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WELL-POSEDNESS OF SOME EVOLUTION PROBLEMS IN THE THEORY
OF AUTOMATIC FEED-BACK CONTROL FOR SYSTEMS WITH DIS-
TRIBUTED PARAMETERS*

AART VAN HARTENT AND HANS SCHUMACHER%

Abstract. The subject of this paper is the evolution, in time, of systems of diffusion type controlled by an
automatic feed-back mechanism using a finite number of observators and control-inputs. For the initial-
boundary value problem for a functional partial differential equation of parabolic type, which the state
variable has to satisfy, the following types of questions are considered: existence, uniqueness, regularity and
continuous dependence on data of a solution. Answers to these questions are given in function spaces of
Hélder and Sobolev type.

1. Introduction.

1.1. Purpose of this paper. In this paper we shall consider a system for which, in the
uncontrolled situation, the behavior is described by an evolution equation of diffusion
type ((1.1.1) with IT=0) together with initial and boundary conditions (1.1.2-3). In the
controlled situation an automatic feed-back control mechanism is applied to this
system. The effect of this control is accounted for by the term ITu in (1.1.1). IT is called
the feed-back control operator.

(1.1.1) 2—?=(L+H)u +f, FPDE,
(1.1.2) Bu = ¢, BC,
(1.1.3) u(-,0)=14¢, IC.

In the uncontrolled case a rather well-developed theory for existence, uniqueness,
regularity and continuous dependence on (f, &, ¢) of the state u is available.

In Ladyzenskaja, Solonnikov, Uraltseva (1967) such a theory is given using
function spaces of Holder type. We shall refer to this type of theory as “C-theory”.

A theory using function spaces of Sobolev type can be found in Lions, Magenes
(1972). To the latter type of theory we shall refer as “H-theory”.

In the controlled case, the structure of the operator I1 will be such that (1.1.1) is no
longer a PDE but a FPDE, where “F” abbreviates “‘functional’.

The purpose of this paper is to give a *‘C-theory” as well as a “‘H-theory” for the
existence, uniqueness, regularity and continuous dependence on (f, @, ) of a solution
of (1.1.1-2-3) in the controlled case.

As for the structure of the operator IT we shall take an approach, in which, right
from the beginning, we shall deal with control in feed-back form using only a finite
number of observators and control inputs. This in contrast with the work of Lions
(1971), where much more of an open loop approach for the control term is taken.

Now we shall first demonstrate, with an example, what type of automatic feed-back
control mechanisms we have in mind in § 1.2. In § 1.3 we shall explain, in full generality,
the setting in which we shall consider the problem (1.1.1-2-3). In § 1.4 we shall discuss
the strategy to attack (1.1.1-2-3). Next we shall look at the concept of compatibility of
the datain § 2. In § 3 we shall deal with a theorem that appears to be very useful for the
derivation of our main results. Then these main results will be discussed in §§ 4 and 5. In
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392 AART VAN HARTEN AND HANS SCHUMACHER

§ 6 the developed theory is applied to some examples. There we shall also come back to
the example of § 1.2 for explicit calculation of some solutions.

1.2. Anexample taken from physics. Consider the distribution of temperature u in
aplate D with an isolating boundary 8D. Let g be the autonomous production/absorp-
tion of heat and let ¢ be the initial distribution of temperature. Suppose, that in order to
control the system, temperature is permanently observed in the points: y; €D, - - -, y, €
D, D =D UaD. This information is fed-back to a heating/cooling apparatus charac-
terised by control input functions on D : ¢y, - - -, ¢, (see Fig. 1).

———4—{ OBSERVATORSJ

FEED-BACKy

\T ' ‘-.H_/- — 3 support ¢z
" support ¢,

CONTROL INPUT]

Fig. 1

Suppose that ideal values for the temperaturein y;, - - -, y, at time = 0 are known
to be I1(t), - - -, I, (2).
As for the feed-back we consider the following examples.
(i) Instantaneous feed-back: the control action producing/absorbing heat in a
volume element dx at x € D during a time interval (¢, ¢ + d¢) is given by

[g‘ﬁ ':El ¢i(x, Dhy (1) (u(y; 1) —I](t))] dx dt.

(ii) Feed-back with (simple) memory: the control action at x in dx during (¢, t +dt)
is now given by

a p _ '
[ Y ¥ cilx, Dhy(2) J. “ e‘“('-f)(u(yj, 7)—=IL(7)) dr] dx dt.
i=1j=1 0

Here ™' >0 is the characteristic time for loss of memory.
A model for this controlled system is given by

d
1.2.1) a—‘t‘= (A+Iu+f,  FPDE,
(1.2.2) 9, BC,
on
(1.2.3) u(-,0)=1u, IC

with A the Laplacian, 8/57 the normal derivative.
For the feed-back control operator we get

(1.2.4) =3 ¥ cFys,

i=1j=1
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with observators &y, defined by
(1.2.5) (Syu)() =uly; 1),

and with feed-back coupling operators F;; defined by

126) (Fyx)(8) = hy () x(2) in case (i)

t

=I;ii(t)J. we *"y(r)dr incase (ii).
o

The inhomogeneous term f in (1.2.1) is given by

q p
(1.27) f= g~ -Zl .Zl CiEjIj.
i=1j=
Note, that the operator IT of (1.2.4) has a nonlocal character in space. In case (ii), IT also
has a delayed character in time. These facts cause (1.2.1) to be an equation of more
complex type than a PDE.

1.3. Description of the general problem. Let us now discuss the general setting in
which we consider the problem (1.1.1-2-3).

u(x, t) will be the state of the system; x, the vector of space variables; x € Dandt,
the time variable, 1€ [0, T1. D will be a bounded, open domain = R"; D denotes the
closure of D, 3D = D\D. For simplicity we suppose, that 8D is smooth. Let us introduce
the notation: Q=D X (0, T), I'=6D x(0, T). L will be a linear, second order, uni-
formly elliptic PDO:

(1.3.1) L=% Y a;D;+ Y aDi+ao
i=1j=1 i=1

with D; = d/dx;, D;; = az/ax,-ax, and3E>0,VY(x,)e Q,VéeR™: Y], Z;;l a;(x, &&=
EY", & All coefficients of L are allowed to depend on x and ¢ For simplicity we
suppose: ay, a;, age C*(Q), 1=i,j=n.

The operator B will be linear and of order » with »=0o0r r=1.

B=1, Dirichlet BC, »=0,
(1.3.2)
B= ‘2 b:D;+by, NeumannBC, r=1.
i=1

1

The coefficients by, by, 1 =i =n are allowed to depend on x and ¢ For simplicity we
suppose b;, bo€ C®), 1=i=n. Furthermore we assume, that V(x,¢)eT,
Y71 bi(x, t)fi:(x) >0 with 7i(x) the outward directed normal on 4D at x.

As for the regularity of the data f, ¢, ¢ we suppose

feC**2(Q).| feH??*(Q),
be Cé,é/z (f-)’ be Hé.é/z 0),
veCPD), | yeH™(D),
B.B.Boz0 | B,B,BoZ0.

Here we used for the first time a form of specification which will often be used
afterwards in the same way: at the left of the vertical bar the specification refers to

(1.3.3)
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“C-theory”, at the right of the vertical bar the specification refers to “H-theory”, i.e.,

“C-theory” | “H-theory”.

C®#/2 (Q) denotes the Hblder space of order 8 in the space directions and of order
/2 in the time direction. For the definition of C***(Q), C*#*(T"), C*(D) and their
usual norms | - |z g2, | lé.e2s |+ |go We refer to Ladyzenskaja, Solonnikov, Uraltseva
(1967) with the important remark that these spaces are indicated there with C replaced
by H.

g For the definition of the Sobolev spaces H*#?(Q), H BBI2 (1Y and HP(D), and
their usual norms|| - ||g,g/2: || l.672- | * llo> We refer to Lions, Magenes (1972, vol. I1, p. 6)
and Adams (1975, p. 208).

From now on the notation 3, 8, Bo will be reserved for and will always refer to the
indices indicating the regularity of the data as introduced in (1.3.3).

In addition to the regularity of the data it is important to consider the compatibility
of f, ¢, . This is done in § 2.

