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Abstract

In this paper, the egalitarian solution for convex cooperative fuzzy games i1s introduced. The
classical Dutta—Ray algorithm for finding the constrained egalitarian solution for convex crisp
games 1s adjusted to provide the egalitarian solution of a convex fuzzy game. For arbitrary fuzzy
games, the equal division core is introduced. It turns out that both the equal division core and the
egalitarian solution of a convex fuzzy game coincide with the corresponding equal division core and
the constrained egalitarian solution, respectively, of the related cnsp game.
© 2003 Elsevier B.V. All nghts reserved.
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JEL classification: C71

l. Introduction

The concept of egalitarianism, mainly based on Lorenz domination, has generated several
core-related solution concepts on the set of cooperative crisp games with transferable utility
(cooperative TU-games): the constrained egalitarian solution (Dutta and Ray, 1989), the
Lorenz solution (Hougaard et al., 2001), the Lorenz stable set and the egalitarian core (Arin
and Inarra, 2001). The class of convex crisp games is the only standard class of cooperative
TU-games for which the constrained egalitarian solution exists and, moreover, 1t belongs to
the core and Lorenz dominates every other core allocation. It turns out that all the other
egalitarian solutions mentioned above coincide for convex crisp games with the constrained
egalitarian solution. On this class of cooperative TU-games, alternative axiomatic character-
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izations of the constrained egalitarian solution are provided by Dutta ( 1990), Hokar1 (2000),
Klijn et al. (2000). This solution for a convex crisp game can be obtained using the algorithm
proposed by Dutta and Ray (1989) or the formula suggested by Hokar (2000).

Another solution concept related to the norm of equity is the equal division core proposed
by Selten (1972). He introduces it in order to explain outcomes 1n experimental cooperative
games and notes that in 76% of 207 experimental games, the outcomes have a “strong
tendency to be in the equal division core . Axiomatic characterizations of this solution
concept on two classes of cooperative TU-games are provided by Bhattacharya (2002).

The main purpose of this paper is to introduce on one hand the egalitarian solution in the
context of convex fuzzy games as proposed by Branzei et al. (2002, 2003), and on the other
hand the equal division core for arbitrary fuzzy games.

Cooperative fuzzy games have proved to be suitable for modelling cooperative behavior
of agents in economic situations (Billot, 1995; Nishizaki and Sakawa, 2001) and political
situations (Butnariu, 1978; Lebret and Ziad, 2001) in which some agents do not fully
participate in a coalition but only to a certain extent. For example, in a class of production
games, partial participation in a coalition means to offer a part of the resources while full
participation means to offer all the resources. A coalition including players who participate
partially can be treated in the context of cooperative game theory as a so-called fuzzy
coalition, introduced by Aubin (1974, 1981).

The theory of cooperative fuzzy games started with the cited work of Aubin where the
notions of a fuzzy game and the core of a fuzzy game are introduced. In the meantime, many
solution concepts have been developed (cf. Branzei et al., 2002a,b; Butnariu, 1978; Molina
and Tejada, 2002; Nishizaki and Sakawa. 2001: Sakawa and Nishizaki, 1994; Tsurumi et al.,
2001).

The outline of the paper is as follows. Sections 2 and 3 provide the necessary notions and
facts for cooperative crisp and fuzzy games, respectively. Section 4 introduces an egalitarian
solution for convex fuzzy games by adjusting the classical Dutta—Ray algorithm for convex
crisp games. It starts by pointing out that computing the egalitarian solution for a
supermodular fuzzy game is not a priori easy. It is proved that adding coordinate-wise
convexity to supermodularity guarantees the existence of a maximal fuzzy coalition
corresponding to a crisp coalition, at each step of the adjusted Dutta—Ray algorithm. It
turns out that the introduced egalitarian solution lies in the core of the convex fuzzy game
and coincides with the Dutta—Ray egalitarian solution of the corresponding crisp game. [n
Section 5, the equal division core of an arbitrary fuzzy game 1s introduced and 1t 1s shown
that for any convex fuzzy game, the egalitarian solution 1s an allocation in the equal division
core of the game, and the equal division core of a convex fuzzy game coincides with the
equal division core of the corresponding crisp game. This leads straightforwardly to an
axiomatic characterization of the egalitarian solution for convex fuzzy games. Section 6
concludes with some final remarks.

