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Abstract. Vertical equity or fairness is an important aspect in many settings, yet has
received relatively little attention in the literature. Recent developments underline the prac-
tical relevance (e.g., COVID-19 vaccination policies). It plays an important role in the per-
formance evaluation of many (nongovernmental) organizations. For example, donors
might require a family-planning organization to allocate a minimum fraction of the total
utility (client volume) to a particular player (the “high-impact” subgroup of the popula-
tion, e.g., young and poor clients). However, the price (decrease in client volume) of such
requirements is not well-understood. Consequently, this price is not accounted for in deci-
sion making. We provide an analytical upper bound on the price (i.e., loss of overall utility)
of vertical equity considerations in resource allocation. We assume that these concerns are
expressed via outcome constraints, specifying a minimum percentage of the total utility for
each player. Our set-up considers a decision maker maximizing total utility over a general
convex set, subject to outcome constraints. The set-up is general and applicable to many
practical problems. Our results depend only on high-level parameters and are therefore
well-suited for strategic decision making. We conclude with two applications. First, we
apply our results to practical instances in health delivery. We confirm that outcome con-
straints can entail a substantial price and analyze the factors driving this price close to the
worst-case bound. Second, we analyze how our results can help bound the impact of prior-
itization in vaccine allocation.

History:Accepted by Jeannette Song, operations management.
Supplemental Material:Data files are available at https://doi.org/10.1287/mnsc.2021.4287.
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1. Introduction
Resource allocation arises in many settings, including
in healthcare and humanitarian operations (e.g., allo-
cating scarce resources to patients or disaster-stricken
populations). The trade-off between efficiency (maxi-
mizing overall utility) and fairness or equity (balanc-
ing the utility of the players) plays a central role in the
allocation. Equity can be either horizontal (equal treat-
ment of all players) or vertical (varying treatment
among players). Vertical equity is an important aspect
in many practical problems, yet has received compar-
atively little attention in literature. In this research, we
aim to fill this gap and study the price (i.e., loss of util-
ity) of vertical equity. We assume that vertical equity
is imposed through outcome constraints, specifying a
minimum percentage of the total utility for each
player. For example, outcome constraints would
require that a player receives at least 20% of the total
utility, independent of whether the total utility is 100
or 1,000. Asymmetry in outcome constraints allows
one to differentiate between players and ensure that
resources go where most desired.

Efficiency and equity are often conflicting objectives.
For instance, reaching poor rural areas with health
services (vertical equity) may be time-consuming and
substantially reduce the total volume of clients served
(efficiency). Hence, imposing equity considerations has
a very real impact on operations, and understanding
this impact is fundamental to good decision making.
Insights into the price of vertical equity help estimate
the loss of efficiency due to prioritizing subgroups of
recipients and provide a way to identify misalignments
among performance measures (and the price associated
with these misalignments).

Recent developments highlight the relevance of
such insights. For example, prioritization of those
most in need plays an important role in COVID-19
vaccination strategies.1 Facing (severe) scarcity of vac-
cines, those most in need (e.g., the elderly) and/or
those most pivotal in the response (e.g., health work-
ers) are prioritized, meaning that they get the vaccine
before the rest of the population. Other policies are
also possible. For example, one might want to enlarge
the population eligible for the first round of vaccination
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(e.g., motivated by equity or social preferences). Pri-
oritization policies can be seen as outcome constraints
because they specify how utility (allocated vaccines
or the benefit of these vaccines) should be distributed
over the players (population segments). The price of
vertical equity in such cases helps understand how
costly (in terms of loss of efficiency/impact) different
policies can be.

The motivation for this work is rooted in health-
delivery optimization, in particular, access to family-
planning services. Family planning is defined by the
World Health Organization as “[allowing] individuals
and couples to anticipate and attain their desired
number of children and the spacing and timing of
their births.”2 It plays an important role in increasing
the well-being of women all around the globe.
According to The United Nations’ sexual and repro-
ductive health agency, UNFPA, “family planning is
central to gender equality and women’s empower-
ment, and it is a key factor in reducing poverty.”3

Across family-planning organizations and initiatives,
there is a clear consensus on providing services to
those “most in need.” The UNFPA, for example, states
that “[p]oorer women and those in rural areas often
have less access to family planning services. [… ] Par-
ticular attention must be paid to promoting their
reproductive rights, access to family planning, and
other sexual and reproductive health services.”4 Simi-
larly, the Bill & Melinda Gates Foundation states that
the foundation support “includes assessing family
planning needs, particularly among the poorest and
most vulnerable populations.”5

The focus on marginalized groups is visible in the
operations and reporting of family-planning organiza-
tions. Marie Stopes International, a nongovernmental
organization operating in 37 countries, states in their
2019 impact report that “70% of all clients served [are]
living in communities with the greatest need: adoles-
cents for whom access is invariably heavily restricted;
those using a method of contraception for the first
time; and those living in extreme poverty, where often
neither the public nor private sector provides afford-
able options.”6 Similarly, the International Planned
Parenthood Federation (IPPF), operating in 164 coun-
tries, notes in their 2019 performance report that
“IPPF delivered 252.3 million sexual and reproductive
health services in 2019. [… ] Many of these services
were delivered in rural and periurban areas where
there are no other health facilities. An estimated 84
per cent of IPPF’s clients were poor and vulnerable.”7

Many (nongovernmental) organizations measure
their success using performance indicators similar to
those presented above. These targets are outcome con-
straints because they require a minimum fraction of
the utility (client volume) to belong to a certain player
(the “high-impact” subgroup of the population). The

targets are often set by external parties, such as
donors. However, the potential price (loss of client
volume) they entail is not well understood. Conse-
quently, this price is not accounted for in decision
making. For example, organizations are expected to
improve the percentage of clients from marginalized
communities, while at the same time also increase
overall client volume. It is important to understand
this misalignment of objectives, so as to ensure that
agreed-upon targets lead to desired outcomes.

The contributions of this paper are twofold. Firstly,
we provide an analytical upper bound on the price of
vertical equity for resource-allocation problems with
asymmetric outcome constraints. Our set-up considers
a decision maker maximizing total utility over a gen-
eral convex set, specifying an outcome constraint (i.e,
a percentage) for each player. We show how the
worst-case price depends crucially on the percentages
set by the decision maker. The set-up is general and is
applicable to many practical problems. Secondly, our
results provide a framework to assess the impact of
vertical equity concerns for practical problems. Our
results depend only on high-level parameters and are
therefore well-suited to guide strategic decision mak-
ing and better align objectives of organizations and
external parties. We conclude with two applications.
We apply our results to practical instances using data
from a large family-planning organization and show
how they can inform decision making.8 We confirm
that outcome constraints can lead to a substantial
decrease in client volume and analyze which factors
drive the price close to the worst-case bound. We also
analyze how our results can help bound the impact of
prioritization in vaccine allocation using publicly
available risk factors for COVID-19.

The remainder of this paper is organized as follows.
In Section 2, we discuss related work and embed our
results in the literature. In Section 3, we formally
define our problem setting, and we provide our main
results in Section 4. In Section 5, we apply our results
to health-delivery optimization based on data from
the family-planning organization. We confirm that
outcome constraints can entail a substantial price (loss
of client volume) and analyze when our bound proves
to be an appropriate tool for estimating this price. In
Section 6, we consider publicly available risk factors
for COVID-19 and analyze how our results can help
bound the impact of prioritization in vaccination poli-
cies. Section 7 summarizes our conclusions.

2. Related Work
Equity in optimization problems has received consid-
erable attention in the literature, especially in contexts
where equity concerns “arise naturally.” Important
examples include public health (Hooker and Williams
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2012), kidney exchange programs (Bertsimas et al.
2013, Dickerson et al. 2014, Dickerson et al. 2019), and
humanitarian operations (McCoy and Lee 2014, Ares
et al. 2016, and Eisenhandler and Tzur 2019, among
others). Equity concerns are also common in schedul-
ing and logistics. Recent work includes applications in
air-traffic flow management (Barnhart et al. 2012 and
Bertsimas and Gupta 2015), airline scheduling (e.g.,
Jacquillat and Vaze 2018, Androutsopoulos and
Madas 2019, and Zografos and Jiang 2019), nurse ros-
tering (see, for example, Martin et al. 2013), and crew
rostering in public transportation (Nishi et al. 2014,
Borndörfer et al. 2015, Breugem et al. 2021).

Yadav (2010) stresses the importance of incorporat-
ing equity in public health and discusses different
measures. Marsh and Schilling (1994) provide a detailed
overview of equity measures in the facility-location liter-
ature. Karsu and Morton (2015) give an extensive over-
view of research incorporating some notion of equity in
the operations research literature. Authors distinguish
between horizontal equity and vertical equity. Karsu
and Morton (2015) refer to the latter type, where players
are distinguishable, as balance concerns.