Letus now describe the general form of the feed-back control operator IT. We shall
take

q 24
= Z Z CiFiij

i=1j=1

(1.3.4)

with
control input functions ¢;,

observators P, 1=j=p;

feed-back coupling operators F,

Further we suppose

e L(C**(Q)»C™*(Q)), | He LH"*(Q)»H™*(Q)),
vy=zy=0 y=y=0.
For Banach spaces X, Y we denote by L(X - Y) the space of bounded, linear operators
from X into Y.
An important role will be played by

(1.3.6) a=y-—17.

a is called the order of the feed-back control operator.

It will not be surprising that for our theory of well-posedness of the problem
{(1.1.1-2-3), we have to distinguish between the cases where the order of the feed-back
control operator II is smaller than, or larger than/equal to, the order of the diffusion
operator L. In § 4 we shall deal with the case 0=a <2 and in § 5 we consider the case
a2,

Our requirements for P, Fy, ¢,

(1.3.9)

=i=q, 1 =j=p are specified in (1.3.7-8-9).

Pie L(C*¥*(Q)~»C"*[0, T))
and:

3P, CY4([0, T1» C* (D)) such
that

(1.3.7)

Yue C*"*(Q), Vrel0, T,
Pu) () =B u(-, 1),

Pre LIHY?(Q)»H" (0, T))
and:

3P,e HY*(0, T)»> H*(D)') such
that

YueH"?(Q)ae.inte (0, T),
(Pu)(n) =P~j(1)u(' s ).
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By C*(D)', H*(D)' we denote the topological dual spaces of C* (D), H*(D) equipped
with their usual norms.

Note that the contents of (1.3.7) are that P; acts instantaneously with its value on u
at time ¢ glven by P.(u(-, 1), where P;() possesses a prescribed regularity in ¢

If P:C (@)~ C[o0, T] (this is not necessarily true in the case of H-theory if
0=y =1, butisimplied by (1.3.7) in the other cases) then a consequence of the fact that
P; acts instantaneously as defined in (1.3.7) is: Vu, ve C®(Q), Vte[0,T], u(-,t)=
o(+, 1) > (Pu)(t) = (Pp)(@).

F;e L(C"[0, T), l F;e LIHY(0, T)),

1.3.8 T
( ) F;; nonanticipative

F}; nonanticipative.

For a Banach space X we abbreviate L(X -» X) to L(X).

Nonanticipativity of F;; means, that for all elements & n of C**[0, T], H"*(0, T)
and Vee (0, T):

Elio.y = 1lw0.0) > Filio.n = Fimlio.n-
(1.3.9) e C*™(Q) | e H**(Q).

The operator IT will be called of type (v, ), if (1.3.5-6-7-8-9) are satisfied.

From now on the notation v, & will be reserved for, and will always refer to, the
type of the operator IT as introduced above. A natural question is of course whether the
requirements (1.3.6-7-8-9) already imply (1.3.5).

In the case of “C-theory” this is indeed true. In the case of “H- theory” it is true if
y>1 but not necessarily if 0=y =1! One of the reasons is, that in general, for
ce H”?*(Q) and £ H”*(0, T) with 0=y =1, the function defined by c;(x, £)£(¢) is
not an element of H"?(Q).

A sufficient supplement to (1.3.6-7-8-9) in the case of “H-theory” with 0= y=1,
in order to imply (1.3.5), is

GOSS sup {le: (-, Olly B oy} <o if ye[0, 1],
<r<
(1.3.10) and furthermore, if y>0, 36 > y/2 such that

esssup |r— 7| {lc(-, ) —c (-, Do+ B~ B(r)| sy} < 0.

o<t<r<T
Note, that if in the example of § 1.2 we take ¢;e C*(Q), hy, ki€ C™[0, T], then
(1.3.5-6-7-8-9) are satisfied for any choice of y [0, ©) with

(1.3.11) a=0 a =§+ g, € >0 arbitrarily small

The choice of « in the case of “H-theory’” is a consequence of the fact that for s >n/2,
H*(D) is continuously imbedded in C(D), see Adams (1975, p. 97).

It will be clear that the setting (1.3.5-6-7-8-9) for the control term is rather rich: it
admits many examples quite different from the ones of § 1.2. The following additional
examples may serve to demonstrate this.

Firstly it is allowed to take observators which use derivatives in space-directions
and/or integration, averaging in space.

In the model of § 1.2 one can, for example, think of an observator P that observes
the flow of heat through the smooth boundary S of a sub-domain () of D. This leads to
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(Pu)(t) = [s (9u/8%)(x, ) dx, where 8/07 denotes the normal derivative in outward
direction on S. Such an observator would fit in (1.3.7) with

(1.3.12) y=0, a=1[y>0, a=3

In the case of “H-theory” the choice of « is here a consequence of the theorem on
traces on the boundary, see Lions, Magenes (1972, vol. I1, p. 9).

Secondly it is allowed that the feed-back coupling uses time-derivatives in an
essential way.

In the following example the feed-back coupling operator F' maps the function on
which it operates to a smoothed piecewise linear approximation: (F&(H) =
Losn< [E(n)+En)(t—n)H (t—n).

Here ¢ denotes the time derivative of ¢ The function H is supposed to be
€ C*™[0, o) and further H=0, H(0)=0, H(t)=1fore =t=1,H(t)=0fort=1+¢,¢
a positive constant « 1.

Such a feed-back coupling would fit in (1.3.8) if

(1.3.13) yz1|y>3

The choice of y in (1.3.13), in the case of “H-theory”, is a consequence of the
imbedding theorem (see Adams (1975, p. 97)).

Finally it is useful to remark that certain feed-back operators II which are not a
priori in the form specified here above can be rewritten to that form.

For example, I1=cFP with ¢ € C*(Q), F the identity operator and (Pu) ()=
8y(u +s(3u/at)). Here s denotes a constant >0 and §, is as in (1.2.5).

Note that this P predicts in a simple way the value of §,u at the time ¢+ s from the
data at time .

Certainly P doesn’t satisfy the conditions given in (1.3.7), because of the 8,(3/3t)
operation. But this operation can be eliminated!

From (1.1.1) we derive

3 3
——i’ =8, (Lu+f+csu)+ ssycay—a—;-‘.

5
¥

In other words: 8,(du/dt)=2z8,(Lu+f+cé,u) if we suppose z=(1— séyc)~1 to be
nonsingular. R ) .
Now we can rewrite [Ty =ITu +f with I[1=¢;8,(1+sL).
Here we denote ¢, = zc and f = scz 8,f. )
Equation (1.1.1) can be rewritten as du/ot=(L+I)u+g with g=f+f This

equation isﬂof the same type as (1.1.1) with the difference that IT has been replaced by 11.
Now 1I satisfies the conditions in (1.3.5-6-7-8-9) for any y € [0, o) with

(1.3.14) a=2 |a=2 +g+e, ¢ >0 arbitrarily small.

The verification that the choice for « in the case of “H-theory” suffices is analogous to
(1.3.11).
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1.4. On the strategy to attack the problem. Using the compatibility of the data the
problem (1.1.1-2-3) will first be rewritten as

Ie]
a—L;=(L+H)w+fO,

(1.4.1) Bw = ¢,
w(-,0)=0,

where fo and ¢, vanish up to a certain order for ¢ |, 0.

The advantage of (1.4.1) is that the solution W of the corresponding uncontrolled
problem is a “‘nice” function, where originally this is not necessarily true. Now (1.4.1) is
equivalent to

(1.4.2) w=SIIw+W

with § the solution operator of the uncontrolled problem with homogeneous initial—
and boundary conditions.

In the case that the order of IT is less than 2, it is possible to show directly from the
compactness and nonanticipativity of STI the invertibility of 7 — STI. This is done by the
important lemma given in § 3. The solution of (1.4.2) is given by (/ — STI)™' W and can
be analyzed.

This method fails, however, if the order of IT is larger than 2, since SII is not
compact then. In this case we deduce from (1.4.2) a Volterra integral equation for the
functions Pw, i =1, - - -, p. This is done by operating on (1.4.2) with ﬁ,-(t). This Volterra
integral equation is then solved by using the lemma of § 3. The properties of w are next
found from (1.4.2), since we have w=SY{_, Y _, c:F;;Pw + W, where the Pw’s are
now known.