2. Cooperative crisp games

A cooperative crisp game (N, w) consists of a finite set ofiplayers' N, IN={il,2.° .- in
and a map w: 2V M with w(@)=0. For S22V w(S) is called the worth of coalition § and it
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s interpreted as the amount of money (utility) the coalition can obtain, when the players in
S work together. The class of crisp games with player set N is denoted by G-
A game (N, W)EGN is called convex if for each S, 72"

w SUT)+w(SNT)2w(S) +w(T).

The core of a game (N, w)eG" is the convex set

C(N,w) = { xeR"| Z.rf = w(N), Z.r,-zw(S) for each S2”

ieN =S

consisting of efficient vectors x with the property that no coalition § can obtain more than
> <X in splitting off.

An interesting element of the core of a convex crisp game (N, w) is the Dutta—Ray
egalitarian allocation E(N, w) which can be described in a simple way and found easily in a
finite number of steps. Let |S| be the number of players in the coalition §, Se2”. For any
coalition S, we denote its average worth with respect to the characteristic function w by
a (S, w)=w(S5)/|S].

In Step | of the Dutta—Ray algorithm, one considers the game (N,, w;) with
N,:=N, w;:=w, and the per capita value a(7, w,) for each non-empty subcoalition 7
of N,. Then the largest element T,e2™\{@} in argmaxreovygma(Z, wy) 1s taken and
E. (N, w)=a(T,, w,) for all ieT, is defined. For a convex crisp game (N,, w;), 1t is
well known that the finite set argmaxg—,vga(S, w;) is closed w.r.t. the union ope-
ration, that is if §), S,eargmaxg oy, gya(S, wy), then §;US, eargmax o~ oya(S, wy). This
implies that argmaxg—o~a(S, wy) has a largest element w.r.t. the partial order of
inclusion on sets, namely U{T|Teargmaxgov.\o1a(S, wy)}. If 7\=N, then we stop.

In case 7,# N, then in Step 2 of the algorithm, one considers the convex game (N>, w»)
where N, :=N,\T, and w,(S)= w,(SUT,) — w, (7)) for each SEEHI\{G}, takes the largest
element 75 in argmaxz-ov a(7, wy) and defines E; (N, w)=a (T3, wy) for all i€T;. It
T,UT,=N we stop; otherwise we continue by considering the game (N3, wj) with
N; :==N>\T5 and wy (S)=w,(SUT;)—w,(T3) for each S&2™\{0}, etc. After a finite number
of steps, the algorithm stops, and the obtained allocation E(N, w) is called the constrained
egalitarian solution of the game (N, w).

Since the constrained egalitarian solution is in the core of the corresponding convex
game, it is interesting to study the interrelation between E(N, w) and every other core
allocation in terms of a special kind of domination which can be introduced as
follows.

Consider a society of n individuals with aggregate income fixed at / units. For any
veR! denoted by X=(x,, ..., X,), the vector obtained by rearranging its coordinates in
a non-decreasing order, that is, X, <%,< ... <X,. For any x, yei! with >/ | x; =
S y; =1, we say that x Lorenz dominates y, and denote it by x>y, iff } 7 %>
S 9 for all petl, ..., n—1}, with at least one strict inequality.

As mentioned in the Introduction, Dutta and Ray (1989) prove that for convex crisp
games, the constrained egalitarian solution Lorenz dominates every other core allocation.
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Another core-like solution concept which is related to the norm of equity is the equal
division core introduced by Selten (1972). Given a cooperative Crisp game (N, w), the
equal division core EDC (N, w) Is the set

{re"h | Z\, — w(N), A52V\{0} s.t. a(S,w) > x; for all IES}

ieN

consisting of efficient pay off vectors for the grand coalition which cannot be blocked by
the equal division allocation of any subcoalition. It is clear that the core of a cooperative
crisp game is included in the equal division core of that game.

