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Abstract. We study the estimation of dynamic economic models for which some of the 
state variables are observed only occasionally by the econometrician—a common problem 
in many fields, ranging from marketing to finance to industrial organization. If those occa
sional state observations are serially correlated, the likelihood function of the model 
becomes a high-dimensional integral over a nonstandard domain. We generalize the recur
sive likelihood function integration procedure to incorporate the occasional observations, 
enabling likelihood-based inference in such estimation problems. In extensive Monte Carlo 
studies, we demonstrate the favorable properties of the proposed method for identifying 
all model parameters and compare it to alternative methods.
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1. Introduction
A ubiquitous problem in the estimation of dynamic eco
nomic models is that the econometrician does not have 
access to data for all the state variables of the model. In 
such a regime, the likelihood function of the parameters 
forms an integral over the unobserved states; this inte
gral has—if those states are serially correlated—a dimen
sionality that is proportional to the time horizon of the 
data set. Although some estimation approaches exist to 
cope with this large integral, they are usually limited to 
the special case in which the state is either fully 
observed or fully unobserved. In this paper, we study 
regimes where the state is observed infrequently, which 
we refer to as an occasionally observed state. This type of 
observability can take many forms: States can be 
observed randomly, endogenously (i.e., tied to a partic
ular realization of some other model state or action), or 
follow a regular time pattern; moreover, states that are 
observed in a time-aggregated fashion can be modeled 
as occasional state observations too. All these imperfect 
observability forms occur across fields, ranging from 
marketing to finance to industrial organization. Also, 
their causes are diverse and include confidentiality or 
privacy issues and immeasurability.

Because such observability problems occur in many 
fields, there exists an emerging—but still relatively 
recent—body of literature covering the inherent unob
servability of serially correlated states and its implica
tions for estimation (Cosslett and Lee 1985, Kitagawa 
1987, Keane 1994, Norets 2009, Arcidiacono and Miller 
2011, Blevins 2016, Reich 2018).1 All these approaches 
assume a particular state to be either fully observed 
over time or fully unobserved over time—but nothing 
in between. Often, however, managerial problems are 
characterized by occasional observations of such serially 
correlated states, including in marketing (e.g., prices 
in scanner data; Erdem et al. 1999), labor and health 
economics (e.g., health status in retirement choices; 
Iskhakov 2010), finance (e.g., transaction data; Engle 
and Russell 1998), and industrial organization (e.g., 
steel trading and inventory optimization; Hall and Rust 
2021).2

Erdem et al. (1999) demonstrate the importance of 
appropriately incorporating such occasional observa
tions in the estimation procedure itself—as opposed to 
just imputing the missing values by, say, the mean of 
their occasional observations—and how conclusions 
might be misleading otherwise: In a model of product 
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purchases, they estimate consumers’ price elasticity 
based on scanner data, which contains daily product 
prices only if actual transactions have taken place. How
ever, because the decision to buy likely depends on the 
price faced by the consumer, imputing prices from their 
average observed values creates a selection bias in these 
estimates because, in fact, a conditional mean price was 
used for the imputation (conditional on having made at 
least one purchase). The authors use maximum simu
lated likelihood to integrate out the missing observa
tions, obtaining an unbiased estimator for the price 
elasticity. Their approach, however, does not incorpo
rate any serial correlation in prices, which is quite a lim
iting assumption.

Our contribution is to enable likelihood-based infer
ence even under occasional state observations by gener
alizing the recursive likelihood function integration 
(RLI) method of Reich (2018)—an approach originally 
developed to estimate models with one or more states 
being completely unobserved. The RLI method pro
vides a recursive approach to integrating out the serially 
correlated unobserved state variables in the likelihood 
function. In the presence of occasionally observed states, 
this integration cannot, however, be carried out directly 
because its domain would be nonstandard3—a lower- 
dimensional submanifold in particular and thus a set of 
measure zero in the original state space. Therefore, we 
derive a generalized recursive formulation of the inte
gral, which yields a series of interconnected, lower- 
dimensional integration problems over standard domains. 
The latter can then be approximated by alternating 
highly efficient quadrature and interpolation methods, 
such as Gauss quadrature rules and splines, respec
tively. The proposed method nests the full observation 
and the no-observation regimes as special cases and 
applies to various dynamic state-space models, includ
ing instances where occasional state observations occur 
due to time aggregation of the data.

Two issues arise when performing likelihood-based 
inference under occasional state observations. Firstly, 
the observation pattern of the occasionally observed 
state might be endogenous; that is, the probability to 
observe a state in some period t is not independent of 
the realization of the state in period t. Constructing the 
likelihood purely from the model ignores this possible 
dependence in the available sample, hence making the 
likelihood invalid and the estimator possibly biased, 
even before any approximation of the likelihood. To 
avoid this issue, we show how to construct a generally 
correct likelihood, including the case of endogeneity, if 
the conditional probability of observation is known. 
Furthermore, we provide conditions under which a sim
plified likelihood purely based on the model is also 
valid. Secondly, for both, the true and the approximate 
estimator, the validity of large sample properties is not 
ex ante innate. However, Gilch et al. (2025) derive 

conditions under which both the true and approximate 
estimators examined in this paper are consistent and 
asymptotically normal.

Recently, an alternative approach to estimate dynamic 
models with occasionally observed states has been 
developed by Hall and Rust (2021), one that proposes 
estimating partially observed Markov processes using 
the simulated method of moments (SMM), explicitly 
allowing for serial correlation of the occasionally 
observed variables4: First, the authors forward simulate 
the full process for a particular set of parameter values; 
second, they censor the simulated data using the same 
pattern as in the original data set; and finally, they com
pare the moments of the so obtained simulated data 
with the empirical ones. Based on the (appropriately 
weighted) difference in moments, a new set of parame
ter values is chosen, and the procedure is repeated until 
the difference is minimal. The authors formally derive 
conditions for the consistency and asymptotic normality 
of their estimator. Given the estimator’s roots in the 
moment-based methodology, it is broadly applicable (in 
fact, more broadly than likelihood-based approaches), 
but we expect—and confirm—it to be less efficient than 
likelihood function-based estimation.

We compare this approach to the performance of our 
method, which we assess, demonstrating its broad appli
cability by applying it to three relevant problems from 
the literature that cover all forms of unobservability: (i) a 
long-run risk model as in Bansal and Yaron (2004); (ii) a 
model with stochastic volatility as in Schorfheide et al. 
(2018)—where both applications feature one completely 
unobserved state and one that is defined quarterly in the 
model but observed only aggregated over a whole year; 
and (iii) a hypothetical setup of the bus engine replace
ment problem of Rust (1987), a dynamic discrete choice 
model where the econometrician only observes the state 
variable in the rare case of an engine replacement. Such a 
setup can occur, for example, if the decision maker out
sources the actual replacement operation and the third- 
party contractor wants to infer on the decision maker’s 
implied demand for replacement as a function of 
replacement costs, using a structural model based on the 
third-party contractor’s own incomplete data.

We analyze these examples in extensive Monte Carlo 
studies: First, we simulate many complete data sets for 
various sample lengths while discarding some observa
tions to obtain the corresponding data sets with occa
sional observations. Then, we estimate the models 
based on both types of data sets and compare the distri
butions for the different estimators and for the different 
sample lengths. Our study yields two insights: (i) the 
approach is computationally highly efficient and thus 
makes likelihood-based inference even in the presence 
of serially correlated occasionally observed states fea
sible; and (ii) we provide simulation-based evidence 
for the statistical efficiency of the likelihood-based 
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estimator even in small samples. Finally, we compare 
our approach to the SMM estimator for endogenously 
sampled time series of Hall and Rust (2021), showing 
that our method can yield significant efficiency gains, 
particularly for small samples and nonlinear models. In 
fact, we confirm Grammig and Küchlin (2018) in finding 
that it is very hard to identify the parameters of a highly 
persistent stochastic volatility process using SMM, and 
we show that this is not an issue with likelihood-based 
approaches like ours.

The remainder of this paper is organized as follows. 
In Section 2, we show how to compute the likelihood for 
(discrete-time) Markov processes with occasional state 
observations. The section begins with a motivating 
example highlighting three challenges, endogeneity of 
the observation process, high-dimensional integrals and 
validity of large sample properties, which we each 
address in the subsequent sections. In Section 3.1, we 
apply our method to estimate the long-run risk and sto
chastic volatility models; in Section 3.2, we apply our 
method to estimate the dynamic discrete choice model 
of Rust (1987). Section 4 concludes.

2. Maximum Likelihood Estimation with 
Occasionally Observed States

In this section, we show how to estimate structural mod
els with states that are observed infrequently—that is, 
only at particular values of the states or decisions, peri
odically, or completely at random—using recursive 
likelihood function integration (RLI). We refer to this 
setting as occasionally observed states. Although there are 
many empirical applications involving occasionally 
observed states, common estimation methods assume 
that states are either fully observed or completely unob
served. We propose a new methodology to estimate 
such models and show that fully observed states and 
unobserved states are nested as special cases.

We proceed as follows: We begin with an introductory 
example in Section 2.1, where we demonstrate the main 
challenges that arise when estimating dynamic models 
with occasionally observed states using maximum likeli
hood estimation. This includes (i) potential endogeneity 
of the observation process that needs to be taken into 
account when formulating the likelihood function, (ii) 
computational challenges arising from the high dimen
sional integrals that are induced by the marginalization 
of the unobserved states, and (iii) the validity of large 
sample properties of the approximates likelihood estima
tor. The subsequent sections then each cover one of the 
problems encountered in the introductory example: In 
Section 2.2, we outline how to appropriately treat generic 
observation patterns in the likelihood function to ensure 
validity of our approach; we demonstrate that observabil
ity is not limited to fixed, regular time intervals, but can 

depend on the realization of certain states or controls of 
the Markov process itself. Section 2.3 contains our main 
methodology, and we show how to estimate structural 
models with occasionally observed states based on an 
efficient recursive approximation of the likelihood func
tion. Section 2.4 briefly discusses large sample properties 
of our estimator that are formally treated in the compan
ion paper Gilch et al. (2025).

For the sake of argument, we limit ourselves to one 
observed and one occasionally observed state in the fol
lowing. It is important to highlight that this is by no 
means a limitation of our method but rather lets us use 
very instructive notation. We provide a fully general 
description of our methodology for an arbitrary number 
of states in Online Appendix A.2.

2.1. Introductory Example
Consider a discrete-time Markov process {zt, xt}— 
possibly controlled, like in dynamic discrete choice 
models—with two one-dimensional state variables, 
zt, xt ∈ R, and a parametric family of transition probabil
ity functions, P(zt, xt |zt�1, xt�1;θ). We want to estimate 
the model parameter θ using a maximum likelihood 
approach. In particular, we are interested in a case 
of limited data availability, where the variable zt is 
observed for all periods t ∈ T ≡ {1, : : : , T} of the sample, 
whereas xt is observed only at the times t ∈ T̄ with 
T̄ ⊆ T . In this section, we analyze the simple case with 
only one observation, T̄ � {t} and illustrate three chal
lenges for our estimation: endogeneity of the observation 
process, computation of high-dimensional integrals, and 
the large sample properties of the resulting estimator. 
The subsequent sections then each deal with one of these 
issues in more detail and cover the general observation 
set T̄ ⊆ T .

To introduce basic notation and the fundamental 
treatment of unobserved states, let us first consider two 
counterfactual cases: Under full observability for both 
states xt and yt—that is, T̄ � T —the (unconditional) 
likelihood function of the parameter vector θ reads

L(θ) � P({zt, xt}t∈T ;θ)

� P(z1, x1;θ)
YT

t�2
P(zt, xt |zt�1, xt�1;θ),

(1) 

where P(z1, x1;θ) is the stationary distribution of xt (if 
available). Conversely, if no state observations on xt are 
available—that is, T̄ � ∅—the likelihood function forms 
an integral with respect to the unobserved state,

L(θ) � P({zt}t∈T ;θ)

�

Z

⋯
Z

ST
x

P(z1, x̃1;θ)
YT

t�2
P(zt, x̃t |zt�1, x̃t�1;θ)

d(x̃1, : : : , x̃T): (2) 
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Here and in the following, we decorate any integration 
variable with a tilde; in (2), we write x̃t to clearly distin
guish them from any data set element or state variable, 
xt. Note that the overall dimensionality of the integral 
in (2) is proportional to the time horizon of the data, T. 
Thus, computing this integral constitutes a delicate 
task.