2. On the compatibility of the data. In order to have a solution of (1.1.1-2-3) which
is sufficiently regular at ¢ = O near the boundary of D, it is necessary that the data f, ¢,
are compatible there in a certain sense. This is well-known in the uncontrolled case. Let
us now investigate compatibility in the controlled situation.

In order to do so it is very useful to introduce the following function spaces:

B.B/2 A B.8/2
Coo(Q), | H*(Q),

(21) %Wéé/Z(I_-\)’ I(;Ié'é/z(r),

€°[0,T] | H(0, T).

They are defined as the closure in the spaces without the subscript o of the
co-differentiable functions with supports that have no point in common with {# = 0}. It
can be shown (see Ladyzenskaja, Solonnikov, Uraltseva (1967) and Lions, Magenes
(1972)), that usually the function spaces introduced in (2.1) can also be described as the
subspaces of the function spaces without the subscript  consisting of functions for which
the time derivatives at ¢ =0 vanish up to some number. This number is given below
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together with an indication when the characterization is valid.

[8/2] ifB=0, BB-1] =0, 3(B+1)eN,
2.2) [8/2] ifB =0, GB-1] =0, 3(B+1)eN,
[6] ifé6=0 [6-13] if6=0, S+3#N.

As usual [8] denotes the largest integer =3.

If the number given in (2.2) is less than O the function space with subscript ,
coincides with the space without subscript .

Now we use the function spaces introduced in (2.1) to define the concept of
compatibility of the data f, ¢, ¢.

The data will be called compatible of type 82, 81, ,é ., if Bo=max (2, v), B1=0and

Ap € CP2*2'*(Q) such that Jv e H?>*2/2(Q)such that
v(+,0)=¢, v(-,0)=4¢,
(2.3) N N
¢ —Bve CP P, ¢ —Bve HH#/A(D),
_ d
f——(;i:+ (L+Tv e C*#/%(0) f—§+(L+n)u e B Q).

From now on the notation 35, 81, é1 will be reserved for, and will always refer to, the
indices indicating the type of compatibility as introduced in (2.3). Let us introduce

|(fa ¢: l’[,)lg:.oﬁbél = “(f’ ¢7 d’)”g;ﬁl,él =

(2.4)
inf {|v| g, 5,/2|v satisfies (2.3)} inf {|v]lg,.5,/2|v satisfies (2.3)}.

Here we use the convention inf (J = 00. An equivalent formulation of (2.3) is

2.5) (. & 0 Basrse <0 | 10, 6 e, < 0.
However, it would be preferable if under certain conditions we would be able to derive a

less abstract, better verifiable criterion for the compatibility of the data than (2.3).

In order to do so let us first give some easy consequences of the nonanticipativity of
the feed-back coupling.

F,C?0, T= (0, T) | FyH™*0, T)<H(0, T)
(2.6) forl=i=q, 1=i=p, forlsi=sq, 1=j=p,
I Cv'm"/Z(Q“) - %«%7/2(6) I }OI-T/.'?/2(Q) CI(;IWW/Z(Q)-
0
It appears to be possible to calculate the time-derivatives at ¢ = 0 of F;, in terms of

the time-derivatives at ¢ = 0 of £ itself, by a simple matrix multiplication. More precisely
suppose:

2.7 £e C”0, T] EeH"*0,T), y>1, i(y+1)eN.
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Define
d(y)=[v/2] d(y)=[GE(y-D1
If we define Der ¢ as the vector in R*™*! with
14

2.8) (Der£)=3 0, 0=I5d(y)
then we have the relation
(2.9) Der F¢ = A" Der ¢
with A7 the (d(y)+1) x (d(y)+ 1) matrix with the matrix elements
2.10) Al ={i(i)kp.(rl)} 0=k I=d(y)

. kil k' dl’ if r=0a =Ry b= Y

(where with (¢') we mean the function ¢- 7).
In order to prove (2.10) we observe that £(¢) -Zfﬁ: (Der &) t' defines an element of
g” 10, T, Igﬂﬂ(o, T). Using (2.6) we find that F&—Y i (Der £),Fy(t') is in

%‘7/ 70, T, I(;I ¥2(0, T), and from this fact (2.9-10) are straightforwardly found.

A special situation arises if the matrices A” have a lower triangle form:
(2.11) k<l=> Al=0.
This will be the case for example, if in addition to (1.3.8), we suppose that
(2.12) F;e L(C[0, T)) | F;€ L(L(0, T)).

This statement is proven in the following way. )

Suppose Al #0 with k<I. Then Fij(tl_l) behaves as AZ¢* for t1 0. Consider
£,(¢) = t'H(ut) with H € C*[0, c0), H(r)=1for 7€[0, 1], H(7) = 0 for r = 2. A simple
calculation shows that F;; cannot be bounded in the sense of (2.12) on the functions £,
for u - co. From this contradiction we see that (2.11) follows from (2.12).

In the example of § 1.2 with Ay, hye C[0, T1, (2:12) is certainly fulfilled and
consequently we are in the situation of (2.11) there.

The following notation will be useful:

1/0\! ~ 170\«
e K N )

>

t=0
(2.13) aii» @iy and ao, are defined analogously to ¢,
Li=% ¥ apDy+ ¥ ayDi+ao,r
i=1j=1 i=1
Note that
¢ € CY (D), c e H (D),
(2.14) P, eC*(D) PueH*(D)
for 0=1=d(y) ify>1,5(y-1)&N

and 0=/=d(y).
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Our first result for a more direct characterization of compatibility concerns the case
0=sa<?2.

LEMMA 2.1. Suppose that:

AssumpTION 2.1.1. The indices indicating regularity of the data (see (1.3.3)),
compatibility of the data (see (2.3)), and the type of the operator (see (1.3-5-6-7-8-9))
satisfy:

B2Z2, Bi=B=y=p—2, 0=a<,

Bo = B2, Bo=pB2—1,
(2.15) B=B1=B>—v, | B=B1=B2—3~»
B2€N 1B.-1)eEN, B, %

AssUMPTION 2.1.2. If d(y) 20 with d(y) defined as in (2.7), then the following
linear algebraic system of equations in the variables zo g m 1=s=p, 0=m=d(y),
0=s'=d(y)—m possesses only the trivial solution

Zss0=0, l=ss=p, 0=s'=d(y),
(2.16) ifd(y)=lthenfor l=m+1=d(y),1=s=p,0=s'=d(y)—m—-1:

p d(y)

(m +1)Zss m+l = z Z Z JSS mzli',l“i"

j=11=0j=0

Here we define:

q m m' R
=Y X ZPs,s'b;,nlém i

i=1 m'=0 k=0

Cim—k Ifm'=m

biE™ = " .

i, . '
> ( (m - l,-) Lz,)Ci,m'—k ifm'<m,
;3 20,--,1,20 r=1 j=1

nzl
m'+li+-+l,=m—n

E}zterm(r) =term(1) - - - - term(n).

Under these conditions there are explicitly determinable operators M €

L(CP**(Q)+ C*(D) L(H®*?(Q)x HP(D)
(2.17) - CP72£7 (3D)), - HP2 T2 (3Dy),

0§k§[@2__yJ=ko, 0§k§[@2”2_'1£J=k0
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only dependent on the operators L, I1, B, such that:

IF: 8, 9)lE0, <00 If B2>3+v then:
k cp R
(2.18) SM(f, ¢)={(§;) ¢,} , (£, ¢, :/f)lllsusl?( <ao>ok }
eMd(f, o) ={(=) ¢! .
0=k §.ko ¢ ot =0
0=k =ko.

