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Semidefinite programming approaches for stable 
set and max-cut problems

L E N N A R T  S I N J O R G O

This thesis investigates the use of semidefinite programming (SDP) for solving (variants of) 
the well-known stable set and max-cut problems. Chapter 2 considers a generalization of 
the stable set problem, and a corresponding SDP relaxation. Similarly, Chapter 3 considers a 
generalization of the max-cut problem that involves complex roots of unity. Various complex 
SDP relaxations of this generalized max-cut problem are studied. Chapter 4 provides 
approximation algorithms for the quantum generalization of the max-cut problem. These 
approximation algorithms employ a hierarchy of SDP relaxations for noncommutative 
polynomial optimization problems. Chapter 5 provides an SDP algorithm for computing 
bounds on the stability numbers of graphs. Chapter 6 provides an SDP algorithm for solving 
the MAX-SAT problem. Chapters 5 and 6 provide extensive numerical results on these 
algorithms.
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Notation and abbreviations

Sets
Un set of the complex nth roots of unity
C set of complex numbers
Conv(S) convex hull of elements in S (also written as ConvS)
Hn set of n× n complex Hermitian matrices
Hn

+ set of n× n complex Hermitian PSD matrices
Nn

d :=
{
α ∈ (N ∪ {0})n :

∑
i∈[n] αi ≤ d

}
[n] set of integers {1, . . . , n}(
[n]
≤k

)
:= {β ⊆ [n] : |β| ≤ k} for integers n and k

R set of real numbers
R+ := {x ∈ R : x ≥ 0}
Sn set of n× n real symmetric matrices
Sn
+ set of n× n real symmetric positive semidefinite matrices
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viii NOTATION AND ABBREVIATIONS

Linear algebra
0n or 0 all-zeroes column vector of length n, or of fitting size
1n or 1 all-ones column vector of length n, or of fitting size
det(·) determinant of a square matrix
Diag(·) Diag(a) is the diagonal matrix with a as its diagonal
diag(·) adjoint operator of Diag(·)
(·)H Hermitian/conjugate transpose
In or I n× n identity matrix or identity matrix of fitting size
Jn or J n× n matrix of ones or matrix of ones of fitting size
Λ(·) eigenspectrum of a square matrix
M ⪰ 0 matrix M is positive semidefinite
M ⪰ N matrix M −N is positive semidefinite
⟨M,N⟩ trace inner product tr

(
MHN

)
∥M∥ Frobenius norm of matrix M , i.e.,

√
tr(MHM)

M ⊙N Hadamard product of matrices M and N
M ⊗N Kronecker product of matrices M and N
PF (·) projection onto set F , i.e., PF (X) := argminY ∈F ∥X − Y ∥
rk(·) rank of input matrix
(·)⊤ transpose
tr(·) the trace of a square matrix
vech(X) vector of all n(n+ 1)/2 lower triangular entries of X ∈ Sn

Graph theory
AG {0, 1} adjacency matrix of graph G
α(G) independence/stability number of graph G
Cn cycle graph on n vertices
deg(i) degree of vertex i, i.e., the number of vertices adjacent to i
E(G) edge set of graph G
G = (V,E) simple undirected graph with vertex set V and edge set E
Gn set of all simple, undirected, unweighted graphs on n vertices
G complement graph of G
Kn complete graph on n vertices
LG Laplacian matrix of G
N(i) set of vertices adjacent to vertex i
[n]G := {β ⊆ [n] : β is stable in G}, where V (G) = [n]
ω(G) clique number of graph G
srg(n, d, λ, µ) strongly regular graph
τ(G) vertex cover number of graph G
V (G) vertex set of graph G
χ(G) chromatic number of graph G
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Polynomials
deg(·) degree of polynomial
F[x] polynomials with coeffs. in the field F, in commutative variables
F[x]d polynomials in F[x] of degree at most d, d ∈ N.
F⟨x⟩, F⟨x⟩d noncommutative variants of F[x] and F[x]d
⟨fi, . . . , fm⟩k := {

∑m
i=1 gifi hi : gi, hi ∈ F⟨x⟩, deg(gifi hi) ≤ k ∀i ∈ [m]}

s(d) :=
(
n+d
n

)
, size of vd(x), where x consists of n variables

vd(x) vector of monomials that form a basis of F[x]d, d ∈ N
xB vector of monomials

(∏
i∈β xi

)
β∈B

, for B ⊆
(
[n]
≤k

)

Miscellaneous
1β for some β ⊆ [n], 1β ∈ {0, 1}n, with (1β)i = 1 iff. i ∈ β
Arg(·) angle in [0, 2π) of a complex number, with Arg(0) = 0
E[·] expectation operator
exp (·) exponential function
I(·) for β ⊆ [n], I(β) = 1 if |β| = 1, and 0 otherwise
Im(·) imaginary part of a complex matrix
i imaginary unit
Re(·) real part of a complex matrix
sgn(·) sign of a real number (with sgn(0) = 1)
∨ logical disjunction
∧ logical conjunction
△ symmetric difference, i.e., A△B := (A ∪B) \ (A ∩B)

|·| cardinality of a set, or absolute value: |z| =
√
zHz

⌊·⌋ floor function
⌈·⌉ ceiling function
⌊·⌉ round to nearest integer function
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Abbreviations
ADMM alternating direction method of multipliers
CNF conjunctive normal form
CSDP complex semidefinite program(ming)
EGF extremal Gram factor
EPR Einstein, Podolsky, Rosen
IPM interior-point method
LP linear program(ming)
MAX-SAT maximum satisfiability
MIMO multiple-input multiple-output
MLE maximum likelihood estimator
POP polynomial optimization problem
PRSM Peaceman-Rachford splitting method
PSD positive semidefinite
QMC quantum max-cut
SAT satisfiability
SDP semidefinite program(ming)
SOS sum of squares
s.t. such that, or, subject to
UGC unique games conjecture
w.l.o.g. without loss of generality



1 Introduction

Mathematical optimization is the study of solution methods for optimization prob-
lems. An optimization problem is to optimize (i.e., minimize or maximize) a given
real-valued objective function, over a given feasible set. Such optimization problems
arise in many fields of science, such as operations research, finance, engineering, and
machine learning. Optimization problems can be divided in classes. For example,
when the feasible set is finite, we speak of discrete optimization. When the objective
function is linear, and the feasible set corresponds to the solutions of a system of
linear equations, we speak of linear programming (LP).

In this thesis, we study a generalization of LP known as semidefinite programming
(SDP). More precisely, we consider SDP approaches for solving the stable set and
max-cut problems, and some variants thereof. The stable set and max-cut problems
are fundamental problems in the field of computer science, and the use of SDP for
solving these problems has been widely studied. We propose and investigate solution
methods for solving the semidefinite programs that arise in these applications, and
provide various theoretical results to better understand these programs. In the rest
of this chapter, we provide a brief introduction to SDP, how SDP can be used to solve
polynomial optimization problems, and the problems that we will apply SDP to.

1.1 An SDP problem and its dual

SDP concerns mathematical optimization problems in which the (real) symmetric
matrix variable is restricted to be positive semidefinite (PSD). A symmetric n × n
matrix X is said to be PSD if v⊤Xv ≥ 0 for all v ∈ Rn, written as X ⪰ 0. Another
equivalent condition is that the eigenvalues of X are nonnegative. We write Sn

+ for
the cone of symmetric PSD matrices of size n × n, and Sn for the set of symmetric
matrices of size n×n. An SDP problem (or simply, an SDP) can be stated as follows:

p∗ := inf
X∈Sn

+

⟨C,X⟩ subject to ⟨Ai, X⟩ = bi i = 1, . . . ,m, (1.1)

where C,A1, . . . , Am ∈ Sn, b ∈ Rm, and the trace inner product ⟨C,X⟩ is defined as

⟨C,X⟩ := tr(CX) =
∑

i,j∈[n]

CijXij .

1



2 CHAPTER 1. INTRODUCTION

Every SDP admits a corresponding dual SDP. The dual SDP of (1.1) is given by

d∗ := sup
y∈Rm

b⊤y subject to C −
m∑
i=1

yiAi ⪰ 0. (1.2)

It is common to set p∗ = ∞ if (1.1) is infeasible, and p∗ = −∞ if (1.1) is unbounded.
Similarly, we set d∗ = −∞ if (1.2) is infeasible, and d∗ = ∞ if (1.2) is unbounded.
We have that d∗ ≤ p∗, which is known as weak duality. Strong duality holds when
d∗ = p∗. It is known that strong duality holds if Slater’s condition [285] is satisfied
by (1.1) or (1.2). Slater’s condition of an optimization problem is that it is bounded
and strictly feasible.

Strict feasibility of (1.1) and (1.2) involves the notion of a positive definite matrix.
A symmetric matrix X is said to be positive definite, written as X ≻ 0, if its eigen-
values are positive. Then, the SDP (1.1) is said to be strictly feasible if its feasible
set contains a positive definite matrix. Similarly, (1.2) is said to be strictly feasible if
there exists a y ∈ Rm for which C −

∑m
i=1 yiAi ≻ 0.

Many excellent surveys and textbooks have been written on SDP, see e.g., [13, 29,
178, 188, 212, 240, 296, 300, 313] and references therein. These references cover the
wide range of applications of SDP, and its rich theory. In the rest of this thesis, we
limit ourselves to a small number of these topics.

1.2 Polynomial optimization

Polynomial optimization concerns optimization problems in which the objective func-
tion is a polynomial, and the constraints are given by polynomial (in)equalities. Poly-
nomial optimization has been popularized by the works of Shor [276] and Nesterov
[235], and further refined by Lasserre [175] and Parrilo [249]. These works demonstrate
that SDP is a powerful tool for solving polynomial optimization problems (POPs).
In this thesis, we consider POPs of the following form:

fmin := inf
x∈K

f(x), for K := {x ∈ Rn : g(x) = 0 for all g ∈ S} , (1.3)

where f ∈ R[x], with R[x] the ring of polynomials in the n variables x1, . . . , xn, and S
is a finite subset of R[x]. In general, (1.3) is NP-hard, since it includes, for example,
the NP-hard stable set problem (see Section 1.3.1).

Let P(K) be the set of polynomials nonnegative over K. It can be observed that
(1.3) is equivalent to

fmin = sup {µ ∈ R : f − µ ∈ P(K)} , (1.4)

see e.g., [212, Eq. 2.6]. It follows from (1.4) that tractable lower bounds on fmin can
be obtained by replacing P(K) in (1.4) by a tractable subset of P(K). One class of
tractable subsets of P(K) is based on the notion of sum of squares (SOS) polynomials.
The set of SOS polynomials of degree at most d ∈ N is given by

Σd :=

{
p ∈ R[x]d : p =

k∑
i=1

pi(x)
2, k ∈ N, pi ∈ R[x] for all i ∈ [k]

}
,
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where R[x]d denotes the set of polynomials of degree at most d. SOS polynomials can
be expressed using PSD matrices. To see this, define vd(x) as the vector of monomials
that form a basis of R[x]d, of size s(d) :=

(
n+d
d

)
. We have that

p ∈ Σ2d ⇐⇒ ∃Q ∈ Ss(d)
+ satisfying p = vd(x)

⊤Qvd(x),

see e.g., [178, Prop. 2.1]. Clearly, if p is SOS, then p is nonnegative over Rn, but the
converse is not necessarily true [140].

Let IS be the polynomial ideal generated by the g ∈ S. The ideal IS and the SOS
polynomials can be used to define a subset of P(K), given by

M(S)d :=
{
p ∈ R[x]2d : p ≡ vd(x)

⊤Qvd(x) mod IS , Q ∈ Ss(d)
+

}
,

for some d ∈ N. Indeed, if p ∈ M(S)d, then p(x) ≥ 0 for all x ∈ K, and thus,
M(S)d ⊆ P(K). Since Q ⪰ 0, SDP can be used to optimize over M(S)d, for fixed
d ∈ N.

If we now replace the constraint f − µ ∈ P(K) in (1.4) by the more restrictive
constraint f − µ ∈ M(S)d, we obtain the following lower bound on fmin:

fd := sup {µ ∈ R : f − µ ∈ M(S)d} . (1.5)

Note that the condition f −µ ∈ M(S)d ⊆ R[x]2d in (1.5) requires that the relaxation
order d ≥ ⌈deg f/2⌉. The SDPs defining fd, for d ≥ ⌈deg f/2⌉, form a hierarchy of
SDP relaxations of the POP (1.3). This hierarchy is known as the Lasserre hierar-
chy [175], or Moment-SOS hierarchy [179]. Note that the original presentation of the
Lasserre hierarchy in [175], involves only polynomial inequality constraints. Presenta-
tions of the Lasserre hierarchy with polynomial equality constraints can also be found
in, e.g., [120, 174, 184].

The SDP defining fd is referred to as the dth level of the Lasserre hierarchy.
Higher levels of the hierarchy provide better bounds on fmin than lower levels of the
hierarchy, since

M(S)d ⊆ M(S)d+1 ⊆ P(K) ∀d ∈ N

implies that fd ≤ fd+1 ≤ fmin. At the same time, the PSD matrix variable of the
dth level of the hierarchy is of size s(d) × s(d), and so ‘the computational cost of its
basic formulation can be quite heavy, even for problems of modest dimension’. [179,
Sect. 8].

If, for some d ∈ N, M(S)d satisfies the Archimedean condition, i.e., R − ∥x∥2 ∈
M(S)d for some R > 0, then limd→∞ fd = fmin [175, Thm. 4.2.a]. There also exist
additional conditions under which the hierarchy exhibits finite convergence [66, 177,
184, 238, 239], that is, fd = fmin for some finite d ∈ N. Lastly, if the polynomials
g ∈ S form a Gröbner basis for IS , then for fixed d ≥ ⌈deg f/2⌉, the SDP bound
fd is computable in time polynomial in n up to fixed precision [262, Lem. 8]. This
condition is satisfied for the sets S we consider in this thesis. There exist more general
conditions that ensure polynomial time computability of fd up to fixed precision, see
[123, 242, 262].