Theoretical analysis of the loss of utility from equity
considerations was first considered in Bertsimas et al.
(2011) and Caragiannis et al. (2012). This loss is com-
monly referred to as the price of fairness. The underly-
ing framework of Bertsimas et al. (2011) is similar to
the one considered in this paper. The authors analyze
the price of fairness for a general convex utility set.
Such sets arise, for example, from a resource-allocation
problem over a convex set, under reasonable assump-
tions. Tight upper bounds are provided on the price of
fairness for max-min and proportional fairness, two
important fairness concepts tracing back to the work of
Kalai and Smorodinsky (1975) and Nash (1950), respec-
tively, and well-established in the literature (see, e.g.,
Mas-Colell et al. 1995 for an introduction). Bertsimas
et al. (2012) provides a bound on the price of fairness
for the efficiency-fairness trade-off curve resulting from
the α-fairness framework (see Mo and Walrand 2000).
Their analysis includes a bound on the price of fairness
for the egalitarian fairness concept, first introduced in
Kalai (1977), as a special case. Finally, Dickerson et al.
(2014) provide a bound on the price of fairness in a
kidney-exchange model when the fair solution focuses
fully on matching highly sensitized (i.e., hard-to-match)
patients.

Vertical equity concerns include heterogeneity of
needs, preferences, or claims, and diversity require-
ments (Karsu and Morton 2015). Asymmetric outcome
constraints are a way to incorporate vertical equity
and are common in practice (as discussed in Section 1).
In the literature, such constraints are used in, for exam-
ple, Bertsimas et al. (2013) and Dickerson et al. (2014) to
ensure that certain subgroups of the population are

included in a sufficiently large percentage of kidney-
exchange matches. The price of such constraints has
not been adequately addressed in the literature, to the
best of our knowledge. Work on the price of fairness
(Bertsimas et al. 2011 and Bertsimas et al. 2012) consid-
ers fair allocations defined by picking appropriate
welfare or objective functions, but does not consider
fairness imposed via constraints. In this research, we
bridge this gap and provide analytical bounds on the
price of vertical equity concerns expressed as asym-
metric outcome constraints.

3. Problem Formulation and Definitions
Before stating our main results, we introduce the neces-
sary definitions and terminology. In Section 3.1, we for-
malize the resource-allocation problem, and in Section
3.2, we define fairness schemes and the price of fair-
ness. We conclude in Section 3.3 by presenting the class
of fairness schemes based on outcome constraints.

3.1. Resource Allocation
We consider a resource-allocation problem among n
players. Each player derives utility from the resources
she is allocated. The resource-allocation problem is
formalized by the utility set U ⊆ R

n
+, defined as the set

of all feasible utility allocations (i.e., the set of all pos-
sible utilities for the players given the resource set).
Consider the following example of allocating a single
resource between two players (n � 2). Let x1 and x2
denote the amount of resource allocated to the first
and second player, respectively. Assume the resource
set is given by all [x1,x2] ∈ R

2
+, such that 3x1 + 3x2 ≤ 7.

Both players derive utility from their allocated resour-
ces. Suppose the first player’s utility function is given
by f1(x1) �min{1,x1} and the second player’s utility
function by f2(x2) �min{1, 2x2}. That is, the second
player derives twice as much utility per allocated
resource compared with the first player (and both
functions are bounded by one). Figure 1 shows the
utility set for this specific case. The set U is given by
all [u1,u2] ∈ [0,1]2, such that 3u1 + 6u2 ≤ 7. This is pre-
cisely the set of all [ f1(x1), f2(x2)] ∈ R

2
+ for which

[x1,x2] is a feasible resource allocation.
Many practical allocation problems fit the above

framework. Furthermore, for many problems, the util-
ity set is “well-behaved.” To formalize this, we need
to introduce some additional notation. We write u ≤ v,
for u,v ∈ R

n, to indicate that ui ≤ vi for i � 1, : : : ,n. Fur-
thermore, we say u ∈U is dominated if there exists a
v ∈U such that ui ≤ vi, for i � 1, : : : ,n, with at least one
strict inequality. With slight abuse of notation, we
write cn for the vector in R

n
+ with all elements equal to

c ∈ R+; for example, 0n and 1n denote the n-dimen-
sional vectors with all zeros and all ones, respectively.
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When it is clear from the context, we drop the length
indication.

We make the following assumption regarding U.

Assumption 1. The utility set U ⊆ R
n
+ satisfies the follow-

ing properties:
1.U is compact and convex.
2. U is monotonic—that is, if u ∈U, then v ∈U for all

0 ≤ v ≤ u.

Assumption 1 is similar to Bertsimas et al. (2011)
and Bertsimas et al. (2012) and common in the litera-
ture. The above properties hold for resource-allocation
problems for which the resource set is convex and util-
ity functions satisfy some reasonable assumptions
(such as concavity and boundedness; for details, see
Bertsimas et al. 2011, proposition 1). For example, the
utility set of Figure 1 satisfies Assumption 1. The
monotonicity of U implies that the utility of a player
can always be reduced. An informal interpretation of
this property is that resources are freely disposable.

3.2. Fairness Schemes
We assume that the utility allocation is determined by
a central decision maker aiming to balance fairness and
efficiency. Fairness is formalized by using fairness
schemes. Each fairness scheme maps a utility set to a
vector within that set. This vector is the “fair” allocation
with respect to the fairness scheme. Formally, a fairness

scheme is a function S : 2R
n
+ → R

n
+, and S(U) is the fair

allocation according to S. For example, the egalitarian
fairness scheme maps a utility set to the allocation max-
imizing the utility for those worst off within that set
(i.e., lexicographically largest, accounting for permuta-
tions). Figure 1 shows the egalitarian allocation for the
depicted utility set in gray, given by u � [7=9, 7=9].

The decision maker balances fairness and efficiency
by selecting an appropriate fairness scheme. How-
ever, this generally comes at a cost (loss of efficiency).
The price of fairness quantifies this loss. Formally, the
price of fairness for a given fairness scheme is defined
as the relative loss of utility between the maximum
achievable utility (efficient allocation) and the sum of
utilities from the fair solution obtained from the
scheme. Let SYSTEM(U) denote the utility derived
from the efficient allocation—that is:

SYSTEM(U) � max
{∑n
i�1

ui | u ∈ U
}
:

Furthermore, let FAIR(U, S) denote the utility derived
under the fairness scheme S—that is:

FAIR(U, S) � ∑n
i�1

S(U)i:

The price of fairness of a fairness scheme S, given a
utility set U, denoted by POF(U, S), can now be defined
as:

POF(U, S) � SYSTEM(U) − FAIR(U,S)
SYSTEM(U) :

For example, the egalitarian allocation of Figure 1
leads to a price of fairness of approximately 6%, given
that the efficient allocation is u � [1, 2=3].

3.3. Outcome Constraints
We now formalize the class of fairness schemes based
on outcome constraints. Each outcome constraint speci-
fies a minimum percentage of the overall utility ωi for
every player i. We also refer to ω as a priority vector (or
simply priorities). The outcome-based fairness scheme Sω
maps U to the allocation maximizing overall utility
whilst satisfying each outcome constraint. That is, the
fairness scheme Sω maps the utility set to the solution
of the following problem:

max
∑n
i�1

ui, (1a)

s:t: ui ≥ ωi
∑n
j�1

uj i � 1, : : : ,n, (1b)

u ∈U: (1c)

Figure 1 shows the allocation Sω(U) for percentages
ω � [1=4, 3=4]. Outcome-based fairness schemes represent

Figure 1. Example of a Utility Set (Highlighted Area) for
Two Players

1

1

u1

u2

Notes. The efficient (black) and egalitarian (gray) allocation are
shown. The white point indicates the allocation where the second
player derives three times as much utility as the first player. That is,
the first player derives 25%, and the second player derives 75% of the
total utility.
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a larger class of structurally similar fairness schemes,
perhaps best referred to as constraint-based fairness
schemes. This class “enforces” fairness by maximizing
utility whilst explicitly constraining the utility set.
Outcome constraints are one example, but a similar
scheme could enforce that each player should derive
at least a certain fraction of their maximum achievable
utility.