If B.<3+v then always
ICfs &, )08, <0

Moreover, there is a constant K, > 0 such that for all compatible triples (f, ¢, ¥):

|(f’ ¢1 w)‘g;;ﬁhﬁl
= Koo (Iflart|Wls,)

”(ﬁ ¢’ ¢)”2§,B1»él
= Kop (1 flla.r2 + ¢lso)-

Proof of Lemma 2.1. “=" Suppose that v satisfies (2.3). Define

(2.19)

(2.20) ’ vF{%(%)IU} R ={i17(’a%>lf} =0
Note, that:

fieC®D) | fieH D),
and
(2.22) o=y

If d(y)=0 then we find for 0=m =d(y) by expansion in powers of ¢ of dv/dr—
(L+THo—71:

(m+1)vme1= 120 Ly +fm
(2.23) -

g p m dly ! i
+2 2 Y Y X CimkANPv-.

i=1j=1k=0 [=0 j'=0

We eliminate ¥~ L —; from (2.23). This leads to

(M +1)0ms1=Nus1(fs ¢)
(2.24) ’
q p m m dy ! A i A
+Y Y Y Y Y T BT ALP -y

i=1j=1m'=0 k=0 [=0 j'=0
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with b7™ as introduced in Assumption 2.1.2 and:
n i -1
Nm+1(f, (//)=(Lm+ Z ﬁ(m_ Z l/) Ll.-)k/f
1120, [, 20 =1 j=1

nz=2
i+ +l,=m+1-n

n i -1
thar( T Be(m-T0) L)
1p=0,-,1,20 i=1 1
nzl
lo+---+l,=m—n

Operating at (2.24) with P.,, we find the following set of linear algebraic equations for
Povm 1=s=q0=m=d(y),0=s'=d(y)—m, if d(y)=0:
(2.25) P, vo= P il 1=s=p, 0=s'=d(y);
ifd(y)=1,thenfor1=m+1=d(v), 1Ss=p, 0=s"=d(y),
. . pody) L
(m + 1)Ps,s'vm+1 =Ps,s'Nm+1(fs lﬁ) + Z Z Z J]':l ’ Pi,flvl-i"

j=11=0j=0

Because of Assumption 2.1.2, we know that (2.25) possesses a unique solution. This
solution is denoted by

(2.26)  Poyvom=E,om(f ), 1=s=p, 0=m=d(y), 0=s'=d(y)—m.

Substitution of the result of (2.26) in (2.24) provides us with explicit expressions of the
following type:

(2.27) Om = Nn(f, ¢), O=m=d(y)+1,

where, by definition, No(f, ) = ¢. It is not difficult to verify that N,, is an operator €
L(CP#™(Q)x C* (D) | LIH**(Q)x H*(D)

(2.28) _

- C%?™(D)) > H%™™(D)).
It will now be clear how the operators M, are defined: in the case of Dirichlet BC:
(2.29) M (f, ¢) =restriction to 4D of N, (f, ¢);

in the case of Neumann BC:
k
Mkzk! Z B[Nk_[ with
=0 *
(2.30)

n 1/7/0\!
B = ). buD;+bo,, i ={"(_) i}
! i; : ot bu I\at b

r=0-

An expansion of ¢ — Bv in powers of ¢ yields exactly the contents of (2.18) “=".

“<&” Given that if ko=0, the relations My (f, ) ={(3/3t)*¢}|.=o are satisfied for
0=k=ko with My’s as introduced in (2.29-30) we shall show the existence of a
function v as required in (2.3). Define:

(2.31) v =Ni(f, ¥), O0=k=d(y)+1

with N as introduced in (2.27).

Using the theory as developed in the Theorems 4.1-2-3-4 of Ladyzenskaja,
Solonnikov, Uraltseva (1967, pp. 298-301), we find the existence of a function v such
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that:

@32 (&ilar) )

and moreover:

Ll forO0sk=d(y)+1
=

d(y)+1 (v)+1
0lerg2=C Y oklsg-2k [0llssean=C Y lloillgo-2e
(2.33) k=0 k=0

= Kop (| fle.sra+1¥lso) = Koo (| flls.gr2 + 1 llao)

with certain constants C, K, > 0 only dependent of L, II.
By construction we now have v(:,0) =4, and it is easy to show that dv/az—
(L+IMov—fe

(2.34) C51-31/2(é) ’ HB‘pﬁ'l/z(O).
0 0

Namely, if d(y) =0, then expansion in powers of ¢ yields for I=m +1=d(y)+1:

{ml!(%)m(%;—(L+n)u - f)} )[=0= 2.03%=224%=2.25%=0

because of the definition of the operators N,. The superscript * means: put the
right-hand side of the indicated equation in parentheses, change the equality sign of the
indicated equation into a minus sign and take vy’s as introduced in (2.31-32) in this
expression.

It is also completely straightforward to show that ¢ —Bov €

(235) Clgl’éllz(f‘) ‘ Héplg1/2(l-)-
0 4]

Let us give the calculation in the case of Neumann BC:

(G ozl - {(5) ]

(3] e f v

k
—k! Z B[Uk_l
=0

t=0

by the definition of M} and the given relations.
So (2.18) “< and (2.19) have also been demonstrated. [
It is interesting to notice the following
_ COROLLARY (to Lemma 2.1). Assumption 2.1.2 is certainly satisfied if the matrices
A" have a lower triangle form (see (2.11-12)).

This is true since in this case [>m = J;7 "™ = (). As a consequence the system of
(2.16) (and also (2.23)) possesses a recursive structure with respect to m, i.e., in order to
calculate z; g m+1(Ums1) We only use zgo k(i) with 0=k =m. So indeed the only
solution of (2.16) is then the trivial one.

In the following lemma we shall give an analogue of the previous results in the case
a =2,

LeEMMA 2.2. Suppose that:

ASSUMPTION 2.2.1. The indices indicating regularity of the data (see (1.3.3)

)s
compatibility of the data (see (2.3)) and the type of the operator II (see (1.3.5 -6-7-8-9))
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satisfy:
Bzaz2, Bi=y=B2—a, B=B2-2,
Bo = B2, Bo=B2—1,
§=fi=pi+2-v, §=fi=p1+3-,
(2.36) B=B1=p1 v B=B1=B1+5—v

aeCP?(Q),1=i=q,| c:cH**(Q),1=i=q,
B2£N 3B2—1)EN, B —3€N.

ASSUMPTION 2.2.2. It is assumed, that the contents of Assumption 2.1.2 are valid
with v as defined in Assumption 2.2.1.
Under these conditions there are explicitly determinable operators My €

L(CP*?(Q)x CP(D)~ L(H®*?(Q)x H®(D)-
CBO—Zk—V(aD)) HBO—’Zk—V—(l/Z)(aD))
(2.37) _ _
fOrOékéko, f0r0§k§ko,
= . ([Bo—v] [B1t2 = . ([Bo—(1/2)—»] [Bit+1
k°'mm([ 2 ” 2 D k°“mm([ 2 H 2 ])
only dependent on the operators L, 1, B such that:
IfB2>%+vthen:
l(f’ ¢, ‘!’)lg;,lh,& <o ”(f:v ¢: d/)"g;,ﬁl,él <
F:) k 9 k
M0 ={(2) e} | emrw={(2)]
(2.38) - _
0=k =ko. 0=k =k,.

If B,<3+v then always

”(f’ ¢9 ‘t{/)“Epz,Bbé1 <00,
Moreover, there is a constant K., >0 such that for all compatible triples (f, ¢, ¢):

(£, & ¥)|&.61.6, I(f, &, V)50
=Ko (flapa+ve) =Ko, (Iflla.or2+ ¥ lls0)-

Proof of Lemma 2.2. ““=>” This part of the proof is completely analogous to the
corresponding part of the proof of Lemma 2.1. One can even use the same text as before
with, in the final conclusion, (2.18) replaced by (2.38). However, a few remarks should
be made.

It is now used, that P, v,, is well-defined for 1=Ss=p, 0=sm=d(y), 0=s'S
d(y)—m if d(y)=0. This is the case since Bo—2d(y) = a.

Further we note that v,, is given by the formula in (2.20) for 0 = m = d(B-), but that
the formula of (2.27) is only valid for 0= m =d(v)+1 and it is certainly possible that
d(B)>d(y)+1! i

“&” Given that if ko= 0, the relations My (f, ) ={(3/91)*¢}.=o are satisfied for
0=k =k, we now construct a function v as required in (2.3) as follows. Define:

v = Ni(f, ¥), Osk=d(y)+1
v =0, dy)+2=k=d(B,) if d(By)>d(y)+1.