4 CHAPTER 1. INTRODUCTION

1.2.1 A dual perspective on polynomial optimization
Instead of using SOS polynomials, the Lasserre hierarchy (1.5) can also be stated in
terms of truncated moment sequences. This leads to a hierarchy of SDPs that are
dual to (1.5), and therefore, provide the same values fd, assuming a mild condition
that ensures strong duality.

Let us write polynomials in R[x] as

p(x) =
∑
α∈Nn

pαx
α, where pα ∈ R and xα :=

∏
i∈[n]

xαi
i . (1.6)

Given a sequence of real numbers {yα}α∈Nn with y0 = 1, the associated linear Riesz
functional Ly : R[x] → R is defined as

Ly(p) :=
∑
α∈Nn

pαyα.

If P is a matrix with polynomials as entries, we define Ly(P ) as the matrix satisfying
(Ly(P ))ij = Ly(Pij). The moment matrix of order d is then defined as

Md(y) := Ly

(
vd(x)vd(x)

⊤).
Consider the sets of finite sequences, defined for d ≥ maxg∈S deg g/2,

Yd :=

{
{yα}α∈Nn

2d
:

y0 = 1, Md(y) ⪰ 0,

Ly(x
αg(x)) = 0 ∀g ∈ S, ∀α ∈ Nn

2d−deg(g)

}
, (1.7)

where S is the set of polynomials defining the feasible set K, see (1.3). The sequences
in Yd are known as truncated moment sequences.

The sets Yd are closely related to K, see (1.3). To see this, let z ∈ K ⊆ Rn and
define, for α ∈ Nn, the monomial zα as xα in (1.6). Consider the sequence {ỹα}α∈Nn

2d

defined by ỹα = zα for all α ∈ Nn
2d. Clearly, ỹ0 = z0 = 1. Since Lỹ(p) = p(z) for any

p ∈ R[x]2d, we have that the moment matrix satisfies

Md(ỹ) = Lỹ

(
vd(x)vd(x)

⊤) = vd (z)vd (z)
⊤ ⪰ 0,

Lastly, for any g ∈ S and α ∈ Nn
2d−deg(g), we have that

Lỹ(x
αg(x)) = zαg(z) = zα · 0 = 0,

where g(z) = 0 is implied by z ∈ K. Thus, ỹ ∈ Yd. Stated differently, the map
x 7→ {xα}α∈Nn

2d
defines an injection from K to Yd. Hence, Yd can be considered as a

semidefinite relaxation of the lifted feasible set. That is,
{
{xα}α∈Nn

2d
: x ∈ K

}
⊆ Yd.

It follows that the values

f∗d := inf {Ly(f) : y ∈ Yd} , (1.8)

which are defined for any integer

d ≥ max
{
(deg g/2)g∈S , ⌈deg f/2⌉

}
, (1.9)
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satisfy f∗d ≤ fmin for any such d. It can be shown [175, Section 4] that the SDPs
defining f∗d and fd, see (1.5), are dual to each other, so that f∗d ≥ fd by weak
duality. Condition (1.9) suffices for ensuring strong duality [217, Cor. 3.2]. Note
that the results from [217] can be applied after transforming our definition of K to
{x ∈ Rn : g(x) ≥ 0,−g(x) ≥ 0 ∀g ∈ S}.

1.2.2 Complex and noncommutative polynomial optimization
The ideas presented in Section 1.2.1 can be adapted for the case of complex poly-
nomials [154, 305], and for the case of noncommutative variables [45, 166, 234, 256].
These adaptations are used in Sections 3.5 and 4.2 respectively.

Let C⟨x⟩ be the set of polynomials with complex coefficients, for which the vari-
ables x1, . . . , xn, x

∗
1, . . . , x

∗
n are not assumed to commute. The operator ∗ is an

involution that satisfies (xi)
∗ = x∗i . A product w = w1 · · ·wd of the variables

x1, . . . , xn, x
∗
1, . . . , x

∗
n is referred to as a word of degree d ∈ N. We define w∗ :=

w∗
dw

∗
d−1 · · ·w∗

1 . For some d ∈ N, let Wd be the set of words of degree d or less, and
set W := W∞. For a polynomial

p(x) =
∑
w∈W

pww ∈ C⟨x⟩, pw ∈ C ∀w ∈ W, (1.10)

we define p∗ :=
∑

w∈W pww
∗. A polynomial p is said to be symmetric, or Her-

mitian, if it satisfies p∗ = p. Given a polynomial p and a set of square matrices
X = (X1, . . . , Xn) ⊆ Cd×d, we define p(X) ∈ Cd×d as the matrix obtained by replac-
ing all xi by Xi, and all x∗i by XH

i , i.e., the Hermitian transpose of Xi. Note that for
symmetric polynomials p, the matrix p(X) is Hermitian.

Given a symmetric polynomial f , and a set S of symmetric polynomials, we are
interested in solving the following noncommutative POP:

fmin := inf
(X,v)∈Kt

vHf(X)v, for

Kt :=
{
X = (X1, . . . , Xn) ⊆ Ct×t, v ∈ Ct : vHv = 1, g(X) = 0 ∀g ∈ S

}
.

(1.11)

Note that the dimension t ∈ N is a variable of (1.11). Since f is symmetric, f(X)
is Hermitian, so that vHf(X)v ∈ R, and (1.11) is well-defined. An SDP relaxation
of (1.11) can be derived in a similar manner as in Section 1.2.1. Let (yw)w∈W be
a sequence of complex numbers that satisfies yw = yw∗ for all w ∈ W, and y1 = 1.
Define the associated linear functional Ly : C⟨x⟩ → C as

Ly(p) =
∑
w∈W

pwyw,

for polynomials p as in (1.10). Roughly speaking, the value Ly(p) models vHp(X)v in
the relaxation.

Let B ⊆ Wd for some d ∈ N, be a set of words that satisfies 1 ∈ B. Define the
associated moment matrix as

MB(y) = (Ly(vw
∗))v,w∈B = (yvw∗)v,w∈B . (1.12)
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Note that MB(y) is Hermitian due to the fact that yvw∗ = ywv∗ . Similar as (1.7), we
define

YB :=

{
{yw}w∈W2d

:
y1 = 1, MB(y) ⪰ 0, Ly(vg(x)w) = 0

∀g ∈ S, ∀v, w ∈ W s.t. vg(x)w ∈ span(B)

}

as the set of truncated moment sequences. It can be shown that the value fB :=
inf {Ly(f) : y ∈ YB} satisfies fB ≤ fmin, in a manner similar as we did for (1.8).

Complex commutative variables on the unit circle

In Section 3.5, we consider the case where the variables xi commute, i.e., xixj = xjxi
for all i, j ∈ [n], under the constraints x∗i xi = 1 for all i ∈ [n]. Since the variables
commute, we may assume without loss of generality that xi ∈ C and x∗i = xi for all
i ∈ [n], see e.g., [256, Sect. 3.5.2]. Any word w can thus be written as

xα :=
∏
i∈[n]

xαi
i for α ∈ Zn, where xαi

i :=


xαi
i if αi > 0

1 if αi = 0

(xi)
−αi if αi < 0.

We then consider B as a set of vectors in Zn, by identifying xα with α. The associated
moment matrix, see (1.12), simplifies as follows, for α, β ∈ B ⊆ Zn:

MB(y)α,β = Ly

(
xα(xβ)∗

)
= Ly

(
xαxβ

)
= Ly

(
xαx−β

)
= Ly

(
xα−β

)
= yα−β .

In particular, the diagonal entries of MB(y) satisfy (MB(y))α,α = yα−α = y0 =
Ly

(
x0
)
= 1.

1.3 Applications of SDP to selected problems

In this thesis, we are interested in SDP applications for the following problems: the
stable set, graph coloring, max-cut and MAX-SAT problems. We briefly outline these
problems, as well as some generalizations and variants that we later study in greater
detail.

1.3.1 Stable sets and graph colorings
Given a graph G = (V,E), a subset U ⊆ V is said to be a stable set in G if all
vertices in U are pairwise non-adjacent. The stable set problem is to find a stable
set in G of maximum cardinality. The corresponding maximum cardinality is known
as the stability number of G, or independence number, and denoted by α(G), i.e.,
α(G) := max {|U | : U stable set in G}. The decision problem form of the stable set
problem is strongly NP-complete [107].

A (proper) coloring of G is a mapping c : V → N that satisfies c(i) ̸= c(j) if
{i, j} ∈ E. The value c(i) is referred to as the color of vertex i. The chromatic
number of G, denoted by χ(G), is defined as the smallest number of colors required
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to color G. Stated differently, χ(G) is the smallest value d ∈ N for which there exists a
coloring c : V → [d] := {1, . . . , d} of G. Like the stability number, also the chromatic
number is NP-hard to compute [158].

The first application of SDP to both of these problems is due to Lovász [204], who
introduced the Lovász theta number. The Lovász theta number is a graph parameter,
denoted by ϑ(G), that can be defined as the optimal value of an SDP, and satisfies
the so-called sandwich inequality

α(G) ≤ ϑ(G) ≤ χ(G). (1.13)

The Lovász theta number can be seen as the first level of the Lasserre hierarchy for
the stable set problem, see e.g., [120, Sect. 3.1], [184], and [185, Example 8.16]. Let
us make this connection explicit.

We first formulate the stable set problem as a POP, see (1.3). A common formu-
lation of α(G) is the following, where n := |V |:

α(G) = max

 ∑
i∈[n]

xi :
x ∈ Rn, x2i − xi = 0 ∀i ∈ [n],

xixj = 0 ∀ {i, j} ∈ E

 . (1.14)

Here, the constraints x2i − xi = 0 enforce that xi ∈ {0, 1}. We interpret xi = 1 as
including vertex i in the stable set. The constraints xixj = 0 for {i, j} ∈ E then
ensure that only one of the adjacent vertices i and j are part of the same stable set.
We present the first level of the Lasserre hierarchy corresponding to (1.14), from the
point of view of truncated moment sequences, as in Section 1.2.1. Thus, the feasible
set of the SDP defining f∗1 , see (1.8), is given by Y1, see (1.7). For g(x) = x2i −xi = 0,
the corresponding constraints in Y1 read

M1(gy) =M1((x
2
i − xi)y) = Ly

(
x2i − xi

)
= y2ei − yei = 0. (1.15)

Here, ei ∈ {0, 1}n is the vector that equals 1 at position i, and 0 elsewhere. It follows
from (1.15) that the sequences in Y1 depend only on the values yei and yei+ej , i, j ∈ V .
Let us write these values as simply yi and yij respectively. Now, the constraints
xixj = 0 for {i, j} ∈ E imply M1((xixj)y) = yij = 0. Note additionally that the
moment matrix M1(y), indexed by the elements of {∅} ∪ [n], satisfies M1(y)∅,∅ =
y2·0 = y0 = 1, and M1(y)i,i = y2ei = yi = M1(y)∅,i. Lastly, the objective function is
given by Ly

(∑
i∈[n] xi

)
=
∑

i∈[n] yi. By writing X = M1(y), the SDP defining ϑ(G)
can be formulated as

ϑ(G) := max

 ∑
i∈[n]

X∅,i :
X ∈ Sn+1

+ , Xij = 0 ∀ {i, j} ∈ E

Xii = X∅,i ∀i ∈ [n]

 .

The Lovász theta number has been widely studied, see e.g., [51, 103, 127, 130, 167,
206, 221].

1.3.1.1 A generalization of α(G) and χ(G)

In Chapter 2, we study, among others, a generalization of ϑ(G) that relates to a
generalized stable set problem and the problem of k-multicoloring a graph. Given
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k ∈ N, a k-multicoloring of a graph G is an assignment of k distinct colors to each
v ∈ V such that adjacent vertices are assigned disjoint sets of colors [141, 288]. The
kth chromatic number of G, denoted by χk(G), is defined as the least number of colors
required to k-multicolor G. Similarly, αk(G) is defined as the size of a maximum
subgraph of G that can be colored with at most k colors. That is,

αk(G) := max
U⊆V (G)

{|U | : χ (G[U ]) ≤ k} ,

where G[U ] is the vertex-induced subgraph of G by U . Note that χ1(G) = χ(G) and
α1(G) = α(G). Narasimhan and Manber [232] introduce the generalized Lovász theta
number ϑk(G), which they show satisfies a generalization of (1.13), namely

αk(G) ≤ ϑk(G) ≤ χk(G). (1.16)

We formally define ϑk(G) in Chapter 2. In Chapter 2, we compute ϑk(G) it in closed
form for various symmetric graphs G. We also derive various properties of ϑk(G),
such as that ϑk(G) is increasing in k.

1.3.2 The max-cut problem

Consider a graph G = (V,E) with edge weights w ∈ R|E|. A cut of G is a partition
of V into two disjoint subsets. An edge {i, j} ∈ E is said to be cut if i and j belong
to distinct subsets of the partition. The value of a cut is defined as the sum of the
weights we, e ∈ E, of the cut edges. The NP-hard max-cut problem is to determine a
cut of maximum value, which we denote by MC(G). To model the max-cut problem
as a POP, see (1.3), we introduce variables xi ∈ {±1}, i ∈ V , that model a partition
of V as V = {i ∈ V : xi = 1} ∪ {i ∈ V : xi = −1}. The max-cut problem is then
equivalent to computing

MC(G) = max

 ∑
{i,j}∈E

wij
1− xixj

2
: x ∈ Rn, x2i − 1 = 0 ∀i ∈ V

 .

The value MC(G) can also be defined as the solution to an optimization problem over
the cut polytope [25], denoted by CUTn and defined as:

CUTn := Conv
{
xx⊤ : x ∈ {±1}n

}
. (1.17)

It is not hard to see that

MC(G) = max
X∈CUTn

1

4
⟨LG, X⟩ , (1.18)

where LG is the edge-weighted Laplacian matrix of G, which is the matrix with entries
given by

(LG)i,j =


∑

k∈N(i) wik if i = j,

−wij if {i, j} ∈ E,

0 else.
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Here, deg(i) denotes the degree of vertex i, i.e., the number of vertices adjacent to i,
andN(i) denotes the neighborhood of vertex i. That is, N(i) := {k ∈ V : {i, k} ∈ E}.
A semidefinite relaxation of the max-cut problem can be derived as follows: consider
the elliptope [186], defined as

En :=
{
X : X ∈ Sn

+, diag(X) = 1n

}
, (1.19)

and note that CUTn ⊆ En. Therefore, it follows from (1.18) that the value

MCSDP(G) := max
X∈En

1

4
⟨LG, X⟩ (1.20)

satisfies MCSDP(G) ≥ MC(G). The relaxation (1.20) was first derived in [71, 72] in
its dual form, and further studied in various works, see [181, 183, 186, 258].