Suppose we have a single observation xt at t that lies 
in the “interior” of T —that is, 1 < t < T and T̄ � {t}. If 
we were to integrate the likelihood as in (2), the 
domain of integration in the likelihood function would 
read {(x̃1, : : : , x̃T) ∈ ST

x : x̃t � xt}, which is no longer a 
full-dimensional subset of ST

x (for general state 
spaces Sx), and thus potentially creates ill-defined inte
grals. Therefore, we rewrite the integral to explicitly 
exclude the integration variable x̃t and only integrate 
with respect to (w.r.t.) the unobserved states x̃t for 
t ∈ T \ T̄ :

L(θ) �
Z

: : :

Z

P(z1, x̃1;θ)
Yt�1

t�2
P(zt, x̃t |zt�1, x̃t�1;θ)

 !

P(zt , xt |zt�1, x̃t�1;θ)

·P(zt+1, x̃t+1 |zt , xt ;θ)
YT

t�t+2

P(zt, x̃t |zt�1, x̃t�1;θ)

 !

d(x̃1, : : : , x̃t�1, x̃t+1, : : : , x̃T): (3) 

In the following, we use the likelihood (3) to illustrate 
three key challenges that arise when estimating dynamic 
models with occasional state observations.5

(i) Observation Process. The fact that we observe xt in 
some periods, but we do not in others, is not innocuous, 
in particular if the (un)observability of a variable inher
ently depends on the value of the variable itself. This, in 
turn, implies that the observation pattern carries 
information about realization of the underlying 
variable—even if it is unobserved. Ignoring this infor
mation generally leads to endogeneity, which needs to 
be accounted for by adapting the integration domain 
and the (conditional) distribution for the unobserved xt 
accordingly.6

To maintain the simplicity of this example, suppose 
there is an endogenous observation mechanism such 
that xt is observed if xt ∈ S̃ , for some subset of the state 
space S̃ ⊂ Sx, but not otherwise. A prominent example 
is censoring: here, xt is only observed if it exceeds—or 
falls below—some threshold. To further simply the out
line, consider a situation where T � 2 and t � 1; that 
is, we have a realization of this mechanism for which 
we know that x1 ∈ S̃ and x2 ∈ Sx \ S̃ . Note that if we 
were to integrate out the unobserved variable over the 
full state space Sx, we would include values from S̃ 

which are impossible to have happened, conditional on 
nonobservation of x2. To account for the endogeneity in 
the likelihood function, we include the probability to 
observe xt conditional on xt itself:

L(θ) �
Z

Sx

P(z1, x1;θ)P(x1 is observed |x1)

P(z2, x̃2 |z1, x1;θ)P(x̃2 is observed | x̃2)dx̃2:

In our example, the observation probability turns out to 
be an indicator function:

P(xt is observed |xt) � 1{xt∈S̃}
: (4) 

Thus, we can simplify the likelihood by transforming 
the integral over the domain Sx \ S̃ :

L(θ) �
Z

Sx\S̃

P(z1, x1;θ)P(z2, x̃2 |z1, x1;θ)dx̃2: (5) 

Importantly, given our sample and the knowledge 
that observation is endogenous in our example, only 
this adjusted likelihood is correct for inference. In Sec
tion 2.2, we return to the case with any T ∈ N and pro
vide a general likelihood formulation, which accounts 
for multiple observations from a (potentially) endoge
nous observation process, covering different levels of 
endo- or exogeneity of the observation pattern T̄ . The 
only requirement is that we can express it through a 
parametric family of distributions; moreover, we show 
under which circumstances the likelihood original (3) 
can be used “as is.”

(ii) High-Dimensional Integrals. Computing the inte
gral in Equation (3) is numerically challenging because 
its dimension grows proportional with the time horizon 
T. In the following, we show how to rewrite the integral 
in (3) recursively. As we demonstrate in the methodol
ogy sections below, we can then form an approximation 
of that recursive form, which effectively breaks the 
curse of dimensionality otherwise induced by the time 
horizon.

Because of the integrability and boundedness 
assumption on all Ps, the Fubini–Tonelli theorem and 
the Markov structure of the model allow us to express 
the second integral in Equation (3) (i.e., the integral from 
t + 2 up to T) recursively as

f θt (x) �
1 t > T
R

P(zt, x̃ |zt�1, x;θ)f θt+1(x̃)dx̃ t + 2 ≤ t ≤ T,

(

where zt and zt�1 come from the data set, but x and x̃ are 
function arguments and integration variables, respec
tively. Using the result of this recursion, f θt+2, the integra
tion over t + 1 yields the following constant function, 
which depends only on the state observation xt , but not 
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on the function argument x:

ft+1(x) �
Z

P(zt+1, x̃ |zt , xt ;θ)f
θ
t+2(x̃)dx̃:

Defining
ft(x) � P(zt , xt |zt�1, x;θ)ft+1(xt), 

we can express the remaining dimensions of the integral 
through recursion as

f θt (x) �
Z

P(zt, x̃ |zt�1, x;θ)f θt+1(x̃)dx̃ 2 ≤ t ≤ t � 1, 

and evaluate the final likelihood based on f θ2 .
However, evaluating f θ2 is still computationally chal

lenging, as an evaluation of f θ2 triggers an evaluation of 
f θ3 , which again triggers an evaluation of f θ4 , and so on. 
As each evaluation level t requires multiple evaluations 
at t+ 1 to compute the integrals, the resulting number 
of function evaluations grows exponentially with T. In 
Section 2.3 we show how to use an approximation of 
the recursion f θt so that the computational complexity 
only grows linearly in T and hence becomes computa
tionally feasible; together with our results on conver
gence of the resulting estimator in Section 2.4, this 
formulation can be shown to truly break the curse of 
dimensionality.

(iii) Asymptotic Properties. In the standard setup with 
fully observed xt, asymptotic properties of the likeli
hood estimator are obtained by taking the logarithm of 
the likelihood (1):

logL(θ) � logP(z1, x1;θ) +
XT

t�2
log P(zt, xt |zt�1, xt�1;θ):

Taking the sample size T to infinity, consistency is 
derived using a law of large numbers and asymptotic 
normality follows from a central limit theorem.

In the case of occasional state observations, this 
approach is not applicable: Taking the logarithm of the 
likelihood (3) does not yield a sum over t summands, 
but rather a sum of two summands only, as the loga
rithm and the integral cannot be interchanged:

logL(θ)� log
Z

: : :

Z

P(z1, x̃1;θ)
Yt�1

t�2
P(zt, x̃t |zt�1, x̃t�1;θ)

 !

P(zt ,xt |zt�1, x̃t�1;θ)d(x̃1,: : : , x̃t�1)

+ log
Z

: : :

Z

P(zt+1, x̃t+1 |zt ,xt ;θ)

YT

t�t+2

P(zt, x̃t |zt�1, x̃t�1;θ)

 !

d(x̃t+1, : : : , x̃T):

(6) 

Of course, with a fixed number of observations (here: 
one), we do not obtain the infinite sum required to 

derive the desired properties of the estimator when tak
ing T to infinity. Instead, it is only the dimension of the 
integral that becomes larger, and convergence is in our 
general framework—to the best of our knowledge— 
unclear. This makes asymptotic statements impossible, 
even if we were able to compute these integrals exactly.

However, as shown by Gilch et al. (2025) and further 
discussed in Section 2.4, it is possible to recover the 
asymptotical results known from many other log- 
likelihood-based estimators, if the number of occasional 
observations, N ≡ | T̄ | , also tends to infinity as T grows. 
In particular, these asymptotics can be derived based on 
the joint probability of all states between two observa
tion periods, P({zt, xt}

ti+1
t�ti+1 |zti

, xti
;θ).

Based on this observation, Gilch et al. (2025) continue 
to show how these asymptotics can be derived if the 
likelihood has to be approximated, as it is typically the 
case in realistically sized applications: As mentioned in 
Paragraph (ii), our likelihood cannot be evaluated ana
lytically and is therefore approximated numerically. 
Hence, the estimator we are actually interested in is not 
the maximizer of (6) but the maximizer of this approxi
mated likelihood. However, approximation of the likeli
hood introduces an additional deterministic error to our 
estimator on top of the stochastic estimation error and 
thus also affects its asymptotic properties. We further 
explain this issue and the proposed solution by Gilch 
et al. (2025) in Section 2.4.

2.2. Endogeneity of the Observation 
Process

We start by formalizing the assumptions on the forma
tion of the observation pattern T̄ , which are necessary 
to ensure validity of our approach. As we have indi
cated above, observability is not limited to fixed, regular 
time intervals, but can, in general, depend on the reali
zation of certain states or controls of the Markov process 
itself. However, such dependence can lead to endogene
ity if one fails to incorporate the information about the 
conditional distribution of the unobserved variables 
inherent in the observation pattern realization where 
necessary. As a consequence, if maximum likelihood 
estimation does not account for this endogeneity, it is 
potentially biased. In this section, we incorporate the 
observation pattern into the sample, and we describe 
different levels of susceptibility to endogeneity that it 
can induce. Subsequently, we derive a general likeli
hood function based on both the economic model and 
the observation pattern, and we show under which cir
cumstances the original likelihood (i.e., the likelihood 
based purely on the economic model) is sufficient for 
consistent inference. For the ease of notation, we keep 
the assumption that xt is one dimensional. At the end of 
this section, we describe how the results generalize in a 
setting with multidimensional xt ∈ Rdx , dx ≥ 1.
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Let us define the observation variable as

mt �
1, if xt is not observed,
0, otherwise:

�

If we allow the observability of xt to be random, mt is in 
fact a random variable with probability distribution Pm. 
This distribution is typically called the missing data mech
anism as it specifies the probability for the value of xt to 
be (un-)observed, and it may condition on past realiza
tions of xs, s < t, as well as current and past realizations 
of zs and ms, s ≤ t.7 In this paper, we only consider cases 
where Pm is Markov. Formally, we write

Pm(mt | {ms}
t�1
s�1, {zs, xs}

t
s�1;η)

� Pm(mt |zt, xt, zt�1, xt�1, mt�1;η), (7) 

where η ∈H is a nuisance parameter. To distinguish the 
model process for the model variables, xt and zt, from the 
missing data mechanism Pm for the observation vari
able, we denote the former by

Pxz(zt, xt |zt�1, xt�1;θ), (8) 

which is specified by the underlying economic model 
and parametrized by θ ∈Θ. In line with many applica
tions, and to allow the application of RLI, we also 
impose the Markov property on Pxz. Note that the obser
vation variable mt is only relevant to the econometri
cian; the agent whose behavior is explained by the 
model observes all model variables at all times.8 There
fore, mt does not appear in Pxz.

In this paper, we address the estimation of the param
eter of interest θ using maximum likelihood estimation 
under occasional observations of some model variables. 
Recall that the likelihood function is the joint probability 
of the sample, seen as function of the parameter of the 
underlying model. If the econometrician observes all 
variables at all times (by construction, not by chance), 
the model process Pxz together with the observed model 
variables, {zt, xt}

T
t�1 is sufficient for the determination of 

the likelihood and its maximizer. However, under occa
sional observations, the sample is deprived of some xt, 
but their absence is itself informative about their real
ized (but unobserved) values—and thus about θ—as 
specified through Pm. Hence, the relevant sample is in 
fact the information set, {{zt, mt}

T
t�1, {xt |1 ≤ t ≤ T, mt � 0}}, 

and the likelihood function needs to be augmented by 
Pm. To formalize this augmentation, we first introduce 
some helpful concepts and notation.

Definition 1 (Observation Pattern). 
1. The set of periods in which xt is observed is called 

the observation pattern, T̄ , and is denoted by

T̄ ≡ {t ∈ {1, : : : , T} |mt � 0}: (9) 

It is a random variable with support {0, 1}T.
2. The number of observations, N, is defined by N ≡
| T̄ | and is a random variable with support {0, 1, : : : , T}.

3. Given N ≥ 1, the periods of observations, ti, are the 
elements of T̄ and numbered ascendingly by i � 1, : : : , 
N, s.t., ti < ti+1 for all i . Each ti is a random variable 
with recursively defined support conditional on N and, 
if i > 1, ti�1,

supp(ti) �
{1, : : : , T� (N� 1)} if i � 1,

{ti�1 + 1, : : : , T� (N� i)} if i > 1:

(

(10) 

We further define t0 ≡ 0 and tN+1 ≡ T + 1 for nota
tional purposes and without correspondence to any 
observation.