(2.39)

(2.40)
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As before the theory of Ladyzenskaja, Solonnikov, Uraltseva (1967) provides us
with a function v such that

(2.41) {%(%)kv”t=o=vk, 0=k =d(By)

for which (2.33) holds.
The proof is concluded in the same way as the proof of Lemma 2.1. [
COROLLARY (to Lemma 2.2). Assumption 2.2.2 is certainly satisfied if the matrices

A" have a lower triangle form (see (2.11-12)).
This is in fact the same remark as the Corollary to Lemma 2.1.

3. Nilpotency of nonanticipative compact linear operators. Here we give and
prove a lemma with contents as indicated in the title of this section, which will be very
useful in the next sections.

Let B be a nontrivial Banach space with norm || - || 5. We suppose, that on B we have
a strongly continuous semi-group of bounded linear operators {U(7); r = 0} with the
following properties:

(a) existence of a finite time-horizon T >0, i.e.,

ker U(r)#B forte[0,T),

(3.1)
kerU(r)=B forr=T.

(b)
(3.2) Vrel[0,T] kerU(r)=ran U(T—7).

The U(7)’s are called time shifts.
Examples of Banach spaces with time shifts and a finite time horizon T >0 are

C*[0, T}, H*(0, T), C**(Q), H***(Q) with Q=D x (0, T).

On these spaces we define time shifts in the obvious way:

_JO for t€[0, min (7, T)]
(3-3) U@HE 1 _{f(-, t—7) forte(r, T)ifr<T

(the - in (-, ¢) indicates possible other variables).
The properties a, b are easily verified in these examples. An operator A € L(B) will

be called nonanticipative if:
(3.4) Vre[0,00) Aker U(r)cker U(r).

Note that the nonanticipativity of the feed-back coupling as defined in (1.3.8) induces
nonanticipativity of the F;/s in the sense of (3.4) on (g”/ ’[0, T]in the case of “C-theory”

and on I(—)I ¥2(0, T) in the case of H-theory.

Now we shall prove the following result:

LEMMA 3.1. Let B be a nontrivial Banach space with time shift with a finite time
horizon T > 0 for which (a) and (b) are satisfied.

If A € L(B) is nonanticipative and compact then A is nilpotent, i.e., o(A) ={0}.

Proof of Lemma 3.1. This lemma is a straightforward application of Corollary
4.3.11 of Ringrose (1971, p. 177).
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The continuous chain of closed subspaces of B mentioned in that corollary is here
given by

(3.5) % ={ker U(r)|r€[0, TT}.

Of course ker U (1-) is closed, for U(7) is a bounded operator on B.
The system & is totally ordered by inclusion:

(3.6) ker U(r)oker U(r2) for ri=m,.

The chain & also satisfies
(3.7) O=kerU(0)e%¥, B=kerU(T)e%.
Further we have the property that for any subset I <[0, T,

(3.8) N ker U(r)=ker U(inf I),

rel

(3.9) UI ker U(r)=ker U(sup I).

As for (3.8) it is clear, that M.  ker U(7) 2 ker U (inf I).

Let 7, now be a sequence in I such that 7, | inf I for n 1 and let f satisfy
U(r,)f=0for neN.

By the strong continuity of the semi-group we have U(limue 70)f=
limypeo U(7,)f = 0. Consequently N .crker U(7) = ker Ul(inf I).

As for (3.9) it is clear, that (.. ker U(r) < ker U(sup I). If feker U(rg), o=
sup I then f= U (T —r,) g because of (b).

Let 7, now be a sequence in I such that 7,1 7o for n 7 o0 and define f, =
U(T - Tn)g'

By the strong continuity of the semi-group we have U(T—7)g=
limpteo U(T —74)g; SO ]: = liMypeo fo. Consequently U, crker U(r) 2 ker U(sup I).

The properties of % given in (3.7-8-9) imply that conditions (i) and (ii) of Ringrose
(1971, pp. 166-167) are satisfied.

Now it remains to show that in Ringrose’s notation M_ =M for each M € &.

If M =ker U(r,) then we have in this situation: M_=cl{UL|Le %, L cM}=
U<, ker U(7).

Indeed ker U(r) # ker U(ro) for <7 since if we suppose ker U(r)y=ker U(7),
then we would have ran U(T — 1) =ran U(T — o),

S U()ran U(T-1)=U(r) ran U(T — o)
> {0}=ran U(T —7o+71) =ker U(ro—11)
> ker U(g) ={0} for some ¢ >0

>ker U(t)={0} V=0

which would contradict (a). Now M_ = M follows from (3.9). Herewith all conditions of
the corollary have been verified. ] :

A direct consequence of Lemma 3.1 is that for such an operator A the equation for
weB,

(3.10) w=Aw+g withgeB
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possesses a unique solution € B
(3.11) w=(I-A)"¢g
with (I —=A) ' e L(B), [Iwlls =T = 4) le)ligls.

This is the way Lemma 3.1 will be used further on.

4. Well-posedness if the order of the feed-back control operator is less than the
order of the diffusion operator. Here we consider the case 0 = a <2. We are now ready
to prove the following result on existence, uniqueness, regularity, and continuous
dependence on the data of a solution of (1.1.1-2-3).

THEOREM 4.1. Let us suppose:

AsSSUMPTION 4.1. The indices indicating the regularity of the data (see (1.3.3)), and
the type of the operator 11 (see (1.3.5-6-7-8-9) satisfy

B>0, B&N, B=0, 3B+1)eN, B+ieN,
Bo=B+2, Bo=pB+1,

y=B8, 0=a<2 | y=8, 0=sa<2.

(4.1)

ASSUMPTION 4.2. The data are compatible in the following sense:

(42) ](f’ ¢2 (/f)lgi.ﬁhél <o , ”(f: ¢s '1[’)”/‘:32,[31,151 <o
with Ba =B +2, B1=8, B1=8.

Then there exists a unique solution u of (1.1.1-2-3) in the space:
(43) CZS,S(Q—) ‘ st’s(o)

with 2s = B +2. This solution depends continuously on the data in the following sense:

|ul2ss =K (| flopr2 llullzs.s = K ([fllg.e/2
4 +l6lasn +lolasn
+ I(f (ba w)lﬁz B1, Bl +” f ¢’ lp)”BZ B1, ﬁl

with a constant K > 0 independent of f, ¢, .

Note that in Assumption 4.1 the exceptional cases for B are exactly as in the
uncontrolled problem (see Ladyzenskaja, et al. (1967, Thms. 5.2-3, p. 320), and Lions,
Magenes (1972, Thm. 6.2, p. 37)). Further it will be clear that the compatibility
condition of Assumption 4.2 is nececessary in order to have (4.3). _

Note, that theorem 4.1 is applicable to the example of § 1.2 with hy;, A; € C™[0, T
in the case of “C-theory”. In the case of “H-theory”, this is also true if D <R" with
n=3,see (1.3.11).

Proof of Theorem 4.1. Let v be a function for which (2.3) is satisfied with

(45) |0162,32/2 = l(f: ¢’ ‘//)Ig;,ﬁl’ﬁl +e ’ ”vllﬁz B2/2 = ”(f ?, ‘(’)“Bz BLb:TE

with & > 0 arbitrarily small.
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Put w =u —v; then

%% =(L+IMw +fo, FPDE,
(4.6) Bw = ¢, BC,
w(-,0)=0, IC
with
foe gB,B/Z(O‘), foe I(;IB’B/Z(Q),
poc CH4P(D), o HAPA(D),
@.7) folssr2=|flasr2t Clols,era, I folle.sr2 =11 la.er2+ Clvlla,, 2125
|bolésr=|0l462+ Clols,e. Ipollé.ar=lbll5.r2+ Cllvlles.sar2-

In this proof C >0 will always denote some constant only dependent of L, B, 11, B, é
ﬁZ: Bla Bls Y, &, D-

We shall now solve (4.6). In order to do so we shall rewrite (4.6) in the form (4
below.