Relaxation (1.20) was also used in the famous max-cut approximation algorithm
of Goemans and Williamson [117], which achieves an approximation ratio of

αGW :=
2

π
min

θ∈[0,π]

θ

1− cos θ
≈ 0.878. (1.21)

Under the Unique Games Conjecture (UGC) [162], it is NP-hard to approximate the
max-cut problem with a ratio greater than αGW [163].

Remark 1.1. If a problem is NP-hard under the UGC, the problem is said to be
UG-hard. If it is UG-hard to approximate a problem with a factor greater than some
β ∈ R, any β-approximation algorithm is said to be optimal up to UGC. △

1.3.2.1 The complex cut polytope

Given integers n,m ≥ 2, we consider the sets

Um := {x ∈ C : xm = 1} and Un
m := {x ∈ Cn : xi ∈ Um ∀i ∈ [n]} .

Note that Um is the set of the mth roots of unity, and in particular, U2 = {±1}.
Therefore, the complex cut polytope

CUTn
m := Conv

{
xxH : x ∈ Un

m

}
,

where (·)H denotes the Hermitian transpose, is a generalization of the cut polytope
(1.17), since CUTn

2 = CUTn. Let

Hn :=
{
X ∈ Cn×n : Xij = Xji for all i, j ∈ [n]

}
be the set of Hermitian n × n matrices, and let Hn

+ be the set of PSD matrices
in Hn. It can be observed that CUTn

m ⊆ Hn
+, which makes CUTn

m well-suited for
SDP approximations. Such SDP approximations have been studied in various works
[151, 208, 226, 317].

Our analysis of SDP approximations of CUTn
m starts from the following set

En
m :=

{
X : X ∈ Hn

+, diag(X) = 1n, Xij ∈ Conv Um ∀i, j ∈ [n]
}
,
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that satisfies CUTn
m ⊆ En

m and En
2 = En, see (1.19). Since for m > 2, En

m also contains
matrices with complex entries, we refer to En

m as the complex elliptope. In Chapter 3,
we study the relation between CUTn

m and En
m in further detail and also consider

tighter semidefinite approximations of CUTn
m. We also study the case m = ∞, with

corresponding sets U∞ := {x ∈ C : |x| = 1} and CUTn
∞ := Conv

{
xxH : x ∈ Un

∞
}
.

The sets CUTn
m and En

m find applications in the multiple-input multiple-output
detection problem (MIMO) [151, 208, 226, 317], angular synchronization [24], phase
retrieval [303], radar signal processing [209, 287], and CUTn

3 can be used to model the
max-3-cut problem [118] (a variant of max-cut where the vertices can be partitioned in
at most three subsets). For finite m ≥ 3, branch & bound algorithms for optimization
over CUTn

m are proposed in [207, 209], in which the bounds are computed using SDP.
SDP approximation algorithms for the cases m ∈ N and m = ∞ are studied in
[286, 316]. Complex SDP liftings of CUTn

∞, in the spirit of the Lasserre hierarchy,
are also studied in [150].

1.3.2.2 The quantum max-cut problem

The quantum max-cut (QMC) problem, and its relation to the max-cut problem, are
best understood by first formulating the max-cut problem on some graph G as an
eigenvalue problem. To do so, we use the Pauli matrices, given by

X :=

[
0 1
1 0

]
, Y :=

[
0 −i
i 0

]
, and Z :=

[
1 0
0 −1

]
,

where i denotes the imaginary unit. For n := |V (G)| and ⊗ the Kronecker product,
we define the extended Pauli matrices

σi := I
⊗(i−1)
2 ⊗ σ ⊗ I

⊗(n−i)
2 ∈ H2n , for all σ ∈ {X,Y, Z} and i ∈ [n]. (1.22)

Let λmax(·) denote the largest eigenvalue of a given real symmetric or complex Her-
mitian matrix. It can be shown that

MC(G) = λmax

(
HMC(G)

)
, for HMC(G) :=

∑
{i,j}∈E(G)

wij
I2n − ZiZj

2
,

see, e.g. [112, App. A] or [293, Eq. 6]. The QMC problem on an edge weighted graph
G = (V,E,w) is to compute λmax

(
HQMC(G)

)
, where

HQMC(G) :=
∑

{i,j}∈E

wijHij , for Hij := I2n −XiXj − YiYj − ZiZj , (1.23)

and the edge weights we, e ∈ E, are restricted to be positive. Note the similarity
between the matrices HQMC(G) and HMC(G). The matrices Hij in (1.23) are known
as Hamiltonian terms, that act on 2 qubits. The matrix HG := HQMC(G) in (1.23)
is known as a 2-local Hamiltonian. The QMC problem is an instance of a k-local
Hamiltonian problem with k = 2. Moreover, it is QMA-hard [255, Thm. 2], which is
the quantum analogue of NP-hard.
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The QMC problem can also be considered as a noncommutative POP. The Lasserre
hierarchy from Section 1.2 concerns commutative POPs, and is therefore not directly
applicable. Instead, we consider SDP relaxations of the QMC problem arising from
the NPA hierarchy [234, 256]. Similar SDP relaxations of the QMC problem can also
be found in e.g. [112, 164, 190, 191, 247]. We briefly outline the construction of these
relaxations, see also Section 1.2.2.

Consider the set of noncommutative variables pn := {xi, yi, zi : i ∈ [n]}, or simply
p if the context is clear, and let C⟨p⟩ and R⟨p⟩ be the set of polynomials in the
variables p with complex and real coefficients respectively. The variables in p model
the (extended) Pauli matrices (1.22), and so they are noncommutative because the
matrix multiplication of Pauli matrices is noncommutative. The (anti)commutation
relations of the Pauli matrices can be encoded by an appropriate ideal of C⟨p⟩. This
ideal is is defined in terms of the following set of polynomials:

S := {x2i − 1, y2i − 1, z2i − 1, xiyj − yjxi, xizj − zjxi, yizj − zjyi,

xiyi + yixi, xizi + zixi, yizi + ziyi : i, j ∈ V, i ̸= j}.

Now define the two-sided ideal generated by the polynomials in S, and truncated at
degree k for some k ∈ N, as

Ik :=

∑
f∈S

gf f hf : gf , hf ∈ C⟨p⟩, deg(gf f hf ) ≤ k ∀f ∈ S

 .

We define I := I∞. For f ∈ C⟨p⟩, define f(P) ∈ H2n as the matrix obtained by
replacing in f the variables by their corresponding Pauli matrices, see (1.22), and 1
by I2n . Then f(P) = 0 if and only if f ∈ I. Let w be a product of variables in p.
We define w∗ as the monomial obtained by reversing the order of products in w. The
involution (·)∗ is extended to C⟨p⟩ and R⟨p⟩ by conjugate linearity.

Let R⟨p⟩k be the set of polynomials in R⟨p⟩ with degree at most k, for some
k ∈ N. Define the dual space R⟨p⟩∗k as the set of linear functions R⟨p⟩k → R. Define
the following subset of R⟨p⟩∗2k, for some k ∈ N:

F k
n :=

{
L ∈ R⟨p⟩∗2k :

L(1) = 1, L(f) = 0 ∀f ∈ R⟨p⟩2k
satisfying f + f∗ ∈ I2k, Mk(L) ⪰ 0

}
. (1.24)

Here, n is the number of vertices of G, and Mk(L) refers to the moment matrix
corresponding to L, similar as in Section 1.2.1. For the sake of conciseness, we do not
discuss some of the technicalities pertaining to F k

n . A more rigorous presentation is
provided in Chapter 4. In particular, Lemma 4.5 proves that any L ∈ F k

n is symmetric,
i.e., L(f) = L(f∗) for all f ∈ R⟨p⟩2k.

Lastly, let HG(p) ∈ R⟨p⟩ be the quadratic polynomial obtained after replacing
the Pauli matrices in HG, see (1.23), by their corresponding variables, and I2n by 1.
We have the following upper bound on λmax(HG), parametrized by some k ∈ N:

max
L∈Fk

n

L(HG(p)). (1.25)
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To see that (1.25) defines an upper bound on λmax(HG), consider the functional
L̃(f) := ⟨ψ| (f(P) + f∗(P)) |ψ⟩ /2, where ψ is a unit length eigenvector of HG cor-
responding to λmax(HG). It can be shown that L̃ ∈ F k

n for any k ∈ N, see (1.24),
and that L̃(HG(p)) = λmax(HG) [190, App. A.1]. In Chapter 4, we use the SDP
relaxation (1.25) in three QMC approximation algorithms, for general, triangle-free
and bipartite graphs respectively.

QMC approximation algorithms have been widely studied in the literature [18,
112, 145, 153, 156, 164, 190, 191, 246, 247]. The current best known QMC approx-
imation ratio for general graphs equals 0.611 [18], which is far from its conjectured
0.956 upper bound [146]. More specifically, assuming a conjecture involving Gaussian
random variables, it is UG-hard (Remark 1.1) to approximate the QMC problem with
a factor larger than 0.956. Recall that the famous max-cut approximation algorithm
by Goemans and Williamson [117] is optimal up to UGC.

1.3.3 The (maximum-)satisfiability problem
Given a logical proposition ϕ on n boolean variables, the famous satisfiability (SAT)
problem is to decide whether there exists a truth assignment to the variables that
satisfies ϕ. The SAT problem was the first problem shown to be NP-complete [60]. It is
a central problem in mathematical logic and computer science with many applications,
see e.g., [19, 109, 160, 216, 225].

Without loss of generality, we may assume that ϕ is in conjunctive normal form
(CNF). A proposition ϕ on n boolean variables xi is said to be in CNF if it is written
in the following form

ϕ =

m∧
j=1

Cj , where Cj =
∨
i∈I+

j

xi
∨

i∈I−
j

¬xi for I+j , I
−
j ⊆ [n]. (1.26)

Here, the logical operators ∧, ∨, ¬ denote the logical and, or, and negation respec-
tively. The propositions Cj , j ∈ [m], are referred to as clauses. It follows that a truth
assignment satisfies ϕ if and only if it satisfies all clauses.

The maximum-satisfiability (MAX-SAT) problem is the optimization variant of
the SAT problem. Given a proposition ϕ as in (1.26), the MAX-SAT problem is
to determine a truth assignment that satisfies the maximum number of clauses. To
formulate the MAX-SAT problem as a POP, see (1.3), we require some notation.

With slight abuse of notation, we consider Cj as both a logical proposition as in
(1.26), and a subset of [n] via Cj = I+j ∪ I−j . We refer to ℓj := |Cj | as the length of
clause Cj . We associate xi = 1 with setting xi to true, and xi = −1 with setting xi
to false. For each clause Cj , we define the associated vector aj ∈ {0,±1}n as the
vector satisfying

aj,i = 1 if i ∈ I+j , aj,i = −1 if i ∈ I−j , aj,i = 0 otherwise.

We consider the following polynomial associated to ϕ, see also [117, Sect. 7.2.1],

Fϕ(x) :=
∑
j∈[m]

F j
ϕ(x), where F j

ϕ(x) :=
1

2ℓj

∏
i∈Cj

(1− aj,ixi) .
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Note that for any x ∈ {±1}n, F j
ϕ(x) ∈ {0, 1}, with F j

ϕ(x) = 0 if and only if x
corresponds to a truth assignment that satisfies clause Cj . Hence, for any truth
assignment x ∈ {±1}n, the value Fϕ(x) equals the number of unsatisfied clauses.
Because maximizing the number of satisfied clauses is equivalent to minimizing the
number of unsatisfied ones, it follows that the MAX-SAT problem can be formulated
as

min
x∈{±1}n

Fϕ(x). (1.27)

Since {±1}n =
{
x ∈ Rn : 1− x2i = 0∀i ∈ [n]

}
and Fϕ(x) is a polynomial, (1.27) de-

fines a POP. In particular, the Lasserre hierarchy can be applied in order to obtain
MAX-SAT SDP relaxations. These SDP relaxations are similar to the SDP relax-
ations we presented for the max-cut problem, see Section 1.3.2, since we modelled
both problems on the same feasible set {±1}n.

The first application of SDP to the MAX-SAT problem is due to Goemans and
Williamson [117]. For the MAX-2-SAT problem (MAX-k-SAT instances are MAX-
SAT instances that satisfy maxj∈[m] ℓj = k), their algorithm achieves an approxima-
tion ratio of αGW, see (1.21). This ratio was subsequently improved in various works
[88, 192, 220] to the ratio β ≈ 0.940. It is UG-hard (Remark 1.1) to approximate
the MAX-2-SAT problem with a ratio greater than β [35, 163, 229]. Similarly, the
MAX-3-SAT problem admits an SDP approximation algorithm with a ratio of 7/8
[157] that is optimal if P ̸= NP [135]. An SDP approach to the SAT problem was first
proposed in [68], and extended in a series of works by Anjos [9, 10, 11, 12].

In Chapter 6, we consider SDP approaches to the SAT and MAX-SAT problems,
from the perspective of SOS polynomials, as outlined in Section 1.2. This approach
was also considered in [298], where the resulting SDP relaxations were solved by
interior-point methods. We instead solve the relaxations using a variant of the al-
ternating direction method of multipliers (see Section 1.4), and consider significantly
larger MAX-SAT instances than those in [298]. We use the SDP relaxations in a
branch & bound scheme to solve MAX-k-SAT instances, k ∈ {2, 3}, from the annual
MaxSAT Evaluation, a competition for MAX-SAT solvers.

1.4 The ADMM and its variants

The alternating direction method of multipliers (ADMM) is a first-order method for
solving convex optimization problems. In this thesis (specifically, Chapters 5 and 6),
we consider the ADMM only for solving SDPs, which are a special case of convex
optimization problems. For a more general treatment of the ADMM, see [34].

