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Summary. Further refinements of perfect and proper
Nash equilibria are introduced, where it is assumed that
the players put equal probability on pure strategies with
the same payoff vector. Relations with persistent equili-
bria and stable sets are studied.

Zusammenfassung. In dieser Arbeit werden Eigenschaften
von Nash-Gleichgewichten fiir Situationen diskutiert, in
denen die Spieler reine Strategien mit dem gleichen
Ergebnisvektor mit gleichen Wahrscheinlichkeiten bewer-
ten. Die Beziehungen zum Konzept der stabilen Mengen
werden untersucht.

Key words: Bimatrix game, Nash-equilibria, perfect and
proper equilibria

Schliisselwdrter: Zwei-Personen-Spiele, Nash-Gleichge-
wichte, perfekte Gleichgewichte

1. Introduction

In a strategic game not all Nash equilibria (Nash 1951)
are reasonable outcomes. Many authors have tried to
overcome this problem by considering refinements of
the Nash equilibrium concept. Among them Selten
(1975) defined and showed existence of perfect equili-
bria. These equilibria are stable against small mistakes
the players could make in choosing their strategies.
Myerson (1978) was able to refine the concept of perfect
equilibrium by imposing a rationality restriction which
says that the players make more costly mistakes with
less probability. Thus proper equilibria were defined and
it was shown that every game has at least one proper
equilibrinm.

Recently Garcia Jurado and Prada Sanchez (1990)
defined equalized proper equilibria and gave a proof of
existence. In this concept Myerson’s definition is pushed

further in the sense that more rationality is asked from the
players. Besides the properness features it is assumed that
each player puts equal probability on any two pure
strategies that correspond to the same payoff vector,
regardless of the actions of the opponents.

In this paper we study the latter assumption of
rationality in case of (finite) two person games (bimatrix
games). First we also define equalized perfect equilibria in
an obvious way. Secondly we assign to each game a so-
called “equalized game” and prove that perfect and proper
equilibria for this game exactly correspond to the equal-
ized perfect and equalized proper equilibria for the
original game. This approach provides and alternative
existence proof for both equilibrium concepts. Formal
definitions of equalized perfect and equalized proper
equilibria are given in Sect. 2. In Sect. 3 we introduce the
equalized game and prove the result mentioned above
concerning the perfect and proper equilibria for this game.
In this section we further define iterated equalized perfect
and iterated equalized proper equilibria as those equili-
bria that correspond to perfect and proper equilibria for
the so-called iterated equalized game. Section 4 studies
relations between equalized perfect and proper equilibria
and persistent equilibria (Kalai and Samet 1984) and
stable sets (Kohlberg and Mertens 1986). In particular, we
provide a new proof for the result of Garcia Jurado (1989)
that every game has a persistent equilibrium which is also
an equalized proper equilibrium. The paper concludes
with some remarks in Sect. 5.

Notation. Letey, ey, ..., e;denote the unit vectors in R’. For
SC{1,...,1} the vector e5 ER’ is defined by

of = 1 ifkes
k 0 elsewhere

Forx,y €R"we denote x <y (x < y)if xp < yi (e <) for
allk €{1,...,t}. Finally, for A CR’, we denote by Conv(A4)
the convex hull of A.
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2. Equalized perfect and proper equilibria

Let A=[a;]/%, =1 and B=[b;lit; = be real mXn
matrices. The mXn bimatrix game (A,B) is the two-
person game in strategic form with strategy spaces

={pER"|p=0,27- p;=1}and 4, ' ={gER"|g 20,
Z i=1g;=1} and payoff functions K:4,,X4,—R and
L:4,X4,—~R for player 1 and player 2 respectively,
where K(p,q)=pdq and L(p,q)=pBq for all (p,q)&
An X dp. Strategles e,€4, and ¢€4, are called pure
and strategies in ={p&d4,|p>0}and 4y completely
mixed.

For p&d4,, C(p)={€&{l,...,m}|p; >0} denotes
the carrier of p, PBy(p):={j€{l,2,...,n}|pBe;j=
maxgeq,....npPBes} represents the set of pure best
replies of player 2 to p (in (4,B)) and Ba(p):=
Conv({e;€4,1jEPB(p)}) is the set of best replies of
player 2 to p. For g€ 4,, the sets C(q), PB{g) and B(g)
are defined analogously.

A strategy pair (p,q)€4,, X4, is called a (Nash)
equilibrium for (A, B) (cf. Nash 1951} if both p € B (g) and
g€ By(p), or equivalently, if both C(p)CPB(gq) and
C(q) CPBy(p). It was shown that the set E(4,B) of all
Nash equilibria for (4, B) is non-empty.