Using the solution theory for the parabolic problem as given in Ladyzensk
Solonnikov, Uraltseva (1967) and Lions, Magenes (1972, Thm. 6.2, p. 37), we see tl
(i) the uncontrolled problem corresponding to (4.6) possesses a unique solutio:

with
B+2,(8+2)/2, A B+2,(8+2)/2
We g: (Q), We I(';T (Q),
(4.8) |Wg2.8+2y2 = Clfols.g/2 [Wllg+2.6+22 = Cfollg.sr2
+|ol.62) +|@olls.s2)s

(i) the solution operator S for the uncontrolled problem with homogeneous
and BC is an element of:

L(C*#>(Q) L(H"**(Q)
(4.9) 0 0

B+2,(8+2)/2( 3 B+2,(8+2)/2

>C @ | -H ().
Now we can rewrite (4.6) in the following way:
(4.10) w=Aw+W with A =SIL
Equations (4.6) and (4.10) are equivalent for

we %sz,S(Q") w GIOIZS’S(Q).
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We shall show that
@11) ACLIE™(Q) | AcLar*(),

and A is compact and nonanticipative.
Then Lemma 3.1 yields (see (3.15-16)) that (4. 10) possesses a unique solution

(4.11) ASL(S™(Q) | AeLE™*(Q)),
and
(413) lwl2s,s = C] W|2s,s HWHZss = C”W”2s 5

Herewith the first part of theorem 4.1 has then been proven. The estimate (4.4)isa
trivial consequence of u = w + v and (4.5-7-8-13) if we take the limit & l0.
So it remains to prove (4.11).
(a) Using (2.6) and (4.9) we find 1 ¢

(4.14) L(G™(Q)>€(Q) | LEQ)» H*(Q))

withy=y+a=8+a<B+2=2s.
Because of the compact imbedding of

(4.15) Q) in%’*’m(Q_)jgzs’s(Q) in H*¥*(Q),

we obtain that A is an element of the space indicated in (4.11) and that A is compact.
Note that we used the assumption 0= & <2 here!
(b) The operator S is nonanticipative:

(4.16) VYre(0, Tl u(-,)=0for0<t<r = (Su)(-,t)=0for0<t<r.

For u e C*(Q) this is a consequence of the causal type of maximum principle valid for
equations of parabolic type (see Protter, Weinberger (1967) or Friedman (1975)). By
continuity of S, the property is then valid on the whole of the domain of S.

The operator ITis nonanticipative because of the nonanticipativity of the feed-back
coupling, see (1.3.8). This immediately implies the nonanticipativity of A. 0

COROLLARY (to Theorem 4.1). If Assumption 2.1.2 is satisfied then the charac-
terization of compatibility of the data given in Lemma 2.1, (2.18) is valid and (4.4) can be
replaced by the estimate

[t|2s,s = K (|fl,p/2 lullss = K (| flle.62
+|Blag2+s0) + @552+ ellgo

with a constant K >0 independent of f, ¢, . This implies continuous dependence of the

data in the usual sense.
This corollary follows from the fact, that Assumptions 4.1 and 4.2 imply Assump-

tion 2.1.1. As a consequence we can apply Lemma 2.1. Then (4.17) is found by inserting
(2.19) into (4.4).
5. The case where the order of the feed-back control operator equals or exceeds

the order of the diffusion operator
5.1. A result on well-posedness. Now we shall consider the case « Z2. In order to

derive a well-posedness result we have to make a number of assumptions.

(4.17)
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AsSUMPTION 5.1.1. The indices indicating the regularity of the data (see (1.3.
and the type of the operator 11 (see (1.3.5-6~7-8-9)) satisfy:

B=2a-420, B=2a-4=0,3B+1)eZ,B+32Z,
1
BEZ,B—akZ, aﬁ—a+D€LB+5—%£Z
Bo"ﬁ'*‘d, Bo-’-"—B""a—l,
(5.1.1) f=B+2-v, B=B+3-v,

v = B and also the choice | y = and also the choice
y=26with§=3(B+2~a)| y=26 with§ =4B+2—a)
is allowed. is allowed.
esssup [lc;(-, 1), <0if 0=86<3;
0<t<T

(5.1.2) 35> 6 such that:

esssup |t—7|"%|c:i(-, ) =i+, 7)o <0
o<r<r<T

if0<8<3.

AssuMPTION 5.1.2. The data are compatible in the following sense:

513) (6, 0|0 <0 | 10F, 0 0008, <0
with By =B +a, B1=B, f1=4.

Assumptions 5.1.1 and 5.1.2 are rather analogous to Assumptions 4.1 and 4.2
However, in this case we have to assume more.
Introduce %i(x, t; 7), 1 =i =gq as the solution of the following problem:

(5.1.4) %?=L%b PDE,
(5.1.5) B%:=0, BC,
(5.1.6) €, ) =cl-, 1), IC.

Note that the €;’s are well-defined.

Using a perturbation argument and Theorem XIV of Dunford, Schwartz (1963,
§ 8.1), we see that %;(-, t; 7) is a continuous function of ¢ for t&[r, T]in L,(D) and
moreover that ;(+, -; 7)€ C*(Dx(r, T)) for all 7 €[0, T).

Next we introduce, for 1=i=gq, 1Sk =p:

Zi(t, 7) =ﬁk(t)<gi(' b T).

Note, that Z,; is well-defined for ¢t > 7.
Our following assumption requires that the Z;’s are sufficiently regular for ¢ | .
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AssUMPTION 5.1.3. The functions Zy, 1=k <p, 1=i=q have the following
property:

(5.1.7) ZueCHO=r=t=T} | ZueLi{0<r<t<T).

Here for a domain ) we define L2, (Q) as the space W(Q)) defined in Adams (1975,
7.49).

Now the following result will be proven.

THEOREM 5.1. Under the Assumptions 5.1.1, 5.1.2, 5.1.3 there exists a unique
solution u of (1.1.1-2-3) with the following properties:

ue C**(Q),
PueC®0,T], 1=jsp

ue H**(Q),

(5.1.8)
PueH®0,T), 1=j=p

with 2s =B +4—a. Moreover this solution depends continuously on the data in the
following sense:

ubss + 3. [Pl s+ £ 1Pl
(5.1.9) =K (flg.pr2+lolésn =K(Ifle.er2+llellg.er2
+ l(fa ¢: ll’)‘gi,m.él) +”(f: ¢’ 'sb)"fii.ﬁl.lgl)

with a constant K >0 independent of f, ¢, i.
Note, that for & > 2 in this theorem, a loss of regularity in the space directions takes
place from ¢ =0 to >0, namely:

YyeCP (D), u(-,t)eC*(D) | ye H?(D), u(-, ) e H*"}(D)
fort>0 fort>0
with B2<Bo with B2_1<ﬂo.

The Assumption 5.1.3 is difficult to understand at a first glance. However, it is used
in a very essential way in our proof of Theorem 5.1. In the case of time-independent
operators L, B and time independent control input functions ¢; and observators P;, this
assumption can be relaxed substantially, see Corollary 5.1.c. In Corollary 5.1.b. we
shall give some concrete conditions under which Assumption 5.1.3 is certainly fulfilled.

Proof of Theorem 5.1. In exactly the same way as in the proof of Theorem 4.1,
(1.1.1-2-3) can be rewritten in the equivalent form:

(5.1.10) w=STIw+W
with

‘1/e CB+2,(5+2)/2(Q—) WSHB+2'(‘3+2)/2(Q).
0 0

However, now we cannot prove that the operator SII is compact on a suitable space and
from here on we have to proceed differently. In this case we shall exploit, in an essential
way, that the control uses a finite number of observators and control inputs. This is done
by deriving a system of equations for the observation functions Prw and analyzing
existence, uniqueness, and regularity of solutions of this system of equations.
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In order to do so we observe that (5.1.10) can be written as

q

(5.1.11) w(-, )=W(, )+ f J’tfé,-(-,t;r){FijP;w}(r) dr.
1 1J0

i=1j=
Suppose that w satisfies (5.1.11) and that
we ™ (Q),

PweC’0,T], 1=j=p

w e H**(Q),
PweH®*(0,T), 1=j=p.

We shall show that the functions Pyw, 1 = k =p satisfy the following equation:

(5.1.12)

I t
(5.1.13) Pun6)= PO+ § § fo Zualt, HEPwHr) dr.

i=1j

In order to show (5.1.13) we operate on both sides of (5.1.11) with B (¢). Tt will be
clear that we find (5.1.13) if for 1=k, j=p, 1=i=q:

EmL%tmﬂmmwaEM%hnﬂmmw

with Xii = .F,'jW. ~

Let us show that the interchangement of the integral |, and the operation of Py (#) is
allowed here.