Many authors in recent years have proposed the ADMM (or its variants) for solving
SDPs, see [46, 69, 70, 121, 196, 211, 312]. Compared to the interior-point method
(IPM), which is the classical and standard method for solving SDPs, the ADMM
provides less accurate solutions. However, for SDPs with large matrix variables, the
ADMM can be much faster than the IPM. Furthermore, the IPM requires much more
memory than the ADMM, in some cases requiring even more memory than what is
available on the hardware that is used to run these algorithms.
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To apply the ADMM to a general SDP (1.1), we first reformulate (1.1) as the
following optimization problem, where AY := (⟨A1, Y ⟩, . . . , ⟨Am, Y ⟩):

inf
X,Y ∈Sn

⟨C, Y ⟩

s.t. X ∈ Sn
+, Y ∈ F := {Y ∈ Sn : AY = b} , X = Y.

(1.28)

Given a penalty parameter ρ > 0, the augmented Lagrangian associated to (1.28),
with respect to the constraint X = Y , is the function

Lρ(X,Y, Z) := ⟨C, Y ⟩+ ⟨Z, Y −X⟩+ ρ

2
∥Y −X∥2 ,

where Z ∈ Sn is the dual variable, and the Frobenius norm ∥M∥ :=
√
tr(MM) for

a symmetric matrix M ∈ Sn. Given some initial X1, Y 1, Z1 ∈ Sn, we consider the
sequence

(
Xℓ, Y ℓ, Zℓ

)
ℓ∈N, defined recursively as

Xℓ+1 := argmin
X⪰0

Lρ

(
X,Y ℓ, Zℓ

)
= PSn

+

(
Y ℓ +

1

ρ
Zℓ

)
Zℓ+ 1

2 := Zℓ + ρν1
(
Y ℓ −Xℓ+1

)
Y ℓ+1 := argmin

Y ∈F
Lρ

(
Xℓ+1, Y, Zℓ+ 1

2

)
= PF

(
Xℓ+1 − 1

ρ
C − 1

ρ
Zℓ+ 1

2

)
Zℓ+1 := Zℓ+ 1

2 + ρν2
(
Y ℓ+1 −Xℓ+1

)
,

(1.29)

where ν1, ν2 ∈ R are stepsize parameters, and PSn
+
, PF denote the orthogonal projec-

tion on the sets Sn
+ and F respectively. That is, for some M ∈ Sn,

PSn
+
(M) := argmin

X∈Sn
+

∥X −M∥ and PF (M) := argmin
X∈F

∥X −M∥.

To derive the second and fifth equalities in (1.29), see e.g., equations (3.4) and (3.5)
in [243]. The scheme (1.29) encompasses the ADMM and many of its variants, known
under different names in the literature. The original ADMM is the scheme (1.29) with
ν1 = 0. When ν1, ν2 ̸= 0, (1.29) is known as the Peaceman-Rachford splitting method
(PRSM) [251], or symmetric ADMM. It is worth noting that (1.29) corresponds to
the unscaled form of the PRSM, which is slightly less efficient than its scaled form,
see Appendix A.1 on Page 191.

The matrices Xℓ and Y ℓ converge with rate O(1/ℓ) (in the ergodic sense) to an
optimal solution to (1.28) when (ν1, ν2) ∈ D, where

D :=

{
(ν1, ν2) ∈ R2 :

|ν1| < min{1, 1 + ν2 − ν22},

0 < ν2 <
1+

√
5

2 , ν1 + ν2 > 0

}
,

see [136, Thm. 6.5].
We briefly elaborate on how to compute the two projections in (1.29). For any

X ∈ Sn, with eigendecomposition X =
∑

i∈[n] λiuiu
⊤
i , u⊤i ui = 1 for all i ∈ [n], it is

well known that

PSn
+
(X) =

∑
i∈[n]:λi>0

λiuiu
⊤
i , (1.30)
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see e.g., [33, Page 399]. The standard method of computing (1.30) is to compute
the full eigendecomposition of X. Given such an eigendecomposition, if the num-
ber of negative eigenvalues is sufficiently small, it is more efficient to compute (1.30)
as PSn

+
(X) = X −

∑
i:λi<0 λiuiu

⊤
i . Regardless, the computation of the eigende-

compositions often forms the bottleneck of (1.29). This has motivated research into
(approximately) computing PSn

+
with methods that avoid computing the full eigen-

decomposition [152, 266].
To compute a projection of a matrix onto F , see (1.28), we make the following

observations. Let ñ := n(n + 1)/2. Observe that Sn is isomorphic to Rñ, since
vech(Sn) = Rñ. Here, vech(·) denotes the half-vectorization of its input matrix,
that is, for X ∈ Sn, vech(X) ∈ Rñ is the vector of the ñ lower triangular entries
of X. Hence, for X,Y ∈ Sn, we have that ⟨X,Y ⟩ = vech(X)

⊤
D vech(Y ). Here,

D is a diagonal matrix with diag(D) ∈ {1, 2}ñ, where the values of 2 account for
the off-diagonal elements of X and Y that are counted twice in the product ⟨X,Y ⟩.
It follows that F is isomorphic to some affine space in Rñ. We denote this affine
space by W :=

{
x ∈ Rñ : WD1/2x = b

}
, where W ∈ Rm×ñ is a matrix such that

AX = WD1/2vech(X) for all X ∈ Sn. Let us now consider the projection of some
matrix Z onto F , where we write z = vech(Z), and z′ = D1/2z. This yields

min
X∈F

∥X − Z∥ = min
x∈W

(x− z)
⊤
D (x− z) = min

x∈W

∥∥∥D1/2 (x− z)
∥∥∥2

= min
D−1/2y∈W

∥y − z′∥2 = min
y:Wy=b

∥y − z′∥2 .
(1.31)

For the third equality, we have substituted y = D1/2x. The last expression in (1.31)
is the problem of projecting z′ onto an affine space, which has a well-known solution,
see e.g., [257, Eq. 1], given by

argmin
y:Wy=b

∥y − z′∥2 = z′ −W⊤(WW⊤)−1(Wz′ − b). (1.32)

It is often recommended, for numerical stability, to compute (WW⊤)−1(Wz′ − b) by
solving the linear system WW⊤x =Wz′− b for x instead. Since the ADMM requires
computing (1.32) at every iteration, it is then efficient to compute, for example, a
Cholesky decomposition of WW⊤ that can be reused at every iteration. Alternatively,
the linear system can be solved by iterative methods [79, 119, 257].

However, in all the cases considered in this thesis, WW⊤ will be a diagonal matrix,
which makes (WW⊤)−1 easy to compute. In these cases, using (1.32) is the preferred
method for solving (1.31). Only in Section 6.8.1 do we consider a PRSM with ad-
ditional variables, in which (1.32) is not applicable. In particular, for this PRSM,
minimization of the augmented Lagrangian Lρ over F does not reduce to computing
a projection onto F , as it does in (1.29).

1.5 Overview of the thesis

We provide a brief overview of the following self-contained chapters in this thesis.
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Chapter 2: The generalized ϑ-number and related problems for highly
symmetric graphs. We study the multichromatic number χk(G) (see Sect. 1.3.1.1)
for various highly symmetric graphs. The generalized Lovász theta number ϑk can
be computed by solving an SDP, and provides a bound on χk(G), see (1.16). This
chapter provides a closed-form expression for ϑk(G) for several families of graphs such
as strongly regular graphs, Kneser graphs and Johnson graphs. Several properties of
ϑk are provided. In particular, it is shown that for any ε > 0, there exists a graph
G and integer k such that 0 < ϑk+1(G) − ϑk(G) < ε. Nordhaus-Gaddum [241] type
results on the parameter χk(G) are presented, i.e., tight lower and upper bounds on
χk(G)χk(G) and χk(G)+χk(G) in terms of k and |V (G)|, where G is the complement
graph of G.

Chapter 3: Cuts and semidefinite liftings for the complex cut poly-
tope. We study the complex cut polytope, a generalization of the well-known real
cut polytope (see Sect. 1.3.2.1). Semidefinite liftings and facet defining inequali-
ties of the complex cut polytope are provided, and these are used to obtain strong
approximations of the complex cut polytope. We investigate the use of these facet
defining inequalities and liftings for solving MIMO and angular synchronization prob-
lems. These two problems arise in wireless communications, and involve retrieving a
signal given noisy observations. Both problems can be modelled using the complex
cut polytope. Numerical results show that the facet defining inequalities and lift-
ings significantly improve the strength of the SDP relaxations of MIMO and angular
synchronization. On the theoretical side, we provide various results on the quality
of these semidefinite approximations. For the set CUTn

∞, we reconsider some of its
semidefinite liftings that have been proposed in the literature. It is shown that these
liftings can be computed more efficiently by reducing the size of the matrix variable,
without weakening the approximation of CUTn

∞.
This chapter is based on the paper [283] (see also Table 1.1). During the com-

pilation of this thesis, we realized that the proofs of [283, Thm. 4, Lem. 11] were
incorrect. We have replaced these results with weaker ones. Specifically, Lemma 3.33
and Theorem 3.34 provide weaker versions of [283, Thm. 4], and Lemma 3.35 provides
a weaker version of [283, Lem. 11].

Chapter 4: Improved approximation ratios for the quantum max-cut
problem on general, triangle-free and bipartite graphs. We consider the
QMA-hard QMC problem, see Sect. 1.3.2.2. In particular, we consider three QMC
approximation algorithms, for general, triangle-free and bipartite graphs respectively.
We prove that our approximation algorithms for triangle-free and bipartite graphs
attain the current best-known approximation ratios for their respective graph classes.
Our analysis of the QMC algorithm for general graphs has been used in [18], to
prove that their QMC algorithm approximation ratio of 0.611, which is the current
best-known approximation ratio for general graphs. All the three approximation
algorithms in Chapter 4 use an SDP relaxation of the QMC problem. Because the
variables underlying these relaxations are noncommutative, the Lasserre hierarchy
from Section 1.2 is not applicable. Instead, we resort to the noncommutative variant
of the Lasserre hierarchy, known as the NPA hierarchy [234, 256].
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Chapter 4 is based on the paper [124] (see also Table 1.1). After posting [124] on
arXiv, the paper [18] improved upon [124] in some aspects. Some of the text in [124]
has been adjusted in Chapter 4 as a consequence.

Chapter 5: SDP bounds on the stability number via ADMM and in-
termediate levels of the Lasserre hierarchy. We use the ADMM (see Sect. 1.4)
to compute bounds from the Lasserre hierarchy for the stable set problem, at levels
intermediate to 1 and 2 (and for some graphs, the full level 2). A method is provided
to construct an appropriate basis of variables to form these intermediate level relax-
ations, based on the Lovász theta number. For most of the tested graphs, we compute
intermediate levels of the Lasserre hierarchy defined by an SDP wherein the matrix
variable is of size 2500. Solving these SDPs with the classical IPM is intractable due
to the large memory requirement of the IPM. We therefore solve these SDPs with the
ADMM instead. Our approach is shown to be capable of computing strong bounds
on the stability number of graphs on at most 300 vertices and 11427 edges. Extensive
numerical results compare our approach with other SDP based bounds on the stabil-
ity number from the literature.

Chapter 6: On solving the MAX-SAT problem using sum of squares.
We use SOS polynomials and the Lasserre hierarchy, see Section 1.2, to compute
SDP bounds on the NP-hard MAX-SAT problem, see Section 1.3.3. These bounds
are computed by using levels of the Lasserre hierarchy that are intermediate to levels
1 and 2. The corresponding SDPs are solved with an ADMM variant known as the
Peaceman-Rachford splitting method, see Section 1.4. We present a MAX-SAT solver
that utilizes these SDP bounds in a branch & bound scheme. Our solver is bench-
marked on instances from the annual MAX-SAT competition for MAX-SAT solvers,
and shown to be competitive with the other solvers in this competition. We also
reconsider SDP approaches to the SAT problem from the literature. In particular, a
new SDP relaxation of the SAT problem is considered. It is shown that this relaxation
is exact if the rank of the matrix variable is constrained to be at most 2.

This chapter is based on the paper [282] (see also Table 1.1). During the compila-
tion of this thesis, we realized that the proof of [282, Thm. 1] was incorrect. We have
replaced [282, Thm. 1] with Theorem 6.1. The statement of Theorem 6.1 is similar
to [282, Thm. 1], but uses a different basis of monomials.

1.6 Contributions to the literature

Each chapter of this thesis (except for Chapter 1) is based on a corresponding paper,
see Table 1.1. These chapters are mostly identical to their corresponding paper, apart
from the corrections outlined in Section 1.5.

The author of this thesis has also co-authored the paper:

A. Ghaffari-Hadigheh, L. Sinjorgo, and R. Sotirov. On convergence of a q-random
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Ch. Corresponding paper cit.

2
L. Sinjorgo and R. Sotirov. On the generalized ϑ-number and related
problems for highly symmetric graphs. SIAM Journal on Optimiza-
tion, 32(2):1344–1378, 2022

[281]

3
L. Sinjorgo, R. Sotirov, and M. F. Anjos. Cuts and semidefinite
liftings for the complex cut polytope. Mathematical Programming,
pages 1–50, 2024

[283]

4
S. Gribling, L. Sinjorgo, and R. Sotirov. Improved approximation
ratios for the quantum max-cut problem on general, triangle-free
and bipartite graphs. preprint arXiv:2504.11120, 2025

[124]

5
L. Sinjorgo, R. Sotirov, and J. C. Vera. SDP bounds on the stability
number via ADMM and intermediate levels of the Lasserre hierar-
chy. preprint arXiv:2506.08648, 2025

[284]

6
L. Sinjorgo and R. Sotirov. On solving MAX-SAT using sum of
squares. INFORMS Journal on Computing, 36(2):417–433, 2024 [282]

Table 1.1: Chapters of this thesis and their corresponding paper upon which they are
based

coordinate constrained algorithm for non-convex problems. Journal of Global Opti-
mization, 90(4):843–868, 2024

which is not included in this thesis.



