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ON THE DETERMINATENESS OF m X co-BIMATRIX GAMES

HENK NORDE anp JOS POTTERS

In this paper a positive answer is given to the question of whether every semi-infinite bimatrix
game is weakly determined.

1. Introduction. A noncooperative game in normal form is called determined if there
are (Nash) equilibria: outcomes from which unilateral deviation yields no profit for the
deviating player. Von Neumann (1928) proved that mixed extensions of finite matrix
games are determined. For finite bimatrix games the determinateness was shown by Nash
(1951). Noncooperative games, in which at least one player has a large (e.g., noncom-
pact) strategy space and where unbounded payoff functions are allowed, are not neces-
sarily determined. For such games approximate equilibria become important, In Tijs
(1977) and (1981) approximate equilibrium point theorems for two person games and n-
person games can be found.

Lucchetti, Patrone and Tijs (1986) introduced different types of approximate equilibria
for two-person games, leading to the notion of weak determinateness. In their paper,
dealing with semi-infinite bimatrix games, various boundedness restrictions are provided,
guaranteeing weak determinateness, However, they did not solve the general question of
whether any semi-infinite bimatrix game is weakly determined. In this paper we answer
this question in the affirmative. For m = 2 this result was already obtained by Jurg and
Tijs (1993).

The question of weak determinateness for e« X co-(bi)matrix games has a negative
answer. Wald (1945) provides an example of such a matrix game which is not weakly
determined.

This paper is organized as follows. In §2 definitions are given concerning the notion
of weak determinateness of semi-infinite bimatrix games. Some lemmas, dealing with the
continuity of approximate optimal responses of the second player (with infinitely many
pure strategies ), are provided in §3. In §4 we derive the main result of this paper: Every
semi-infinite bimatrix game is weakly determined.

NotaTioN. The unit vectors in R™ are denoted by e, . . . , e,,. The set of extreme points
of a polytope K in R” is denoted by ext(K) and the convex hull of a set V C R"” by
ch(V). By RN we denote the set of sequences of real numbers and for ¢ = (g, g5, ***)
€ RN the carrier of g is given by C(g) := {j € N: ¢; # 0}. For p € R™ the carrier C(p)
is defined in an analogous way, The Euclidean norm in R" is denoted by |||

mn =

2. Definitions. For two real m X «-matrices A = [a;]iL,.7-) and B = [b;]}L ]~ the
semi-infinite bimatrix game (A, B) is the two-person noncooperative game, with strategy
spaces ,
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632 H. NORDE AND I. A. M. POTTERS

A, = {p ER"p=0Yp = 1},

for player 1 {the row player),

Ay 1= {q ERVNlg=0,Y g =1¢= Oforlargej},

j=1

for player 2 (the column player) and payoff matrices A and B. In a play of this game
player 1 chooses a strategy p € A, and player 2 chooses a strategy g € A... Subsequently,
player 1 obtains an (expected) payoff pAq := Z{Z,2/., p;a;q; and player 2 obtains pBg
= 21,255 pibyg;.

If player 1 chooses strategy p € 4A,, the maximal obtainable payoff for player 2 is

vp(p) := sug pBg.

9E D

Obviously vg(p) € RU {+}. Strategy p € A,, is called bounded if vy(p) € R, otherwise
p is called unbounded. The set of bounded strategies is denoted by Cy. For p € Cy a
strategy p' € A, is called a bounded direction with origin p if there is a number € € (0,
1] with (1 — €)p + ep' € Cp. The set of bounded directions with origin p is denoted by
Dg(p). In the sequel we omit the subscript B for notational convenience, since no con-
fusion about the payoff matrix B can occur. We will need the following lemma.

LeMMA 1. For every m X «-matrix B the set C of bounded strategies is a convex
subset of A,, and the restriction of v to C is a convex function. Moreover, for every p
€ C, the set D(p) of bounded directions with origin p is a convex subset of A, as well.