In this paper we introduce and investigate modifica-
tions of the concepts of perfect equilibria (Selten 1975)
and proper equilibria (Myerson 1978). A strategy pair
(7, q) €E 4y X d,,is called perfect (proper) for (4, B) if there
exist sequences {¢"}zen of positive reals converging to
zero and {(p*,¢")len of pairs of completely mixed
strategies converging to (p,q) such that (p*,¢%) is k-
perfect (¢“-proper) for (4,B) for all k EN. Here, with
£>0, a pair (p, q) € 4,, X 4, is called e-perfect for (4, B) if
forall ,r€{l,...,mland j,s€{l,...,n}

eidg <edg=p<e
pBe; <pBe, = ¢;<¢

and e-proper for (4,B) if for all i,r&il,...,
JsE€{l, ..., n}

m} and

eidg <erAq = p; < epy
pBe; < pBe; = q; < eg;.

For the sets PE(A, B) of perfect and PR(A,B) of proper
equilibria for (4, B) it was shown that

§ # PR(4, B) C PE(4, B) C E(4, B).

Now we introduce the following

Definition. Let (4,B) be an mXn bimatrix game. A
strategy pair (P, Q)€ 4, X 4, is called equalized perfect
{equalized proper) for (4,B), or shortly e-perfect (e-
proper), if there exist sequences {sk}kEN of positive reals
converging to zero and {(p¥, ¢*)}x en of pairs of complete-
ly mixed strategies converging to (3, §) such that (¥, ¢%)is
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e¥-perfect (e*-proper) and equalized for all k €N. Here, a
pair (p, q) € 4,, X 4, is called equalized if

G re{l,..,m}
(U, s €{l,...,n}).

From this definition it is immediately clear that e-proper
implies e-perfect and that e-proper (e-perfect) implies
proper (perfect). Equalized proper equilibria have already
been studied in Garcia Jurado and Prada Sanchez (1990)
and existence was shown. We will provide a new proof of
existence in Sect. 3.

The following example shows that a proper equilib-
rium need not be e-perfect.

ed=ed=p,=p, )
Bej = Be; = qi = 4gs

Example 1. Consider the 2 X 3 bimatrix game (4, B) given
by

(4, B) = (3,6) (0,6 (5,5) _
’ 0,00 (2,00 (5,95 |
1 k
Defining &* = , gt = + e+
g s T T B k+1( é
%ez) and pk = kf— 7 et ki i ey, it is easily checked

that (p*, ¢%) is e*-proper for all k > 1.

Hence, (e1, e3) €EPR(A4,B). However, (e, e3) is not e-
perfect because all equalized and e-perfect strategy pairs
(p,q) €4, X 45 must satisfy g1 =g», which implies that
eyAg <e Aq and so p; <epy. In fact the unique e—perfect

(e-proper) equilibrium for (4, B) is (el, e +— e2)

3. Equalized games

In this section we assign to each bimatrix game a so-called
equalized bimatrix game. It turns out that perfect and
proper equilibria for the equalized game exactly corre-
spond to the equalized perfect and equalized proper
equilibria for the original game.

Let (4,B) be an mXn bimatrix game. Two pure
strategies e;, e, € 4,, are called payoff equivalent for player
1(in(4, B))if e;A=e,A (cf. (1)). The equivalence classes of
payoff equivalent pure strategies induce a partition
{My,M,,...,Mz} of the set {1,2,...,m}. Similarly one
defines payoff equivalent pure strategies for player 2and a
partition {N1,N,...,N;} of {1,2,...,n}. Furthermore, the
mXn equalized game (A B) cor1espond1ng to (4,B) is
defined by A= [Guwli=1v=1and B= [bﬂ\,]#—l v=1, where

M, N, _ M N,
= A and B,=2_3Bftl (2
|My] [N |M, N
forall u&€{l,...,m} and v&{l,...,7}. Note that the pure

strategy e, € A,,, of the equahzed game (4, B) corresponds
to the barycentre of the equivalence class of pure strategies
corresponding to M.
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Let the mapping f: 4, X 4, — 4,5 X 45 be defined by

S, 9) = (( > pi) ( > q,-) )(3)
iEM nefl, ... m JEN, vel{l,... a}

forall (p,q) €4, X 4,. Obviously fis continuous. Further
we introduce the sets 4,, C4,, and 4, C 4, by

-— eM‘[l
4, = Conv ( ) and
IM:I uel{l,.. . ml

. e
4, = Conv 4)
[N Jveq,... i)

such that all e-perfect equilibria for (4, B) are contained in
Ay X A,,. It is clear that the restriction fof fto 4,,X 4, is a
bijection and has a continuous inverse f '

With respect to Nash equilibria we now can formulate

Theorem 3.1, Let (A, B) be an m X n bimatrix game and let
FidnXdy— 45X d; be defined as in (3). Let (p,q)
EZ—fm ><l—in-

Then (p,q) EE(A,B) if and only if f(p, q)EE(fI,E).