2 The generalized ϑ-number and
related problems for highly
symmetric graphs

A k-multicoloring of a graph is an assignment of k distinct colors to each vertex in
the graph such that two adjacent vertices are assigned disjoint sets of colors. The k-
multicoloring is also known as k-fold coloring, k-tuple coloring or simply multicoloring.
We denote by χk(G) the minimum number of colors needed for a k-multicoloring of
a graph G, and refer to it as the kth chromatic number of G or the multichromatic
number of G. Multicoloring seems to have been independently introduced by Hilton
et al. [141] and Stahl [288]. The k-multicoloring is a generalization of the well-known
standard graph coloring. Namely, χ(G) := χ1(G) is known as the chromatic number
of a graph G. Not surprisingly, multicoloring finds applications in comparable areas,
such as job scheduling [106, 133], channel assignment in cellular networks [233] and
register allocation in computers [50]. There exist several results on χk(G) for specific
classes of graphs. In particular, Lin [197] and Lin et al. [198] consider multicoloring
the Mycielskian of graphs, Ren and Bu [263] study multicoloring of planar graphs
while Marx [219] proves that the multicoloring problem is strongly NP-hard in binary
trees. Cranston and Rabern [61] show that, for any planar graph G, χ2(G) ≤ 9. This
result is implied by the famous four-color theorem [17], but it has a much simpler
proof.

The maximum k-colorable subgraph (MkCS) problem is to find the largest induced
subgraph in a given graph that can be colored with k colors so that no two adjacent
vertices have the same color. When k = 1, the MkCS problem reduces to the well
known stable set problem. The MkCS problem is one of the NP-complete problems
considered in [193]. We denote by αk(G) the number of vertices in a maximum k-
colorable subgraph of G, and by ωk(G) the size of the largest induced subgraph that
can be partitioned into k cliques. When k = 1, the graph parameter ω(G) := ω1(G)
is known as the clique number of a graph, and α(G) := α1(G) as the independence
number of a graph. We note that αk(G) = ωk(G), where G denotes the comple-
ment graph of G. The MkCS problem has a number of applications such as channel
assignment in spectrum sharing networks [169, 291], VLSI design [215] and human
genetic research [91, 200]. There exist several results on αk(G) for specific classes of
graphs. The size of the maximum k-colorable subgraph for the Kneser graph K(v, 2)
is provided by Füredi and Frankl [96]. Yannakakis and Gavril [315] consider the

19
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MkCS problem for chordal graphs, Addario-Berry et al. [4] study the problem for an
i−triangulated graph, and Narasimhan [231] computes αk(G) for circular-arc graphs
and tolerance graphs.

Narasimhan and Manber [232] introduce a graph parameter ϑk(G) that serves as
a bound on both the minimum number of colors needed for a k-multicoloring of a
graph G and the number of vertices in a maximum k-colorable subgraph of G. The
parameter ϑk(G) generalizes the concept of the famous ϑ-number that was introduced
by Lovász [204] for bounding the Shannon capacity of a graph [273]. The Lovász theta
number is a widely studied graph parameter see e.g., [51, 127, 130, 167, 206, 221]. The
Lovász theta number provides bounds for both the clique number and the chromatic
number of a graph, both of which are NP-hard to compute. The well-known result that
establishes the relation α1(G) ≤ ϑ1(G) ≤ χ1(G), or equivalently ω1(G) ≤ ϑ1(G) ≤
χ1(G), is known as the sandwich theorem [206]. The Lovász theta number can be
computed in polynomial time as a semidefinite programming (SDP) problem by using
interior-point methods. Thus, when the clique number and chromatic number of
a graph coincide, i.e., when the graph is weakly perfect, the Lovász theta number
provides those quantities in polynomial time.

Despite the popularity of the Lovász theta number, the generalized theta num-
ber ϑk(G) has received little attention in the literature. Narasimhan and Manber
[232] show that αk(G) ≤ ϑk(G) ≤ χk(G) or equivalently ωk(G) ≤ ϑk(G) ≤ χk(G).
These inequalities can be seen as a generalization of the Lovász sandwich theorem.
Alizadeh [7] formulates the generalized ϑ-number using semidefinite programming.
Kuryatnikova et al. [172] introduce the generalized ϑ′-number that is obtained by
adding nonnegativity constraints to the SDP formulation of the ϑk-number. The
generalized ϑ-number and ϑ′-number are evaluated numerically as upper bounds for
the MkCS problem in [172]. The authors of [172] characterize a family of graphs
for which ϑk(G) and ϑ′k(G) provide tight bounds for αk(G). Here, we study also a
relation between ϑk(G) and χk(G), and extend many known results for the Lovász
ϑ-number to the generalized ϑ-number.

Main results and outline

This chapter provides various theoretical results for αk(G), ϑk(G) and χk(G). We
show numerous properties of ϑk(G) including results on different graph products of
two graphs such as the Cartesian product, strong product and disjunction product.
We show that the sequence (ϑk(G))k is increasing towards the number of vertices
in G, and that the increments of the sequence can be arbitrarily small. The latter
result is proven by constructing a particular graph that satisfies the desired property.
We also provide a closed form expression on the generalized ϑ-number for several
graph classes including complete graphs, complete multipartite graphs, cycle graphs,
circulant graphs, strongly regular graphs, orthogonality graphs, the Kneser graphs
and some Johnson graphs. Our results show that ϑk(G) = kϑ(G) for the Kneser
graphs and more general Johnson graphs, strongly regular graphs, cycle graphs and
circulant graphs. This chapter presents lower bounds on the kth chromatic number
for all regular graphs, but also specialized bounds for the Hamming, Johnson and
orthogonality graphs. We also provide bounds on the product and sum of χk(G)



2.1. PRELIMINARIES 21

and χk(G), and present graphs for which those bounds are attained. Those results
generalize well known results of Nordhaus and Gaddum [241] for χ(G) and χ(G).

This chapter is organized as follows. Preliminaries are provided in Section 2.1.
In Section 2.2 we formally introduce ϑk(G) and χk(G) and show how those graph
parameters relate. In Section 2.3 we study the sequence (ϑk(G))k. Section 2.4 pro-
vides bounds for ϑk(G) when G is the strong graph product of two graphs and the
disjunction product of two graphs. Section 2.5 provides the values of the generalized
ϑ-number for complete graphs, cycle graphs, circulant graphs and complete multipar-
tite graphs. In Section 2.5.1 we provide a closed form expression for the generalized
ϑ-number on the Kneser graphs, as well as for the Johnson graphs. Section 2.5.2
relates ϑ(Kk□G) and ϑk(G). We provide a closed form expression for the generalized
ϑ-number for strongly regular graphs in Section 2.6. In the same section we also relate
the Schrijver’s number ϑ′(Kk□G) with ϑk(G) when G is a strongly regular graph. In
Section 2.7 we study a relation between the orthogonality graphs and here consid-
ered graph parameters. Section 2.8 provides new lower bounds on the kth chromatic
number for regular graphs and triangular graphs. We present several results for the
multichromatic number of the Hamming graphs in Section 2.8.1.

2.1 Preliminaries

We denote cycle graphs on n vertices by Cn, complete graphs on n vertices by Kn,
and complete multipartite graph by Km1,...,mp . Note that Km1,...,mp is a graph on
p∑

i=1

mi vertices.

Definition 2.1 (Graph products). An arbitrary graph product of graphs G1 =
(V1, E1) and G2 = (V2, E2) is denoted by G1 ∗G2, having as vertex set the Cartesian
product V1 × V2. Table 2.1 shows when vertices (v1, v2) and (u1, u2) are adjacent
in G1 ∗G2, for the lexicographic, tensor, Cartesian, strong and disjunction [1] graph
products.

Graph prod. G1 ∗G2 Condition for {(v1, v2), (u1, u2)} ∈ E(G1 ∗G2)
Lexicographic G1 ◦ G2 {v1, u1} ∈ E1 or [v1 = u1 and {v2, u2} ∈ E2]

Tensor G1⊗G2 {v1, u1} ∈ E1 and {v2, u2} ∈ E2

Cartesian G1□G2
[v1 = u1 and {v2, u2} ∈ E2]
or [v2 = u2 and {v1, u1} ∈ E1]

Strong G1⊠G2 {(v1, v2), (u1, u2)} ∈ E(G1□G2) ∪ E(G1 ⊗G2)

Disjunction G1∨G2 {v1, u1} ∈ E1 or {v2, u2} ∈ E2

Table 2.1: Graph products. Note that each ‘or’ in this table is inclusive.

Graph products are also illustrated on Page 22.
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(a) Lexicographic (b) Tensor

(c) Cartesian (d) Strong

(e) Disjunction

Figure 2.1: Illustration of the graph products from Table 2.1.
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In order to define the Hamming graphs, we first provide the definition of the
Hamming distance.

Definition 2.2 (Hamming distance). For two integer valued vectors u and v, the
Hamming distance between them, denoted by d(u,v), is the number of positions in
which their entries differ.

Definition 2.3 (Hamming graph). The Hamming graph H(n, q, F ) for n, q ∈ N and
F ⊆ N has as vertices all the unique elements in (Z/qZ)n. In the Hamming graph,
vertices u and v are adjacent if their Hamming distance d(u, v) ∈ F .

Many authors define the Hamming graphs only for F = {1}.

Definition 2.4 (Johnson graph). Let n,m ∈ N, 1 ≤ m ≤ n/2 and f ∈ {0, 1, . . . ,m}.
The Johnson graph J(n,m, f) has as vertices all the possible m-sized subsets of [n].
Denote the subset corresponding to a vertex u by s(u). Then |s(u)| = m and vertices
u and v are adjacent if and only if |s(u) ∩ s(v)| = f .

Many authors define the Johnson graph only for f = m − 1. When f = 0, the
Johnson graph is better known as the Kneser graph.

Definition 2.5 (Kneser graph). Let n,m ∈ N and 1 ≤ m ≤ n/2. Then the Kneser
graph K(n,m) is the Johnson graph J(n,m, 0).

Definition 2.6 (Strongly regular graph). A d-regular graph G on n vertices is called
strongly regular with parameters (n, d, λ, µ) if any two adjacent vertices share λ com-
mon neighbors and any two non-adjacent vertices share µ common neighbors. Alter-
natively, we say that G is an srg(n, d, λ, µ).

2.2 ϑk(G) and χk(G) formulations and their relation

In this section, we formally introduce the multichromatic number and the general-
ized ϑ-number of a graph. We also show a relationship between these two graph
parameters.

Let G = (V,E) be a simple undirected graph with n vertices. A k-multicoloring
of G that uses R colors is a mapping f : V → 2R, such that |f(i)| = k for all vertices
i ∈ V and |f(i) ∩ f(j)| = 0 for all edges {i, j} ∈ E. The multichromatic number
χk(G) is defined as the smallest R such that a k-multicoloring of G that uses R colors
exists.

Multicoloring can be reduced to standard graph coloring by use of the lexicographic
product of graphs, see Definition 2.1. Namely, Stahl [288] showed that for any graph
H such that χ(H) = k, we have χk(G) = χ(G ◦H). The simplest choice of H is often
Kk, the complete graph of order k.

For bounds on the chromatic number of (lexicographic) graph products, we refer
readers to [110, 165]. By the lexicographic product, any bound on χ(G) can also be
transformed to a bound on χk(G). In particular:

χk(G) = χ(G ◦Kk) ≥ ω(G ◦Kk) = ω(G)ω(Kk) = kω(G). (2.1)
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Here we use that ω(G◦H) = ω(G)ω(H) for general graphs G and H. We also mention
the following result

α(G ◦H) = α(G)α(H). (2.2)

Both (2.1) and (2.2) are proven by Geller and Stahl [110]. Let us also state the
following known result:

χ(G ◦H) ≤ χ(G)χ(H). (2.3)

Inequality (2.3) can be derived as follows. Denote the vertex sets of G and H by
V (G) and V (H), respectively. For an optimal coloring of G and H, define c(u) as the
color of some vertex u. Graph G ◦H has vertices (gi, hi). Every vertex in G ◦H can
then be assigned a 2-color combination (c(gi), c(hi)). Note that, by interpreting these
2-color combinations as simply colors, this constitutes a coloring of G ◦ H by using
χ(G)χ(H) colors. Combining inequalities (2.1) and (2.3) results in

kω(G) ≤ χk(G) = χ(G ◦Kk) ≤ kχ(G). (2.4)

The inequalities in (2.4) may be strict. An example is the cycle graph with five ver-
tices and k = 2, as χ2(C5) = 5 [288]. Note that, by (2.4), any upper bound on χ(G)
can be transformed into an upper bound on χk(G). To compute (or approximate)
χk(G) one can consult the wide range of existing literature on standard graph coloring
by using χk(G) = χ(G ◦Kk). Next to that, more specific literature on multicoloring
can also be examined. Campêlo et al. [48] present an integer linear programming
formulation for the k-multicoloring of a graph and study the facial structure of the
corresponding polytope. Malaguti and Toth [214] use a combination of tabu search
and population management procedures as a metaheuristic to solve (slightly gener-
alized) multicoloring problems. Mehrotra and Trick [224] apply branch and price to
generate stable sets for solving the multicoloring problem.

Narasimhan and Manber [232] generalize ϑ(G) by introducing ϑk(G), which can
be defined as follows. Define, for a graph G on n vertices, the set of matrices

A(G) := {A ∈ Sn : Aii = 1 ∀i ∈ [n], Aij = 1 ∀ {i, j} /∈ E(G)} . (2.5)

For any X ∈ Sn, we order its eigenvalues as λmax(X) = λ1(X) ≥ · · · ≥ λn(X) =
λmin(X). Then,

ϑk(G) := min
A∈A(G)

k∑
i=1

λi(A), k ∈ [n]. (2.6)

Narasimhan and Manber prove that

αk(G) ≤ ϑk(G) ≤ χk(G) (2.7)

and thus also ωk(G) ≤ ϑk(G) ≤ χk(G). Recall that αk(G) is the cardinality of
the largest subset C ⊆ V such that the subgraph induced in G by C, denoted G[C],
satisfies χ(G[C]) ≤ k. Inequality (2.7) generalizes the Lovász’ sandwich theorem [206].
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Alizadeh [7] derived the following SDP formulation of ϑk(G), see also Fan’s theo-
rem [83] and [172]:

ϑk(G) = min
µ∈R, X,Y ∈Sn

⟨I, Y ⟩+ µk

s.t. Xij = 0 ∀ {i, j} /∈ E(G)
µI+X − J+ Y ⪰ 0, Y ⪰ 0.