4. The length of the nonobservation segment between 
the (i� 1)th and the ith observation, τi, is defined by 
τi ≡ ti� ti�1� 1 for i � 1, : : : , N + 1. Each τi is a random 
variable as it is the function of the two random vari
ables ti and ti�1.

Note that Definition 1 allows for three equivalent 
representations of the observation pattern; we continue 
with the representation through mt but still use N, ti, 
and τi to simplify the notation of the likelihood function 
below.

Next, we characterize the potential endogeneity of 
the observation pattern, T̄ , w.r.t. the model variables, xt 
and zt, in terms of Pm. Generally, the functional form (7) 
allows for any probabilistic Markov dependence of the 
observability of xt on zt, xt, xt�1, and zt�1. The following 
definition restricts the functional form of Pm selectively 
to obtain three forms of endogeneity that are common 
in the missing data literature.

Definition 2 (Properties of the Observation Pattern). The 
missing data mechanism Pm is missing at random 
(MAR) if for all t
Pm(mt |zt, xt, mt�1, zt�1, xt�1;η) � Pm(mt |zt, zt�1, mt�1;η),

(11) 

that is, if observation of xt only depends on the fully 
observed variables. The missing data mechanism is 
called missing completely at random (MCAR) if for all t

Pm(mt |zt, xt, mt�1, zt�1, xt�1;η) � Pm(mt |η), (12) 

that is, if observation of xt is independent of all other 
variables.

If Pm is neither missing at random nor missing 
completely at random, we call Pm missing not at ran
dom (MNAR).9

Note that MCAR implies MAR but not vice versa. 
Also, although an MNAR mechanism corresponds to an 
endogenous observation pattern, MAR and MCAR 
mechanisms are associated with observation patterns 
that are exogenous (conditional on zt�1, zt in the former 
case). We provide examples for all forms of endogeneity 
at the end of the section and relate them to the following 
assumption and proposition.
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Assumption 1 (Admissible Scenarios for the Observation 
Pattern). One of the following two cases holds: 

a. The missing data mechanism is MNAR and the func
tional form of Pm(mt |zt, xt, mt�1, zt�1, xt�1;η) is known.

b. The missing data mechanism is MAR and the para
meters η and θ specifying Pm and Pxz are distinct; that is, 
the joint parameter space of η and θ is the product of the 
parameter spaces H and Θ.

Based on Assumption 1, and using a set of common 
notational conventions to achieve a compact notation,10

the following proposition proposes a maximum likeli
hood estimator for each of the two cases.

Proposition 1 (Likelihood Function Under Occasional 
Observations). Let mt, zt, xt for t � 1, : : : , T, as well as ti for 
i � 0, : : : , N + 1, τi for i � 1, : : : , N and Pxz, Pm, and N be 
defined as above. Let yt ≡ (mt, zt) be the vector of variables 
which are observed in all periods; that is, it is composed of 
both model and observation variables. 

1. If 1(a) holds, then let ψ ≡ (θ,η) and Ψ ≡Θ ×H and 
define the transition probability P by

P(yt, xt |yt�1, xt�1;ψ) ≡ Pm(mt |zt, xt, mt�1, zt�1, xt�1;η)

Pxz(zt, xt |zt�1, xt�1;θ): (13) 

2. If 1(b) holds, then let ψ ≡ θ and Ψ ≡Θ and define the 
transition probability P by

P(yt, xt |yt�1, xt�1;ψ) ≡ Pxz(zt, xt |zt�1, xt�1;θ): (14) 

For each of the cases and the according definitions of ψ and 
P, the maximum likelihood estimator for ψ is given by

ψ̂ � argmax
ψ∈Ψ

L(ψ), 

where

L(ψ) � L(ψ | {yt}
T
t�1, {xt}t∈T̄ ) (15a) 

≡
Y

i∈{1, : : : ,N+1}∩{i |τi>0}

Z

⋯
Z

S
τi
x

P(yti�1+1, x̃ti�1+1 |yti�1
, xti�1

;ψ) (15b) 

·
Yti�1

t�ti�1+2

P(yt, x̃t |yt�1, x̃t�1;ψ) (15c) 

·P(yti
,xti
|yti�1, x̃ti�1;ψ)d(x̃ti�1+1,: : : , x̃ti�1) (15d) 

·
Y

i∈{j�1, :: :,N+1 |τj�0}
P(yti

,xti
|yti�1,xti�1;ψ): (15e) 

The proof of Proposition 1 can be found in Online 
Appendix A.1. The idea of the proposition is as follows: 
In the full information case, the likelihood of a sample 
would simply be the product over each observation’s 
conditional probability. In our case of nonobservation of 
some xt, we derive the likelihood function (15) by mar
ginalizing the unobserved xt, that is, integrating them 
w.r.t. their associated conditional probability and their 
domain Sx.

In contrast to the case of RLI examined in Reich 
(2018), the occasional observations of xt allow us to split 
up the joint integral over xt, t ∉ T̄ , into N + 1 separate 
factors which are each associated with one of the seg
ments (ti�1, : : : , ti) for i � 1, : : : , N + 1. These N + 1 fac
tors are in turn split up into two sets, according to the 
length of their nonobservation segment, τi: If τi � 0 
(Equation (15e)), that is, the respective segment is 
(ti� 1, ti), then the ith factor is simply the probability of 
yti

, xti 
conditional on yti�1, xti�1. If τi > 0 (Equations 

(15b)–(15d)), there is at least one period of nonobserva
tion between two periods of observation; that is, the ith 
segment (ti�1, : : : , ti) contains at least three time periods. 
The factor associated with this segment is the integral of 
the product of conditional probabilities over all succes
sive unobserved xt with ti�1 < t < ti: the probability 
density function (p.d.f.) in (15b) is the probability of the 
first unobserved variable of this segment conditional on 
the observations in period ti�1; the p.d.f. in (15d) is the 
probability of the observations in period ti conditional 
on the last unobserved variable of this segment; and the 
product in (15c) is empty if there is only one period of 
unobservation in this segment and otherwise is the 
product of all probabilities of an unobserved variable 
conditional on the previous unobserved variable.

If the missing data mechanism is MNAR, that is, if the 
observation pattern is endogenous, xt and xt�1 are part of 
Pm. Therefore, marginalization of the unobserved xt 
involves the product of Pm and Pxz as the integrand. Con
sequently, we require (the knowledge of) a specific func
tional form for Pm. Moreover, we need to estimate η as 
well because it is now also a nuisance parameter of L (the 
likelihood function “inherits” the nuisance parameter 
from Pm). In particular, η cannot be estimated separately 
by conditional maximum likelihood, that is, by only using 
the process for mt. The conditional likelihood of η is again 
an integral over xt for t ∉ T̄ and is in fact the same as (15).

If the missing data mechanism is MAR, that is, if the 
observation pattern is exogenous, xt is not a part of Pm for 
any t, allowing us to “pull” Pm out of the integral. By 
Assumption 1(b), Pm is parametrized independently of θ 
and thus becomes merely a scaling factor to the likelihood 
of θ. In other words, the likelihood given in (15) with ψ �
θ and Definition (14) is equivalent to the likelihood with 
ψ � (θ,η) and Definition (13) for any η ∈H. Thus, maxi
mum likelihood estimation with an M(C)AR missing 
data mechanism neither requires any explicit specifica
tion of Pm nor the estimation of an additional nuisance 
parameter. Note that if the second part of Assumption 
1(b) regarding the support of η fails to be satisfied, the 
resulting estimator of θ is still valid, but less efficient.

Let us briefly comment on the dimensionality of the 
model variable xt.11 For simplicity, we have assumed in 
this section that xt is one dimensional, and hence, mt is 
also one dimensional. We can generalize this setting to a 
setting with multidimensional xt ∈ Rdx , dx > 1, in two 
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ways: First, consider a situation in which all elements of 
the vector xt are observed at the same time, that is, if one 
element of xt is observed, all other elements are also 
observed. Then, mt and all of the auxiliary variables 
N, ti, and τi, i � 1, : : : , N, are still one-dimensional vari
ables. In particular, all definitions and derivations in 
this section only depend on the entire vector xt and 
never directly on individual elements of xt. Thus, all of 
the definitions and derivations and especially Proposi
tion 1 hold verbatim and can be used without further 
adjustments for estimation.

The second case further generalizes our setting in that 
it allows some elements of xt to be observed, whereas 
others are unobserved in the same period; that is, mt is 
now also dx dimensional. This entails a more intricate def
inition of the observation pattern T̄ and causes the inte
gration domain Sx to differ in each period, depending on 
how many elements of xt need to be marginalized. We 
show in Online Appendix A.2 how our notation has to be 
adjusted for this case. However, the general intuition of 
this section remains valid: If the missing data mechanism 
is MAR, then the likelihood can be constructed only using 
the model process. If it is MNAR, then we additionally 
require the observation process. We conclude this section 
with three examples each corresponding to one of the 
types of endo- or exogeneity of the observation pattern 
described in Definition 2.

Example 1 (Discrete Choice Models with Choice- 
Dependent Observability). Consider a data set {dt, st}

T
t�1 

which is analyzed using a discrete choice model 
(DCM): It consists of one or several decision vari
ables dt that take discrete values {1, …, J} and one or 
several explanatory variables st that are inputs to the 
decision process of the agent in the model. Suppose 
that the econometrician does not have access to the full 
data set but observes some of the st only occasionally, 
according to the missing data mechanism Pm. If the 
decision variables dt are always observed and the 
observability of the explanatory variables depends 
only on the decision variable, then the missing data 
mechanism is MAR: Although dt depends on st and 
hence observability of st also depends on st, the depen
dence on st in Pm simply drops out by conditioning on 
the always observed dt. Put in terms of our framework, 
the occasionally observed parts of st map into xt, 
whereas dt and the remaining parts of st map into zt. 
This implies that Assumption 1(b) is fulfilled, and the 
likelihood is conveniently constructed using only the 
decision process that is anyway specified by the DCM.

Prominent examples for such DCMs with occasionally 
observed explanatory variables are models of purchase 
decisions based on scanner data (Erdem et al. 1999) or 
price data from steel retailers (Hall and Rust 2021). In 
these settings, prices are only observed if the agent actu
ally purchases the product; otherwise, the price is not 

observed by the econometrician but only by the agent 
(who bases purchase decision on this price). This reflects 
exactly the setting above; thus, only the decision process 
is required for estimation of these models.

In Section 3.2, we present a hypothetical version of 
the bus engine replacement model by Rust (1987) in 
which the mileage data are only observed upon 
replacement and the random utility component of the 
bus manager is serially correlated. We analyze it with 
the likelihood from Part 2 of Proposition 1 and pro
vide empirical evidence for its asymptotic properties.

Example 2 (Observation of Summary Statistics of Time 
Series Data). Suppose an econometrician wants to 
estimate a model of two variables, zt and st, which 
admit a joint transition probability Psz (zt, st |zt�1st�1;θ)
parameterized by θ. However, the econometrician 
only has access to reliable data for the z-variable; 
observations of st are not available, for example, 
because they are not reported or because they are 
diluted by an unknown seasonality pattern or some 
other form of noise making them unfit for estimation. 
Instead, the econometrician occasionally observes 
another variable, say xt, which is a function of a finite 
sequence of st. For simplicity, suppose xt is observed 
every τ periods, that is, ti� ti�1 � τ for observation 
periods {ti}

N
i�1, and xti 

is a function of the τ variables 
sti

, : : : , sti�1+1, which we denote by f in this example.12

In this setting, our framework allows us to use the 
model of zt and st to derive a likelihood of θ based on 
the sample {{zt}

T
t�1, {xti

}
N
i�1}. In general, this likelihood 

has the same form as that in Equation (15), but it fea
tures an integral over {st}

ti
t�ti�1+1, where the integration 

domain is defined by f (sti�1+1, : : : , sti
) � xti

. This formu
lation makes maximum likelihood estimation possible 
even if the observed data are only a function of the 
variables of interest.13 If we think of the f as a statistic of 
the sample {st}

ti
t�ti�1+1, then we can still estimate model 

parameters even if only a sample quantile or moment 
of the relevant model variables are observed.