ProoF. Letpg, p; € Candt € [0, 1]. Put p, := (1 — #)p, + tp,. For every strategy
q € A, we have p,Bg = (1 — t)poBg + tp;Bq = (1 — t)v(p,) + tv(p,), which proves
that p, € C and v(p,) = (1 — t)v(py) + tw(p)).

Letp e C, py, 7y € D(p)and t € [0, 1]. Then there are numbers ¢, €; € (0, 1] such
that (1 — ¢;)p + €;p; € Cforevery index i € {0, 1}. Let ¢ ;= min{ ¢y, €, } . By convexity
of C we have (1 — ¢)p + ep; € C for every index i € {0, 1}. Writing p, := (1 — £)pp
+ tp; we have, again by convexity of C,

(I—e)p+ep=~-t)((1—e)p+ep) +t((l~¢€)p+ep)eEC.

Hencep, € D(p). O

The previous lemma shows that the set C of bounded strategies is convex. The following
example shows however, that this set need not be open or closed.

ExaMpLE. Consider the 3 X o0-matrix

0 0 0 0 -
B=l: 1 2 3 4 - |,
1 -4 -9 -16

One easily verifies that C = A;\(fe, + (1 — t)e, : t € [0, 1)}, which is not open or
closed. Moreover D(e;) = C and D(p) = A, forevery p € C\{¢,}.
For a semi-infinite bimatrix game (A, B) we introduce two types of partial equilibria.
Let € > 0. A strategy-pair (B, §) € A,, X A.. is called an e-optimal partial equilibrium
of (A, B) if pAG = max,ca,PAd and pB§ > vp(Pp) — e. So, in an e-optimal partial
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equilibrium, player 1 cannot gain by deviating unilaterally and player 2 can gain at most
e. The set of all e-optimal partial equilibria will be denoted by PE<(A, B).

Let k € R. A strategy-pair (g, §) € A, X A is called a k-guaranteeing partial
equilibrium of (A, B) if pAG = max,e,pAd and pB§ > k. So, in a k-guaranteeing partial
equilibrium, player 1 cannot gain by deviating unilaterally and player 2 receives at least
k. The set of all k-guaranteeing partial equilibria will be denoted by PE,(A, B).

Clearly, a Nash equilibrium of a semi-infinite bimatrix game is an e-optimal partial
equilibrium for every ¢ > 0. However, the following example shows that the set of Nash
equilibria may be empty. For such games partial equilibria become important.

ExampLE. The 1 X o-bimatrix game (A;, B,) with

A =[0000---] and B,=[

Wi

R
AW
TSN

| F—

has an e-optimal partial equilibrium for every ¢ > 0.
The 1 X oo-bimatrix game (A;, B,) with

A;=[0000 -] and B,={1234---]

has a k-guaranteeing partial equilibrium for every k € R. Obviously, both games have no
Nash equilibria.

The game (A, B) is called weakly determined if, at least, one of the following properties
holds true:

PEXA,B) + (5 foreverye > 0,
PE.(A,B) + & foreveryk € R.

The concept of weak determinateness, introduced above, is somewhat stronger than the
one introduced in Lucchetti et al. (1986), where this concept is based upon four types of
equilibria: (¢, € )-equilibria (strategy-pairs in which player 1 (player 2) can gain no
more than €, (e;) by deviating unilaterally), (e, k)-equilibria (strategy-pairs in which
player 1 can gain no more than ¢ and player 2 receives at least k), (k, €)-equilibria
(strategy-pairs in which player 1 receives at least k and player 2 can gain no more than
€) and (k,, k;)-equilibria (strategy-pairs in which player 1 (player 2) receives at least
ki (k»)). Notice that the (e, €;)~equilibria with ¢, = 0 coincide with the e,-optimal partial
equilibria and that the (¢, k)-equilibria with e = O coincide with the k-guaranteeing partial
equilibria.