(ϑk-SDP)

The dual problem for ϑk-SDP is:

ϑk(G) = max
Y ∈Sn

⟨J, Y ⟩
s.t. Yij = 0 ∀ {i, j} ∈ E(G)

⟨I, Y ⟩ = k, 0 ⪯ Y ⪯ I.

(ϑk-SDP2 )

Note that for k = 1 constraint Y ⪯ I is redundant. We now show that ϑk(G) ≤
χk(G), using arguments that are different from those used in [232]. In an optimal k-
multicoloring of G, define for each of the χk(G) colors used a vector yj ∈ {0, 1, k}n+1,
1 ≤ j ≤ χk(G). For the entries of yj , we have yj

0 = k and yj
i = 1 if vertex i has color

j, 0 otherwise. Then

1

k2

χk(G)∑
j=1

yj(yj)⊤ =

[
χk(G) 1⊤

n

1n
1
k In + 1

χk(G)X

]
,

for some X ∈ Sn satisfying Xij = 0 for all {i, j} ∈ E(G). By the Schur complement
we find χk(G)

k I+X − J ⪰ 0. Simply set Y = 0 ∈ Sn. Then the triple (χk(G)
k , X, Y ) is

feasible for ϑk-SDP (for G) with objective value χk(G).
To conclude this section we state the following result:

ϑk(G) ≤ kϑ(G) ≤ χk(G). (2.8)

Narasimhan and Manber [232] prove the first inequality in (2.8). To show this, let

Ã ∈ A(G) such that λ1(Ã) = ϑ(G). Then ϑk(G) ≤
k∑

i=1

λi(Ã) ≤ kλ1(Ã) and the

proof follows. The second inequality in (2.8) follows from ϑ(G ◦Kk) = kϑ(G) and
ϑ(G ◦Kk) ≤ χ(G ◦Kk) = χk(G). The second inequality in (2.8) also follows from
the following known results ϑ(G) ≤ χf (G) and kχf (G) ≤ χk(G) where χf (G) is the
fractional chromatic number of a graph, see e.g., [47]. In this chapter, we show that
ϑk(G) = kϑ(G) for many highly symmetric graphs.

2.3 The sequence (ϑk(G))k∈[n]

In this section we consider the sequence ϑ1(G), ϑ2(G), . . . , ϑn(G) where G is a graph
on n vertices. We first prove that this sequence is bounded from above (Proposi-
tion 2.7) and increasing (Proposition 2.8). Then, we prove that the increments of the
sequence i.e., ϑk(G)− ϑk−1(G) are decreasing in k, see Theorem 2.10. We also show
that this increment can be arbitrarily small for a particular graph, see Theorem 2.11.
Let us first establish a relation between ϑk(G) and χ(G).
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Proposition 2.7. For G = (V,E) and k ≥ χ(G), we have ϑk(G) = |V |. Furthermore,
ϑk(G) ≤ min{kϑ(G), |V |} for all k ≤ |V |.

Proof. Let k ≥ χ(G). Then αk(G) = |V |, where we take the k stable sets to be the
color classes in an optimal coloring of G. Thus, it follows from (2.7) that |V | ≤ ϑk(G).

Furthermore, note that for any graph G, matrix J|V | ∈ A(G) is feasible for (2.6).
Since matrix J|V | has eigenvalue |V | with multiplicity one and the other eigenvalues
equal to 0, we have ϑk(G) ≤ |V | for any graph G. Therefore, when k ≥ χ(G) we have
ϑk(G) = |V |. Besides, ϑk(G) ≤ kϑ(G) by (2.8).

Part of Proposition 2.7 can be more succinctly stated as ϑχ(G)(G) = |V |. Propo-
sition 2.7 also shows that the sequence (ϑk(G))k≤|V | is bounded from above by |V |.
The next proposition shows that this sequence is non-decreasing in k.

Proposition 2.8. For any graph G on n vertices, ϑk(G) ≤ ϑk+1(G) for any integer
k < n, with equality if and only if ϑk(G) = n.

Proof. Consider a graph G on n vertices and let Y be optimal for ϑk-SDP2 , with
k < n. We have tr(Y ) = k and 0 ⪯ Y ⪯ In. Define Z :=

(
1− 1

n−k

)
Y + 1

n−k In. It
follows that Z is feasible for ϑk+1-SDP2 and thus

ϑk+1(G) ≥ ⟨Jn, Z⟩ = ϑk(G) +
n− ϑk(G)

n− k
≥ ϑk(G),

with equality if and only if ϑk(G) = n = |V (G)|.

Proposition 2.8 allows us to further restrict ϑk-SDP .

Proposition 2.9. Let G be an arbitrary graph on n vertices, and (X∗, Y ∗, µ∗) be an
optimal solution to ϑk-SDP for k < n. Then µ∗ ≥ 0. If k = n, then (X,Y, µ) =
(0,J, 0) is an optimal solution to ϑk-SDP.

Proof. For k < n, we prove the statement by contradiction. Assume that (X∗, Y ∗,
µ∗) is optimal for ϑk-SDP , with µ∗ < 0. Note that (X∗, Y ∗, µ∗) is also feasible for
ϑk+1-SDP. Since µ∗ < 0, this would imply that ϑk(G) > ϑk+1(G), which contradicts
Proposition 2.8. Thus µ∗ ≥ 0. If k = n, then (X,Y, µ) = (0,J, 0) is feasible for
ϑk-SDP and attains objective value n, which is optimal since ϑk(G) = n by Proposi-
tion 2.7.

Next, we investigate the increments of the sequence (ϑk(G))k∈[n]. For that pur-
pose, we define for any graph G and k ≥ 1 the increment of (ϑk(G))k∈[n] as follows:

∆k(G) := ϑk(G)− ϑk−1(G) if k > 1, and ∆1(G) := ϑ1(G) (2.9)

Theorem 2.10. For any graph G on n vertices and k ∈ [n− 1], ∆k(G) ≥ ∆k+1(G).
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Proof. For k ∈ [n], where n is the number of vertices of G, let the matrices Ak ∈ A(G),
see (2.5), satisfy

k∑
i=1

λi(Ak) = ϑk(G). (2.10)

Stated differently, Ak is an optimal solution to (2.6) for computing ϑk(G). Since (2.6)
is a minimization problem,

ϑk(G) ≤
k∑

i=1

λi(Ak′), k′ ∈ [n]. (2.11)

By substituting (2.10) and (2.11) in the definition of ∆k(G) for k ≥ 2, see (2.9), we
obtain:

∆k(G) = ϑk(G)− ϑk−1(G) ≤
k∑

i=1

λi(Ak−1)−
k−1∑
i=1

λi(Ak−1) = λk(Ak−1). (2.12)

Similarly,

∆k(G) = ϑk(G)− ϑk−1(G) ≥
k∑

i=1

λi(Ak)−
k−1∑
i=1

λi(Ak) = λk(Ak). (2.13)

Combining (2.12) and (2.13) yields ∆k(G) ≥ λk(Ak) ≥ λk+1(Ak) ≥ ∆k+1(G), k ≥ 2.
The inequality ∆1(G) ≥ ∆2(G) follows from (2.8).

Let us summarize the implications of Proposition 2.8 and Theorem 2.10. Propo-
sition 2.8 proves that

∆k(G) = 0 ⇐⇒ ϑk−1(G) = |V |, ∀k ∈ {2, 3, . . . , |V |}. (2.14)

For complete graphs we have ∆k(Kn) = 1, see Theorem 2.15. There exist however
graphs for which ∆k(G) < 1. We investigate the limiting behaviour of ∆k(G) in
Section 2.3.1.

When we consider the sequence induced by ϑk(G) as a function of k, we know that
this sequence is increasing towards |V (G)|. Theorem 2.10 shows that the increments
in this sequence decrease in k. Loosely speaking, one might say the second derivative
of f(k) = ϑk(G) is negative.

2.3.1 Limiting behaviour of ∆k(G)

In this section we show that, for any real number ε > 0, there exists a graph G
and a number k ≥ 1 such that 0 < ∆k(G) < ε. For this purpose, define graph
Gn = (V (Gn), E(Gn)), n ∈ N, as follows:

V (Gn) := [n] and E(Gn) := {{i, j} : 1 ≤ i < j ≤ n− 1} ∪ {{n− 1, n}}. (2.15)

Graph Gn is thus a complete graph on n− 1 vertices plus one additional vertex. This
additional vertex is connected to the complete graph Kn−1 by a single edge.
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Theorem 2.11. For n ≥ 5, we have ϑn−2(Gn) = n− 2 + 2
n−3

√
(n− 2)(n− 4).

Proof. We prove the result by finding a lower and upper bound on ϑn−2(Gn), both
of which equal n − 2 + 2

n−3

√
(n− 2)(n− 4). Let p :=

√
n−4

(n−2)(n−3)2 . Define matrix
Y ∈ Sn as follows:

Y =


n−4
n−3In−2 0n−2 p1n−2

0⊤
n−2 1 0

p1⊤
n−2 0 1

n−3

 .
Matrix Y is feasible for ϑn−2-SDP2 (see Page 25) if 0 ⪯ Y ⪯ I. Therefore we derive

I− Y =


1

n−3In−2 0n−2 −p1n−2

0⊤
n−2 0 0

−p1⊤
n−2 0 n−4

n−3

 ,
and take the Schur complement of the block 1

n−3In−2 of I− Y :[
0 0

0 n−4
n−3

]
−

[
0⊤
n−2

p1⊤
n−2

]
(n− 3)In−2

[
0n−2 p1n−2

]
=

[
0 0
0 0

]
⪰ 0.

Thus Y ⪯ I. Similarly, by taking the Schur complement of the upper left (n−1)×(n−
1) block matrix of Y , we find that Y ⪰ 0. We omit the details of this computation.
This implies that Y is feasible for ϑn−2-SDP2 and

ϑn−2(Gn) ≥ ⟨J, Y ⟩ = n− 2 +
2

n− 3

√
(n− 2)(n− 4). (2.16)

Finding the (equal) upper bound on ϑn−2(Gn) is a bit more involved. Set

A :=

γJn−2 + (1− γ)In−2 0n−2 1n−2

0⊤
n−2 1 0

1⊤
n−2 0 1

 , for γ :=
n− 5

n− 3

√
n− 2

n− 4
.

Note that A ∈ A(Gn), see (2.5). We show that for

β1 :=
−(n− 3)γ +

√
(n− 3)2γ2 − 4(2− n)

2
=

√
n− 2

n− 4
,

β2 :=
−(n− 3)γ −

√
(n− 3)2γ2 − 4(2− n)

2
= −

√
(n− 2)(n− 4),

(2.17)

the vectors vi = [1⊤
n−2, 0, βi]

⊤, i ∈ {1, 2}, are two eigenvectors of matrix A. Consider

Avi =


((n− 3)γ + 1 + βi)1n−2

0(
n−2
βi

+ 1
)
βi

 , i ∈ {1, 2}. (2.18)
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By (2.17) we have that βi, i ∈ {1, 2}, are the roots of the equation β2 + (n− 3)γβ +
(2 − n) = 0, and so βi + (n − 3)γ = (n − 2)/βi. Then, the right-hand side of (2.18)
equals vi scaled by the corresponding eigenvalue, which is given by:

(n− 3)γ + 1 + βi =
n− 2

βi
+ 1.

In particular, the two corresponding eigenvalues are given by

n− 2

β1
+ 1 =

√
(n− 2)(n− 4) + 1 and

n− 2

β2
+ 1 = 1−

√
n− 2

n− 4
. (2.19)

Also [0⊤
n−2, 1, 0]

⊤ is an eigenvector of A with corresponding eigenvalue one (and multi-
plicity one). Since A is a real symmetric matrix, its eigenvectors are orthogonal. The
remaining n − 3 eigenvectors are thus wi = [c⊤i , 0, 0]

⊤, i ∈ [n − 3], where ci ∈ Rn−2

is a vector whose entries sum to 0. The eigenvectors wi correspond to eigenvalues of
1 − γ. We have provided all eigenvectors and eigenvalues of A, see also (2.19). The
four unique eigenvalues of A are ordered as follows:√

(n− 2)(n− 4) + 1 > 1 > 1− γ > 1−
√
n− 2

n− 4
, (2.20)

with corresponding multiplicities 1, 1, n − 3, 1, respectively. The sum of the largest
n − 2 eigenvalues of A serves as upper bound on ϑn−2(Gn), see (2.6). Therefore, it
follows by (2.20) that

ϑn−2(Gn) ≤
n−2∑
i=1

λi(A) =
√

(n− 2)(n− 4) + 2 + (n− 4)γ

= n− 2 +
2

n− 3

√
(n− 2)(n− 4).

(2.21)

The upper bound on ϑn−2(Gn) given by (2.21) coincides with the lower bound (2.16),
which proves the theorem.

Using Theorem 2.11 we can show that ∆n−1(Gn) (n ≥ 5) converges to zero. Indeed,

∆n−1(Gn) = ϑn−1(Gn)− ϑn−2(Gn) ≤ 2

(
1− 1

n− 3

√
(n− 2)(n− 4)

)
, (2.22)

where we have also used that ϑn−1(Gn) ≤ n, as proven by Proposition 2.7. From
(2.22) it follows that ∆n−1(Gn) (n ≥ 5) converges to zero as n goes to infinity. To
conclude, strictly positive values of ∆k(G) can be arbitrarily small. It is unclear
whether lower bounds exist on ∆k(G) for fixed k. One example of such a bound is
simple for k = 1 i.e., ∆1(G) = ϑ1(G) ≥ α(G) ≥ 1.

2.4 Graph products and the generalized ϑ-number

In this section we present bounds for ϑk(G) when G is the strong product of two
graphs (Theorem 2.13) and the disjunction product of two graphs (Theorem 2.14).
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In [204], Lovász proved the following result:

ϑ(G1 ⊠G2) = ϑ(G1)ϑ(G2), (2.23)

where G1⊠G2 is the strong product of G1 and G2, see Definition 2.1. Since G1⊠Kk

is isomorphic to G1 ◦Kk and ϑ(Kk) = 1 we have that

ϑ(G ◦Kk) = ϑ(G⊠Kk) = ϑ(G) ≤ ϑk(G),

where the inequality follows from Proposition 2.8 and the fact that ϑ(G) = ϑ1(G).
Below, we generalize (2.23) to ϑk. For that purpose we need the following well known
result, see, e.g., [143].