A common example is time aggregation, where 
xti
� sti�1+1 + sti�τ+2+⋯ + sti

; that is, where xt is pro
portional to the empirical mean of a sample of length 
τ of the s variable. In Section 3.1, we illustrate how 
our approach can be used to estimate two long-run 
risk models by Bansal and Yaron (2004) and Schorf
heide et al. (2018); although those models are defined 
on the quarterly level, reliable dividend data neces
sary to estimate them are only available at the annual 
level. We show how the aggregated observed variable 
corresponds with the disaggregated model variable 
and demonstrate the empirical efficiency of our approach 
in comparison with the case with full observability of 
the model variables.

Example 3 (Censoring with Deterministic Threshold). Let 
us consider the well-known case of censored data: 
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Suppose xt is a variable with support R that is only 
observed if xt < x for some threshold x ∈ R; other
wise, we only know that xt ≥ x. Importantly, nonob
servation of xt is still informative as it corresponds to 
knowing that xt lies above the threshold. Hence, the 
number of nonobservations provides an estimator for 
how much mass of xt’s probability distribution lies on 
the interval [x,∞).14 This period t information (either 
from observation or nonobservation) is often formal
ized by considering the censored variable x∗t, which is 
defined by x∗t ≡ xt if xt < x and x∗t ≡ x otherwise and 
that is observed in all periods. In contrast, we capture 
the same information by the tuple (xt, mt) where the 
observation variable, mt, associated with xt is given by

mt �
1, if xt > x,
0, otherwise:

�

(16) 

This way, censoring can be formulated in terms of a 
missing data problem. Notably, we cannot discard the 
dependence on xt in the definition of Pm in the case of 
censoring. As a matter of fact, Pm is an indicator function 
and only takes values of zero or one, directly depending 
on whether xt > x or not. Therefore, the missing data 
mechanism Pm is MNAR, and we need to construct the 
likelihood from Proposition 1(1), including Pm.

Our formulation using the tuple (xt, mt) generalizes 
the censoring intuition: It does not deterministically 
impose observability based on a fixed threshold but 
instead allows observability to be probabilistic at 
every value in the support of xt. In this sense, our 
notion of generalized censoring is indeed equivalent 
to the notion of MNAR.

2.3. Recursive Formulation of the 
Likelihood Function

Proposition 1 provides the general formulation of the 
likelihood, Equation (15), which accounts for both MAR 
and MNAR data. In particular, it abstracts from both 
cases by introducing a general notation for the observed 
variables yt and the parameter of interest ψ. In this sec
tion, we show how to efficiently compute this likelihood 
using the recursive likelihood integration proposed by 
Reich (2018).

By a simple induction argument, the example with 
only one observation from Section 2.1 can be general
ized to any observation pattern T̄ ⊆ T for t > 1 by

fψt (x) �

1 t>T
R

P(yt, x̃ |yt�1,xt�1;ψ)fψt+1(x̃)dx̃ t�1 ∈ T̄ ,t ∉ T̄

P(yt,xt |yt�1,x;ψ)fψt+1(xt) t�1 ∉ T̄ ,t∈ T̄

P(yt,xt |yt�1,xt�1;ψ)fψt+1(xt) t�1 ∈ T̄ ,t∈ T̄
R

P(yt, x̃ |yt�1,x;ψ)fψt+1(x̃)dx̃ otherwise,

8
>>>>>>><

>>>>>>>:

(17) 

where all indexed variables—that is, xt, xt�1, yt, and 

yt�1—denote observations from the data set, whereas x 
and x̃ denote function arguments and integration vari
ables, respectively. Finally, the complete likelihood 
function can be evaluated as one of the following:

L(ψ) �
Z

P(y1, x̃;ψ)fψ2 (x̃)dx̃, (18a) 

L(ψ) � P(y1, x1;ψ)fψ2 (x1), (18b) 

where we distinguish two cases: In Equation (18a), we 
assume 1 ∉ T̄ —that is, the very first state realization is 
unobserved; the likelihood thus forms an integral 
against the stationary distribution of the unobserved 
process, P(x;ψ). In Equation (18b) we require 
1 ∈ T̄ —that is, the initial state realization is either trivi
ally known or observed.15

The appeal—but also the main problem—of the 
recursive representation of the likelihood function in 
(18) is that it is exact. Theoretically, an evaluation of fψ2 
defined according to (17) would trigger evaluations of 
fψ3 , which would themselves trigger evaluations of fψ4 , 
and so on, up to fψT+1. Moreover, each evaluation at level 
t triggers potentially multiple evaluations at the level 
t+ 1 due to the integration, resulting in an exponentially 
growing number of total function evaluations in T.

Therefore, we introduce an approximation operator, 
a mapping between two function spaces B and P:

I : B→ P, f ⊢→ f̂ , (19) 

where the elements of P can be represented by a count
able set of parameters, the size of which is independent 
of T. This allows us to state an approximation of (17) as 
follows:

f̂
ψ

t (x)�

1 t>T
R

P(yt, x̃ |yt�1,xt�1;ψ)f̂
ψ

t+1(x̃)dx̃ t�1∈ T̄ ,t∉ T̄

P(yt,xt |yt�1,x;ψ)f̂
ψ

t+1(xt) t�1∉ T̄ ,t∈ T̄

P(yt,xt |yt�1,xt�1;ψ)f̂
ψ

t+1(xt) t�1∈ T̄ ,t∈ T̄

I
�R

P(yt, x̃ |yt�1,x;ψ)f̂
ψ

t+1(x̃)dx̃
�

otherwise,

8
>>>>>>>>><

>>>>>>>>>:

(20) 

which now has linear complexity in T. The procedure to 
actually evaluate f̂

ψ

2 numerically—and thus, the likeli
hood function (18)—critically depends on the nature of 
the state variable x, in particular, whether it is discrete 
or continuous. This is not only true for the approxima
tion operator I but also for the computation of the inte
grals in (20). However, the actual procedures to 
compute the value of the likelihood function for some 
parameter value share the same logic, which is therefore 
summarized in Algorithm 1 in Online Appendix A.3.

In the following, we specialize the likelihood recur
sion (17) for Markov processes with state x being 
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continuous—that is, xt ∈ Sx ⊆ R (we do not need to spe
cify the nature of the state space for y at this point). 
In the presence of a continuous occasionally observed 
state, we first have to compute the integrals by numer
ical quadrature, and second, we have to approximate 
the function fψt (·)—an infinite-dimensional object— 
by some form of function approximation, such as 
interpolation.16

We start with the discussion of the integration pro
blems. In order to make a wide range of quadrature 
rules applicable, we formulate two assumptions, which 
are, however, without loss of generality for the method 
itself, and their relaxation only limits the choice of the 
numerical integration methods. First, suppose the tran
sition probabilities for the model variables and the 
observation variables each satisfy a conditional inde
pendence relation, s.t. we obtain for the joint probabil
ity:

P(yt, xt |yt�1, xt�1) � P(yt |xt)P(xt |yt�1, xt�1):

Second, suppose there exists an invertible and differen
tiable change of variables φ, mapping to a new variable 
∆xt by

xt � φ(∆xt, yt�1, xt�1;ψ), 

such that
P(φ(∆xt, yt�1, xt�1;ψ) |yt�1, xt�1;ψ) � q(∆xt):

A simple but very relevant example is the AR(1) process 
with φ : xt � ρxt�1 +∆xt and φ′ ≡ 1. Using this change 
of variables, we can rewrite the integrals in Recursion 
(17) as

fψt (x)�
Z

φ(D,yt�1,x;ψ)
P(yt | x̃;ψ)P(x̃ |yt�1,x;ψ)fψt+1(x̃)dx̃ (21) 

�

Z

D

P(yt |φ(∆x̃,yt�1,x;ψ);ψ)φ′(∆x̃,yt�1,x;ψ)

· q(∆x̃)fψt+1(φ(∆x̃,yt�1,x;ψ))d∆x̃, (22) 

which allows the application of a wide range of quadra
ture rules of the following form: Consider an integrand 
h : D→ R, a nonnegative bounded weighting function 
q : D→ [0, a], and a set of nodes and weights {(ci, wi)}

NQ

i�1 
with

Z

D

h(x̃)q(x̃)dx̃ �
XNQ

j�1
wjh(cj) + ɛQ, (23) 

such that the approximation error ɛQ is minimized in 
some sense. For example, for Gauss-type weighting 
functions, Gauss–Hermite quadrature approximates 
integrals of Form (23) accurately if the corresponding 
integrand h is sufficiently smooth (and can thus be 
approximated well by a polynomial). Therefore, we 
approximate the integral in the recursive definition (22) 

by
XNQ

j�1
wjP(yt |φ(cj, yt�1, x;ψ);ψ)φ′(cj, yt�1, x;ψ)

fψt+1(φ(cj, yt�1, x;ψ)), (24) 

where the weighting function q(·) is now captured in the 
weights wj according to the specific quadrature rule.

We now turn our attention to the approximation of 
the function object fψ itself. As we have argued above, 
this is necessary because otherwise the recursion would 
trigger a tree of function evaluations that grows expo
nentially in T at worst. Even when using an approxima
tion of the integral as in (24), we are required to evaluate 
fψt (x) at the transformed quadrature nodes φ(cj, yt�1, 
xt�1;ψ), which do, however, depend on t and thus keep 
changing over the course of the recursion. Conse
quently, we want to find a representation of fψt , say f̂

ψ

t , 
that (i) can be obtained through finitely many evalua
tions of fψt and (ii) does not require the evaluation of fψs , 
or f̂

ψ

s , for s > t+ 1.
Following Reich (2018), we further specialize the 

approximation operator I defined in (19) to create an 
interpolant based on finitely many evaluations of fψ.17

Consider a grid of interpolation nodes {gj}
NI

j�1 ∈ SNI . Then,

Î : RNI

+ → P, {fψ(gj)}
NI

j�1 ⊢→ f̂
ψ

, (25) 

where f̂
ψ 

is an object from a function space with finite- 
dimensional representation, P, and is typically obtained 
by solving a system of equations on the set of interpola
tion nodes, {gj}

NI

j�1, such that ∀gj : f̂
ψ
(gj) � fψ(gj). More

over, some interpolation schemes impose further 
restrictions on the derivatives of the interpolant (e.g., 
splines for continuous higher-order derivatives of the 
interpolant or Hermite interpolation to fit derivatives of 
the original function). Obviously, this approximation 
step introduces a second source of error: ɛI � ‖fψ� f̂

ψ
‖.18

By combining the numerical approaches for integra
tion and function approximation defined above, Recur
sion (20) can be implemented for continuous occasionally 
observed states as
f̂
ψ

t (x)

�

1 t>T
XNQ

j�1
wjP(yt |φ(cj,yt�1,xt�1;ψ);ψ)

· φ′(cj,yt�1,xt�1;ψ)f̂
ψ

t+1(φ(cj,yt�1,xt�1;ψ))
t�1∈ T̄ ,t ∉ T̄

P(yt |xt;ψ)P(xt |yt�1,x;ψ)f̂
ψ

t+1(xt) t�1 ∉ T̄ ,t∈ T̄

P(yt |xt;ψ)P(xt |yt�1,xt�1;ψ)f̂
ψ

t+1(xt) t�1∈ T̄ ,t∈ T̄

Î
�nXNQ

j�1 wjP(yt |φ(cj,gi,yt�1;ψ);ψ)

·φ′(cj,gi,yt�1;ψ)f̂
ψ

t+1(φ(cj,gi,yt�1;ψ))
oNI

i�1

� otherwise:

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

(26) 
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The final, approximated likelihood for the continuous 
case, which depends on whether x1 is observed or not, 
reads

L̃(ψ) �
XNQ

j�1
wjP(y1 |φ1(cj;ψ);ψ)φ

′
1(cj;ψ)f̂

ψ

2 (φ1(cj;ψ)),

(27a) 

L̃(ψ) � P(y1 |x1;ψ)P(x1;ψ)f̂
ψ

2 (x1), (27b) 

where φ1 is the corresponding change of variables for the 
stationary distribution of xt, P(x1;ψ), and {(cj, wj)}

NQ

i�1 are 
the respective quadrature nodes and weights.

We conclude this section with some remarks on prac
ticalities and alternatives: First, the procedure outlined 
above is not spared from the usual issues related to 
floating point arithmetic, over- and under-flow in partic
ular. Therefore, we discuss implementation-related aspects 
in Online Appendix A.3, together with a pseudo-code 
description of the algorithm (Algorithm 1). Moreover, we 
give a very concise—and yet fully functional—MATLAB 
implementation for x from a continuous state space in 
Online Appendix A.4.