Constraint-based fairness schemes are complementary
to the “implicit” schemes based on social welfare func-
tions well-studied in economic literature (e.g., propor-
tional, max-min, and egalitarian fairness schemes). They
are an important class of fairness schemes commonly
used in practice, most likely due to their easy interpret-
ability—that is, constraints represent tangible outcomes,
and it is quickly checked whether they are satisfied or
not. However, they do not necessarily satisfy some of
the axioms that fairness schemes ideally satisfy (see Bert-
simas et al. 2011). For example, the solution to (1a)–(1c),
and, hence, Sω(U), is not necessarily unique when per-
centages do not sum to one. Furthermore, the allocation
Sω(U) could be dominated (in fact, the solution corre-
sponding to ω � [1, 0] in Figure 1 would be an exam-
ple). This can be resolved by slightly redefining Sω. For
example, one could first solve (1a)–(1c) and then deter-
mine a utility-maximizing allocation such that no
player becomes worse off (in absolute terms) compared
with this solution. Doing so would not change the
results presented in this paper, as the presented bounds
and worst-case instances do not exploit cases where Sω
maps to a dominated solution.

4. The Price of Asymmetric Outcome
Constraints

We now turn to the main results of the paper and
derive a bound on the price of fairness for the fairness
scheme Sω. All proofs can be found in the appendix.
We consider a utility set U satisfying Assumption 1,
where player i has a maximum achievable utility ūi > 0.
Define µ as the minimum of the percentages ωi and
define σ as the sum of the percentages ωi. The price of
fairness depends on the relative difference in maximum
achievable utility among players. To capture this, we
define ūmin �mini{ūi} and ūmax �maxi{ūi} as the mini-
mum and maximum among the maximum achievable
utilities. The extent in which maximum achievable
utility impacts the price of fairness depends on the per-
centages ω. Intuitively, prioritizing players with high
maximum achievable utility should be less costly (in
the worst-case) than prioritizing those with low maxi-
mum achievable utility. To account for this, we define
(excluding the trivial case σ � 0):

ūω � ∑n
i�1

ωi

σūi

( )−1
: (2)

The value ūω ∈ [ūmin, ūmax] reflects how well the maxi-
mum achievable utilities and percentages are aligned. In
particular, ūω � ūmin, respectively, ūω � ūmax, when ωi >
0 only for players with maximum achievable utility
ūmin, respectively, ūmax. The value ūω represents the
unique weighted sum of values ūi, such that the corre-
sponding convex combination satisfies the outcome
constraints.

Besides maximum achievable utility, one can expect
the price of fairness for Sω to depend on two key charac-
teristics. Firstly, it depends on the smallest percentage
the decision maker specifies for a player. Intuitively, a
small percentage (possibly zero) for a “profitable”
player means that relatively few resources will be allo-
cated to this player; hence, resources are not used
efficiently. Secondly, it depends on the sum of the per-
centages. The percentages do not necessarily sum to
one. For example, the decision maker could require one
player to derive at least 30% of total utility, but be indif-
ferent about the remaining 70%. The more the decision
maker specifies, the higher the worst-case price will be.
In this section, we formalize this intuition. We split the
results in three parts. In the first two, we present the
results for the cases σ � 1 and σ ≤ 1, respectively. In
the third, we discuss the special case of µ � 0, when
some players are not assigned a minimum percentage,
in more detail. We conclude with a managerial sum-
mary of our main results.

4.1. Bound for s 5 1
The first result considers σ � 1—that is, the elements
of ω sum up to one. Here, the distribution of utility is
“fully specified”: The fraction player i receives is nec-
essarily equal to ωi. The proof of Theorem 1 builds
upon the techniques used in Bertsimas et al. (2011)
and Bertsimas et al. (2012), combined with several
new ideas.

Theorem 1. Consider an n-dimensional utility set U satis-
fying Assumption 1, where player i has a maximum achiev-
able utility ūi > 0. Let ūmin �mini{ūi}, ūmax �maxi{ūi},
and define ūω according to (2). For a given priority vector
ω with minimum element µ and

∑n
i�1ωi � 1, it holds that:

POF(U,Sω) ≤ 1− min
x∈[1, n̄]

1
µx+ F(x)(ūmax=ūmin)x , (3)

with n̄ � n− 1+ (ūmin=ūmax) and F(x) �min{1−µx,
(ūmin=ūω) − (ūmin=ūmax)µx}.

The bound of Theorem 1 is tight for all n and admis-
sible µ—that is, all µ ∈ [0, 1=n]—in the case of equal
maximum achievable utilities. It is worth noting that
the worst-case instances are relatively simple. The
analysis of these instances, which are similar in nature
to the worst-case instances considered in Bertsimas
et al. (2011), is provided in the appendix.
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The function F(x) incorporates the information on
ūω into the bound. Particularly insightful are the two
most extreme cases—that is, the “worst-case,” when
ūω ≈ ūmin, and the “best-case,” when ūω ≈ ūmax,
respectively. In the former case, one has F(x) � 1−µx
for all x, implying that the ratio (ūmax=ūmin) has a sub-
stantial impact on the price. However, in the latter
case, one has F(x) ≈ (ūmin=ūmax) − (ūmin=ūmax)µx for all x,
implying that the ratio disappears from the bound—that
is, the bound is computed as if all players have equal
maximum achievable utility.

Theorem 1 shows how the minimum percentage
impacts the worst-case ratio between the utility
derived from the efficient and the fair allocation. We
observe that the bound on the price of fairness is
decreasing in µ, confirming the intuition that a smaller
minimum percentage provides less guarantee that
“profitable” players are included in the solution and,
hence, a higher worst-case bound. Figure 2(a) shows
the bound of Theorem 1 as a function of the number
of players for various values of µ in case of equal max-
imum achievable utilities. Note that µ is necessarily
restricted to the interval [0, 1=n].

To compare the result of Theorem 1 with results in
the literature, we note that in the special case that
ωi � 1=n, for i � 1, : : : ,n, Theorem 1 provides a bound
for the egalitarian fairness scheme and, hence, can be
compared with results on the price of horizontal
equity. In this case, (3) boils down to

1− min
x∈[1, n̄]

n
x+ (n− x)(ūmax=ūmin)x ,

which can be easily shown to be equivalent to the
bound presented in Bertsimas et al. (2012).

4.2. Bound for s£1
Next, we consider the general case σ ≤ 1—that is, the
elements of ω do not necessarily sum up to one. This

implies that Constraints (1b) do not completely deter-
mine the distribution of utility over the players and,
hence, leave room to improve the overall derived
utility.

Theorem 2. Consider an n-dimensional utility set U satis-
fying Assumption 1, where player i has a maximum achiev-
able utility ūi > 0. Let ūmin �mini{ūi}, ūmax �maxi{ūi},
and define ūω according to (2). Consider a given priority
vector ω with minimum element µ and

∑n
i�1ωi � σ ≤ 1. It

holds that:

POF(U,Sω) ≤ 1− min
x∈[1, n̄]

1
(1− σ) +µx+ F(x)(ūmax=ūmin)x ,

(4)

with n̄ � n− 1+ (ūmin=ūmax) and F(x) �min{σ−µx,
(ūmin=ūω)σ− (ūmin=ūmax)µx}. This bound can be strength-
ened in case we have as input a priority vector ω̃, with∑n

i�1ω̃i � σ̃, such that ω̃ ≤ ω and ω̃ ≤ (1− σ+ σ̃)ω?, with
ω? the priority vector for the efficient solution. In this case,
one can instead compute the bound for the priority vector
ω− ω̃.

We have not been able to find instances for which
the bound of Theorem 2 is tight for σ≠ 1. However,
our results in Section 5 empirically show there are
instances for which the bound is close to the actual
price of fairness.

Theorem 2 shows how the sum of the percentages σ
influences the bound on the price of fairness. The
bound on the price of fairness is increasing in σ, in
line with the intuition that a smaller sum implies
more freedom to maximize overall utility. It also
shows how information on the utility-maximizing
solution can be incorporated to strengthen the bound.
This is particularly useful in practical applications, as
we show in Section 5. It allows the central decision
maker to calibrate the bound using additional infor-
mation (or expert knowledge). In particular, if the

Figure 2. Bounds on the Price of Fairness as a Function of the Number of Players, for Different µ Values—That Is, the Minimum
Percentage—and Different σ Values—That Is, the Total Sum of Percentages
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percentages are close to the percentages for the effi-
cient allocation, one can decrease the bound (via the
priority vector ω̃). Figure 2(b) shows the bound of
Theorem 2 as a function of the number of players for
different values of µ, for the case σ � 1=2. Note that in
both Figure 2, (a) and (b), the depicted bound is lower
for higher µ and that the curves for similar µ values
are lower in Figure 2(b) compared with Figure 2(a).