Using the remark following (5.1.6) and the Assumption 5.1.3 it is found that
%.(, t; 7)is a continuous function of 7 &[0, t]in the sense of the (somewhat unusual)
norm | - e, =|| - [lo+ [P (#)]. Consequently [€;( - , £; 7)x;j()|x.. is integrable with respect
to ron (0, t).

This means that the integral [ €;(-, t, 7) xi;(7) dr is well-defined in Bochner’s sense
with respect to || - ||y

An application of Corollary 2 of Yosida (1965, p. 134) shows that the inter-
changement of [; and P,(¢) is indeed allowed. 0O

On the other hand suppose, that &, 1 =k = p satisfies

(5.1.14) &eC°[0, T] ] &eH (0, T),

5.1.15) a0 =0+ 5 £ [z DEeyn ar
Then w defined by

(5.1.16) w(,)=W(, t)+,§1 é} Lt (-, 1; THF}() dr
is an element of

(5.1.17) c=(Q) | H*™(@),

and w satisfies (5 .1.1}). Let us demonstrate this.
Operating with P, () on both sides of (5.1.16) we find:

(5.1.18) &k = Pew.

Substitution of (5.1.18) in (5.1.16) gives that w satisfies (5.1.11). In order to show the
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regularity given in (5.1.17) we note that

£ E [t snmam ar=($ s

i=1j=1

p
with Gi(-, ) =ci(+, t) ¥ (Fy&)(t). Now we have
j=1
&e Q). | &eH™Q),

SE;' e gZS,S(Q_) Sé’, E}Q[ZS,S(Q-).

In the case of “H-theory” and 0 = § <3 we have used (5.1.2) here. 0
We shall now show that (5.1.15) possesses a unique solution £ in the following
function space:

(5.1.19) {L2(0, )Y | {L2(0, T)}".

As for the regularity of this solution & we shall show that (5.1.14) holds.
Let us introduce the following shorthand vector notation of (5.1.17).

(5.1.20) f=n+Ag
with
e =P W,

=% 1 [ Zut {6} dn

i=1j=1

Now A defines a nonanticipative, compact, linear operator on

{L2(0, T},
(5.1.21) {Oczs[o, TV

{L 2 (O ) T)}pa
{H O, T).

The only nontrivial part of this statement is the compactness of A.
It is clear, that A € L({L,(0, T)}* »{L(0, T)}") and this implies the compactness

of A e L({L5(0, T)}?).
It is also easy to verify that A eL({H‘s(O ¥ —>{L°o(0 T)¥) which proves the

compactness of A eL({Igl' 20, TH¥).

Now consider A as an element of L({CS[O TTP). Define a sequence A™ by

replacing Zy.; in the definition of A by Z; (”) with Z}; (") eC{0=r=r=T}) and Z}; o>
Ze:in C°({0=r=t=T?}) for n >.

It is not difficult to show that A™e L({C"[O T - {c“’[o T, ie., A% isa
compact element of L({C'S[O T]¥) and that A > A in L {CS[O TI¥) for n>c0. A
well-known theorem (see Kato (1966, p. 158)) gives the des1red compactness result for
A in this case.
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So we are in the situation that we can apply Lemma 3.1. We note that

(5.1.22) ne {Ocs[o, T | ne {1;18 0, Y

and the above mentioned result is found. 0

We have now proved the existence of a unique solution u of (1.1.1-2~3)
properties of (5.1.8).

It is not difficult to deduce the estimate (5.1.9), since all operations to
solution u appear to be continuous in an obvious sense.

COROLLARY a (to Theorem 5.1). If Assumption 2.2.2 is satisfied and if, n

(5.1.23) feeCPP2(Q), 1=si=q | f e H?(Q),1=i=q,

with B = B+ a —2, then the characterization of compatibility given in Lemma 2.
is valid and (5.1.9) can be replaced by

lulas,s + ._il |Piuls flullos,s + é |1Piulls
(5.1.24) = ) ” )
=K(flaarz+|8lés2+Wle) =K (flzar2+l6llaa2+Iv

with a constant K independent of f, ¢, .

This follows from the fact that Assumptions 5.1.1 and 5.1.2, supplement:
(5.1.23), imply Assumption 2.2.1 with B replaced by 3. As a consequence we ca
Lemma 2.2. Then (5.1.24) is found by inserting (2.39) into (5.1.9).

COROLLARY b (to Theorem 5.1). The Assumption 5.1.3 is certainly fulfille

(i) the control input functions satisfy:

Ci € COO(Q‘),

(5.1.25) -
distance (support ¢;, )>0, lsi=q;

or

(i) the coefficients of the operators L, B are time-independent and the contro
functions have the following form:

d
(51.26) Ci = Z 6,'[81, d<Cx), 1_—<;l§q

=1
with {e;; | € N} the eigenfunctions of the stationary uncontrolled problem:

Le=\e PDE, A spectral parameter,

(5.1.27) Be=0 BC,
and the &y’s functions of time only:
(5.1.28) éreC™0, T], l=sl=d, 1=i=q.

In the first case, we get that 6,e C*(DX{0=r=t=T}), 1=i=g, since
¢i(+, ) satisfies the compatibility conditions of the problem (5.1.4) up to any «
In the second case, we can even specify the form of each €, 1=i=gq:

d
(5.1.29) (-, t7)= L Gulrer (+) Pol(r~1) et
=1

with e; € C*(D), A, the eigenvalue corresponding to e, and Pol; some polynomi
It will be clear that, indeed, in both cases Assumption 5.1.3 is fulfilled.
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COROLLARY c (to Theorem 5.}). If the operators L, B have time-independent
coefficients and if the observators P, and the control input functions c¢; are time-
independent, i.e.,

(5.1.30) B=B, ) =ci(x)
with
P;eC*(D),| Pie H*(D),
cieC"(D), | cie HY(D),

then the Assumption 5.1.3 can be relaxed. In this situation the Z,.;’s are only dependent of
the variable t —, i.e.,

(5.1.31) Zit, 1) =2 (t—1), lsk=sp l=si=q.
It is sufficient to require:
ZrieL,(0,T), Zwi€Li(0, T)if6>3%
1sk=p, 1=isq Zwi€L (0, T)if0=6<3

(5.1.32) .
withr=2(1+28)7",

lsks=p l=sisq

Proof of Corollary 5.1.c. The interchangement of P, (¢) and [; necessary to derive
(5.1.13) is also allowed under the conditions of (5.1.32). This is easily derived by the
same reasoning as before.

In the case of “H-theory” and 0=68 <3 we use that H?(0, T) is continuously
inbedded in L0, T) with 7=2(1-26)"" (see Adams (1975)) and that r ' +7 ' =1.

Now we have for the operator A of (5.1.20),

(A8 = | Zult=n)Fg)w) dr

(5:133) = [ zuo)E)e-1) ar

-] joTz;,.mU(f)(E,-f) arl ()

with U(7) the shift operator introduced in (3.4).
So we have the following formula:

(5.1.34) A= (LT Z5(n)U(r) dT)F,

where Z°, F are matrices with matrix elements Z;, F;;. We also used Assumption 5.1.3
to show the compactness of the operator A. But this can now be shown only with the use
of (5.1.32-34).

In order to prove the compactness of A in this case, we approximate A by a
sequence A™ obtained by replacing, in (5.1.34), Z° by Z*" with Z*" e {C*[0, T]}*™*,
neNand Z*" - Z* in the sense of {L,(0, T)}"*? for n - co.

It is not difficult to verify, that:

A" e L{L,(0, T)}":}{lgIl(O, T)¥) thatis A™eL({L,0, T)})
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is compact. A" - A in the sense of L({L»(0, T)}*) for n->00, so (see Katc
A e L{L,(0, T)}") is compact.

In the same way, we can show that AeL({I—OIS(O, T)¥) is compact
A GL({(O'JS[O, TT¥) is compact.