Our second remark concerns the application of (for
ward) simulation to approximate the integral in Equa
tion (3), which is a popular procedure due to its wide 
applicability to many integration problems. For exam
ple, using the Geweke, Hajivassiliou and Keane sampler 
(seen as an importance sampling device from Keane 
(1994)) one can efficiently simulate an unobserved seri
ally correlated process even in the presence of observa
tions of other dependent variables, such as realized 
choices in a discrete choice model (under appropriate 
distributional assumptions on the process itself). 
However, although occasionally observed processes 
can theoretically be forward simulated, direct imple
mentations tend to be highly inefficient: Consider again 
the case with exactly one observation at t > 1 and some 
(known) initial value x0. All forward simulation proce
dures that we are aware of are inherently one sided, 
because the simulated value xi

t for any variable xt condi
tions either on the previous observation xt�1, if t � 1, or 
the previous simulated value xi

t�1. Then, sample 
sequences {xi

t}
t�1
t�1 are generated by applying the for

ward simulation mechanism t� 1 times. Note that all 
sequences obtained like this incorporate solely the data 
at t � 0 but not the information available at t � t. Never
theless, in order to utilize the simulated sequences for 
computation of the integral in (3), we do need to incor
porate the information inherent in xt . Therefore, we 
need to weight the sequences by the conditional proba
bilities P(xt |xi

t�1;θ), which are known from the model. 
However, these probabilities can become arbitrarily 
small, as the sample path—and in particular the final ele
ment xt�1—is generated without specifically “targeting” 
the observed value xt in the tth period.

2.4. Large Sample Properties of the Approximate 
Likelihood Estimator

We now provide a brief discussion of the statistical 
properties of our likelihood estimator that are formally 
treated in Gilch et al. (2025). In the previous section, we 
defined two likelihood functions: the exact likelihood L 
in Equation (15) and the approximated likelihood L̃ in 
Equation (27).

Although they both admit estimators of the parame
ter of interest ψ, namely

ψ̂ � argmax
ψ∈Ψ

L(ψ)

and

ψ̃ � argmax
ψ∈Ψ

L̃(ψ), 

respectively, only ψ̃ is computationally feasible because 
we cannot evaluate the exact likelihood L in general.

The main requirement for proving asymptotic prop
erties of ψ̃ is the consistency and asymptotic normality 
of the exact maximum likelihood estimator ψ̂ itself. In 
the case of full state observations (as in Equation (1)), 
these properties are verified for ψ̂ by taking the logarithm 
of the likelihood, granting a sum of log-probabilities and 
allowing the application of the law of large numbers and 
the central limit theorem. This approach is not directly 
applicable for integrated likelihoods such as (2) because 
the integral over the unobserved states disallows the 
log-transformation of the likelihood-product into the 
loglikelihood-sum.

Yet, as Gilch et al. (2025) show, in contrast to the case 
of never observed states as in Reich (2018), the availabil
ity of occasional observations allows to split up the inte
gral. Gilch et al. (2025) use this decomposition to 
facilitate a loglikelihood approach and prove consis
tency and asymptotic normality of ψ̂. Besides standard 
assumptions on stationarity and ergodicity of the Mar
kov process, they only require an assumption about the 
frequency of observations of xt for their proof.19

However, note that we generally have ψ̂ ≠ ψ̃. This is 
because numerical approximation of the likelihood is 
not only a subject of interest for computational methods, 
but also affects statistical properties of the resulting 
maximum likelihood estimator. This is because the 
approximation introduces an error to the objective func
tion of the underlying maximization problem—and 
thus the corresponding maximizer also. Therefore, the 
large sample properties of the estimator, that is, its con
sistency and asymptotic normality, which are the basis 
for inference about ψ, are potentially affected by the 
approximation scheme.20 Gilch et al. (2025) provide a 
full set of proofs to show consistency and asymptotic 
normality of the approximated estimator, ψ̃ based on 
similar methods as developed by Griebel et al. (2019).
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3. Applications
In this section, we demonstrate the applicability our 
method and its favorable properties in various exam
ples. In Section 3.1, we use it to estimate two prominent 
finance applications. First, we apply it to the long-run 
risk model of Bansal and Yaron (2004), which includes 
persistent changes in consumption and dividend 
growth. The model is conditionally Gaussian and fea
tures linear state dynamics. Second, we use a model 
with stochastic volatility as in Schorfheide et al. (2018), 
which adds nonlinear dynamics to consumption and 
dividend growth. Both models feature one fully unob
served and one occasionally observed process. We 
show that our method can identify all model parameters 
even in small data samples, and we provide evidence 
for the asymptotic normality of our RLI estimator. Fur
thermore, we demonstrate that our approach can be sig
nificantly more efficient than conventional approaches 
such as simulated method of moments, in particular in 
the presence of nonlinearities, and for short data set 
time windows. In Section 3.2, we consider an applica
tion featuring a controlled Markov process. In particu
lar, we estimate a variant of the optimal replacement of 
GMC bus engines model by Rust (1987), for which we 
observe only a subset of the state variables over time. 
We show that our estimator with occasionally observed 
states is barely less efficient for identifying some key 
model parameters than the estimator with full state 
observations in this application, despite the fact that it 
uses significantly less state data.

3.1. Long-Run Risk and Stochastic Volatility 
Models with Time-Aggregated Observations

This section demonstrates the favorable properties and 
the broad applicability of our approach, using two 
prominent finance applications: the long-run risk mod
els of Bansal and Yaron (2004) and Schorfheide et al. 
(2018). Bansal and Yaron (2004) propose a model where 
consumption and dividend growth are driven by a 
small but persistent, unobservable component, which 
can help explain a large number of asset pricing puzzles 
(Hansen et al. 2008, Bollerslev et al. 2009, Drechsler and 
Yaron 2011, Bansal et al. 2012, Bansal and Shaliastovich 
2013). Further, they add stochastic volatility to the 
model to generate time variation in risk premia. Esti
mating long-run risk models has proven difficult due to 
the unobserved and persistent nature of the state vari
ables. Difficulties arise, for example, because of data 
scarcity caused by relatively short observation horizons 
and different frequencies of the observable data: Aggre
gate consumption data for the United States is available 
at a quarterly frequency starting in 1947, which yields 
around 294 observations as of now. Aggregate dividend 
data are available on a monthly basis and go back to the 
1920s. However, monthly and quarterly dividends 

show strong seasonality patterns, which explains why 
researchers have relied on smoothing methods (Gram
mig and Küchlin 2018, Schorfheide et al. 2018), which 
can, in turn, bias the estimation. Hence, although we 
have reliable unmodified quarterly data for consump
tion, only annual data of the same quality is available 
for dividends.21 This results in a rather small data set 
with, as we show below, an occasional observation pat
tern due to these mixed data frequencies. In the follow
ing, we show how the RLI approach can be used to 
estimate long-run risk models with occasionally 
observed and unobserved states.

3.1.1. Model Dynamics. We consider two model var
iants to compare the performance of our estimation 
approach. First, we use the standard model of Bansal 
and Yaron (2004; case 1, without stochastic volatility), 
where log aggregate consumption growth, ∆ct, and log 
aggregate dividend growth, ∆dt are given by

∆ct � µc + xt + σcηc, t
xt � ρxxt�1 + σxηx, t

∆dt � µd +Φxt + σdηd, t,
(28) 

with η·, t ~ N(0, 1) independent and identically distrib
uted (i.i.d.)22 The key feature of the long-run risk model 
is that there are small but highly persistent shifts in the 
growth rate of consumption and dividends, which are 
captured by xt. In this model, all shocks are normally 
distributed and enter the model equations linearly. 
This clearly allows highly efficient estimation also by 
moment-based methods.

As a second example, we use a stochastic volatility 
model as in Bansal and Yaron (2004; case 2). Bansal and 
Yaron (2004) model the variance as an AR(1) process, 
which has the strong disadvantage that the variance can 
become negative. Therefore, Schorfheide et al. (2018) 
propose a model where volatility dynamics follow a 
log-normal distribution. We follow this approach and 
use for the second model the following consumption 
and dividend dynamics:

∆ct � µc + σcehtηc, t
ht � ρhht�1 + σhηh, t

∆dt � µd + φdσcehtηd, t,
(29) 

with η·, t ~ N(0, 1) i.i.d. Note that volatility dynamics 
enter consumption and dividends nonlinearly, which 
makes the estimation of the model more challenging. In 
the following, we describe how the models can be esti
mated using recursive likelihood integration.

3.1.2. Time Aggregation as Occasional State Observa
tions. As already indicated, the data available to estimate 
the model are limited. Although consumption data are 
observed quarterly, dividend data at the same frequency 
show strong seasonalities, which Processes (28) and (29) 
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cannot account for. Hence, only annual dividend data 
can be used in its original form for the estimation.

A full observation regime can be characterized by a 
quarterly time index set T ≡ {1, : : : , T}, where the data 
are given by {∆ct, ∆dt}

T
t�1. As the econometrician can 

only rely on annual dividend data, but the model uses 
dividend growth in quarterly terms, we obtain an occa
sional observation regime in the following way: Let us 
define the time index set T̄ ≡ {t ∈ T : t mod 4 � 0}
(with T ∈ T̄ for notational simplicity); for example, if 
index 1 represents quarter 1 in year 1, T̄ would contain 
the indices of all fourth quarters over the years. Along 
these lines, we assume that the sum over quarterly divi
dend growth (i.e., annual dividend growth) is observed 
at the end of each year—so, in quarter 4.

Furthermore, we define the time-aggregated divi
dend state ∆Dt for the long-run risk model (28) by

∆Dt �
µd +Φxt + σdηd, t t+ 3 ∈ T̄

∆Dt�1 +µd +Φxt + σdηd, t otherwise:

(

At the same time, the time-aggregated dividend state 
∆Dt for the stochastic volatility model (29) reads

∆Dt �
µd +φdσcehtηd, t t+ 3 ∈ T̄

∆Dt�1 +µd +φdσcehtηd, t otherwise:

(

The available data in the occasionally observed regime 
are then given by {{∆ct}t∈T , {∆Dt}t∈T̄ } for each model. 
Note that the states xt and ht are unobserved in both the 
full and the occasional observation regime in the respec
tive models, whereas the state ∆Dt, which captures the 
sum over dividend growth within a year, is only observed 
every fourth quarter in the occasional observation regime.

3.1.3. Likelihood Function. We begin with the likeli
hood in the “full information” regime—that is, with con
sumption and dividend observations at the same 
frequency; note that the states xt in the long-run risk 
model (28) and ht in the stochastic volatility model (29) 
are still (completely) unobserved. Denote by θ the vector 
of model parameters, which is given by θ ≡
(µc,σc,ρx,σx,µd,Φ,σd) for the long-run risk model and 
θ ≡ (µc,σc,ρh,σh,µd,φd) for the stochastic volatility 
model. Because the likelihoods of the two models have a 
very similar structure, we denote the underlying 
completely unobserved states, xt and ht, respectively, by 
st in the following, and complement it with a tilde if it 
constitutes an integration variable. For full consumption 
and dividend data {∆ct, ∆dt}

T
t�1, the likelihood is given by

L(θ) �
Z

⋯
Z

p(s̃1;θ)p(∆c1 | s̃1;θ)p(∆d1 | s̃1;θ)

·
YT

t�2
p(∆ct | s̃t;θ)p(∆dt | s̃t;θ)p(s̃t | s̃t�1;θ)d(s̃1, : : : , s̃T):

Note that we still need to integrate out the fully unob
served state st, representing either xt or ht, depending 
on which model is estimated.