3. Cooperative fuzzy games

Given the set N={1, 2, ..., n} of players, a fuzzy coalition is a vector s&(0, 11". The
i-th coordinate s of s is called the participation level of player i in the fuzzy coalition s.
Instead of [0, 11V, we will also write F" for the set of fuzzy coalitions. A crisp coalition
S=2" corresponds in a canonical way to the fuzzy coalition ', where ¢ ‘e F" is the vector
with (¢), = 1 if i€S, and (¢°);, = 0 1f iEN\S. The fuzzy coalition ¢' corresponds to the
situation where the players in S fully cooperate (i.e. with participation level 1) and the
players outside S are not involved at all (i.e. they have participation level 0). We denote by
¢' the fuzzy coalition corresponding to the crisp coalition $={i}. The tuzzy coalition e’ is
called the grand coalition, and the fuzzy coalition (the n- dlmensmnal vector) (0, O, ..., 0)
corresponds to the empty crisp coalition. We denote by F~ the set of non-empty ﬁJzzy
coalitions.

A fuzzy game (N, v) consists of the player set N and a map v: 7 Y S M with the
property v (0)=0. The map v assigns to each fuzzy coalition a number, telling what such a
coalition can achieve in cooperation. In the following, the set of fuzzy games with player
set N will be denoted by FG" and in the next sections, we will consider the crisp operator
cr : FGN—G". For a fuzzy game (N, L’)EFGN the corresponding crisp game
(N, C!’(V))EGN is given by cr(v)(S)=v(e”) for each Se2t

The core of a fuzzy game (N, v) (Aubin, 1974) is defined by

=N ieN

C(N,v) = {xeﬂiﬂz,r,* = 1’(€N).,ZS x;>v(s) for each s&€F" }

So. xeC(N, v) can be seen as a distribution of the value of the grand coalition e, where
for each fuzzy coalition s, the total payoff is not smaller than v (s), if each player iEN with
participation level s; 1s paid sux;.

A special class of fuzzy games with a non-empty core is the class of convex fuzzy
games introduced by Branzei et al., (2003). Here (N, vyeFGY is called convex iff v



R. Branzei et al. / Mathematical Social Sciences 47 (2004) 313-325 317

satisfies the increasing average marginal return (IAMR) property, i.e. for each s's*?eF"

with s' <s2. each ieN and all &, e&.eMN , ., with s} +&, <57 +&,<1 it holds that

El_l(l-’(.‘i‘l + g1€') — "’(Sl))ﬁ’g;l

(v(s* + &2€') — v(s?)).
The IJAMR property is equivalent to the following pair of properties (cf. Theorem 6 1n
Branzei et al. (2003)):

(/) Supermodularity (SM):
visVit)+v(isAt)2v(s)+ v(t) for all s, i

where sV r and s A ¢ are those elements of [0 1]V with the i-th coordinate equal to max {s,,
.} and min {s,, t;}, respectively;

(i1) Coordinate-wise convexity (CwC):

For each i N and each s '& [0, l]m“’ the function g, : [0, 1] — N with g..(1)=
v(s "Il £) is a convex function. Here (s ' Il ) is the element in [0 1]" with (s "Il 7); = s; for
each jeM{i} and (s 'l 1), = ¢

Example 1. Let N={1, 2} and

1 |t .TI.S]E{O.I}.

1’(5‘1 .5‘3) =
0 otherwise.

One can easily check that this fuzzy game is coordinate-wise convex but not
supermodular.

Example 2. Let N={1,2,3} and

S| +85 +53 if 31,53,536[0.1).
1-’(.5‘1..53.3‘3) —
0 otherwise.

[n this case, the fuzzy game is supermodular but not coordinate-wise convex.

Hereafter, we will denote the class of convex fuzzy games with player set N by CF G".

4. An egalitarian solution for convex fuzzy games

In this section, we are interested in introducing an egalitarian solution only for convex
fuzzy games. We do this in a constructive way by adjusting the classical Dutta—Ray
algorithm for a convex crisp game.

As mentioned in Section 2, at each step of the Dutta—Ray algorithm for convex crisp
games, a largest element exists. Note that for the crisp case, supermodularity of the
characteristic function is equivalent to convexity of the corresponding game.