In this paper we prove that every semi-infinite bimatrix game (A, B) is weakly deter-
mined. Notice that this is equivalent to

PEY(A, B) U PE,(A,B) +

foreverye > O0and k € R.
For g € A.. the set

|

B(g) := {p € Au| pAq = max p'Aq}

p'EAy

Ch{e,- I eiAq = max equ}
Jjell,

is the set of best responses of player 1 to strategy g.
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Forpe A,,, ¢ > 0and k € R the set
B(p) := {q € Ax|pBq > v(p) — ¢}

is the set of e-best responses of player 2 to strategy p (notice that B°(p) + J if and only
if p € C) and the set

Gi(p) := {q € A.|pBg >k}

is the set of k-guaranteeing responses of player 2 to strategy p. Clearly, for (p, g) € A,
X A, € > 0 and k € R one has

(p,q) € PE‘(A, B) U PE(A, B),
if and only if
pE€B(q) and g € B(p) U Gu(p).

A set V.C A, is called a neighborhood of p € A,, if there is a number 7 > 0 such that
{p' € A, :|lp’' ~ pll < n} C V. In this paper we will make frequent use of the follow-
ing lemma.

LEMMA 2. For every strategy p € A,, and every number 6 € (0, 1] the set
(1=-8){p}+déA,:={(1-8)p+ép' :p' €A}

is a neighborhood of p.

PrOOF. Letp € A, and § € (0, 1]. Define M := max{p;' : p; > 0}. For every p'
€ A, with ||p' — p| < 8/Mone has r := p + §'(p’ — p) € A,, and hence p’ = (1
- §p+ére(l ~8){p)+6A, D

3. Continuity of approximate optimal responses. In this section we provide a the-
orem which is crucial for the proof of the weak determinateness of any semi-infinite
bimatrix game. This theorem states that, for every € > 0, k € R, the strategy space A,
of player 1 can be covered by finitely many polytopes K, satisfying

(1) N (B(p)UGip) + O,

pEext(K)

i.e., by finitely many polytopes K, which are such that player 2 has a common approximate
optimal (e-best or k-gnaranteeing) response to every extreme point of K. Polytopes, hav-
ing property (1), are called (¢, k)-polytopes. In order to prove this theorem we need
some lemmas, dealing with the continuity of approximate optimal responses of player 2.
The first lemma is concerned with the continuity of e-best responses of player 2 if player
1 changes from one bounded strategy to another. More precisely:

LeMMA 3. Let B be anm X %-matrix, py € C, py € D(py), € > 0 and ¢ € B(py).
Then there is a number § € (0, 1] such that ¢ € B((1 — t)p, + tp,) for every
t €10, 8].

Proor. Without loss of generality we may assume that p; € C. Put p, := (1 — t)pg
+ tp, for every number ¢ € [0, 1]. Suppose there is no number § € (0, 1] satisfying the
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required properties. Then there is a sequence #,, f, =+ in (0, 1] such that lim,.t, = 0
and
(2) pl,.Bq = U(Pr,.) ~- €

for every index n € N. Since v is a convex function, we also have

(3) v(p,) = (1 — ,)v(po) + t(p;)

for every index n € N. Combination of (2) and (3) gives

v(p) = t7'u(p,) — (17 = Du(py)
= t;'p,Bg + 17 e — (" — 1)v(po)
= (t7' = 1)poBg + piBg + t7'e ~ (7' = 1)v(po)
= t;'(PoBg — (v(po) = €)) + p1Bq — poBq + v(po)

for every index n € N. Since poBg — (v(py) — €) > 0 and lim,..t;' = +% we getv(p;)
= 400, Contradiction. O

COROLLARY 1. LetBbeanm X oﬁ-matrix, and let strategy p € C be such that D(p)
= A,,. Then there is an (¢, k)-polytope K which is a neighborhood of p.

ProoF. Choose ¢ € B(p). According to Lemma 3 there is, for every index i € {1,
..., m}, anumber §; € (0, 1] such that g € B<((1 ~ t)p + te;) for every t € [0, §;].
For the number 6 := min,§; the polytope K := (1 — §){p} + 8A,, satisfies the required
properties. O

The following lemma provides a similar result for unbounded strategies.

LeMMA 4. Let B be an m X w-matrix, and let p € A, \C. Then there is an (¢, k)-
polytope K which is a neighborhood of p.