Now it is clear that the proof of Theorem 5.1 keeps holding in this situatic
before. 0

5.2. An example which shows how bad things can be. Consider the f«
problem:

ou *u ’u
— = —— —— FPDE,
at(xa t) ax2(x3 t) ax2(03 t),

(5.2.1) u(0, )=u(l,t)=0, BC,
u(-, 0=y, IC.

Note that D = (0, 1)< R, L =9/8x>, [1=cF8§ with c=—1, F the identity, (¢
(8*u/3x)(0, 1), i.e., p=q=1.

So the operators L, B have time-independent coefficients and the control fu
and observator are time-independent. The feed-back control is instantaneous.

It is not difficult to give a family of solutions of (5.2.1) for special initial d
A €[l, 00).

We take ¢, the solution of

(5.2.2) (L= =-1, (o) = (1)=0.

Note that ¢, is well-defined and ¢, € C™[0, 1].
Now consider u, defined by

(5.2.3) uy (x, t) = "y (x).

It is easy to verify that u, satisfies (5.2.1) with the initial data {.
Take T >0. Then we find:

(5.24) o= KA exp AT, | oo KA exp (AT)

with some constant K >0 independent of A €[1, o).
But it is also clear that

](0’ Os ‘x[/z\ )l;};.ﬁhéx

%\ (B,~2)/2
=loalgp2 = KA P2

10, 0, ¥)lI%%.61.60

=lvallg.0.2 = KA (B,=2)/2

(5.2.5)

with some constant K >0 independent of A €[1, co).
In (5.2.5) v, is defined by

(5.2.6) o (x, 1) = uy (x, N H (A1)
with H € C[0, c0),
H(r)=1 for0=r=1,
H(r)=0 forrz2.
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Comparing theﬂbe:,htcwior for A >0 1in (5.2.4) and (5.2.5) we see that no matter how
we choose B2, B1, B1 it is not true that (5.2.1) possesses a solution u for which

(5‘2-7) |H|o,o§Ko|(0, O, d’)|f‘3p2,81,é1 I[uIIO,OgKO”(Oy O’ l/’)“g;yﬁhﬁl

for some K, >0 independent of .

So this problem (5.2.1) is very badly posed!

A result such as Theorem 5.1 clearly can not be true here. The reason is that
Assumption 5.1.3 is certainly not fulfilled in this example.

6. Application of the theory to some examples. Let us consider the following
examples:

a
§= (A—GFP)u+f, FPDE,
d

6.1) oo, BC,
on
u(-,0)="0, IC.

Note that p =q =1. The control input function is taken constant in space and time:
CeR, c>0.
As for F and P we shall consider the following cases.

(i) P=36, (FE1)=£@),

(i) P=35, (FE)=pu foexp (~u(t—7)é(r) dr,neR u>0,
(ili) P=68,(1+s(a/3r)), (F&E)(2) = £(2), seR, s>0.
Note that (i), (ii) are special cases of the examples of § 1.2, (iii) is a special case of the
example considered at the end of § 1.3 (near (1.3.14)).

Atthe end of § 1.3 it was also shown that (iii) falls within the setting for the control

operator, when the FPDE is rewritten as
ou N
(6.1.(iii)) 5=(A+H)u +g,
where [1= —c18,{1+sA}, c=¢(1 +58)7Y, g =f—sc(1+s€)7'8,f. Let us now apply our
Theorems 4.1 and 5.1 to (6.1).

Case (i), (ii): C-theory. Note that the order of ITis « =0 (see (1.3.11)). So we have
to apply the C-theory version of Theorem 4.1 here. This leads to the following result. If
fe C**Q), ¥Ye C***(D) with 0<e <1 and V¥ satisfies the compatibility relation
o¥/on =0 on 3D ; then there exists a unique solution of (6.1) in C*e@*9/2(B) which
depends continuously on f and ¥. The compatibility relation follows from Lemma 2.1.

Case (iii): C-theory. Note that the order of [T is a = 2 (see (1.3.14)). We apply now
the C-theory version of Theorem 5.1 to (6.1(iii)). The Assumption 5.1.3 is fulfilled here
because of the Corollary b (1 is an eigenfunction of A with Neumann boundary
conditions corresponding to the eigenvalue 0). Assumption 5.1.4 can be omitted
because of Corollary c. We find, that if fe C>¥*(Q), ¥e C***(D) with0<e <land ¥
satisfies the compatibility relation 8¥/3n = 0 on 8D ; then there exists a unique solution
of (6.1) in C***?**2(Q) which depends continuously on f and ¥.

Case (i), (ii): H-theory. In this situation the order of Tis a=(n/2)+¢ >0
arbitrarily small (see (1.3.11)). So we have to distinguish between the cases: n =3 and
n=4.
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In the case n =3, an application of the H-theory version of Theorem 4.1 yields:
feL,(Q)and ¥ e H'(D), then there exists a unique solution of (6.1) in H>*(Q), whi
depends continuously on f and W. Note that no further compatibility conditions on
are necessary in accordance with Lemma 2.1.

In the case n =4, we have to apply the H-theory version of Theorem 5.1. Tl
Assumption 5.1.3 is fulfilled for reasons completely analogous to the ones of Case (ii
C-theory. We now use Corollary a and we obtain the result: if fe H>* *®*"%/2(g
Ve H** (D) with a = (n/2) +¢, £ >0 sufficiently small and the data are compatibl
then there exists a unique solution of (6.1) in H**/*(Q) which depends continuously ¢
fand V.

The compatibility of the data is always satisfied for n =4. For n =5 the data aI
compatible, if 9¥ /37 = 0 on dD. For n = 6, 7 the data are compatible if 9¥ /87 = 0 on .
and 8/87{(A + o) ¥ + f|,=0} = 0 on aD with IT, = IT in Case (i), IIo = 0 in Case (ii). This
easily checked using Lemma 2.2.

It is left to the reader to obtain explicit expressions for the compatibility relatior
for general n.

Case (iii): H-theory can be dealt with in an analogous way. Details are left to th
reader.

Till now we have exclusively considered the well-posedness of problems such a
(1.1.1-2-3) without worrying about (i) the construction of the solution if such a solutio!
exists (ii) the properties of the solution.

Let us now conclude this paper by showing that, at least for the examples (6.1(i)
(ii), (iii)) it is easy to calculate the solution. This calculation is done by using th
technique of expansion in eigenfunctions of the uncontrolled stationary problem

0 X [+ o}
(6.2) =2 fuenw =3 Vuen, u= Y unen
n=0 n=0 n=0
Here {e.; n =0} denotes the sequence of, in L,(D)-sense, orthonormal eigenfunctions

of A with Neumann boundary conditions. e, corresponds to the eigenvalue 0, i.e., e is
constant = {vol D}/2.

The eigenvalue corresponding with e, is denoted by —A,. The numbering is such
thatn=m= A, =\,
Of course the coefficients f,, ¥, and u, are defined by:

FO=(FC0 D e Ua=(T,en), wn(d)=(ul-, 1), en).

Here - , - ) denotes the innerproduct in L,(D).
Substitution in (6.1) leads to the following system of equations for the u,’s, n Z0:

dutn_ —Aultn + fr
6.3) dt P fornz1,
u,(0)=",
d—ug = VFuo + Ro,
6.4) at
uo(O) = \I’o.

In (6.4), we have in case (i), (ii):

V=Ea R0=f0—c_ ; QnFum Qn=6
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and in case (iii):

v=ci(1-sao), Ro=go—C X GnFln
n=1

1) a
gO"_’fO_scl yf Qn=(1_5)\n)

byen
, .
3,,80 y€0

8

These systems of equations can be solved in an elementary way. To do this for general f
is left to the reader. In the case ¥ =1, f=0 we obtain:

u( -, t)=uo(t)ey, where ug(t) equals:
uncontrolled: 1;
case (i): exp (—¢ét);

case (ii): 0(2) + po (¢) with

o(0)=——lexp (vu6)—exp (a0

vip=3{—putVul -4 if vy #v,,

v(t) =exp (—3ut1-3us} if v1=ws;

(6.5)

¢
case (iii): exp (-— 1 +s5t)'

Note that all these solutions decay for ¢ -> 0.
For a given ¢, the most rapid decay for - co which is possible under (i), (i), (iii)
arises if =4 in case (i) and if 0 <& <4 in case (ii) with u = Ve,
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