Although the cores of a convex fuzzy game and its related (convex) crisp game
coincide and the Dutta—Ray constrained egalitarian solution is a core element, finding the
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egalitarian solution of a convex fuzzy game is a task on itself. As we show in Lemma 3,
supermodularity of a fuzzy game implies a semilattice structure of the corresponding
(possibly infinite) set of fuzzy coalitions with maximal average worth, but it 1s not enough
to ensure the existence of a maximal element. Different difficulties which can arise in
fuzzy games satisfying only the supermodularity property are illustrated by means of three
examples. According to Lemma 7, it turns out that adding coordinate-wise convexity to
supermodularity is sufficient for the existence of such a maximal element; moreover, this
element corresponds to a crisp coalition. Then, a simple method comes available to
calculate the egalitarian solution of a convex fuzzy game.

For each seF", let[sl := 3""_ | 5. Given (N, v)eFG" and seF |/, we denote by (s, v)
the average worth of s with respect to the aggregated participation level of players in N,
that 1s

(S, V) = l-(—ql

s

Note that a(s, v) can be interpreted as a per participation-level-unit value of coalition s.

Lemma 3. Let (N, v)\eFG" be a supermodular game. Then the set

A(N.y) 1= te}'g |a(t,v) = sup a(s, v)
seFq

is closed w.r.t. the join operation V.

Proof. Let a = sup,_rva(s,v). If & = o, then AN, v)=0, so A(N, v) is closed w.r.t. the
join operation. ;

Suppose now xeR. Take t'. rzeA(N., v). We have to prove that !IVIZEA(N, v), that 1s
-1(:'\/:2, V)=a.

Since v(t')=alt'l and w(rF)=alr’] . we obtain

alt' )+ alPl=v(t') + v(?)<v(t' v )+ (' A P)<alt' v El+alt A F)
= alt' |+ alt*]

where the first inequality follows from the (SM) property and the second inequality
follows from the definition of & and the fact that v(0)=0. This implies that v(r'vrl]:
g’ vl so t'VEEeAN, v). C

We can conclude from the proof that in case [ rzeA(N, v), not only b Fe»i(N, V) but
also t' APeA(N, v) 1f (' Ar* # 0. Further, A(N, v) is closed w.r.t. finite “unions”, where
(' is seen as the “union” of ¢' and 7°.

If we try to introduce in a way similar to that of Dutta and Ray (1989), an egalitarian
rule for supermodular fuzzy games, then problems may arise since the set of fuzzy
coalitions 1s infinite and it i1s not clear if there exists a maximal fuzzy coalition with
“maximum value per unit of participation level”. To be more precise, if (N, v) is a
supermodular fuzzy game, then crucial questions are:

(1) Is sup,_gva(s,v) finite or not? Example 4 presents a fuzzy game for which
sup,. 7y (s, v) is infinite.
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(2) In case that sup,_rva(s,v) is finite, is there a teFy s.t. a(t, v)=sup,.zva(s,v)? A
fuzzy game for which the set argsup,_ z» %(s,v) 1s empty 1S given In Examﬂple 5. Note
that if the set argsup,_ zva(s, v) is non- empty then sup,_zva(s, v) =max_gvo(s, v).

(3) Let = be the standard partlal order on [0, l] [f max,’,E}-m(c V) exlsts does the set

hold for a fuzzy game 1s shown in Example 6.

Example 4. Let N= {1, 2} and

LS
sytg— if 510, 1),

v(s1,82) =

() otherwise

TEfii 2} ':[(S# 1’) — )L

Example S. Let N={1,2,3} and

For this game sup

(51 4+ 821 .5‘3)3 1f Sl.,Sg.,S:*E[O. l)
v(s1,852,853) =

0 otherwise.

For this game sup _ 123 2(s,v) = 3, and arg sup__ o123 (s,v) = 0.
Example 6. Let N={1, 2} and

Sh =89 1f Sl.,SEE[O,l),
v(s1,82) =
0 otherwise.