Proor. Choose g € Gi(p). Since the map p’ = p'Bg (p' € A,,) is continuous and
pBq > k there is a number § € (0, 1] such that g € G,((1 — §)p + be;) for every index
i€ {1,..., m}. For this number § the polytope K := (1 — §){p)} + 84,, satisfies the
required properties. O

So, every bounded strategy p with D(p) = A,,, as well as every unbounded strategy,
is an interior point of some (¢, k)-polytope. However, this statement need not be true for
the last case: p € C and D(p) # A,,. In Lemma 7 we prove that in this case there are
finitely many (e, k)-polytopes which cover a neighborhood of p. In order to prove this
lemma we need two auxiliary lemmas. The first of these lemmas deals with the continuity
of approximate optimal responses of player 2 if player 1 changes from a bounded strategy
to an unbounded one (see also Proposition 3.1 in Jurg and Tijs (1993) where a similar
result has been derived). More precisely:

LEMMA 5. Let B be an m X ®-matrix, py € C, p) € A, \D(po), € > Oand k € R.
Then B(po) N Gi(py) # &.

ProOF. Suppose BS(py) N Gi(p)) = @. Choose § € B**(py) C B(p,) and let
§:= pyBd — (v(py) — 1€) (>0). By assumption, we have y := k — p;B§ = 0. We will
show that
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. Y 6
1= + eC,

which leads to a contradiction, since p; € D(py).
Let g € B(py). Then, by assumption, we have p|Bq = k. Together with p,Bg = v(p,)
we get

(4) PBg =< max {v(po), k}.

Now let g € A\B(po). Then poBq = v(p,) — ¢ and hence  := v(p;) — 3¢ — poBq
> 0.For§ = (8 + «)~'(x§ + 6g) we have p,B§ = v(p,) — 3¢ and hence § € BY(py).
So, by assumption, we have p| B§ = k, which implies

(5) PBg = (v + 6)™ (K6 + (v(po) — 5 ©7) = max {v(po), k).

Now (4) and (5) togetheryieldp € C. O

In the following lemma we prove that, given p € C with D(p) # A,,, the simplex A,
can be covered by finitely many polytopes K of the following nature: All extreme points
of K that are not elements of D(p) admit a common k-guaranteeing response ¢, which is
also an e-best response to p. As the proof of this lemma does not use any game theoretical
argument we formulate it as a geometric lemma.

LEMMA 6. Let D be a convex subset of A,,, D # A,,, and let O, be a neighborhood
of p for every p € A, \D. Then there are finitely many polytopes M\, ..., M, and p,,
cvvs Do € Au\D such that A, = Ui M; and ext(M;}) C D U O, for every j
e{l,...,n}.

Proor. The proof is by induction on m. If m = 1, then A, consists of one point, D
= (7, and the lemma is trivial. Suppose the lemma has been proved for simplices with
less than m extreme points. We distinguish between two cases.

Case 1. D = (. For every point p € A,, there is a number §(p) € (0, 1] such that
CK(p):=(1—-6(p)){p}+6(p)A, C O,. Since A,, is compact a finite subcollection of
{K(p)lp € A, } satisfies the required properties.

Case 2. D # (. Choose p € D. For every index i € {1, ..., m} we put A}/
=ch({eg|j#i})and L, := ch({p} U A;). A, CDthenext(L))CDCDUO,
for any p € A, \D. Otherwise D N A;; = A and we infer by induction hypothesis that

there are Eolytopes M\, ..., My, and points p;, ..., py, € A,\(D N A} such that
AR=UL M;and ext(M,J) CDNAHU©O,N A“) foreveryj € {1,...,k}.
Now the polytope M, := ch({p} U M;) satisfies ext(M,J) C {p} U ext(M,J) C D
U O, for every j € {1, , ki }. Moreover L; = U,,, M The observation that A,

= UL, L, finishes the proof of the lemma. O

LEMMA 7. Let B be an m X -matrix, p € CwithD(p) = A, and e > 0,k € R,
Then there are finitely many (e, k)-polytopes K,, . . ., K, such that U;_| K; is a neigh-
borhood of p.