In the occasional observation regime, where divi
dends are only observed annually and in an aggregated 
form, the available data are given by {{∆ct}t∈T , {∆Dt}t∈T̄ }. 
Hence, ∆D̃t is integrated out for t ∈ T \ T̄ , and ∆Dt is 
taken from the data set otherwise (t ∈ T̄ ). This creates a 
nonstandard domain of integration—indeed, a lower- 
dimensional submanifold of RT—

D ≡ (∆d1, : : : , ∆dT) ∈ RT :
X3

i�0
∆dt�i � ∆Dt, t ∈ T̄

( )

, 

for the likelihood function,

L(θ) �
Z

⋯
Z

RT×D

YT

t�1
p(∆ct | s̃t;θ)

· p(∆d̃t | s̃t;θ)p(s̃t | s̃t�1;θ)dS((∆d̃t)t∈T )d(s̃t)t∈T :

Note that we slightly abuse notation and write the sta
tionary distribution of s as p(s1 |s0;θ) ≡ p(s1;θ) for brev
ity. Moreover, note that the data on dividend growth 
enters the likelihood function only through the domain 
of integration in this formulation. Finally, because the 
integration is carried out over a (3T=4)-dimensional 
submanifold, we need to introduce—for now just 
symbolically—the (3T=4)-dimensional “surface element,” 
S(x), for the integration to be well defined; otherwise, 
the integration domain would be a set of measure 
zero.

Because of the special structure of D, we can carry out 
a simple change of variables, implying

dS((∆d̃t)t∈T ) � d3T=4
(∆D̃t)t∈T \T̄ , 

and write the likelihood function as an integral over a 
standard domain:

L(θ) �
Z

⋯
Z

RT+3T=4

Y

t∈T̄

p(∆ct�3 | s̃t�3;θ)

p(∆D̃t�3 | s̃t�3;θ)p(s̃t�3 | s̃t�4;θ)

· p(∆ct�2 | s̃t�2;θ)p(∆D̃t�2 |∆D̃t�3, s̃t�2;θ)

p(s̃t�2 | s̃t�3;θ)

· p(∆ct�1 | s̃t�1;θ)p(∆D̃t�1 |∆D̃t�2, s̃t�1;θ)

p(s̃t�1 | s̃t�2;θ)

· p(∆ct | s̃t;θ)p(∆Dt |∆D̃t�1, s̃t;θ)p(s̃t | s̃t�1;θ)

d(∆D̃t)t∈T \T̄ d(s̃t)t∈T :

To cast it recursively as in Equation (17), we directly 
incorporate another change of variables to express the 
distribution of ∆Dt (conditional on ∆Dt�1) by the 
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distribution of ∆dt:

f θt (s, ∆D)

�

1 t > TZ

p(∆ct | s̃;θ)p(∆Dt |∆D, s̃;θ)p(s̃ |s;θ)

· f θt+1(s̃, ∆Dt)ds̃
t ∈ T̄

ZZ

p(∆ct | s̃;θ)p(∆d̃ | s̃;θ)p(s̃ |s;θ)

· f θt+1(s̃, ∆d̃)d∆d̃ds̃
t+ 3 ∈ T̄

ZZ

p(∆ct | s̃;θ)p(∆d̃ | s̃;θ)p(s̃ |s;θ)

· f θt+1(s̃, ∆D+∆d̃)d∆d̃ds̃
otherwise:

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

(30) 

Note that this formulation renders standard Gauss– 
Hermite quadrature applicable.

Finally, recall that we assumed t � 4 to be the first 
observation of the aggregate state ∆D; therefore, the 
unconditional likelihood is given by

L(θ)�
Z Z

p(∆c1 | s̃1;θ)p(∆d̃1 | s̃1;θ)p(s̃1;θ)f θ2 (s̃1,∆d̃1)d∆d̃1ds̃1:

(31) 

Depending on the concrete distribution of s and ∆d, we 
can choose adequate changes of variables to make effi
cient quadrature rules applicable in (30) and (31); we 
comment on our strategy for the numerical approxima
tion in the next section.

3.1.4. Results: Monte Carlo Study. We conduct an 
extensive Monte Carlo estimation study to demonstrate 
the high efficiency of our RLI approach for estimating 
the consumption and dividend dynamics in (28) and 
(29), respectively, with quarterly consumption and 
annual dividend data. We compare the RLI approach to 
the SMM approach for occasional state observations 
introduced by Hall and Rust (2021). To compare the 
asymptotic behavior of the methods in this example, we 
consider simulated data sets with sample lengths of 50, 
100, 200, 400, and 800 years, respectively—so T ∈
{200, 400, 800, 1, 600, 3, 200} quarters. Note that quarterly 
consumption data starts in 1947 so there are only 294 
observations available as of now, which makes around 
74 years of data. For each T, we simulate N � 400 data 
sets using the monthly calibration of Bansal and Yaron 
(2004) scaled to a quarterly frequency.23 The parameters 
used for the simulation are reported in Table 1, and we 
refer to the vector of all parameters of the model as θ 
throughout this section.

For the RLI approach, we use cubic spline interpola
tion with 50 nodes in each dimension, and compute the 
integrals by Gauss–Hermite quadrature with 11 nodes 
per dimension. We compare the results to the SMM esti
mator for endogenously sampled data by Hall and Rust 

(2021) using the following parametrization: For the het
eroskedasticity and autocorrelation consistent (HAC) 
weighting matrix, we use ⌊

ffiffiffiffi
T5
√
⌉ lags, where ⌊·⌉ denotes 

the rounding operator (rounding to the closest integer). 
We employ the following moments for both consump
tion and dividend data: For the long-run risk model (28), 
we use the first and second noncentral moments, auto
correlations up to order 10, and the cross-correlation 
between consumption and dividend growth. For the sto
chastic volatility model, we additionally use the third, 
fourth, fifth, and sixth noncentral moments to account for 
higher-order effects and for autocorrelations up to order 
10.24 All computations are carried out in MATLAB.25

For the assessment and comparison of the different 
estimation methods, we use the Mahalanobis distance. 
The Mahalanobis distance DM is defined as

DM(θ̂;θ,Σ) ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(θ̂�θ)Σ�1(θ̂�θ)T
q

, (32) 

and measures the distance between the vector θ̂ and a 
distribution with mean θ and covariance matrix Σ. 
Because the Mahalanobis distance corrects for the vari
ance of the estimators, it not only normalizes the size of 
the parameters, it also takes into account how well a 
parameter is identified relative to the other parameters 
for some reference method used to estimate Σ and thus 
allows meaningful comparisons of the properties of the 
methods in question and not just properties of the 
model or the data set. Furthermore, we use the Mahala
nobis distance in Q–Q plots to analyze the asymptotic 
normality of our estimators.

Figure 1 plots the median of the Mahalanobis dis
tances over the 400 simulated data sets for different data 
set lengths.26 The Mahalanobis distance (32) for each 
estimate θ̂ is computed using the true parameter vector 
θ; as an estimate of Σ, we use the covariance matrix of θ̂ 
obtained from RLI under the full information regime 
and the longest data set, of 800 years; the same Σ is used 
for both SMM and RLI to make the results comparable. 
Gray lines depict the results for RLI and black lines 
those for SMM, whereas dashed lines denote the full 
observation regime and solid lines the occasional 
observation regime. Panel (a) shows the results for the 

Table 1. Parameter Calibrations for the Asset Pricing 
Models (28) and (29) Used in the Monte Carlo Study

Long-run risk model (28)

µc σc ρx σx µd Φ σd

0.0045 0.0135 0.9383 0.0010 0.0045 3 0.1053
Stochastic volatility model (29)

µc σc ρh σh µd φd

0.0045 0.0135 0.9615 0.0109 0.0045 4.5

Note. The values are based on the monthly calibration of Bansal and 
Yaron (2004), adjusted to a quarterly frequency.
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long-run risk model (28) and panel (b) those for the sto
chastic volatility model (29).

We observe that for each model the errors for RLI 
with occasional state observations decrease with the 
size of the data set, showing the consistency of our 
method. Moreover, in each model, the errors for RLI in 
the occasional observation regime are only slightly 
larger than those in the full information case, although 
there are four times as many observations of the aggre
gate dividend process available in the full information 
case compared with the occasional observation regime.

The errors for SMM in the occasional observation 
regime also converge for large data sets. However, for 
small data sets, the errors are significantly larger than 
those of the RLI estimator: approximately three to four 
times as many data points are needed for SMM to 
achieve the same accuracy as RLI in the occasional 
observation regime. For the stochastic volatility model, 
where the state process enters the consumption and 
dividend dynamics nonlinearly, the evidence for the 
consistency of the SMM estimator in the occasional 
observation regime is much weaker—a point we inves
tigate in detail below. We observe a large difference for 
SMM between the full and the occasional observation 
regime, which shows that the missing state observations 
significantly affect the estimation outcomes. The differ
ence is considerably smaller for RLI, which suggests 
that it can handle the missing state observations more 
efficiently. Furthermore, the errors for RLI under the 
occasional observation regime are significantly smaller 
than the errors for SMM under the occasional informa
tion regime, and approximately five times as many data 
points are needed for SMM to achieve the same accu
racy as RLI in the occasional observation regime.

In the following, we analyze in detail where the dif
ferences between the methods come from. For this, we 
first analyze the joint normality of the estimators using 

Q-Q plots; second, we look at kernel density plots to 
analyze in which dimensions the methods fail to esti
mate different parameters. Figure 2 shows Q-Q plots of 
the roots of the χ2 quantiles with seven degrees of free
dom against sample quantiles of the Mahalanobis dis
tance of the estimates for the long-run risk model (28). 
Note that in contrast to the analysis of Figure 1, which 
measures the deviation of estimates from the true value 
of the parameter—projected to a single dimension via 
the Mahalanobis distance based on a common weighting 
matrix—the analysis of the distribution of the estimators 
and their comparison with a theoretical benchmark 
requires us to obtain an estimate of Σ for each sample 
size T and each method separately. Therefore, we 
use the empirical covariance matrix Σ̂ obtained from the 
respective 400 Monte Carlo samples with length T for 
the corresponding method.27 Our Q-Q plots can be 
interpreted as follows: Any shift of the distribution 
away from the 45◦ line corresponds to a bias in the esti
mate, whereas any rotation centered at zero corre
sponds to a different covariance matrix. One or more 
crossings of the 45◦ line (i.e., s-shapes, u-shapes, etc.) 
implies a different skewness or kurtosis and hence non
normality. From visual inspection, we find strong evi
dence that the RLI estimator asymptotically approaches 
normality in the occasional observation regime and that 
the convergence appears to be almost as fast as in the 
full observation case. Although SMM shows some 
s-shaping for small samples, we also cannot reject 
asymptotic normality; this does not come as a surprise 
given the linear and conditional Gaussian structure of 
the model.

Figure 3 shows the corresponding Q-Q plots for the 
stochastic volatility model (29). For RLI in the occasional 
observation regime, we observe some s-shaping, which 
most likely comes from the skewness induced by the 
natural bound of ρh at one, as we argue below using 

Figure 1. Median of the Mahalanobis Distance over 400 Simulated Data Sets as a Function of Data Set Length in Years, Using 
RLI (Gray Lines) and SMM (Black Lines) Under the Full Observation Regime (Dashed Lines) and the Occasional Observation 
Regime (Solid Lines) 
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(b) Stochastic Volatility Model (29)(a) Long-Run Risk Model (28)

Notes. The dotted line shows the number of observations in the real consumption and dividend data set. (a) Results for the long-run risk model 
(28). (b) Results for the stochastic volatility model (29).
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individual kernel density plots. As in the long-run risk 
model, RLI approaches normality almost as quickly in 
the occasional observation regime as in the full informa
tion case. In contrast, for SMM we observe substantial 
deviations from the 45◦ line and hence find evidence 
against the normality of the estimators. Note that as the 
points are almost linear and close to cutting the origin, 
the deviations could also suggest a failure in the estima
tion of the covariance matrix, which can, for example, 
happen when the distribution is essentially flat in some 
dimensions. We find evidence for this hypothesis by 
looking, in the following analysis, at kernel densities.

In the following, we analyze kernel density plots for 
individual parameters. We consider one parameter of 
the unobserved process and one of the occasionally 
observed process. Kernel densities for all parameters 
can be found in Online Appendix B.1. Figure 4 shows 
the kernel densities for the persistence ρx of the unob
served process in the long-run risk model. The distribu
tions for RLI in the occasional observation regime are 
approaching bell shapes and have modes close to the 
true parameter value. The distributions are very similar 
to those in the full information regime. For SMM, the 
distributions are also bell shaped but with significantly 
higher variance, which is consistent with the higher 

errors reported in Figure 1. Figure 5 shows the corre
sponding kernel densities for the volatility σd of the 
(occasionally) observed dividend process. As expected, 
the densities for the occasional observation regime 
show a slightly larger variance compared with those of 
the full information case. This holds for both RLI and 
SMM. However, for small data sets, SMM shows a large 
bias especially in the occasional observation regime, 
which is reflected in the larger errors for small data sets 
(Figure 1).

