s easy to see that I'(A, M)=0. If A=P and
B=(Q, we may restrict the summation to iZj=2s>¢, so that I'(P, Q) is strictly lower
triangular. If A =P’ and B=Q’, we may restrict the summation to s >7=2i=/, so that
['(P’, Q') is strictly upper triangular. The properties of L(AQM)D, L(PX®Q)D, and
L(P'®Q’)D then follow from the properties of L(AQM )L’ and L(PRQ)L’. []
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Proof of Lemma 4.2. Let P and O be lower tnangular and v(X) arbitrary.
Remembering that L'v( X )=vecX (Lemma 3.3 (1)), we have

L'L(P®Q)L'v(X)=LL(P'®Q)vecX=L'LvecQXP
=vecQX P=(P'®@Q)vecX=(P' @Q)Lv(X).

Thus,

L'L(PRQQ)L' =(PQQ)L".
Property (u) follows from repeated application of (i). Further, D'(P'QQ)L =
D'L'L(PQQ)L'=L(P'®Q)L’, since LD=1 (Lemma 3.5(1)). Let us now determine
the eigenvalues of L(P'®@Q)L’. We will need the following result.

Result A.1. Let P be a lower triangular matrix with distinct diagonal elements.
Then there exists a lower triangular matrix S with ones on the diagonal such that
S ~'PS=dg(P). |

~ Proof. Consider the %n(n— ) equations 1n %n(n— 1) unknowns (s,,,7>/) given
by PS=Sdg(P). This gives p,, + 3, e 1 PinShj =Si;P;;» 1>J, from which we can
sequentially solve for s, ., ; (j=1---n—1),5,,, ;(j=1--n=2),---,s,. [

Assume that both P and Q have distinct diagonal elements. Then, by Result A.l,
there exist lower triangular matrices S and 7 with ones on the diagonal such that

S~ 'PS=dg(P) and T 'QT=dg(Q).
By repeated application of (1) we see that
LIS QT MHEL(P'®O)L'L(S T '8T)L’
' =L(S'P'S" '®T 'QT )L’ =L(dg(P)®dg(Q))L’,
and
L(S'®T " )WLIL(S~ '@T)L'=LL'=].

From Lemma 4.1 we know that L(dg(P)®dg(Q))L’ 1s a diagonal matrix with
elements g, p;;, i=j. These, therefore, are the eigenvalues of L(P®O)L".

If not all diagonal elements of P and Q are distinct, we can obtain (i11) by way of
a limiting relation, starting with P+ A and Q+ A, where A i1s a diagonal matrix with 5"
as its hth diagonal element. If § is sufficiently small, P+ A and Q+ A will each have
~ distinct diagonal elements. Hence the eigenvalues of L[(P+A)'@(Q+A)]L" are
(¢, +8)(p,; +87), iZ). Letting 6—0, we find the desired result. []

Proof of Lemma 4.3. Using Lemma 4.2, we have
|L(PQ'®R'S)L'|=|L{POR)(Q'®S)L'|=|L(POR')L'L(Q'®S)L/|

T, )( O sis )

f-:lj =)

=|L(P'®R)L'||L(Q'®S)L’| =(

[ n—i+1
- H(r:‘:"gh') (Pn‘?ﬁ) .

To prove (ii) we first assume that P and Q are nonsingular. Then, by Lemma 4.2 and
LL =1,

L(PQQ+R®S)L'=L(I®I+R P~ '®SQ™")(P'®Q)L’
=L(I®I+RP " '®SQO"")L'L(P Q)L
=(I+L(RP'®SQ )L )L(P'QQ)L’).
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Hence.

Sii r‘!’ |
'L(PI®Q+R'®S)L!I= II (l+ ) J") >I (q”'pﬂ)= H (qn'Pj_;'-{_Su'Gj)'
i2)

qii pj:f f'gj

If P or Q is singular, we obtain (11) starting with P+ 687 or Q+ 6/, where § is small and
P+ 61 or Q+ 417 1s nonsingular. To prove (111) and (iv) we use LLemmas 4.1 (ii1) and 4.2

(1) and (111):
| L(PQQ'R)D|=|L(PRQ)IQR)D|=|L(PRQ')L'L(I®R)D|
=|L(P'®Q)L'||L(IQR)D|=1l,q,;p" "' 1I,rl;=11,(q,;r;;) P~ "+,
| L(PQ'OR')D|=|L(POR')(Q'®I)D|=|L(PRR')L'L(Q'®I)D|
=|L(P'@R)L||L(Q'®T)D|=I1,r,pi” " 'I,q/ """ =11,r( pisq;;
For nonsingular P, Q, R, S, we again use Lemma 4.2 (i) to prove (v) as follows.
LIPO'SRS)L'LIO @S LI PF'@R YL
=L(POR)L'L(P™'QR "HL'=LL'=1.