For this game max_ 12 yo(s,v) = 1, argmax__ }.{.1;1 s,v) =[0,1) x [0,1)\{0}, but this
set has no maximal elément w.r.t. >.

One can easily check that the games in Examples 4, 5 and 6 are supermodular, but not
convex (the (CwC) property is not satisfied). For convex fuzzy games, all three questions
mentioned above are answered affirmatively in Theorem 9. By using this theorem, the
following additional problems can also be conquered: how to define the reduced games 1n
the steps of the adjusted algorithm, and whether this algorithm has only a finite number of
steps.

Lemma 7 plays a key role in obtaining our main results on egalitarianism in convex
fuzzy games. In its proof, we will use the notion of degree of fuzziness of a coalition. For
cach s&F" this degree is defined by ¢(s)= | {ieN|s,&(0, 1)} | . Note that ¢(s) =0 implies
that s corresponds to a crisp coalition, and that in a coalition with ¢(s)=n, no participation
level equals 0 or 1. Note further that for seFy with ¢(s)=0, we have a(s, v) <
max,,dmma( , v) because s 1s equal to e, where T= {ieN|s;=1}.

Lemma 7. Let (N, v)/eCFG", s&F, and supp(s)={iEN | s>0}. If ¢(s)>0, then there is a
teF) with ()= @(s)—1, supp(t) Csupp(s), and a(t, v)=>a(s, v); if a(t, v)= a(s, v) then
12>5.
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Proof Take seF, with ¢(s ) =10, and ieN such that s, E(O 1). Consider t"=(s"', 0)
and 7' -(s_' 1). Note that cp(r )= (p(r )= (p(s)—] and supp(t )Csupp(r')=supp(s).

If ¢ —0 then ' =¢' and then a(e’, v) > a(se’, v)=a(s, v) follows from (CwC). We then
take 1= ¢'

If °# 0 and o (1, v)>a (s, v), then we take r=1".

Now we treat the case "+ 0 and (7", v) < a (s, v). From the last inequality and from

the fact that v(s)/[s] 1s a convex combination of v(t")/ "] and w(s)—wv(1")/
[s—"], i.e

v(is) [0 v(®) [s—=2£©1 v(s) — v

e sl Tl T e T
we obtain
SR

2

From the (IAMR) property of (N, v) (with . s, [s—°], [t'—s] in the roles of s', s°,
&1, &, respectively) 1t follows

W(t') = v(s) _ (s) = ()
[fli =gl e e —f0)

Now from Egs. (1) and (2), we have

W) = vs) W)
[t — s [__— 2S5 ¥): (3)

Then by applying Eq. (3), we obtain
broiier v(f') it —sl v(t') — v(s) Isl v(s ) It = sl v(s) M Is] v(s)
' P2V R [0 —s] [ s < [tk) e alsl el s

W(s)
S b

So, we can take t=t'. O

From Lemma 7, 1t follows that for each se}_"’, there 1s a sequencc St . ST 0

FN . where s°=s and k= @(s) such that o(s" ")=¢p(s")— 1, supp(s™')C supp(s’) and
a(s™, v) > a(s’, v) for each r{0, 1, ..., k—1}. Since o(sM)=0, s* corresponds to a crisp
coalition, say 7. So, we have proved

Corollary 8. Let (N, v)e CF G". Then for all s&€F ﬁ there exists T2™\{ 0} such that
T'Csupp(s) and ale’, v) > als, v).

From Corollary 8, it follows immediately

Theorem 9. Let (N, v)eCFG". Then
(i) sup,pva(s,v) = max ;.o gy (e’ v);
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(11) T‘=ma.r(argmaxrggmm}a(e?: v)) generates the largest element in arg sup,_zvo(s, v)
namely e’ .

In view of this result, it is easy to adjust the Dutta—Ray algorithm to a convex fuzzy
game (N, v). In Step 1, one puts N;=N, v;:==v and considers argsup,_z~a(s,v;).
According to Theorem 9, there is a unique maximal element in argsup__ -~ a(s,v), which
corresponds to a crisp coalition, say S,. Define E{N, v)=a(e"', v;) for each'ieS,. If S, =N,
then we stop.