Lemma 2.12. For square matrices A and B with eigenvalues λi and µj respec-
tively, the eigenvalues of the Kronecker product A ⊗ B equal λiµj, and tr(A⊗B) =
tr(A) tr(B).

Theorem 2.13. For any graphs G1 and G2

1

k
ϑk(G1)ϑk(G2) ≤ ϑk(G1 ⊠G2) ≤ kϑ(G1)ϑ(G2). (2.24)

Proof. Let X∗
1 and X∗

2 be optimal to ϑk-SDP2 for G1 and G2 respectively. The
adjacency matrix of G1 ⊠G2 is given by

AG1⊠G2
= (AG1

+ I)⊗ (AG2
+ I)− I,

see e.g., [269]. Consider Y = 1
kX

∗
1 ⊗ X∗

2 . From the adjacency matrix of G1 ⊠ G2 it
can be verified that Yij = 0, ∀ {i, j} ∈ E(G1⊠G2). By Lemma 2.12 and the fact that
0 ⪯ X∗

i ⪯ I, i ∈ {1, 2}, the eigenvalues of Y lie between 0 and 1 and thus 0 ⪯ Y ⪯ I.
Additionally, tr(Y ) = (1/k) tr(X∗

1 ) tr(X
∗
2 ) = k. It follows that matrix Y is feasible

for ϑk-SDP2 for G1 ⊠G2 and attains the following objective value:

⟨J, Y ⟩ = 1

k
⟨J, X∗

1 ⊗X∗
2 ⟩ =

1

k
⟨J, X∗

1 ⟩⟨J, X∗
2 ⟩ =

1

k
ϑk(G1)ϑk(G2).

This proves the lower bound in (2.24). The upper bound in (2.24) follows from
combining (2.8) and (2.23).

The bounds from Theorem 2.13 are attained, for example, when both G1 and G2

are complete graphs (see Theorem 2.15). In general, the bounds for ϑk(G1⊠G2) from
Theorem 2.13 are more loose for larger values of k.

We now focus on the disjunction graph product (see Definition 2.1). For graphs G1

and G2 of order n1 and n2 respectively, we consider the adjacency matrix AG1∨G2
∈

{0, 1}n1n2×n1n2 . We partition AG1∨G2
in n21 square submatrices Au1,v1 ∈ {0, 1}n2×n2 ,

for u1, v1 ∈ V (G1). If {u1, v1} ∈ E(G1), then Au1,v1 = Jn2 by the definition of ∨. If
{u1, v1} /∈ E(G1), then Au1,v1 = AG2 . It follows that

AG1∨G2
= min {AG1

⊗ Jn2
+ Jn1

⊗AG2
,Jn1n2

} ,

where the minimum is defined to be entrywise. Our next result provides an upper
bound on the generalized ϑ-number for the disjunction product of two graphs.
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Theorem 2.14. For graphs G1 and G2 of orders n1 and n2 respectively, we have

ϑk(G1 ∨G2) ≤ min {n1ϑk(G2), n2ϑk(G1)} .

Proof. Consider the SDP problem ϑk-SDP2 for G1∨G2. This maximization problem
is least constrained when G1 = Kn1 . Thus

ϑk(G1 ∨G2) ≤ ϑk(Kn1 ∨G2). (2.25)

We will show that ϑk(Kn1
∨ G2) = n1ϑk(G2). Let X∗ be an optimal solution to

ϑk-SDP2 for G2. Matrix Jn1 ⊗ 1
n1
X∗ is a feasible solution to ϑk-SDP2 for Kn1 ∨G2.

The objective value of this solution equals

⟨J,Jn1 ⊗
1

n1
X∗⟩ = 1

n1
⟨Jn1

⊗ Jn1
,Jn2

⊗X∗⟩ = 1

n1
⟨Jn1

,Jn1
⟩⟨Jn2

, X∗⟩

= n1ϑk(G2) =⇒ ϑk(Kn1
∨G2) ≥ n1ϑk(G2). (2.26)

Let (Y ∗, X∗, µ∗) be an optimal solution to ϑk-SDP for G2 with µ∗ ≥ 0, see Proposi-
tion 2.9. Then Jn1

⊗ Y ∗, Jn1
⊗X∗ and n1µ∗ form a feasible solution to ϑk-SDP for

Kn1
∨G2. Namely, by Lemma 2.12 we have that Jn1

⊗ Y ∗ ⪰ 0. Also

n1µ
∗I+ Jn1

⊗X∗ − J+ Jn1
⊗ Y ∗ =

µ∗(n1In1
− Jn1

)⊗ In2
+ Jn1

⊗ (µ∗In2
+X∗ − Jn2

+ Y ∗) ⪰ 0,

where we have used
that µ∗ ≥ 0. Lastly, this feasible solution to the minimization problem obtains an

objective value of

⟨I,Jn1
⊗ Y ∗⟩+ n1µ

∗k = n1 (⟨I, Y ∗⟩+ µ∗k) = n1ϑk(G2)

=⇒ ϑk(Kn1
∨G2) ≤ n1ϑk(G2). (2.27)

Now (2.26) and (2.27) imply that ϑk(Kn1 ∨G2) = n1ϑk(G2). This equality, combined
with (2.25), proves that

ϑk(G1 ∨G2) ≤ n1ϑk(G2). (2.28)

From the definition of the disjunction graph product (see Definition 2.1), it follows
that the disjunction graph product is commutative and thus

ϑk(G1 ∨G2) = ϑk(G2 ∨G1) ≤ n2ϑk(G1). (2.29)

Combining equations (2.28) and (2.29) proves the theorem.

The proof shows that when either G1 or G2 is the complement of a complete
graph, graph G1 ∨G2 attains the bound of Theorem 2.14.
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2.5 Value of ϑk for some graphs

In [204], Lovász derived an explicit expression for the ϑ-number of cycle graphs and the
Kneser graphs. In this section, we derive the generalized ϑ-number for those graphs,
as well as for circulant, complete, complete multipartite graphs, and the Johnson
graphs. In Section 2.5.1 we present bounds for ϑk(G) when G is a regular graph
and show that the bound is tight for edge-transitive graphs. Section 2.5.2 provides
an analysis of ϑ(Kk□G), which is an upper bound on the number of vertices in the
maximum k-colorable subgraph of G.

Theorem 2.15. For k ≤ n, ϑk(Kn) = k.

Proof. Consider the SDP problem ϑk-SDP2 . For the complete graph, the only matri-
ces feasible for ϑk-SDP2 are diagonal matrices with trace equal to k. Set for instance
Y = k

nI. Then Y is feasible for ϑk-SDP2 and has objective value k.

For cycle graphs it is known, see [288, Thm. 6], that χk(C2n+1) = 2k+1+
⌊
k−1
n

⌋
,

and χk(C2n) = 2k. The latter equality admits a simple proof, see e.g. (2.77), unlike
the first. Since Cn is bipartite when n is even, it follows from Proposition 2.7 that
ϑk(Cn) = n for all k ∈ {2, 3, . . . , n}. To compute ϑ2(Cn) for odd cycle graphs, we
require the following lemma.

Lemma 2.16. For odd n ≥ 5, we have that

0.447 ≈
√
5

5
≤ ϑ(Cn)

n
<
ϑ(Cn+2)

n+ 2
<

1

2
.

Proof. By [204, Corollary 5] we have, for odd n, that

ϑ(Cn)

n
= f(n), where f(x) :=

cos (π/x)

1 + cos (π/x)
.

For x > 1, the derivative of f is given by

f ′(x) =
π sin

(
π
x

)(
1 + cos

(
π
x

))2
x2
, x > 1,

and so f is increasing on (1,∞). In particular, f is increasing on [5,∞). Therefore,
for n an odd integer in [5,∞), we have that

√
5

5
= f(5) ≤ f(n) < f(n+ 2) < lim

x→∞
f(n) =

1

2
,

which proves the result.

Let us introduce a circulant matrix and an edge-transitive graph. We need both
terms in the proof of the following theorem. Each row of a circulant matrix equals the
preceding row in the matrix rotated one element to the right. Circulant matrices thus
have a constant row sum. This constant row sum is also one of the eigenvalues with
1 as its corresponding eigenvector. A graph is edge transitive if its automorphism
group acts transitively on edges, i.e., if for every two edges there is an automorphism
that maps one to the other.
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Theorem 2.17. Let n be odd and n > 1. Then ϑ2(Cn) = 2ϑ(Cn) and ϑk(Cn) = n
for all k ≥ 3.

Proof. For n = 3, C3 = K3 and the result follows from Theorem 2.15. Thus let
n ≥ 5. Let Γ ⊂ Sn be the set of optimal feasible solutions to ϑ1-SDP2 for Cn and let
Y ∈ Γ. Note Γ is convex. Let p(Y ) denote an optimal solution to ϑ1-SDP2 obtained
by permuting the vertices of Cn by automorphism p. Matrix p(Y ) ∈ Γ. Denote the
average over all automorphisms p by Ȳ . Then Ȳ ∈ Γ by convexity of Γ and since Cn

is edge transitive, Ȳ is a circulant matrix, like the adjacency matrix of Cn.
As Ȳ ∈ Γ, we find

⟨J, Ȳ ⟩ = tr
(
11⊤Ȳ

)
= tr

(
1⊤Ȳ 1

)
= 1⊤Ȳ 1 = ϑ1(Cn). (2.30)

As Ȳ is also circulant, it has eigenvector 1. By (2.30), its corresponding eigenvalue
equals λ̄ = ϑ(Cn)/n.

We will prove that the largest eigenvalue of Ȳ equals λ̄. Assume that the largest
eigenvalue of Ȳ does not equal λ̄. Then Ȳ has eigenvalue λ̃, for some λ̃ > λ̄. Since Ȳ
is a symmetric circulant matrix of odd dimension, Ȳ has only one eigenvalue with odd
multiplicity [294]. Thus λ̃ or λ̄ have multiplicity greater than one. Note that since
Ȳ is feasible for ϑ1-SDP2, it has nonnegative eigenvalues that sum to one. However,
both terms λ̃+2λ̄ and 2λ̃+ λ̄ are strictly greater than one by Lemma 2.16, and hence,
the assumption that λ̄ is not the largest eigenvalue of Ȳ leads to a contradiction.

The largest eigenvalue of Ȳ is thus smaller than 1/2. Then 2Ȳ ⪯ I. Clearly, 2Ȳ
satisfies the other feasibility conditions of ϑ2-SDP2. Thus 2Ȳ is feasible for ϑ2-SDP2
and ϑ2(Cn) ≥ 2ϑ(Cn). Combined with (2.8), it follows that ϑ2(Cn) = 2ϑ(Cn).

The proof of ϑ3(Cn) = n follows from combining χ(Cn) = 3 and Proposition 2.7.

Graphs for which the adjacency matrix is a circulant matrix are called circu-
lant graphs, like the cycle graphs and some Paley graphs. There has been research
done on computing ϑ(G) for circulant graphs [21, 39, 40, 62]. In particular, Crespi
[62] computes the Lovász theta number for the circulant graphs of degree four hav-
ing even displacement, while Brimkov et al. [40] consider ϑ(Cn,j), where V (Cn,j) =
{0, 1, . . . , n− 1} and E(Cn,j) = E(Cn) ∪ {{i, i′} : i− i′ ≡ j mod n}.

Let Hn be a connected circulant graph on n vertices. Then Hn contains a Hamil-
tonian cycle [31]. Equivalently, the cycle graph Cn is a minor of Hn. Maximization
problem ϑk-SDP2 is then more restricted for Hn then it is for Cn. Thus

ϑ1(Hn) ≤ ϑ1(Cn) ≤
n

2
.

Consider ϑ1-SDP2 for Hn. Graph Hn has a circulant adjacency matrix, meaning we
can restrict optimization of ϑ1-SDP2 over the Lee scheme, the association scheme
of symmetric circulant matrices, without loss of generality [108]. As (2.30) shows,
ϑ1-SDP2 is now equivalent to maximizing the largest (scaled) eigenvalue over feasible
matrices. Let M be a matrix optimal for ϑ1-SDP2 for graph Hn. Then λmax(M) =
ϑ(Hn)/n ≤ 1/2. Then 2M is also optimal for ϑ2-SDP2 for graph Hn. More generally,
if k ≤ n/ϑ(Hn), then λmax(kM) ≤ 1 and kM is then feasible for ϑk-SDP2 , attaining
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the objective value min{kϑ(Hn), n}. In case k > n/ϑ(Hn), we have ϑk(Hn) = n.
Thus, in general

ϑk(Hn) = min {kϑ(Hn), n} . (2.31)

For any k, there exists a circulant graph P on n vertices such that ϑk(P ) < n.
Specifically, if P is the Paley graph on n vertices, then ϑ(P ) =

√
n (cf. [129]). For

fixed k and n large enough, k
√
n < n.

Theorem 2.18. For m1 ≥ m2 ≥ . . . ≥ mp and k ≤ p,

ϑk(Km1,...,mp
) =

k∑
i=1

mi.

Proof. Let us write K = Km1,...,mp
, with corresponding adjacency matrix AK . Note

that AK = Jn−Diag(Jm1
, . . . ,Jmp

), and that X := Diag(Jm1
, . . . ,Jmp

) ∈ A(K), see
(2.5). Therefore X is feasible for (2.6). The eigenvalues of X are the eigenvalues of
the block matrices Jmi . Then, λi(X) = mi for i ∈ [p]. Thus, we have that

ϑk(K) ≤
k∑

i=1

λi(X) =

k∑
i=1

mi. (2.32)

Note that αk(K) =
∑k

i=1mi. Then the proof follows from combining (2.7) and
(2.32).