)n--r'+l

Let us now show (vi). Assume that P has distinct diagonal elements. Then there exists
a lower triangular matrix § with ones on the diagonal such that S 'PS=A. with

A =dg(P) to simplify notation (see Result A.1). Thus,

H
LY [(P)'@P' ' |L'=S L[s " AH"s'@SA* 'S '] L
h=1 h

=D L(S''®S)L'L(AT"@A*)L'L(S'®S )L’
h
=(L(S"7'®S)L") 2 (L(A"*@A" ML) L(S'®S")L).
h

Because
(L(S"'®S)L) =L(S®S "L,

we have
H

LY [P repi-] L
h=1

Now, from Lemma 4.1 we know that L(A”" ""® A"~ ")L’ is a diagonal matrix with
diagonal elements A"~ ‘N ~hi2j. Hence S L(A""*®A"")L’ is diagonal with
elements 3, N, "'\~ 2, and determinant

S (A hon L] I £ )= ) I 5 -]

i2j \ h=1 i>j \ h=1

2> LIAT"@ AL,
h

| H— i
=Hn(“?\f) H( 2 N}*])‘?uh):H’IIP‘H_lH“U‘*
i i>j \ h=1 (>
where p,, =2, p;i” 'p;] " (since A\, =p,)=(p}! —p/!)/(p., —p,,). The case where not
all diagonal elements of P are distinct, say p,. = p,;» can be considered to be a limiting
case of the situation where p,; approaches p,.. Taking the limit as P;,;—P;i» we find

l"‘ij:Hp:f—l‘ I:l
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Proof of Lemma 4.4. Using the properties DIN=N, D=ND, and (A®A)N =
N(AXP®A)—see Lemmas 3.5 (11), 3.6 (11), and 2.1 (v)— we have

DI(A®A)D=DL(A®A)ND=DLN(ARA)D=N(ARA)D
—(A®A)ND=(AQA)D.

This proves (1). By repeated application of (1) we find (i1). To prove (iii) we note that
L(A®A)D and DIL.(A®A) have the same set of eigenvalues apart from %n(n——" 1)
zeroes which belong to the latter matrix. Let 4 have eigenvalues A, and eigenvectors

x.; then

DL(A®A)(x,®x,+x,®x,)=DL(Ax,@Ax, +Ax;®Ax,)
=AA,DL(x;®x; +x,@x,)=\A, DLvec(x;x] +x,x})
=X, A vec(x;x/ +x,x’) (by the implicit definition of D)
=)\,+)\j(-x,-®xj +x,Qx;).

Hence, DL(A®A) has eigenvalues A A, 12/, plus 5 n(n—1) zeroes, and L(A®A)D

1" ")?
has eigenvalues A A , i2. Its determinant is

|L(A®A)D|= ][ A\, = Hx;uz;,q\”*‘.

R, YO
1=/ I

Let us now prove (v) and (vi). Since D=NL'(LNL’)~"' (Lemma 3.5 (iii)), and
again using Lemmas 3.6 (1) and 2.1 (v), we can write

D'(A®A)D=(LNL') 'LN(A®A)D=(LNL) 'L(ARA)D.

The properties of D'(A®A)D thus follow from the properties of LNL’ (Lemma 3.4)

and L(AX®A)D (this lemma).
To prove (vi) we first assume that 4 has distinct eigenvalues. In that case there

exists a matrix 7 such that 77 '4T=A, where A is a diagonal matrix containing the
eigenvalues of 4. From AB=BA we have TAT "'B=BTAT "', or AM=MA, where
M =T ~'BT. Since all X’s are distinct by assumption, M is diagonal. Hence it contains
the eigenvalues of B. We may then write

D'(A®B)D=D'(TAT *'®TMT ~"\D=D'(TQT)(AM)(T ~'®T "D

=D(TRT)L'D'(AQM)DL(T ~'®T ~")D,

by (1). Hence, using (iv), the explicit definition of N, and Lemmas 3.5 (ii1), 2.1 (11), 3.4
(1), and 3.6 (1),

ID'(A®B)D|=|D'(AQM)D|=|(LNL") ' LN(A®M)D|
=]LNL"\"|%L(!+K)(A®M)D\
=|LNL'| =12 W/Inn+ D | (AQM))D+L(M®A)KD)|

=2""|L(AQM+MQA)D|.