Proof. Letp=2>"7_

.y ¢y——and ¢g= > dy——
S |M| . |N,.|
Define (x,y)E4sX4diz by (x,0):=f(p,q). Let
wefl, ..., m} be fixed. Then
! ﬁ eAl” ( )
eudy =3
v=] |Ml |Vl JEN,
i M), N,
=3y A(dl. : )
= 1My |V
e g—edg foralli €M (5)
= qg=eAgq foralli .
| M| .

It follows that uEPBi(y) in (4,B) if and only if
M,CPBi(q) in (4,B) Furthermore, since x,=
Ziezwﬂp,:c,, we have that £€C(x) if and only if
M, CC(p).

This proves that C(p) C PBi(q) in (4, B) if and only if
C(x)CPB\(y) in (4,B). Similarly one shows that
C(q) C PBy(p) in (4,B) if and only if C(y)CPB;y(x) in
(4,B). O

With respect to e-perfect and e-proper equilibria we have

Theorem3.2. Let (A4, B) be an m Xn bimatrix game. Let
[iduXdn—4:X4; be defined as in (3). Let
(P, Q) E4p X 4y Then

(1) (p, q)ise-perfect for (4, B) if and only if f(p, q) is perfect
for (4, B)

(i) (p, q)ise-properfor(A,B)ifand only if f(p, q) is proper
Sor (4, B).
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Proof. We only prove (ii). First we demonstrate the “only
if”-part. Let (p, ) be e-proper for (4, B). Then we can find
sequences {ak}kEN of positive reals converging to zero
and {(p*, ¢*)}ren of pairs of completely mlxed strategies
converging to (p,q) such that (p*,q" is e —proper and
equalized for all kE€N. Defining (x,»):=f(p,q) and
(xk, yk) =f(p*.g*) for all kEN, it follows that
(x , ¥ )EA XA,, for all k€N and, by continuity of f£,
(x*, y*} converges to (x, y). Let, for all k EN,

§¥:=¢F max{ max |M,|, max
vell,...,f}

HE[L, ...}

|V} (6)

We are finished if we can show that (x¥, y*) is 6%-proper
for (ff B) for all kEN. Let o E{l .,/} be such that
e#Ay <epAy Then e,Aq < e,Aq for all i€M, and
rEM, (cf. (5)). Hence p F<g p,kforalllEM andrEM
Consequently,

xf = z <My z pE ="M, | xk < 5*xk.
IEM reM,

Similarly one finds that x*Be, < x"Be, implies that
yk<*ykforall kEN and v, 0 €{1,...,7}.

Secondly we prove the “if”-part. Let (x, ) :=f(p, g) be
proper for (4, B). Let {e*}yen and {(x*, y*)ken C 4in X 4
be sequences as requlred for the properness of (x,y).
Deflmng (p* qk) —f (xk,yk)EAmXA,,,the continuity
of 7! implies that (p*, ¢*) converges tof ™' (x, ) = (p, 9).

Let 6° be defined as in (6). By definition (p%,¢") is
equalized, so it suffices to show that (p¥, ¢%) is 6*-proper
for all kEN.

Let i,r&{l,...,m} be such that e,Aqke,Aqk For
U, QE{l m} w1th zEM and r €M, (5) implies that
e,lAy <eoAy SO xu<e Consequently,

k ko k k k
AR
|Mul — Myl M | M|

< gk - ]M0|Pz{€ < 5kP/{c-

Slmllarly one finds that pkBej<p Be; implies that
qj k< gk q ‘forall kENand j,s€{l,...,n} O

The existence of proper equilibria immediately implies the
following

Corollary. Every bimatrix game has at least one e-proper
equilibrium.

These results are illustrated in

Example 2. Consider the 2X3 bimatrix game (4,B) of
Example 1.
Then m=n=2, Mi={1}, Mp={2}, Ny={1,2} and
={3}. The equalized game (4, B) is given by
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- 1
(15,6

_— (5,5
(A’B)“{ (1,0) J

(5,95
It is easily checked that the unique perfect (proper)
equlhbrlum for (4,B) is (er,er). Hence, f~ Ley,e)=
(el, 5 e + ey ez) € A, X 45 is the unique e-perfect (e-
proper) equilibrium for (4, B).