4.3. Special Case m 5 0
The special case of µ � 0 is of particular interest. One
can imagine that the percentage constraints are used
to provide sufficient utility (e.g., service or access) to
“vulnerable” players, which otherwise would not be
considered in the efficient allocation. In such a con-
text, there will generally be a subset of players (the
“remaining” players), for which no minimum percent-
age is specified (i.e., the percentage is zero). For this
specific case, Theorem 2 gives the following bound on
the price of fairness, which is worth stating separately.

Corollary 1. Consider an n-dimensional utility set U satis-
fying Assumption 1, where player i has a maximum achiev-
able utility ūi > 0. Let ūmin �mini{ūi}, ūmax �maxi{ūi},
and define ūω according to (2). For a given priority vector
ω with at least one element equal to zero and

∑n
i�1ωi

� σ ≤ 1, it holds that:

POF(U,Sω) ≤ 1− ūω

(1− σ)ūω + σ(ūmin + (n− 1)ūmax) :
(5)

This bound can be strengthened in case we have as input a
priority vector ω̃, with

∑n
i�1ω̃i � σ̃, such that ω̃ ≤ ω and

ω̃ ≤ (1− σ+ σ̃)ω?, with ω? the priority vector for the effi-
cient solution. In this case, one can instead compute the
bound for the priority vector ω− ω̃.

Corollary 1 follows directly from Theorem 2 by not-
ing that F(x) � (ūmin=ūω) when µ � 0 and setting x � n̄.
As Corollary 1 is a direct result of Theorem 2, we have
not identified instances for which (5) is tight for σ≠ 1.
We note, however, that it is relatively straightforward
to construct instances for which the price of fairness
equals:

1− ūω

σ(n− 1)ūmax + σūmin
,

with ūω either ūmin or ūmax, provided that σ is not too
small.

Corollary 1 provides a simple expression for the
bound in case µ � 0. In particular, it gives an easy
expression for the following question: What is the
worst-case price due to enforcing σ percent of overall
utility to be derived by a certain subset of players?
Corollary 1 shows that this question can be answered
by a relatively straightforward function of the sum of
percentages σ, the number of players n, and the ratio

between the maximum and minimum utility. Figure 3
shows the bound of Corollary 1 as a function of σ for
different ratios of the maximum and minimum
achievable utility in case the player with the smallest
maximum achievable utility is prioritized (ūω � ūmin)
for both two and four players. As is clear from Corol-
lary 1, the bounds are increasing in both the ratio and
the number of players.

4.4. Managerial Summary
The analytical results show that the worst-case price
depends on (1) the number of players, (2) the differ-
ence in maximum achievable utility among players,
(3) the smallest percentage the decision maker speci-
fies for a player, and (4) the sum of the percentages
specified by the decision maker. Figure 4 provides an
overview of how these factors influence the price of
fairness. We use values Low, Medium, and Large to
indicate how the bound on the price of fairness
increases/decreases when moving between quad-
rants. The exact values depend on the four factors out-
lined above and can be computed by using Theorem 2.

Our results indicate that misalignment between effi-
ciency and priorities is an important driver of loss. In
particular, if prioritization reflects a second conflicting
objective (i.e., when the relative utility of prioritized
players is low), one ends up in the left side of Figure 4.
This is the case in the family-planning example of Sec-
tion 1, in which efficiency (client volume) and priorities
(reaching marginalized communities) do not align
(assuming marginalized communities are less easy to
reach). Similar misalignment can occur when prioritiz-
ing highly sensitized patients in kidney-exchange mod-
els, because highly sensitized patients have fewer
matches, and, hence, enforcing a minimum percentage
of matches to include these patients negatively influen-
ces efficiency (maximizing the amount of kidney
exchanges). If priorities align with the efficiency metric,
one ends up in the right side of Figure 4, where the
price is expected to be (substantially) less. This is the
case in, for example, prioritization policies in vaccine
allocation, where efficiency and priorities are both
aimed at maximizing the impact per vaccine. Hence,
decision makers should carefully consider how they
define efficiency and why they set certain priorities. For
many practical problems, we believe one can appropri-
ately assess this misalignment based on high-level param-
eters (e.g., average client volume or benefit per vaccine),
without explicitly computing the maximum achievable
utilities.

Our results also provide intuition on how problem-
specific factors, such as diminishing returns, influence
the price of fairness. One can expect the efficient allo-
cation to be skewed (i.e., a small fraction of players
receives all resources) in the case of low diminishing
returns and balanced (i.e., all players receive some
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resources) in the case of high diminishing returns. If
priorities match with the (expected) efficient alloca-
tion, our results indicate that one can adjust the esti-
mates in Figure 4 downward.

In short, the results help identify drivers of the price
of fairness, thereby informing decision makers when
(not) toworry about efficiency loss when setting priori-
tization requirements. The bound provides a (conser-
vative) estimate for the price of fairness. In case one
has suitable approximations for maximum achievable
utilities, one can use the bound as an easily computed
“ballpark” estimate, possibly adjusted to incorporate
problem-specific information (e.g., knowledge on di-
minishing returns, as discussed above). However, one

should be careful when making decisions based on the
bound alone, especially when the indicated price is high
(and thus potentially overestimated). Ideally, the bound
is complemented by a confirmatory (more computation-
ally extensive) exact study when the estimated price
is high. In Sections 5 and 6, we analyze empirically the
difference between the bound and the true price of fair-
ness for two practical applications.

5. An Application in Health-Delivery
Optimization

First, we apply our methodology to optimization in
health-delivery programs. Our experiments are based
on field operations of a large nonprofit Family-
Planning Organization, to which we simply refer as
“FPO” to preserve confidentiality. Outreach is an
important part of FPO’s operations. It consists of
teams of healthcare workers traveling the country and
providing services to women living in remote and
rural locations and urban low-income areas, where
access to family-planning services is difficult.

As discussed in Section 1, organizations in health-
delivery measure their success using a collection of
performance indicators. For example, the proportion
of served clients that are young women is an impor-
tant performance indicator for almost all family-
planning organizations. The importance of reaching
these women is clear. UNFPA states that “[a]doles-
cents have higher rates of unintended pregnancies
than any other age group, and the unmet need for
contraception is much higher among adolescents com-
pared with all women ages 15-49 (57 per cent versus 24
per cent). [… ] Roughly half of the pregnancies among
adolescents aged 15-19 in developing regions are unin-
tended, and about half of these end in abortions, most

Figure 3. Bounds on the Price of Fairness as a Function of the Sum of the Percentages, for Different Ratios Between the Maxi-
mum andMinimumDerivable Utility, and Different n—That Is, the Number of Players
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Figure 4. Overview of How the Relative Utility of Prioritized
Players (ūω=ūmax) and Minimum Percentage (µ) Affect the
Bound on the Price of Fairness
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of which are unsafe.”9 However, reaching young
women is difficult due to stigmatization and other
access barriers.

We assume that an external party (e.g., a donor)
specifies a minimum proportion of young clients as
the target for FPO—that is, as a condition for the
funds to be allocated. Note that these output constraints
are quite common in practice. The organization has a
number of ways to reach this target: marketing, capac-
ity building, and tailored site-visit policies, among
others. Our focus is on the latter. Optimizing site-visit
policies can, in essence, be modeled as a resource-
allocation problem, with the resource representing the
amount of visits the organization can plan. The mini-
mum proportion of young clients can be taken into
account as an outcome constraint. Focusing on the pro-
portion of young clients forces the outreach teams
toward sites that comply with this metric—that is,
toward sites with a high proportion of young women.
However, overprioritizing sites can lead to demand
saturation, and client volume might be negatively cor-
related with the proportion of young clients. Further-
more, it might be conflicting with other objectives, such
as providing access for all. Donors do not often have a
clear view about the price in terms of total number of
clients reached (i.e., the usual overall performance
objective) of the targets they impose. Our results pro-
vide a framework to estimate this price.

5.1. Mathematical Model
We model the problem as follows. We consider k sites
and a fixed capacity for visits during the planning
period (without loss of generality standardized to
one). The decision variable xj, for j � 1, : : : ,k, denotes
the number of visits to site j. We refer to the collection
of xj variables as a visiting schedule. The cost of a visit
to site j is denoted by cj. This cost could represent the
time necessary for a visit. The number of visits per site
is modeled as a continuous decision variable. The
assumption of continuity can be justified, as the plan-
ning period is often a year, and sites are visited sev-
eral times per year. Furthermore, fractional visit
schedules can be interpreted as visit schedules that
vary over planning periods.