Figure 6 shows kernel densities for the persistence ρh 
of the unobserved process in the stochastic volatility 
model. Convergence for RLI is slower than for the distri
butions in the long-run risk model, which reflects the 
complexity of the nonlinear volatility dynamics; how
ever, even in the occasional observation regime, the dis
tributions approach bell shape with modes close to the 
true parameter. This departure from normality, partially 
due to the boundedness of the ρh parameter, explains 
the deviation from the 45◦ line reported in Figure 3.

In contrast, SMM experiences substantial problems in 
identifying the key model parameters. For both the full 
information regime and the occasional observation 
regime, the kernel densities for ρh are almost flat. SMM 
is not able to identify the persistence ρh; σh is not well 

Figure 2. (Color online) Q-Q Plots of the Roots of χ2 Quantiles with Seven Degrees of Freedom Against Sample Quantiles of the 
Mahalanobis Distance of the Estimates 

Note. Results are shown for the long-run risk model (28) using either RLI or SMM in the full or occasional observation regime.
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identified either (see Figure 5 in Online Appendix B.1). 
These findings are in line with Grammig and Küchlin 
(2018), who argue that SMM is not able to identify the 
parameters of the unobserved stochastic volatility pro
cess. We attribute this to a failure to properly estimate 
the covariance matrix reflected in the flat kernel densi
ties. This explains the deviation in the Q–Q plots (Figure 
3), as well as the larger and maybe even nonconverging 
errors reported in Figure 1. Importantly, this holds 
for both the full information and the occasional infor
mation regime and hence is a feature of the SMM esti
mator itself rather than its restriction to occasional 
observations.

Figure 7 shows the kernel densities for the volatility 
φd of the (occasionally) observed dividend process. In 
line with the findings for the long-run risk model, densi
ties for RLI under the occasional observation regime 
show a slightly larger variance compared with those 
under the full information case. Furthermore, SMM 
shows a large bias in the occasional observation regime 
due to the availability of less data for the dividend pro
cess. This bias adds to the deviation from the 45◦ line in 
the Q–Q plots reported in Figure 3. For completeness, 
Figures 4 and 5 in Online Appendix B.1 plot kernel 

densities for all model parameters for the long-run risk 
and the stochastic volatility model, respectively. We 
find that RLI yields at least as efficient, and in many 
cases, more efficient, estimates for each parameter indi
vidually compared with SMM. Moreover, with few 
exceptions, RLI with occasional state observations is 
even more efficient than SMM under the full informa
tion regime.

To conclude, we find that our RLI estimator for occa
sionally observed data consistently identifies all model 
parameters, even for the nonlinear and more complex 
stochastic volatility model. Furthermore, there is no 
strong evidence against the normality of our estimator 
even for very small data samples, and the difference in 
the errors between the full information and occasional 
information regime decreases with the sample size. The 
performance of SMM is comparable with RLI for the 
simple and linear long-run risk model. It fails, however, 
in estimating the key parameters of the stochastic vola
tility model. This problem is specific to SMM and 
does not depend on the observation pattern of the 
dividend process. This showcases another important 
aspect of our RLI approach: the broad applicability 
of a likelihood-based estimation approach.

Figure 3. (Color online) Q-Q Plots of the Roots of χ2 Quantiles with Six Degrees of Freedom Against Sample Quantiles of the 
Mahalanobis Distance of the Estimates 

Note. Results are shown for the stochastic volatility model (29) using either RLI or SMM in the full or occasional observation regime.
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Figure 4. (Color online) Kernel Density Estimates for ρx for the Long-Run Risk Model (28) Using RLI (Top) and SMM (Bottom) 
Under the Full Observation Regime (Left) and the Occasional Observation Regime (Right) for 400 Simulated Data Sets 

Note. Results are shown for 50, 100, 200, 400, and 800 years.

Figure 5. (Color online) Kernel Density Estimates for σd for the Long-Run Risk Model (28) Using RLI (Top) and SMM (Bottom) 
Under the Full Observation Regime (Left) and the Occasional Observation Regime (Right) for 400 Simulated Data Sets 
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Figure 6. (Color online) Kernel Density Estimates for ρh for the Stochastic Volatility Model (29) Using RLI (Top) and SMM 
(Bottom) Under the Full Observation Regime (Left) and the Occasional Observation Regime (Right) for 400 Simulated Data Sets 

Note. Results are shown for 50, 100, 200, 400, and 800 years.

Figure 7. (Color online) Kernel Density Estimates for φd for the Stochastic Volatility Model (29) Using RLI (Top) and SMM 
(Bottom) Under the Full Observation Regime (Left) and the Occasional Observation Regime (Right) for 400 Simulated Data Sets 
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We conclude this section with a few of remarks 
regarding other aspects of the comparison of RLI and 
SMM, aspects that we have not touched on thus far. First 
and foremost, the RLI approach is only applicable if the 
likelihood function can be specified in a nondegenerate 
way. This requires a specification of—and data on— 
individual behavior and rich enough error terms, which 
are not always available. For example, the steel trading 
application considered by Hall and Rust (2021) would 
induce a degenerate likelihood function, which is non
zero only on a set of measure zero, and thus cannot be 
estimated using RLI; rather, it requires a more generally 
applicable approach such as SMM. On the other hand, if 
a (nondegenerate) likelihood function is available, the 
RLI approach has less “degrees of freedom”—or 
method-related parameters—and is thus easier to con
figure from the viewpoint of the researcher: Although 
SMM requires an explicit choice of moments (HAC 
bandwidth, etc.) and thus potentially significant experi
mentation and optimization effort, the use of RLI only 
requires the—mostly straightforward—configuration of 
the numerical methods for integration and interpola
tion, for which Reich (2018) provides useful guidelines 
directly based on the convergence rates of the respective 
methods. Finally, the fact that the objective function in 
SMM is subject to simulation noise requires special 
attention in order to avoid the moment criterion minimi
zation getting stuck in noise-induced local optima; see 
Hall and Rust (2021) and the references cited therein for 
various mitigation strategies.

3.2. Optimal Replacement of GMC Bus Engines
To assess the performance of our method for the estima
tion of a controlled Markov process with occasional 
state observations, we apply it to a hypothetical scenario 
of the well-understood bus engine replacement model 
of Rust (1987): We assume that the main state variable of 
the model—the mileage a bus has traveled since its 
engine was last replaced—is only observed when a par
ticular action takes place; namely engine replacement. 
To assess the properties of the resulting estimator, we 
conduct a Monte Carlo simulation study to compare the 
distribution of the estimators under the full and the 
occasional observation regimes. To demonstrate the fea
sibility, the flexibility, and both the statistical and the 
numerical efficiency of our approach, we use a modified 
version of the model, featuring a continuous mileage 
state. We find that the estimator for the parameters of 
interest under occasionally observed states is, in 
essence, as efficient as the estimator under full state 
observations, although it uses only around 2% of the 
available state data.

3.2.1. Rust (1987) with Continuous Mileage State. In 
this canonical dynamic discrete choice model, Harold 
Zurcher, the manager of a fleet of public transportation 

buses, faces a dynamic renewal problem: On a regular 
basis, he inspects all the buses of his fleet. He can decide 
to fully overhaul a bus, which, most importantly, 
implies the renewal of its engine; such a bus counts as 
new and its odometer is reset to zero. Conversely, he 
can do only the regular maintenance work necessary to 
keep the bus in service; this option usually comes at 
lower immediate costs compared with engine replace
ment, but costs increase with the mileage driven since 
the vehicle was last fully overhauled. This models a 
common tradeoff—namely, whether to further invest in 
an old machine to keep it in service as opposed to repla
cing it by a new one to reduce future (expected) mainte
nance costs.

Formally, the agent faces the immediate utility func
tion

u(x, i;θ1, RC) + ɛ(i) ≡ �RC + ɛ(1) i � 1
�0:001 · θ1 · x + ɛ(0) i � 0

�

for each individual bus, where x is the current mileage 
(i.e., odometer reading) of the bus, i is the decision of the 
agent, and θ1 and RC are two structural parameters of 
the model. Having decided to replace the engine (i � 1), 
the agent receives a constant, negative utility, �RC, plus 
some random utility shock (with fixed mean), ɛ(1). 
When the agent decides to carry out regular mainte
nance work (i � 0), the agent receives a utility �0:001 ·
θ1 · x that is linearly decreasing in mileage, plus some 
utility shock ɛ(0). We refer to RC as the replacement 
costs and θ1 as the maintenance cost parameter. Both 
are to be estimated from the observed data. Following 
Rust (1987), we assume ɛ(0) and ɛ(1) to be extreme value 
type I (EV1) i.i.d.

The model assumes that the agent behaves in a 
dynamically optimal manner—That is, the agent maxi
mizes the expected sum of discounted future payoffs. A 
sufficient condition for such optimality is given by the 
well-known Bellman equation (Bellman 1952):

Vθ(x, ɛ) � max
i∈{0, 1}

{u(x, i;θ1, RC) + ɛ(i)

+ βE[Vθ(x′, ɛ′) |x, i;θ3]}, (33) 

which has to hold for all possible values of (x,ɛ) in the 
state space; β denotes the discount factor, and we follow 
Rust (1987) in fixing it at 0.9999. In order to compute the 
expectation over the future value in Equation (33), we 
need to specify a law of motion of the mileage state vari
able, parametrized by θ3. We follow Rust’s conditional 
independence assumption and refer to this distribution 
as P(xt |xt�1, it�1;θ3).

Instead of the original Rust (1987) specification where 
the odometer readings are discretized, we modify the 
model to feature a continuous mileage state. This speci
fication comes naturally as mileage is an inherently con
tinuous measure and as the raw data measuring 
mileage is virtually continuous (i.e., merely rounded). 
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To this end, we assume stationarity of the mileage incre
ments conditional on engine replacement:

p(xt |xt�1, it�1;θ3) �
q(xt � xt�1;θ3) it�1 � 0
q(xt;θ3) it�1 � 1,

�

for some parametric density q(·;θ3). In other words, the 
distribution of the increment,

∆x � xt� (1� it�1)xt�1, 

is independent of the decision. Specifically, we assume 
the increment to follow a log-normal distribution: 
∆x ~ LN(µ,σ), with parameter vector θ3 ≡ (µ,σ). We 
further analyze the fit of this model in Online Appendix 
B.2, concluding that the estimated log-normal density 
provides a reasonable fit.28 The specifics of the solution 
of the dynamic program in the presence of the proposed 
law of motion and how it feeds into the likelihood func
tion can be found in Online Appendix B.2.

3.2.2. Rust (1987) with Occasionally Observed Mileage 
State. In the remainder of the section, we study the fol
lowing hypothetical scenario compared with the stan
dard Rust (1987) model: Suppose the fleet manager 
outsources engine replacement to a third-party com
pany, which can only record the odometer readings 
when the bus comes to its repair shop for engine 
replacement; thus, the third-party cannot collect any 
data on the odometer readings in between replace
ments. Moreover, we assume that the third-party has 
access to a document, such as the vehicle’s registration 
certificate, that states when the bus was put into service, 
giving us the first mileage state observation. In this 
setup, we ask if it is still possible to estimate the man
ager’s cost trade-off accurately using the limited data set 
of only about 2% of the state observations.

Formally, we want to compare the estimators for the 
full observation regime with state observation index set 
(per bus) T � {1, : : : , T}, denoted by θ̂full, and the occa
sional observation regime with T̄ � {t : it � 1} ∪ {1} and 
estimator θ̂occ. To do so, we compare the estimators’ dis
tributions based on a Monte Carlo simulation of data 
sets while keeping their time horizon of comparable 
length to the original data set on average with T � 80. 
To assess the estimators’ efficiency, we compare kernel 
density fits of their distributions.

To efficiently and accurately evaluate the likelihood 
function under occasional state observations, we 
employ the continuous state variant of the recursive for
mulation (26). As discussed in Section 2.3, continuous 
state spaces require efficient numerical approximations 
for the integrals induced by the likelihood function 
recursion. Analogously to the computation of the 
integrals in the expected value function (see Online 
Appendix B.2, Equation (12)), we use Gauss–Hermite 
quadrature to integrate the log-normally distributed 

mileage increments. We provide the full likelihood 
recursion in Online Appendix B.2, Equations (14) and 
(15). The maximization of the likelihood function subject 
to the constraints implied by the model is analogous to 
that in the full observation case of the previous section. 
All our computations use MATLAB with CasADi 
(Andersson et al. 2018) for automatic differentiation and 
the constrained solvers KNITRO and IPOPT (Wächter 
and Biegler 2005).