In case S, N, then in Step 2, one considers the convex fuzzy game (N,, v,) with
N, :=N,\S, and, for each s[0, 17V"",

va(s) = vi(e' m~vs) — vi(e”),

where (¢°'~vs) is the element in [0, 1]V with

l 1f I'ES| ,
(g"'m_g)'. -

Si 1t I'EN\.HS] .
Once again, by using Theorem 9, one can take the largest element e? in
argmaxSE:.-.,m”at(e‘y. v,) and defines E{N, V)=a(e, v,) for all ieS,. If S;US,=N we
stop; otherwise we continue by considering the convex fuzzy game (Ns, v3), etc. After a
finite number of steps, the algorithm stops, and the obtained allocation E(V, v) 1s called the
egalitarian solution of the convex fuzzy game (N, v).

Theorem 10. Let (N, vieCFG". Then
(1) E(N, v)=E(N, cr(v));
(11) E(N, v)eC(N, v),
(111) E(N, v) Lorenz dominates every other allocation in C(N, v).

Proof.

(1) This assertion follows directly from Theorem 9 and the adjusted Dutta—Ray algorithm
given above.

(i1) Note that E(N, v)= E(N, cr(v))eC (N, cr(v)) = C(N, v), where the first equality follows
from (1), the second equality follows from Theorem 7(ii1) of Branzei et al. (2003), and
the relation E(N, cr(v))eC(N, cr(v)) is a main result of Dutta and Ray (1989) for
convex Crisp games.

(ii1) E(N, cr(v)) Lorenz dominates every other element of C(V, cr(v)) according to Dutta
and Ray (1989). Since E(N, v)=E(N, cr(v)) and C(N, cr(v))=C(N, v), our assertion
(1) follows. C

Theorem 10 should be interpreted as strengthening Dutta and Ray’s result. One can also
think that the egalitarian solution for a convex crisp game will keep the Lorenz domination
property in any fuzzy extension satisfying IAMR.

Further, if one is interested in studying egalitarian solutions for general fuzzy games,
then a change of the starting point of the analysis 1s needed.' One has to consider the
egalitarian allocations as the Lorenz undominated imputations in the Lorenz core. Since

' As suggested to us by one of the referees.
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the latter 1s recursively defined by using the cardinality ot the (crisp) coalitions, the task of
introducing the notion of the Lorenz core of a general fuzzy game will not be a trivial one.

S. The equal division core for convex fuzzy games

Given a cooperative fuzzy game (N, v), we define the equal division core EDC (N, v) as
the set

{xeﬂt-‘ | Zr = v(e"), BseFN s.t. a(s,v) > x; for all :Esupp(,s‘)}.

=N

So xeEDC(N, v) can be seen as a distribution of the value of the grand coalition ¢,
where for each fuzzy coalition s, there 1s a player / with a positive participation level for
which the pay oft x; 1s at least as good as the equal division share a (s, v) of v (s) In 5.

Some 1nteresting facts w.r.t. the equal division core for convex fuzzy games are
collected 1n

Theorem 11. Let (N, v)eFG". Then
(1) C(N, v) CEDC(N, v);

(1) E(N, v) € EDC(N, v),

() EDC(N, v)= EDC(N, cr(v)).

Proof.
(i) Suppose x&EDC(N, v). Then there exists an s& F,, s.t. a(s,v) > x; for all icsupp(s).
Then

n

z.s‘,f.r,- < Z": g (ssv)s; = vis)
1=

=]

which implies that xe¢C(N, v). So C(N, v)CTEDC(N, v).

(11) According to (1) and Theorem 10(i1), we have E(N, v) C(N, v)CEDC(N, v).

(iii) Suppose xeEDC(N, v). Then by the definition of EDC(N, v) there is no ¢’ # 0 s.t.
a(e’, v)>x; for all i  supp(e”). Taking into account that cr(v)(S)=w(e”) for all S&2”,
there 1s no S+ 0 s.t. (cr(v)(S))/|S|>x; for all i €S. Hence, x € EDC(N, cr{(v)).

Let xeEDC(N, cr(v)). We prove that for each s&F, , there is an iesupp(s) s.t. x,

2> ofs, v).