We assume that site visits exhibit diminishing returns.
The diminishing returns could capture demand satura-
tion at a site. They could also capture the organization’s
attitude toward access. For example, the organization
might strongly prefer visiting two different sites one
time over visiting one site twice, even if the latter site
represents more clients. The level of diminishing returns
is captured by the parameter θ ∈ [0, 1), which can be set
by the organization. The number of effective site visits
to site j is given by x1−θj . When diminishing returns are
limited (θ close to zero), the number of effective site vis-
its will be close to the actual number of site visits.

However, when returns decrease rapidly (θ close to
one), the number of effective site visits will be close to
one, even if the number of site visits is large.

We assume the clients are categorized into n prior-
ity groups. For example, the population is grouped
into two priority groups, representing high- and low-
impact clients, with high-impact clients being young
women. Let ui, for i � 1, : : : ,n, denote the number of
clients of priority group i. Furthermore, define vij as
the amount of clients belonging to priority group i per
site visit at site j. Finally, let ωi be the desired percent-
age for each priority group. The problem now reads
as follows:

max
∑n
i�1

ui, (6a)

s:t: ui ≥ ωi
∑n
j�1

uj i � 1, : : : ,n, (6b)

ui ≤
∑k
j�1

vijx1−θj i � 1, : : : ,n, (6c)

∑k
j�1

cjxj ≤ 1, (6d)

ui ≥ 0 i � 1, : : : ,n, (6e)
xj ≥ 0 j � 1, : : : ,k: (6f)

The Objective (6a) maximizes client volume. Con-
straint (6b) ensures the minimum percentage for each
priority group, and Constraints (6c) specify the rela-
tion between client volume and site visits. Constraint
(6d) ensures the visiting schedule respects the plan-
ning capacity, and Constraints (6e) and (6f) specify the
domains of the decision variables.

It is readily seen that the set of achievable client vol-
ume is compact, convex, and monotonic; hence,
Assumption 1 is satisfied. Furthermore, Assumption 1
would still hold if one would impose additional con-
straints on the visiting schedule (e.g., lower and upper
bounds, site-dependent restrictions, or site allocations
to teams). This means our methodology is applicable
to the outreach problem, as expressed by (6a)–(6f) and
also variations of this problem.

5.2. Computational Results
We calibrate our model using data from FPO’s opera-
tions in one of the larger African countries. Operations
are split into regions. We consider two regions,
referred to as regions A and B, corresponding to a
more populated semiurban and fairly remote poor
rural area, respectively. We consider two priority
groups (high- and low-impact clients). We assume
that the distinction between high- and low-impact cli-
ents is made at the site level. In particular, high-
impact clients are from sites with a high proportion of
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young women, and low-impact clients are from sites
with a low proportion. The distinction high/low pro-
portion is based on the median—that is, we have an
equal number of sites of high and low proportion.
Albeit different (more complex) definitions can also
be considered, we believe this definition appropriately
captures the potential misalignment between maxi-
mizing client volume and percentage-based perfor-
mance indicators.

Table 1 gives an overview of key characteristics of
both regions. The client volume per visit and the pro-
portion of young clients for each site are estimated by
using historical data of FPO. The data in Table 1 are
representative. Exact data are not shown for confidenti-
ality reasons. We observe that for both regions, there is
a substantial difference, approximately a factor of two,
between the high- and low-impact sites in average pro-
portion of young clients. For region A, we see a sub-
stantial decrease in average client volume between the
high- and low-impact sites (approximately (approx.)
13%). For region B, however, we observe an increase in
average client volume (approximately 22%). Further-
more, region A has substantial higher average client
volume compared with region B.

We consider two levels of diminishing returns: low
(θ � 0:25) and high (θ � 0:75). These two levels lead to
a fundamentally different visit schedule. For example,
doubling the number of visits to a site results in an
effective increase of about 70% when the level is low,
but only 20% when the level is high. As noted in Sec-
tion 5.1, the levels can represent different types of
services (with different demand saturation), but also
different attitudes toward access and horizontal equity.
In the latter case, the organization and external party
would agree upon a parameter value that reflects their
views. At FPO, the cost of visiting sites is relatively uni-
form. We therefore set the cost for each site equal to
one.

The result of our analysis is shown in Figure 5. For
each region and each level of diminishing returns, we
compute the price of fairness and the bound as a func-
tion of the minimum percentage of high-impact cli-
ents. We also compute the adjusted bound, which is

calibrated by using the volume-maximizing solution
(i.e., without outcome constraints), according to Cor-
ollary 1. We observe a loss of client volume for both
regions and both levels of diminishing returns. When
fully prioritizing high-impact clients, the price ranges
from 10% to as much as 50%. Not surprisingly, the
price is highest for region A, where average client vol-
ume is lower for the high-impact sites compared with
low-impact sites. The results show that the level of
diminishing returns is a key driver of price. Prioritiz-
ing high-impact clients leads to a substantial price
when diminishing returns are high. However, we
observe only a limited price for low diminishing
returns. The results also show the benefit of the
adjusted bound over the nonadjusted bound. The
adjusted bound provides a good approximation when
the level of diminishing returns is high. The nonad-
justed bound, however, significantly overestimates
the price for all but percentages close to one.

In case of low diminishing returns, the loss in client
volume is mostly caused by large relative differences
between high- and low-impact sites. Such relative dif-
ferences are small in our instances (see Table 1), which
explains the limited price. To further analyze the case
of low diminishing returns, we vary the cost per site
visit between high- and low-impact sites. The most
natural interpretation for this is that visits to high-
impact sites require substantially more travel time
compared with low-impact sites (e.g., rural versus
urban). As noted, this effect is limited the in case of
FPO. However, one can think of applications where
travel time has a major influence on visiting schedules
(consider, for example, the case study at Riders for
Health by McCoy and Lee 2014). Alternatively, one
can imagine high-impact sites as sites where no sys-
tem for outreach is yet in place. We consider region B,
where most people live in rural areas, and analyze the
price of fairness in case site visits to high-impact sites
are a factor of two and a factor of five more costly.
The results are shown in Figure 6. We indeed observe
that the price approaches the bound when the cost
increases.

5.3. Insights and Recommendations
Our experiments confirmed a substantial loss of client
volume when prioritizing high-impact clients. The price
of fairness can be almost 50%, depending on the region
and the level of diminishing returns. Even for region B,
where the average client volume for high-impact sites is
higher, focusing too much on high-impact clients can
entail a high price. Performance targets should therefore
be set carefully. Our analysis offers a way to discuss
these performance targets with donors, who may not
always fully realize the potential impacts of putting ear-
marks on how their funds are being used.

Table 1. Key Characteristics for Each Region

Region Sites Clients
Young
(%)

Low-impact High-impact

Clients
Young
(%) Clients

Young
(%)

A 300 30 10 32 5 28 15
B 400 20 10 18 5 22 15

Notes. For each region, we show the number of sites, the average
number of clients per site, and the average percentage of young
clients per site. The average number of clients and average
percentage of young clients per site are also shown separately for the
high- and low-impact sites.
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We observed two key drivers of price. Firstly, serv-
ices that exhibit a high level of diminishing returns
are bound to have a substantial price in case of priori-
tization. Secondly, large relative differences between

high- and low-impact sites lead to a high price, even
in case of low diminishing returns. The price is small-
est when the relative difference between high- and
low-impact sites is small and the level of diminishing

Figure 5. The Price of Fairness for Each Region and Level of Diminishing Returns as a Function of the Minimum Percentage of
High-Impact Clients
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Region B, low dim. returns
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Notes. For each region and each level of diminishing (dim.) returns, we show the price of fairness (white), the bound (black), and the adjusted
bound (gray), which is calibrated by using the volume-maximizing solution.

Figure 6. The Price of Fairness for Different Efficiency and Level of Diminishing Returns as a Function of the Minimum Percent-
age of High-Impact Clients
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Notes. The cost-increase factor indicates how more costly high-impact site visits are compared with low-impact site visits. For each factor, we
show the price of fairness (white), the bound (black), and the adjusted bound (gray), which is calibrated by using the volume-maximizing solu-
tion. (a) Region B, low diminishing (dim.) returns, cost increase factor two; (b) Region B, low dim. returns, cost increase factor five.
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returns is low. Having a good understanding of these
problem-specific factors is important to assess the
potential price of fairness.

Our results show that the bound provides a useful
estimate of client loss. The conservatism of this esti-
mate depends on the level of diminishing returns and
the difference between high- and low-impact sites.
Information regarding the volume-maximizing solu-
tion can be important for calibrating the bound. The
organization should therefore carefully incorporate
expert knowledge and information from current opera-
tions. Because the bound relies only on a small number
of high-level parameters, it is well suited for ballpark
estimates and high-level discussions—for example,
with donors.