3.2.3. Results: Monte Carlo Study. As motivated pre
viously, we study the distribution of estimators of the 
structural parameters, θ̂full and θ̂occ, under the full and 
the occasional observation regimes. These distributions 
are estimated in a Monte Carlo study with 400 simu
lated data sets. Figure 8 depicts a kernel fit of the distri
bution of the two estimators and a normal distribution 
with sample mean and variance of the estimates from 
each regime. Apparently, the costs parameters—and 
thus the objects of interest—are estimated from occa
sional observations as efficiently as under full mileage 
state observations; that is to say, cRC

occ 
and θ̂occ

1 are unbi
ased and exhibit little or no additional variance com
pared with cRC

full 
and θ̂full

1 , respectively. Thus, with only 
around 2% of the original data set, we achieve an almost 
equally good fit as under complete information for the 
quantity of interest. The estimators for the parameters of 
the law of motion, µ̂ and σ̂, show substantially more 
variance under occasional observations, which is any
thing but unexpected. We further elaborate on the prop
erties of the distribution of the estimators in Online 
Appendix B.2.

4. Conclusion
This paper’s contribution is to allow for likelihood- 
based inference under occasional state observations and 
harvest its favorable properties in small samples. We 
propose a method that generalizes the RLI procedure of 
Reich (2018) to cover various forms of occasional 
observability (e.g., random observations, endogenous 
observations, and observations following a time pat
tern). We provide a general likelihood formulation, 
which accounts for endogenous observation patterns, 
and show how it can be simplified if the observation 
process is exogenous. We demonstrate the high effi
ciency and broad applicability of our likelihood-based 
estimator. For this, we apply the proposed method to 
three relevant problems in finance and industrial orga
nization: (i) a long-run risk model as in Bansal and 
Yaron (2004), (ii) a model with stochastic volatility as in 
Schorfheide et al. (2018), and (iii) a counterfactual setup 
of the famous bus engine replacement problem of Rust 
(1987).

We show in extensive Monte Carlo studies that our 
method can identify all model parameters with high 
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efficiency, and we find that the additional variance of 
our estimator when going from full to occasional state 
observations is small for the parameters of interest. This is 
a valuable finding for the current discussion on optimal 
data provision and privacy considerations and raises the 
question: How much data do econometricians—and even
tually companies—really need to generate satisfactory 
insights? A better understanding of data requirements, 
especially with sensitive consumer data, is important in 
the advent of increasingly strict (self-)regulations.
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Judd, Tobias Klein, Felix Kübler, Jasmin Maag, John Rust, 
Karl Schmedders, Dominik Wied, Bas Werker, Tom Zim
mermann, seminar participants at the University of Cologne, 
NHH Bergen, the University of Bonn, Tilburg University, 
WHU Vallendar, and the University of Zurich, and partici
pants in the 2020 and 2024 Econometric Society Winter 
Meetings and the 2020 EEA Annual Congress for helpful 
comments and discussions.

Endnotes
1 More recently, Connault (2016) and Farmer (2021) have addressed 
similar issues in discrete state contexts as in Cosslett and Lee (1985), 
although in different domains.
2 A related problem appears in the domain of partially observable 
Markov decision processes (POMDP), where some states are fully or 

Figure 8. Distributions of the Maximum Likelihood Estimators of the Costs and Transition Parameters of Rust (1987) with 
Continuous Mileage States Under the Full Observation Regime (Gray) and the Occasional Observation Regime (Black) for 
400 Simulated Data Sets 

Note. The solid lines show the kernel fit, the dotted lines are the normal distribution using the sample mean and sample variance, and the black 
vertical line is the parameter value used for simulation.
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partially unobservable to the decision maker. Whether or not the 
econometrician observes the same set of states (up to the error 
terms) as the agent or less, is, however, an independent question. 
See, for example, Chang et al. (2020) for a recent treatment of 
POMDP estimation in a similar context as our second application.
3 We refer to an integration domain as “nonstandard” if neither a 
change of variables exists to map it to the unit hypercube nor a spe
cialized quadrature rule is available for that domain.
4 A note on nomenclature: We refer to the phenomenon in question 
as occasionally observed—in contrast to the notion of Hall and Rust 
(2021) of endogenously sampled—to explicitly include cases in 
which states are periodically or randomly observed, but not neces
sarily tied to a particular decision or any other endogenous out
come of the model. We formalize the allowable observation 
patterns below.
5 The likelihood (3) bares a close resemblance to the Chapman- 
Kolmogorov equation. For T̄ � {1, T} the function L(θ) is defined as 
P(x1, xT , {zt}t∈T ;θ), hence dividing by P(z1, x1;θ) returns exactly the 
Chapman-Kolmogorov equation, P(xT , {zt}

T
t�2 |x1, z1) �

R

ST�2
x

QT�1
t�2 

P(zt, x̃t |zt�1, x̃t�1;θ)d(x̃2, : : : , x̃T�1), which marginalizes the unob
served states x̃2, : : : , x̃T�1 between the unobserved ones.
6 We thank the referee for pointing out this issue, which was only 
informally discussed in previous versions of the paper.
7 See, for example, Little and Rubin (2002). Note that although the 
missing data literature calls xt (potentially) “missing,” we call it 
“unobserved” in order to distinguish it from truncation and related 
concepts (also see our comment at the end of the section). Moreover, 
our definition of Pm is a slight extension of the typical definition 
because it allows for dependence on the past observations.
8 This is in contrast to POMDP, where the agent observes relevant 
states only imperfectly; also see Endnote 2.
9 Two alternative definitions of MAR and MCAR are also admissi
ble for our setup—one that relates closer to the definition known 
from the missing data literature and one that extends ours even fur
ther: For MAR, we could also keep the dependence on xt�1 and xt if 
they are actually observed:

Pm(mt |zt, xt, mt�1, zt�1, xt�1;η) � Pm(mt |zt, zt�1, mt�1, {xs}s∈{t�1, t}∩ T̄
;η):

For MCAR, we could also keep the Markov dependence on the pre
vious observation variable, mt�1:

Pm(mt |zt, xt, mt�1, zt�1, xt�1;η) � Pm(mt |mt�1;η):

10 To achieve a compact formulation for the likelihoods, we adhere 
to the following notational convention for the product sign:

Yt�1

s�t
f (s) �

Y

s∈∅
f (s) � 1, 

that is, the empty product is equal to one. Furthermore, we write

Pxz(z1, x1 |z0, x0;θ) ≡ Pxz(z1, x1;θ), 

Pm(m1 |z1, x1, m0, z0, x0;θ) ≡ Pm(m1 |z1, x1;θ), 

for the respective initial distributions, and

Pxz(zT+1, xT+1 |zT , xT ;θ) ≡ 1, 

Pm(mT+1 |zT+1, xT+1, mT , zT , xT ;θ) ≡ 1, 

because period (T+ 1) is outside of the sample period {1, : : : , T} and 
hence mT+1, zT+1, xT+1 are not defined as random variables.
11 The dimensionality of zt did not play a role in any of our 
definitions and derivations; hence, zt can be freely considered 
multidimensional.

12 The general formulation allows for varying length of the nonobser
vation segment, that is, observations occur in periods t � t1, : : : , tN, 
and a time-dependent functional relation, xti

≡ fi(sti�1+1, : : : , sti
).

13 The integrand over {st}
t i
t�t i�1+1 can be interpreted as conditional 

probability of {st}
t i
t�t i�1+1 conditional on xti

. Note that maximum 
likelihood estimation is possible using the characterization of the 
likelihood above; however, asymptotic properties can only be 
derived if the conditional probability of (zti�1+1, sti�1+1) conditioned 
on (zti�1

, xti�1
) is specified by the model.

14 A different notion of “missing” data is described by truncation. 
However, truncation is fundamentally a sampling problem; that is, 
values outside of the truncated support of xt are inherently never 
sampled. Opposed to our setting, it is therefore not possible to 
obtain any information about the distribution of xt outside the trun
cated support.
15 Note that by setting P(y1, x1;ψ) equal to unity in (18b), we can 
also calculate the conditional likelihood.
16 For the case where x follows a discrete process, the recursion 
function, fψt (·) becomes a finite vector and the integral is simply 
replaced by a sum. Hence, the recursion can be computed exactly 
(up to the floating-point arithmetic round-off error).
17 Regression approaches that minimize a loss function are equally 
applicable, in particular in higher-dimensional contexts.
18 Note that the individual interpolation and quadrature errors, ɛI 
and ɛQ, respectively, are only the one-step approximation errors, 
which potentially magnify throughout the recursion. Reich (2018), 
however, provides a rigorous error and convergence analysis. In 
particular, the author finds that the error grows only linearly in T, 
and that the overall convergence rate is half as good as the smaller 
of the respective interpolation and quadrature schemes. Note that 
this potentially allows for exponential convergence.
19 Note that the assumption regarding frequency of observations 
requires regular complete observations; that is, the entire state vec
tor is observed after finite time. For that for two of the applications 
we present below, the long-run risk and the stochastic volatility 
model, this property is not satisfied because they have permanently 
unobserved states. For the modified bus engine replacement model 
it is satisfied because the mileage-state is observed every time the 
engine is replaced.
20 Note that we consider deterministic and not stochastic algorithms 
for the approximation of L: Although there is a large amount of lit
erature on simulated maximum likelihood, this literature is not 
applicable for numerical approximation because its approximation 
nodes are chosen deterministically. Hence, it is necessary to make 
use of the known approximation error formulas, whereas for simu
lation methods often the Delta method and a central limit theorem 
can be applied.
21 For consumption, monthly data are available starting in the 
1960s. These data are, however, artificially smoothed because the 
observed data are only available at a quarterly frequency; see 
Schorfheide et al. (2018).
22 Note that the original model of Bansal and Yaron (2004) assumes 
that ∆ct depends on xt�1 instead of on xt. This does not, however, 
influence our estimation results, but following the original notation 
would significantly complicate the notation of the likelihood.
23 To compute quarterly from monthly parameters, means are 
multiplied by three, standard deviations by 

ffiffiffi
3
√

, and the persis
tence is taken to the power of three. Bansal and Yaron (2004) use a 
linearized version for the stochastic volatility process, which 
has the disadvantage of allowing negative variances. To obtain 
the parameters for the exponential process, we use σh � σs=(2σ2

c )

where σs is the volatility of the linearized process; see Schorfheide 
et al. (2018).
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24 We have tried different numbers of autocorrelations and lags for 
the HAC weighting matrix; the specification reported here is the 
one that yields the lowest errors. We also used the Lasso general
ized method of moments (GMM) approach by Cheng and Liao 
(2015) to automatically select the relevant moments. The results are 
reported in Online Appendix B.1. We show that our findings are 
robust with regard to the specific selection of moments and, in par
ticular, using the Lasso GMM approach does not change the conclu
sions we draw regarding the comparison of the SMM and RLI 
estimator. We thank an anonymous referee for suggesting this addi
tional robustness check.
25 We discard all runs that do not converge. For RLI we have that in 
most cases, all runs or all but one run converge and we get a maxi
mum of 1% nonconverged runs; see the table in Online Appendix 
B.1. We get similar numbers for SMM with a maximum of 1.25% 
nonconverged runs.
26 In Figure 3 in Online Appendix B.1 we plot kernel densities of 
the Mahalanobis distance that show its full distribution instead of 
only the median. The kernel density plots show the same patterns 
as the median and hence we focus on the median in the main text 
which allows for easier interpretation.
27 To minimize the impact of outliers introduced by the Monte 
Carlo approach when estimating Σ, we drop the 2% of runs with 
the largest Mahalanobis distance. Note, however, that we only 
exclude them from the estimation of the covariance matrix, but not 
from the samples used to obtain the Q-Q plots. Therefore, the plots 
are expressive and the conclusions are robust even in the presence 
of outliers.
28 Rust (1987) and, more recently, Lanz et al. (2022) suggest using 
exponentially distributed mileage increments; we, however, find 
the log-normal model to provide a better fit for the original data set.
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