Take T as in Corollary 8. Since x € EDC(N, cr(v)), there i1s an ieT s.t. x; > ae’, v).

Now, from Corollary &, it follows that x; > a(s, v) for ieTC supp(s). |

Remark 12. From the proof of Theorem 11(ii1), 1t follows that for each arbitrary fuzzy
game (N, v), we have EDC(v) CEDC(cr(v)). But these sets are not necessarily equal, as the
following example shows.

Example 13. Let N = {1,2,3} and v(s), 52,53) = /5| + 52 + 53 for each s, 55, 53[0, 1].
For this game, EDC(N,cr(v)) = {@33@%—5} and EDC(N, v)=0.
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Our last example 1s meant to illustrate the various interrelations among the egalitarian
solution, the core, and the equal division core for convex fuzzy games as stated In
Theorems 10 and 11.

Example 14. Let N=1{1,2,3} and T= {1, 2} CN. Consider the unanimity fuzzy game (N,
U,r) with

| if‘S|:Sg:l,
rls) =
0 otherwise.

In the work of Branzei et al. (2003), it i1s proved (Proposition 9) that a fuzzy game of
this type 1s convex. Its core 1s given by

C(N,u,r) = conv{e' e’} = conv{(1,0,0),(0,1,0)},

and the egalitanan allocation 1s given by
|5

512!

EtNsuz )= ( O) eC(N,u,r).

[t 1s easy to see that E(VN, u.) Lorenz dominates every other allocation in C(N, u,r).
Moreover, the equal division core EDC(N, u,r) 18 the set

o gt ) 1 ;

. L4485
convy e ,;(vl + e‘).;(e‘ +e) ) Uconv{;(el +€“).€“.;(€“ +€3)}.

—

/

[t 1s clear that C(N, u.r) CEDC(N, u,r)=EDC(N, cr(u,.r)).

Given Theorems 10 and 11, it is not difficult to provide an axiomatic characterization of
the egalitarian solution on the class of convex fuzzy games. Inspiring here is the paper of
Klijn et al. (2000) where there are five axiomatizations of the classical Dutta—Ray
egalitarian solution. In order to be self-contained, we present the fuzzy counterparts of
some of these axioms which will lead us to the analogue of Theorem 3.3 of Kliyn et al.
(2000) for the class of convex fuzzy games.

Given a solution y: CFGY—M", we will denote by S” the set {keN|yu(N, v)=
max:eh'llb:"(Ns "’)}~

We will say that  satisfies

efficiency, if for all (N, v)e CFG":

Z W:(N Vi) = Lﬂ(c;N);

leN
equal division stability, if for all (N, v)e CFG";
l//(N 1')EEDC(N, 1*);

max-consistency, if for all (N, vie CFG" and all ieMS™:

i‘ﬂi

Yi(N,v) = i (N\S™, v ),
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where v is the game defined by

e m

Ve i) = r(esm ~s) — v(e® )

for all s<[0, 17V°".

Theorem 15. There is a unique solution on CFG" satisfving the properties efficiency,
equal division stability and max-consistency, and it is the egalitarian solution.

6. Final remarks

In this paper, we introduce the equal division core for fuzzy games and the egalitarian
solution for convex fuzzy games. With the aid of the key result in Lemma 7, we prove the
coincidence of the egalitarian solution and the equal division core for a convex fuzzy game
with the corresponding solution concepts for its related crisp game. This implies that an
easy method comes available to calculate the egalitarian solution of a convex fuzzy game
just by considering the corresponding crisp game, and applying on it the classical Dutta—
Ray algorithm.

It would be interesting to develop egalitarian solution concepts also for non-
convex fuzzy games. Inspiring in this could be the original constrained egalitarian
solution of Dutta and Ray (1989), the Lorenz solution (Hougaard et al., 2001), the
Lorenz stable set and the egalitarian core (Arin and Inarra, 2001) for cooperative
CriSp games.

Also, other systems of axioms for the egalitarian solution than the one indicated at the
end of Section 5 could be developed (cf. Klijn et al. (2000)).
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