6. An Application in Vaccine Allocation
Next, we consider prioritization policies in vaccine
allocation. Many countries are using prioritization
policies in their COVID-19 vaccination strategies. We
consider a decision maker deciding upon the vaccina-
tion strategy for a given population. We assume that
the population is segmented based on age, and
needs/risks differ among segments. For example, the
elderly are much more likely to die from a COVID-19
infection than young adults. Considering only a lim-
ited amount of available vaccines, the decision maker
has to decide which people to vaccinate (and which
ones later)—for example, does one allow all people to
get their vaccine, or is it better to first prioritize those
85+? Or is it perhaps best to allow all people age 75+?
Clearly, this is a difficult decision depending on many
factors related to disease and social dynamics, but
also access/equity concerns and societal preferences.
For such complex problems, our results help provide
a “first estimate” for the price of fairness for prioritiza-
tion policies, using only key problem parameters on
the risk per age group.

6.1. Computational Results
We model the problem as a resource-allocation prob-
lem with each player representing an age group. We
take as basis the publicly available risk factors provided
by the Centers for Disease Control and Prevention,10

shown in Table 2. We take as utility per allocated vac-
cine the death rate for each age group (i.e., expected

number of deaths averted, not taking other factors into
account). We assume that vaccines are sufficiently
scarce so that the population of each group exceeds the
amount available. We approximate the (ratios of) maxi-
mum achievable utility using the utility per vaccine.
For example, the ratio between maximum achievable
utilities of age groups 85+ and 75–84 is approximately
2.7 (calculated as 8,700/3,200). We remark that other
factors can also be incorporated. For example, one can
account for economic loss (due to lost future wages) in
the utility coefficients (see, e.g., Camelo et al. 2021 and
references therein). We model the prioritization of age
groups via outcome constraints. We assume that,
among prioritized groups, the outcome constraints
sum to one (i.e., all vaccines go to the prioritized age
groups) and are proportional to the utility coefficients.
For example, if age groups 75–84 and 85+ are priori-
tized, then we set the percentage for age group 75–84
equal to 27% (calculated as 3,200 divided by 3,200 +
8,700) and 85+ equal to 73%. Intuitively, this means
that both groups receive an equal amount of vaccines
(they have equal access).

Given the above, the bound on the price of fairness
for different prioritization policies can be calculated
without additional assumptions on the utility set
(besides Assumption 1). Table 3 shows the bound for
different age groups and different prioritization poli-
cies. We consider two instances, focusing on the two—
respectively, three—highest-impact groups (age groups
ranging 75–85+ and 65–85+, respectively). We consider
different prioritization policies for each instance, based
on subsets of age groups. For example, we prioritize
age groups 75–84 and 85+ (indicated by “Priority
75–85+” in Table 3). For the instance considering three
age groups (“Age 65–85+”), this would mean no vac-
cines are allocated to age group 65–74.

To help assess the quality of the bound, we solve a
stylized allocation problem based on the model pre-
sented in Section 5.1. We model each age group as a
priority group (consisting of a single “site”). Coeffi-
cients’ “client volumes” are given by the utility coeffi-
cients. The result is a stylized allocation problem that
captures the impact of potential diminishing returns
and large differences in utility coefficients among age
groups, without taking additional nonlinearities into
account (e.g., it omits disease dynamics and other

Table 2. Different Outcomes for Age Groups

Outcome

Age groups

0–4 5–17 18–29 30–39 40–49 50–64 65–74 75–84 85+
Infection <1 1 2 2 2 2 1 1 2
Hospitalization 2 1 6 10 15 25 40 65 95
Death 1 1 10 45 130 440 1,300 3,200 8,700

Notes. The values are relative to age group 5–17. For each age group, we show the infection, hospitalization, and death rates.
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interaction effects). We consider both low (θ � 0:25)
and no (θ � 0) diminishing returns. Low diminishing
returns could account for, for example, vaccine refusal
or heterogeneity in needs among recipients within the
same age group (modelled using a declining benefit
per administered vaccine). Evidence for (potential)
refusal can be found in, for example, Schwarzinger
et al. (2021), whose experiments show refusal percen-
tages ranging between 19.8% and 36.5% among age
groups in the working population in France. The price
of fairness for this model is also shown in Table 3.

The results in Table 3 show that the performance of
the bound varies. The bound substantially overesti-
mates the price of fairness when only age group 85+
is prioritized. In this case, the allocation is close to
optimal, yet the estimated price is substantial. Note
that one can incorporate knowledge on the efficient
allocation in the bound (cf. the discussion in Section
4.4 and results in Section 5) to reduce this effect. The
gap decreases when the number of prioritized groups
increases. In this case, the relative utility of prioritized
groups decreases, and the prioritization policy moves
away from the efficient allocation. This effect is stron-
gest in case of no diminishing returns (when the effi-
cient allocation is most skewed). When all groups are
prioritized, the bound overestimates the price by
approximately a factor of 1.5. Although this is still
substantially conservative, it is the same order of mag-
nitude. We observe that for a given prioritization pol-
icy, the bound increases in the number of age groups
(players), whereas the price remains the same (up to
one decimal precision). This is due to low diminishing
returns—that is, including age group 65–74 in the allo-
cation has little additional benefit. However, the
bound increases in the number of players.

6.2. Insights and Recommendations
The results show that the bound on the price of fair-
ness can provide estimates for the efficiency loss due
to prioritization policies. The conservatism of the
bound depends heavily on the prioritization policy.
The bound performs best when the number of players
is small. This highlights the importance of correctly

calibrating the problem before computing the bound
and incorporating additional information (e.g., exclude
age groups if one expects no efficient solution to allo-
cate resources to these groups). It helps to gain intuition
in drivers of loss without explicitly computing the util-
ity set. At the same time, it is not a substitute for a
detailed analysis. The bound should be seen as comple-
mentary to more computationally intensive methods.

7. Conclusion
In this paper, we analyzed the loss of utility from ver-
tical equity concerns in resource-allocation problems.
We studied the price of fairness for resource-
allocation problems where vertical equity concerns
are modeled using asymmetric outcome constraints.
These constraints specify a minimum percentage of
the total utility that should be derived by each player.
The asymmetry resides in the fact that the percentages
are not necessarily the same for all players. Asymme-
try allows one to differentiate between players and
ensure that resources go where most needed or most
desired. We motivated the study of this type of
resource-allocation problem in the context of health
delivery and vaccine allocation.

We derived an analytical upper bound on the price
of fairness. We considered a decision maker maximiz-
ing total utility over a general convex set, specifying
an outcome constraint (i.e., a percentage) for each
player. This set-up is general and applies to many
practical problems. We showed that the worst-case
price depends crucially on the percentages set by the
decision maker. In particular, we showed that it
depends on (1) the number of players, (2) the differ-
ence in maximum achievable utility among players,
(3) the smallest percentage the decision maker speci-
fies for a player, and (4) the sum of the percentages
specified by the decision maker. Each of these param-
eters is high-level, making the bound well-suited for
ballpark estimates.

We applied our results to two practical cases.
Firstly, we considered health-delivery optimization
using data from a large nonprofit family-planning
organization. We confirmed that outcome constraints

Table 3. The Bound on the Price of Fairness Together with the Realized Price Fairness for a Stylized Allocation Problem

Priority 65–85+ (%) Priority 75–85+ (%) Priority 85+ (%)

Instance No Dim. Low Dim. No Dim. Low Dim. No Dim. Low Dim.

Age 75–85+
Price 31.6 19.0 0.0 0.5
Bound 46.4 46.4 26.9 26.9

Age 65–85+
Price 49.4 33.7 31.6 19.0 0.0 0.5
Bound 75.0 75.0 68.2 68.2 53.5 53.5

Notes. We consider instances focusing on the two (75–85+) and three highest age groups (65–85+), each for different prioritization policies. Dim.,
diminishing.
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can lead to a substantial decrease in client volume and
analyzed which factors drive the price close to the
worst-case bound. The experiments showed that our
results are a helpful tool to guide strategic decision
making. We also pinpointed when one can expect the
estimated price to be (too) conservative and when not.
Secondly, we considered vaccine-allocation policy
making based on publicly available risks factors on
COVID-19. We showed that our results provide a first
estimate for the loss due to prioritization policies, the
usefulness of which depends on different problem
parameters. Our results help to gain intuition in driv-
ers of loss and are complementary to more accurate
(computationally intensive) methods.