In Example 1 it was shown that (e2, e3) € PR(A, B). By

Theorem 3.1 we have f(ez, e3)=(e2,2) €E(4, B). How-
ever, (e2,e2) E PR(A, B).

The following example indicates that the concepts of e-
perfectness and e-properness can again be refined.

Example 3. Consider the 2 X 3 bimatrix game (4, B) given
by

(4,B) = 0, D (1,—1) 2,0)
©0,—1 (1, 1 2,0

The 1X 3 equalized game (4, B) is given by

4,B)=1[(0,0) (1,0) (2,00

Note that in (4,B) player 2 has three equivalent pure
strategies. So one might consider the 1 X 1 equalized game
(4, B) corresponding to (4, B) given by

[, 0.

4,B) =
Obviously (/11,5) has only one (perfect and proper)
equilibrivm which corresponds to the e-proper equilibrium
(—;— ey + % e, ~;~ e+ —;— e+ % e3) for (4,B). However,

using Theorem 3.2, one finds that (% e +%
proper for (A4, B) for all g & 45.

e, q) is e-

Example 3 motivates the following definitions.

Let BG denote the set of all (finite) bimatrix games. Let

the mapping g:BG— BG be defined by g(4,B):=(4,B)
for all (4, B)EBG. It is clear that for every (4, B)EBG
there exists a smallest integer ¢ such that
g'4,B)=g'"'(4,B).
The game g'(4,B) will be called the iterated equalized
game corresponding to (4,B). Strategy pairs in the
original game (4,B) will be called iterated e-perfect
(iterated e-proper) if they correspond to perfect (proper)
equilibria for the iterated equalized game.

By definition, the existence of these equilibrium con-
cepts is guaranteed and, clearly, iterated e-perfect (iterat-
ed e-proper) implies e-perfect (e-proper). However,
Example 3 shows that the converse of the last statement
need not hold.
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4. Relations with persistent equilibria and stable sets

Kalai and Samet (1984) introduced persistent equilibria
and showed that each bimatrix game has at least one
persistent equilibrium which is also proper. In this section
this result will be strenghtened by showing that there exists
at least one persistent equilibrium which is also e-proper.

First we recall the definitions of absorbing and persist-
ent retracts, which are of the root of the definition of a
persistent equilibrium. Let (4,B) be an m X# bimatrix
game. A convex and closed set R=R|XRyC 4, X4, is
called an absorbing retract for (4, B) if there exists an open
neighbourhood ¥ of R such that for all (p,q) &€V there
exists a pair (p,q) ER with p €B (g) and §E€ By(p). An
absorbing retract which does not properly contain an-
other absorbing retract is called a persistent retract. An
equilibrium for (4, B) which is contained in a persistent
retract is called a persistent equilibrium.

Using selection retracts Kalai and Samet showed

Lemmad.l (Kalai and Samet [984).

(i) Every absorbing retract contains a persistent retract.
(ii) Every persistent retract contains a proper equilibrium.

For our purposes we also need

Lemmad.2. Let (A,B) be an m X n bimatrix game and let
FrdmX dy= 453X 45 be defined as in (3). Let RC 4, X 4,
be an absorbing retract for (A, B). Then f(R) is an absorbing
retract for (4, B).

Proof. 1t is easily checked that f(R)=T,X T, for two
convex and closed sets 7)1 C 4,3 and T, C 45, Since R is an
absorbing retract for (4,B) there exists an open neigh-
bourhood ¥ C4,,X4,, VOR, such that for all (p,q)EV
there exists a pair (p, q) €R w1thp €B8(g) and qEBz(p)

Define V:=VN(4,,X4,). Then f(¥)=f(V) is an
opensetin 4,; X Azbecause £~ !is continuous. Since VO R
we have f(V)Df(R) Let (x,y)E€f(V). Defining
(0,q):=f" Y, y)E V, there exists a pair (5, §) €ER such
that p € B1(q) and § €EBy(p) in (4, B).

With (X, 7) :=f(p, §) €Ef(R) this implies (cf. (5)) that
XEB\(y) and JEBy(x) in (4,B). Hence, f(R) is an
absorbing retract for (4, B). O

Now we can provide an new proof for the following
theorem of Garcia Jurado (1989).

Theorem 4.3. There is a persistent retract which contains an
e-proper equilibrium.