From Lemma 4.1 we know that L(AQM)D and L(MX®A)D are diagonal matrices
with elements p, A, and A p, i 2j. The determinant of their sum is Hisi(p A, +Ap)),
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and thus
D'(A@B)D[=27" L1 (A +X,) =277 1L @A) 1 (A, +20,)
i=) ! 1>

-2xf

If A has multiple eigenvalues, say A, =A , we consider this as a limiting case of
the situation where A ; approaches A,. Taking the limit as A, —A, the result follows. [J

Proof of Lemma 4.5. From Lemma 2.1 (vi) and the properties ND=D and
DLN =N, follows (1). The proof of (i1) 1s similar to that of Lemma 4.4 (ii1). Property
(1) follows from (u1). Property (iv) follows from (i) since LD=1. We find (v) by
repeated application of DL(/IRA+ARI)D=(IRA+ARI)D, and Lemma 4.4 (3).
Let us prove (vi). We proceed as in the proof of Lemma 4.3 (vi). If 4 has distinct
eigenvalues (or if 4 =A4"), there exists a nonsingular matrix S such that S "'AS=A,
where A 1s a diagonal matrix containing the eigenvalues of 4. Thus,

H
LY (A5 "@A" " )Y D=L 5 (SA" "5 '@ SA*IS " )D
h=1 h

=L(S®S)S (A" *@A" 1) (S '®S " ")D
h

=L (SRSYDL Y (AT "@A" )DL(ST'®S)D,
h
by Lemmas 4.4 (i) and 4.5 (v). Since L(S '®S ")D=(L(S®S)D)" !, and using
[Lemma 4.4 (1), we have

| H
LY (A" N)D
n=l\

LY AT @A) D).
h

Lemma 4.1 tells us that L(A”" "®A""")D is a diagonal matrix with elements
Ni AN 2] Hence,

H H
LY (A" @4 ")D|=]] ( > ?\’i"?\?_")=H”IA|”" 13t

= :';j h=] i>)
with
H H_ H
T B8 o o fad A”).
b h=1 J ! (}\;‘“Aj)

If A has multiple eigenvalues, A; =A ; say, we again consider this as a limiting case of
the situation where A ; approaches A,. Taking the limit as A ; —A; we find p, ,=H .

[]

Proof of Lemma 4.6. We shall only consider the determinant of the sum of
L(A®A)D and L(B®B)D. The determinant of their difference is proved in the same
way. By Lemma 4.4 (1),

L(A®A+B®B)D=(1+L(BA '®BA~")D)L(A®A)D.
If BA~' has eigenvalues A,, i=1---n, L(BA~'®BA~")D has eigenvalues A, 2]

’
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by Lemma 4.4 (1), so that, using Lemma 4.4 (1v),
L(A®A+BRB)D|= || (1+XX))[A4]""
1= )
To prove (11) we first assume that 4 1s nonsingular. Then,
bnb“
|L(A®A+B®B)D|=|A4|"*"|] (1+ . )= Il (a,a,,+8,b,).
> . a..4a.. > -
=) JJ | & )

since A and B are now lower tnangular. If 4 1s singular, we obtain (1) starting with
A+ 681, where § 1s small and A + 6/ 1s nonsingular.

Consider now case (111) where AB=BA. This result can be proved applying the
same method as in the proof of Lemma 4.4 (vi1). []

Proof of Lemma 4.7. We shall only show (111) and (1v), as (1) and (11) can be proved
similarly. Since A4 i1s symmetric and nonsingular by assumption, we have from the
implicit definition of D and Lemma 4.4, DLvecA=vecA, DL(ARA)D=(ARA)D,
|L(A®A)D|=|A|"*", and (L(A®A)D) '=L(A"'®A~")D. Thus,

L(A®QA+avecA(vecA) )D = [ I+alvecA(vecA)DL(A™ '®A “I)D] L(A®AD
= [ I+ alvecA(vecA) (A '®@A '“‘)D] L(ARA)D

= [ I+a( LvecA)(D'vecA™! )] L(AXA)D.

Since for any two vectors x and y of the same order,

| I+xy'|=1+y'x and (I+,xy’)_l=! ]f;"x’

we find

|1+ a( LvecA)(D'vecA™ ') |=1+a(vecA™ ') DLvecA

=1+a(vecd 'YvecA=1+atrA"'A=1+an,

and
, / — 1\7 _l= o ’ — 1\~
[I+a(L\ecA)(D vecA )] / l+cvaeCA(D vecA™"Y.
Hence,
]L(A@A+a:vecA(vecA)’)D\=(l+an)|L(A®A)D|=(l+an)|A|"+I,
and

| L(A®A +avecA(vecA )")D] r?

=L(A'®A4~")D| I— ——— LvecA(vecA™')'D
¢ | +an )

r

=Ll A=-'® 4 =
L 1 +an

(A7 '®A"")DLvecA(vecA™ ') | D

=T A= RA " lfan(vecA“)(vecA“)’ D: 5[]
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