We propose different avenues for further research.
Firstly, one could analyze the price of fairness for dif-
ferent practical problems (such as the health-delivery
and vaccine-allocation problems). This would help
further improve the understanding of which type of
problems exhibit a high price and provide insight
into when (not) to focus on vertical equity. For exam-
ple, in humanitarian and development operations,
donors very often try to impose earmarking con-
straints specifying how the money can be used.
Recipient organizations know these earmarked funds
often limit their performance in the field, but have a
hard time proving this. They also fear to upset
donors, especially in these budget-constrained times.
Secondly, one could incorporate a level of uncer-
tainty or approximation in the analysis to acknowl-
edge that data are often incomplete and difficult to
obtain. This would help convey the importance of
good data-collection systems, among other things.
Finally, we believe that important work remains to
be done on simple decision rules, as optimizing over
the utility set can be difficult in resource-constrained
environments. Our results provide insight into the
price of fairness, but do not give any guidance on
how to achieve vertical equity. Well-developed deci-
sion rules can bridge this gap.

Appendix. Mathematical Proofs

A.1. Proof of Theorem 1

Theorem 1. Consider an n-dimensional utility set U satisfy-
ing Assumption 1, where player i has a maximum achievable
utility ūi > 0. Let ūmin �mini{ūi}, ūmax �maxi{ūi}, and define
ūω according to (2). For a given priority vector ω with mini-
mum element µ and

∑n
i�1ωi � 1, it holds that:

POF(U,Sω) ≤ 1− min
x∈[1, n̄]

1
µx+ F(x)(ūmax=ūmin)x , (3)

with n̄ � n− 1+ (ūmin=ūmax) and F(x) �min{1−µx, (ūmin=ūω)
− (ūmin=ūmax)µx}.

Proof. Let φ be the largest value such that φω ∈U. Note
that φω is the unique optimal solution to (1), because∑n

i�1ωi � 1. The existence of φ follows from the compact-
ness of U. Define ei ∈ R

n
+ as the vector with i-th element

equal to one and all other elements equal to zero.
We have:

FAIR(U, Sω) �
∑n
i�1

(φω)i � φ, (A.1)

because
∑n

i�1ωi � 1.
By the supporting hyperplane theorem, there exists a

γ ∈ R
n, with γ≠ 0 such that:

∑n
i�1

γiui ≤
∑n
i�1

γi(φω)i ∀u ∈U: (A.2)

Note that
∑n

i�1γiωi ≥ 0, because 0 ∈U. Furthermore,
∑n

i�1γi
ωi ≠ 0, because, observing that ūiei ∈U, this would imply
that γi ≤ 0, for i � 1, : : : ,n, contradicting that

∑n
i�1γiωi ≥ 0.

This implies that, without loss of generality, we can
assume

∑n
i�1γiωi � 1, reducing (A.2) to:

∑n
i�1

γiui ≤ φ ∀u ∈U: (A.3)

Furthermore, because ūiei ∈U and ω− (1=2)ωiei ∈U for
every i � 1, : : : ,n, it is readily seen that:

0 ≤ γi ≤ φ=ūi: (A.4)

Without loss of generality, we assume the γi are in
ascending order. To bound SYSTEM(U), we first note that
by definition of ūmin and ūmax, we have SYSTEM(U) ≤
(n− 1)ūmax + ūmin. Next, we consider the auxiliary utility
set V defined as:

V �
{
v ∈ R

n | 0 ≤ v ≤ û,
∑n
i�1

γivi ≤ φ

}
, (A.5)

with:

ûi �min{ūmax,φ=γi} ≥min{ūi,φ=γi} � ūi: (A.6)

Here, the last inequality follows from (A.4). Because every
u ∈U satisfies 0 ≤ u ≤ ū and

∑n
i�1γiui ≤ φ, it follows that

U ⊆ V and, hence:

SYSTEM(U) ≤min{(n− 1)ūmax + ūmin, SYSTEM(V)}: (A.7)

As such, we have:

FAIR(U, Sω)
SYSTEM(U)
≥ φ

SYSTEM(U)
≥ φ

min{(n − 1)ūmax + ūmin, SYSTEM(V)} :

(A.8)

Let v̄ be an efficient allocation in V. It is readily seen that
v̄ is of the form v̄i � ûi for i ≤ ℓ, v̄ℓ+1 � dûℓ+1 and v̄i � 0 for
i > ℓ+ 1 for suitable picked ℓ ∈ {1, : : : ,n− 1} and d ∈ [0, 1].
Without loss of generality, we can assume that d>0 when-
ever ℓ+ d > 1. We claim that

∑n
i�1v̄i � ℓūmax + dûℓ+1. If

ℓ+ d � 1, this is trivial, as û1 � ūmax by definition. Suppose
ℓ+ d > 1, and let j ∈ {1, : : : ,ℓ} be such that ûj < ūmax. This
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implies that ûj � φ=γj. We have:

∑ℓ
i�1

γiûi+γℓ+1(dûℓ+1) ≥γjûj+γℓ+1(dûℓ+1) �φ+γℓ+1(dûℓ+1)>φ,

(A.9)

which implies v̄ ∈ V, a contradiction. To bound φ=SYSTEM
(V), we define the set Q as all pairs (λ,δ), with λ ∈
{1, : : : ,n− 1} and δ ∈ [0, 1], such that:

γ1 + : : : + γλ + γλ+1δ ≤ φ=ūmax: (A.10)

Note that (ℓ,dûℓ+1=ūmax) ∈Q; hence:

max
(λ,δ)∈Q

{λūmax + δūmax} ≥ SYSTEM(V): (A.11)

Consider Q̄ ⊆Q defined as:

Q̄ � {(λ,δ) ∈Q | λ+ δ ≤ n̄}: (A.12)

Note that if (λ,δ) ∈Q \ Q̄, then λūmax + δūmax > (n− 1)
ūmax + ūmin, Hence, it follows that

max
(λ,δ)∈Q̄

{λūmax+δūmax}≥min{(n−1)ūmax+ ūmin,SYSTEM(V)}:
(A.13)

Next, we derive a lower bound on φ for (λ,δ) ∈ Q̄ as
follows:

1 �∑n
i�1

γiωi, (A.14)

�µ
(∑λ
i�1

γi+γλ+1δ
)
+∑λ

i�1
γi(ωi−µ)+γλ+1(ωλ+1−µδ)+

∑n
i�λ+2

γiωi,

(A.15)

≤ µ(φ=ūmax) +
∑λ
i�1

γi(ωi − µ) + γλ+1(ωλ+1 − µδ) + ∑n
i�λ+2

γiωi,

(A.16)

≤ µ(φ=ūmax) +
∑λ
i�1

(φ=ūi)(ωi − µ) + (φ=ūλ+1)(ωλ+1 − µδ)

+ ∑n
i�λ+2

(φ=ūi)ωi,

(A.17)

� µ(φ=ūmax) +
∑n
i�1

(φ=ūi)ω̂i, (A.18)

where we define ω̂ as ω̂i � ωi −µ for i ≤ λ, ω̂λ+1 � ωλ+1
−µδ, and ω̂i � ωi otherwise, for notational convenience.
Inequalities (A.16) and (A.17) follow directly from (A.10)
and (A.4), respectively. Note that:∑n

i�1
(φ=ūi)ω̂i ≤

∑n
i�1

(φ=ūmin)ω̂i, (A.19)

� (φ=ūmin)(1−µ(λ+ δ)), (A.20)

where the inequality follows from the definition of ūmin, and
we use that

∑n
i�1ω̂i � 1−µ(λ+ δ). Furthermore, it holds that:

∑n
i�1

(φ=ūi)ω̂i �
∑n
i�1

(φ=ūi)ωi −
∑λ
i�1

(φ=ūi)µ− (φ=ūλ+1)µδ,
(A.21)

� (φ=ūω) −
∑λ
i�1

(φ=ūi)µ− (φ=ūλ+1)µδ, (A.22)

≤ (φ=ūω) −
∑λ
i�1

(φ=ūmax)µ− (φ=ūmax)µδ, (A.23)

� (φ=ūω) − (φ=ūmax)µ(λ+ δ), (A.24)

where the second equality follows from the definition of
ūω and the inequality from the definition of ūmax. Combin-
ing the above two bounds, it follows that:

1 ≤ µ(φ=ūmax) + (φ=ūmin)F(λ+ δ), (A.25)

where F(x) is defined as:

F(x) �min{1−µx, (ūmin=ūω) − (ūmin=ūmax)µx}: (A.26)

Concluding, we obtain the following lower bound on φ:

φ ≥ 1
(µ=ūmax) + (1=ūmin)F(λ+ δ) : (A.27)

Combining all the above, we obtain:

FAIR(U, Sω)
SYSTEM(U) ≥

φ

max(λ, δ)∈Q̄{λūmax + δūmax} , (A.28)