Proof. Let (A4,B) be an mXn bimatrix game. Let
R:i=4,X4,. Clearly R is an absorbing retract for (4, B).
Using Lemma 4.1(i), R contains a persistent retract P for
(A4,B) and so, by Lemma 4.2, f(P) is an absorbing retract
for the equalized game (4,B). Lemma 4.1 implies that
f(P) contains a proper equilibrium (x, y) for (4, B). Since
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PC 4, X 4, we have that f~'(x, ) €P and, by Theorem
3.2, f~(x,) is an e-proper equilibrium for (4, B). O

Corollary. Each bimatrix game has a persistent equilibrium
Which is also e-praper.

The following example shows there need not be a persist-
ent retract which contains an iterated e-proper equilib-
rium.

Example 4. Reconsider the 2 X3 bimatrix game (4,B) of
Example 3. The unique itelated e—proper equilibrium for

€]+—€2+

the persistent retracts for (A,B) are the sets

. .ol 1
this game is (—-2— e+ ) 83) whereas

{(p,ea)} forallp EConV({eg, % e +% 62})\{% e+ ..;_ 82}

{(p,e1)} for all p € Conv({e,, —;— el +% 62})\{% e+ % er}

and
{+ e+ 2 e} X Conv(fer, ex)
ye T e onv({e;, e;}).

This can be seen as follows. Let Ry X Ry, Cd,X 43 be a
persistent retract for (4, B). Since By(g) =4, for all g € 43
“minimality” of R; X R, implies that |R;|=1. Let p& 4,
be such that R, ={p}.

Suppose p € Conv({ez, e+ — ez}) and p * - el

+ % ep. It is easily seen that for any {(small) nelghbour-

hood U3 pitholdsthat By(p") ={e;}forali p’ € U. Hence,
e, ER;. Since {(p,e;)} is absorbing, it then follows that
Ry={es}. A similar argument can be applied in case

pEConV({el, el -i-—ez}) andp#—el-i-—eg
Now suppose p = ~1— e + 5 e Note that any open
neighbourhood U 9 p contams strategles p'e

Conv({el,p}) and P 2eConv(fes, p }) with p'#p and
p¥#p. Since By(p"Y={e,} and Bg(p )={en}, it follows
that {e;,es} CRy. Convexity then implies Convie(,es}
CR;. Clearly, {p}XConv{e,es} is absorbing, so
COI‘)V{E[,EQ} =R,.

‘We now focus on relations between e-perfect and e-proper
equilibria and stable sets 4 la Kohlberg and Mertens
(1986).

Jurg et al. (1992) showed that each persistent retract
contains a stable set. However, a generalization of The-
orem 4.3 towards stable sets does not hold. Moreover,
although each stable set consists of perfect equilibria only,
Example 5 shows that there need not be a stable set that
contains an e-perfect equilibrium. At this point it would
carry us too far to give the precise definition of stability.
Therefore, we cannot provide a detailed analysis of the
game in Example 5. However, we like to note that the
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various assertions in Example 5 can be easily verified by
means of the results in Borm (1990) on 2X# bimatrix
games.

Example 5. Consider the 2 X 5 bimatrix game (4, B) given
by

wp=| G LY 0y 6D 02

0,3 On -2 ©2) &2
It follows that E(4,B) = T; U T3, where
={—]2—el+%e2}

4 1 4 1 2 3
X e —es,—et—e,—est—e
COI]V{5 €1+5 €s, 5 ) 5 5,5 €4 5 5}
and

T,= Conv{-—-e1 +— ez,el}X{e3}

Further, all stable sets consist of only one point and, with
(p,q)E€E 42X 4s, {(p, q)} is stable if and only if (p, q) € T1.
However, since

(L, 1)
(0, 3)

(L, 3)
(0, 1)

0,4
0, -2

(4,B) = .2
2,2)
the set of equalized perfect equilibria for (4, B) is T5.

5. Concluding remarks

(i) First of all we like to note that all definitions and
results of the previous sections can directly be extended to
the n-person case (n > 3).
(i) It can be shown that the sets of e-perfect and iterated
e-perfect equilibria for bimatrix games both are the finite
union of polytopes. This immediately follows from The-
orem 3.2(i), the definition of iterated e-perfect and the fact
that the set of perfect equilibria for a bimatrix game is the
finite union of polytopes (cf. Borm et al. 1988).
(iiij) Borm (1990) provides a geometric-combinatorial
approach (GC-approach) to determine e.g. perfect and
proper equilibria for 2 X » bimatrix games. Hence, using
Theorem 3.2, the GC-approach can also be applied to
determine e-perfect and e-proper equilibria for 2Xn
bimatrix games.

In the present paper the GC-approach was also used
for determining persistent retracts and stable sets in the
Examples 4 and 5.
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