Proor. For every p € A,\D(p) there is, according to Lemma 5, a strategy g,
€ B(p) N Gi(p). Since pBq, > k it is possible to choose a neighborhood O, of p such
that p' Bg, > k for every p' € O,. So, g, is an e-best response to p and a k-guaranteeing
response to every p' € O,.

Since D(p) is a convex, proper subset of 4, there are, according to Lemma 6, finitely
many polytopes M,, ..., M, and py, ..., p, € A, \D(P) such that ext(M;) C D(p)
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U O, foreveryindexj € {1,...,n}.Letj € {1,...,n). Write q; = q,,, G; 1= ext(M))
N O, and Hj := ext(M;) N D(p). Since H is a finite subset of D(p) and g; is an e-bert
response to p there is, according to Lemma 3, a number 6; € (0, 1] such that g, is an -
best response to (1 — §,)p + 6;p for every p € H ;. For this number §; we write H;
= {(1~ &)p + §plp € H]). Because g; is an e-best response to p and every strategy
in H; and a k-guaranteeing response to every strategy in G; the polytope K = ch({p}
U G; U H,) is an (¢, k)-polytope.

Now we are left to prove that U)_, K; is a neighborhood of 5. Let 6 := min {6,...,
S,andj € {1,...,n}. Then (1 - 8)p+ p € K; for every strategy p € ext(M;) (for
p € G this statement is immediate, for p € H] one has (1 — §)p + 6p € ch({p,
(1-8)p + 6p}) CK)). Hence (1 ~ 6){p} + 6M; C K. Therefore

(1= 8)(p) + 88, = U((L-8)(5) + M) UK,
:

which proves that U, K; is a neighborhood of p. 01
Now we are able to prove the main theorem of this section.

THEOREM 1. Let B be an m X »-matrix, € > 0, k € R. Then there are finitely many
(e, k)-polytopes Ly, . .., L, such that A,, = Uj_, L.

Proor. According to Corollary 1, Lemmas 4 and 7 there is, for every p € A,,, a
neighborhood U, of p which is the union of finitely many (e, k)- polytopes. Since A,, is
compact a finite subcollection of { U, : p € A,,} covers A,,, which proves the theorem. O

4, Weak determinateness of semi-infinite bimatrix games. In this section we prove
the main result of this paper;

THEOREM 2. Every semi-infinite bimatrix game is weakly determined.

ProOF. LetA = [a;]i1j=) and B = [by]/L,5-) be two m X o-matrices, ¢ > 0 and k
€ R. It suffices to prove that PE(A, B) U PE,(A, B) * (J. According to Theorem 1
there are finitely many (e, k)-polytopes Ly, . . ., L, such that A,, = U;., L;. Choose, for
every index j € (1, ..., t}, a strategy ¢; € Myeenrry (B(P) U Gi(p)) and let K
= U,',, C(q)). The set K is a finite set. Therefore, the bimatrix game, with payoff matrices
[aylie (1,.m), e x a0d [Bylie (1...m). ek, is a finite bimatrix game. Nash (1951) proved that
such a game has a Nash-equilibrium. In other words, thete is a strategy-pair (9, ) € A,
X A, such that

(1) pA§ = pAq for every p € A,

(2) pB§ = pBq for every g € A, with C(g) C K.

There is a j* € (1, ..., t} such that p € Ly, Write p = 2., a,p, for some p;, ..., ps
€ ext(Ly) and ay, ..., a, > 0 with Z{., a; = 1. Since C(gy) C K we have pBg
= pBqy. This last inequality implies the existence of an index r € {1, ..., s} such that
p-B§ = p,Bg;. Since, by construction, g € B( pr) U Gi(p,) this last inequality gives

(6) 4 € B<(p) U Gi(py).

On the other hand we have C(p,) C C(p) and p € B(4). Hence,

(7 . € B(q).

Now (6) and (7) yield
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(P, §) € PES(A,B) U PE(A, B).
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