≥ 1
max(λ, δ)∈Q̄{(λ + δ)(µ + (ūmax=ūmin)F(λ + δ))} : (A.29)

To finalize the proof, we note that:

max
(λ, δ)∈Q̄

{(λ + δ)(µ + (ūmax=ūmin)F(λ + δ)}

≤ max
x∈[1, n̄]

{µx + F(x)(ūmax=ūmin)x},

where the final inequality follows from the fact that:

{λ + δ | (λ, δ) ∈ Q̄} ⊆ [1, n̄]: (A.30)

w

To show that the bound of Theorem 1 is tight, we con-
sider the following instance. The resource set is given by
all x ∈ R

n
+ satisfying

∑n
i�1

wixi ≤ 1,

xi ≤ 1 ∀i � 1, : : : ,n,

xi ≥ 0 ∀i � 1, : : : ,n,

where w is defined as

wi � 1=θ if i ≤ k
1 otherwise;

{
(A.31)

and k ∈ {1, : : : ,n− 1} and θ ≥ 1 will be picked accordingly.
The utility of the i-th player, denoted by ui , is given by ui � cixi,
with ci � ūmax for i ≤ k and ci � ūmin for i ≥ k+ 1. Let U denote
the resulting utility set. It is readily seen that

SYSTEM(U) � kūmax + (1− k=θ)ūmin:

Let ω be with minimum element µ and such that ωi � µ
for i ≤ k. It is readily checked that

FAIR(U,Sω) �
∑k
i�1

ωi

θūmax
+ ∑n

i�k+1

ωi

ūmin

( )−1
� kµ

θūmax
+ 1− kµ

ūmin

( )−1
:
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Next, define φ � k+ (ūmin=ūmax)(1− k=θ). Note that

SYSTEM(U) � ūmaxφ,

and

FAIR(U,Sω) � 1
ūmin

− µ

ūmin
φ− ūmin

ūmax

( )( )−1
:

It follows that

FAIR(U, Sω)
SYSTEM(U) �

ūmax

ūmin
φ − µūmax

ūmin
φ φ − ūmin

ūmax

( )( )−1

� φµ + (1 − µφ) ūmax

ūmin

( )
φ

( )−1
,

which is exactly the expression of Theorem 1 when ūω ≈ ūmin.
Noting that all φ ∈ [1, n̄) can be achieved for suitable k and θ
in the case of equal maximum achievable utilities, this shows
that the worst-case performance can be achieved up to arbi-
trary precision for this case.

A.2. Proof: Theorem 2

Theorem 2. Consider an n-dimensional utility set U satisfy-
ing Assumption 1, where player i has a maximum achievable
utility ūi > 0. Let ūmin �mini{ūi}, ūmax �maxi{ūi}, and define
ūω according to (2). Consider a given priority vector ω with
minimum element µ and

∑n
i�1ωi � σ ≤ 1. It holds that

POF(U,Sω) ≤ 1− min
x∈[1, n̄]

1
(1− σ) +µx+ F(x)(ūmax=ūmin)x , (4)

with n̄ � n− 1+ (ūmin=ūmax) and F(x) �min{σ−µx, (ūmin=
ūω)σ− (ūmin=ūmax)µx}. This bound can be strengthened in case
we have as input a priority vector ω̃, with

∑n
i�1ω̃i � σ̃, such

that ω̃ ≤ ω and ω̃ ≤ (1− σ+ σ̃)ω?, with ω? the priority vector
for the efficient solution. In this case, one can instead compute
the bound for the priority vector ω− ω̃.

Proof. First, we note that in the case that σ � 0 the bound
is trivially zero. Hence, it remains to prove the result for
σ > 0. We consider the priority vector ω̂ � ω+ (1− σ)ω?,
with ω? the priority vector obtained from the utilitarian
solution. Let φ be the largest value such that φω ∈U, and,
analogously, let φ? be the largest value such that φ?ω? ∈
U: By construction we have φ? � SYSTEM(U).

Note that for every α ∈ [0, 1], we have αφω+ (1− α)φ?

ω? ∈U, because U is convex. We pick α such that

αφω+ (1− α)φ?ω? � ψ(ω+ (1− σ)ω?) � ψω̂, (A.32)

for some ψ ≥ 0. We solve

αφ � (1− α)φ?=(1− σ), (A.33)

which gives

α � φ?

(1− σ)φ+φ? , (A.34)

and hence

ψ � αφ � φ?φ

(1− σ)φ+φ? � φ?

(1− σ) +φ?=φ
: (A.35)

Using that φ* � SYSTEM(U), it follows that

FAIR(U, Sω)
SYSTEM(U) ≥

FAIR(U, Sω̂ )
SYSTEM(U) ≥

ψ

SYSTEM(U)
� 1
(1 − σ) + (SYSTEM(U)=φ) :

(A.36)

Let µ̂ � µ=σ. Note that ū(1=σ)ω � ūω. Because (1=σ)ω sums
to one, we know from the proof of Theorem 1 that

σφ

SYSTEM(U) ≥ min
x∈[1, n̄]

1
µ̂x+ F̂(x)(ūmax=ūmin)x

, (A.37)

with

F̂(x) �min{1− µ̂x, (ūmin=ūω) − (ūmin=ūmax)µ̂x}: (A.38)

Hence, we have:

SYSTEM(U)
σφ

≤ max
x∈[1, n̄]

µ̂x + F̂(x)(ūmax=ūmin)x: (A.39)

It follows that

1
(1 − σ) + (SYSTEM(U)=φ)
≥ 1

(1 − σ) + σ
(
maxx∈[1, n̄] µ̂x + F̂(x)(ūmax=ūmin)x

) , (A.40)

� min
x∈[1, n̄]

1
(1 − σ) + µx + F(x)(ūmax=ūmin)x , (A.41)

with

F(x) � min{σ − µx, (ūmin=ūω)σ − (ūmin=ūmax)µx}: (A.42)

To see how additional information can be incorporated, we
reason as follows. Instead of ω̂ � ω+ (1− σ)ω?, we take a
linear combination with the priority vector 1−σ+σ̃

1−σ ω? − 1
1−σ ω̃.

Note that this is a well-defined priority vector because ω̃ ≤
(1− σ+ σ̃)ω?. It follows that ω̂ � ω+ (1− σ) 1−σ+σ̃

1−σ ω? − 1
1−σ ω̃

( )
�

ω+ (1− σ+ σ̃)ω? − ω̃ � (ω− ω̃) + (1− σ+ σ̃)ω?. Hence, we
can consider the analysis for the priority vector ω− ω̃. The
result then follows directly from the reasoning above. w

Endnotes
1 For example, the European Commission on priority groups in the
COVID-19 vaccination strategy: https://ec.europa.eu/health/sites/
health/files/vaccination/docs/2020_strategies_deployment_en.pdf.
2 Source: https://www.who.int/pmnch/media/news/2010/20100322_
d_shaw_oped/en/.
3 Source: https://www.unfpa.org/family-planning.
4 Source: https://www.unfpa.org/family-planning.
5 Source: https://www.gatesfoundation.org/what-we-do/global-
development/family-planning.
6 Source: https://www.mariestopes.org/resources/global-impact-
report-2019/.
7 Source: https://www.ippf.org/resource/2019-annual-performance-
report-apr.
8 In order to preserve confidentiality, all references to the organiza-
tion have been removed.
9 Source: https://www.unfpa.org/resources/contraception-adolescents-
and-youth.
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https://ec.europa.eu/health/sites/health/files/vaccination/docs/2020_strategies_deployment_en.pdf
https://ec.europa.eu/health/sites/health/files/vaccination/docs/2020_strategies_deployment_en.pdf
https://www.who.int/pmnch/media/news/2010/20100322_d_shaw_oped/en/
https://www.who.int/pmnch/media/news/2010/20100322_d_shaw_oped/en/
https://www.unfpa.org/family-planning
https://www.unfpa.org/family-planning
https://www.gatesfoundation.org/what-we-do/global-development/family-planning
https://www.gatesfoundation.org/what-we-do/global-development/family-planning
https://www.mariestopes.org/resources/global-impact-report-2019/
https://www.mariestopes.org/resources/global-impact-report-2019/
https://www.ippf.org/resource/2019-annual-performance-report-apr
https://www.ippf.org/resource/2019-annual-performance-report-apr
https://www.unfpa.org/resources/contraception-adolescents-and-youth
https://www.unfpa.org/resources/contraception-adolescents-and-youth


10 https://www.cdc.gov/coronavirus/2019-ncov/downloads/
covid-data/hospitalization-death-by-age.pdf.
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