Recall again the definition of ∆k(G), given in (2.9). We have shown in Section 2.3.1
that strictly positive values ∆k(G) can be arbitrarily small. We show now, by use of
Theorem 2.18, that the ratio between strictly positive successive values of ∆k(G) can
be arbitrarily small. More formally, for any ε > 0 and any k ≥ 1, there exists a graph
G such that

0 <
∆k+1(G)

∆k(G)
< ε. (2.33)

We again ignore the case ∆k(G) = 0, see (2.14). In view of Theorem 2.18, we have

∆2(Kn,1)

∆1(Kn,1)
=

1

n
< ε,

for some integer n sufficiently large. Thus for sufficiently large n, graph Kn,1 satisfies
(2.33) for k = 1. Graph Kn,n,1 satisfies (2.33) for k = 2. Graph Kn,n,n,1 satisfies
(2.33) for k = 3, and so on.

2.5.1 Regular graphs
In this section we present an upper bound on the ϑk-number for regular graphs, see
Theorem 2.20. This result can be seen as a generalization of the Lovász upper bound
on the ϑ-number for regular graphs. We exploit the result of Theorem 2.20 to prove
that ϑk(G) = kϑ(G) when G is the Johnson graph, see Theorem 2.22. Moreover, we
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derive an explicit expression for the generalized theta number for the Kneser graphs,
see Corollary 2.24.

Let us first state the following result.

Theorem 2.19 ([204]). For a regular graph G on n vertices, having adjacency matrix
AG and eigenvalues λ1(AG) ≥ λ2(AG) ≥ . . . ≥ λn(AG), we have that

ϑ(G) ≤ nλn(AG)

λn(AG)− λ1(AG)
. (2.34)

Inequality (2.34) holds with equality if G is also edge-transitive.

For a finite set of real numbers P , we denote by Sk(P ) the sum of the largest k
elements in P . For any symmetric matrix X, we denote by Λ(X) the eigenspectrum of
X, i.e., the set of (possibly repeated) eigenvalues of X. The following idea involving
Sk(·) and Λ(·) is important for the rest of this section: if G is a regular graph on
n vertices, its adjacency matrix AG has eigenvector 1n, corresponding to the largest
eigenvalue. Since AG is symmetric, its other eigenvectors are orthogonal to 1n. Thus,
the eigenvectors of AG and Jn coincide. Therefore, if G is a regular graph with
adjacency matrix AG and λi = λi(AG), i ∈ [n], we have that

Λ(Jn + xAG) = {n+ xλ1, xλ2, . . . , xλn}, λ1 ≥ · · · ≥ λn, x ∈ R. (2.35)

For k ∈ [n] and x ∈ R, we define the continuous function

gk(x) := Sk(Λ(J+ xAG)) = Sk({n+ xλ1, xλ2, . . . , xλn}), x ∈ R. (2.36)

Let us provide some simple results on gk(x). The function gk is convex (Lemma B.1
on Page 204). Note that g1(x) = max{n + xλ1, xλ2, . . . , xλn} and gn(x) = n +
x
∑n

i=1 λi = n+x tr(AG) = n. For k ∈ {2, 3, . . . , n−1} and x ≤ 0, it can be observed
that gk(x) = x

∑n
i=n−k+2 λi + max {n+ xλ1, xλn−k+1}. We have that n + xλ1 =

xλn−k+1 if and only if x = n
λn−k+1−λ1

. Therefore, for k ∈ {2, 3, . . . , n− 1},

gk(x) =



x

n∑
i=n−k+1

λi if x < n
λn−k+1−λ1

,

n+ x

(
λ1 +

n∑
i=n−k+2

λi

)
if n

λn−k+1−λ1
≤ x ≤ 0,

n+ x

k∑
i=1

λi if x > 0.

(2.37)

Now, we state our result, which we prove using the function gk as in (2.36).

Theorem 2.20. For any regular graph G on n vertices and k ∈ [n], we have that

ϑk(G) ≤ min

{
n+

n
(
λ1(AG) +

∑n
i=n−k+2 λi(AG)

)
λn−k+1(AG)− λ1(AG)

, n

}
, (2.38)

where we set the summation equal to 0 when k = 1. Inequality (2.38) holds with
equality if G is also edge-transitive.
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Proof. The proof is an extension of Lovász’ [204] proof of Theorem 2.19. Note that
Theorem 2.19 is equivalent to (2.38) for k = 1. Indeed, for k = 1, (2.34) and (2.38)
are equivalent. For k = n, we have that ϑk(G) = n by Proposition 2.7. It remains to
prove the result for k ∈ {2, 3, . . . , n− 1}.

Let G be a regular graph on n vertices and k ∈ {2, 3, . . . , n − 1}. Note that
Jn + xAG ∈ A(G), see (2.5), for any x ∈ R. Therefore, it follows from the definition
of ϑk, see (2.6), that ϑk(G) ≤ minx∈R gk(x), for gk as in (2.36). To minimize gk, we
use (2.37) and the fact that gk is convex (see Lemma B.1 on Page 204).

Let λ1 ≥ · · · ≥ λn be the eigenvalues of AG. Since the λi sum to tr(AG) = 0, it
follows that the term

∑n
i=n−k+1 λi in (2.37) is negative. It can similarly be shown

that the term
∑k

i=1 λi in (2.37) is positive. Thus, limx→−∞ gk(x) = limx→∞ gk(x) =
∞. By the convexity of gk, its minimum must then be attained at one of the two
breakpoints of gk, that is either x = n

λn−k+1−λ1
or x = 0. Hence,

ϑk(G) ≤ min
x∈R

gk(x) = min

{
gk

(
n

λn−k+1 − λ1

)
, gk(0)

}
. (2.39)

Inequality (2.39) is equivalent to (2.38).
We now prove that that (2.38) holds with equality when G is edge-transitive.

It is known that the sum of the k largest eigenvalues of a matrix, as in (2.6), is
a convex function [244]. Thus the average over all optimal solutions to (2.6) of all
automorphisms of G is also optimal. Since G is edge-transitive, this average is of the
form J+ xAG, which proves the equality claim.

We remark that Theorem 2.17 can also be proven by applying Theorem 2.20.

Corollary 2.21. Let G be a regular, edge-transitive graph on n vertices, and let
k ∈ [n]. If the smallest eigenvalue of its adjacency matrix has multiplicity k or
greater, then ϑk(G) = min{kϑ(G), n}.

Proof. Let us write λ1 ≥ λ2 ≥ · · · ≥ λn for the eigenvalues of AG. Since the multi-
plicity of λn is at least k, it follows that

n∑
i=n−k+2

λi = (k − 1)λn and λn−k+1 = λn. (2.40)

As G is regular and edge-transitive, (2.38) holds with equality. Substituting (2.40) in
(2.38) yields that ϑk(G) = min{θ, n}, where

θ := n+
n
(
λ1 +

∑n
i=n−k+2 λi

)
λn−k+1 − λ1

= n+
n(λ1 + (k − 1)λn)

λn − λ1

= n+
nλ1

λn − λ1
+ (k − 1)ϑ(G) =

nλn
λn − λ1

+ (k − 1)ϑ(G) = kϑ(G).

(2.41)

For the third and fourth equalities in (2.41), we have used that ϑ(G) = nλn/(λn−λ1)
by Theorem 2.19.
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We apply Corollary 2.21 to the Johnson graphs (Definition 2.4). Note that Johnson
graphs are edge-transitive (see e.g., [53]) and regular.

Theorem 2.22. Let integers n, m satisfy 1 ≤ m ≤ n
2 and let f ∈ {0, 1, . . . ,m}. For

the Johnson graph J(n,m, f), we have that

ϑk(J(n,m, f)) = min

{
kϑ(J(n,m, f)),

(
n

m

)}
, k ∈ [n− 1]. (2.42)

Proof. Let A be the adjacency matrix of J(n,m, f). Note that that n here does not
refer to the number of vertices of J(n,m, f), but to a parameter of the graph. The
number of vertices is given by

(
n
m

)
.

Since the Johnson graphs are edge-transitive and regular, we may apply Corol-
lary 2.21. Hence, (2.42) follows by showing that the smallest eigenvalue of A has
multiplicity n− 1 or greater. It is known that the multiplicities of the eigenvalues of
A are given by 1 (corresponding to the largest eigenvalue) and

(
n
j

)
−
(

n
j−1

)
for j ∈ [m],

cf. e.g. [43] or [73]. The multiplicity of the smallest eigenvalue is unknown for general
n, m and f . It is clear however, that this multiplicity is at least

µ := min
j∈[m]

µj , for µj :=

(
n

j

)
−
(

n

j − 1

)
.

We continue the proof by considering two cases based on the value of n.

Case 1. n ≥ 2 and n ̸= 4.
If n ̸= 4, then µ = µ1 = n − 1 [272, Thm. 1]. Since k ≤ µ, (2.42) follows from
Corollary 2.21.

Case 2. n = 4.
We check the finite number of Johnson graphs J(4,m, f), with 1 ≤ m ≤ n/2 = 2 and
f ∈ {0, 1, . . . ,m}. Note that for any Johnson graph, the eigenvalues of its adjacency
matrix, and their corresponding multiplicities, have closed form expressions, see e.g.,
[44]. Thus, the ϑ-number of Johnson graphs can also be expressed in closed form,
using Theorem 2.19.

1. J(4, 1, 0) = J(4, 1, 1) = K4.

2. J := J(4, 2, 0) is a bipartite graph, which implies that χ(J) = 2, and so ϑ2(J) =(
4
2

)
= 6 by Proposition 2.7. Moreover, ϑ1(J) = ϑ(J) = 3. Lastly, ϑ3(J) =

(
4
2

)
=

6 by Proposition 2.8.

3. J := J(4, 2, 1). The smallest eigenvalue of A has multiplicity 2. Then Corol-
lary 2.21 proves that ϑ2(J) = 2ϑ(J) = 4. Since χ(J) = 3, ϑ3(J) = 6.

4. J(4, 2, 2) = K6.

The ϑ-number of Johnson graphs has also been studied in [199]. When the Johnson
graph parameters n, m and f satisfy certain conditions, the smallest eigenvalue of
its adjacency matrix can be expressed in closed form. In that case, we can slightly
strengthen Theorem 2.22.
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Lemma 2.23. Let integers n, m and f ∈ {0, 1, . . . ,m− 1} satisfy

1 ≤ m ≤ n

2
and 0 ≤ f ≤ m(m− 1)

n− 1
. (2.43)

For the Johnson graph J(n,m, f), we have that

ϑk(J(n,m, f)) = min

{
k

(
n

m

)
fn−m2

fn− nm
,

(
n

m

)}
, k ≤

(
n

m

)
. (2.44)

Proof. We write λ1 ≥ λ2 ≥ · · · ≥ λv for the eigenvalues of the adjacency matrix of
J := J(n,m, f), where v :=

(
n
m

)
equals the number of vertices of J . Since J is a

regular graph, λ1 equals the degree of any of its vertices. When n, m and f satisfy
the conditions of the lemma, see (2.43), a closed form expression for λv is known [44,
Thm. 3.10], and its multiplicity equals n− 1 [73]. In particular,

λ1 =

(
m

f

)(
n−m

m− f

)
> 0, λv = λ1

fn−m2

m(n−m)
< 0. (2.45)

Substituting the expressions for λ1 and λv in (2.34) yields that

ϑ(J) =

(
n

m

)
fn−m2

fn− nm
. (2.46)

Note that n in (2.34) refers to the number of vertices, which equals v =
(
n
m

)
for graph

J . Substituting (2.46) in (2.42) proves (2.44) for the case k ≤ n− 1.
Let now k = n. Theorem 2.20 states that ϑk(J) = min{θ,

(
n
m

)
}, where

θ := v +
v
(
λ1 +

∑v
i=v−n+2 λi

)
λv−n+1 − λ1

. (2.47)

We consider the term λ1 +
∑v

i=v−n+2 λi in (2.47). Since the multiplicity of λv equals
n− 1, it follows that

∑v
i=v−n+2 λi = (n− 1)λv. Hence,

λ1 +

v∑
i=v−n+2

λi = λ1 + (n− 1)λv = λ1

(
1 + (n− 1)

fn−m2

m(n−m)

)
. (2.48)

We have used (2.45) for the second equality in (2.48). By using the condition f ≤
m(m−1)

n−1 , we find that

1 + (n− 1)
fn−m2

m(n−m)
≤ 0 =⇒ λ1 +

v∑
i=v−n+2

λi ≤ 0 =⇒ θ ≥ v =

(
n

m

)
.

Thus, ϑn(J) = min{θ,
(
n
m

)
} =

(
n
m

)
. Then also ϑk(J) =

(
n
m

)
for all k ≥ n by Proposi-

tion 2.8.

Since the Kneser graph K(n,m) is isomorphic to J(n,m, 0), we can easily extend
Lemma 2.23 to Kneser graphs.
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Corollary 2.24. Let 1 ≤ m ≤ n/2 for integers m and n. For the Kneser graph
K(n,m) and k ≤

(
n
m

)
, we have that

ϑk(K(n,m)) = min

{
k

(
n− 1

m− 1

)
,

(
n

m

)}
. (2.49)

Proof. We have that K(n,m) = J(n,m, f), for f = 0. Then the parameters n, m and
f satisfy the conditions of Lemma 2.23, see (2.43). Note also that for f = 0, it holds
that

(
n
m

)
fn−m2

fn−nm =
(
n
m

)
m
n =

(
n−1
m−1

)
. Thus, expressions (2.42) and (2.49) coincide for

f = 0.

2.5.2 Relation between ϑ(Kk□G) and ϑk(G)

Gvozdenović and Laurent [130] show how to exploit an upper bound on the indepen-
dence number of a graph to obtain a lower bound on the chromatic number of its
complement graph. They do not consider the generalized ϑ-number in the bounding
procedure. Kuryatnikova et al. [172] exploit the generalized ϑ-number to compute
bounds on the chromatic number of a graph. For some graphs, the lower bounds on
χ(G) from [172] coincide with the bounds obtained by using the theta number as sug-
gested by [130]. Here we explain that finding by analyzing ϑ(Kk□G) for symmetric
graphs. We also show that the gap between ϑk(G) and ϑ(Kk□G) can be arbitrarily
large.

Chvátal [58] noted that

αk(G) = |V (G)| ⇐⇒ χ(G) ≤ k.

Stated differently, χ(G) = min {k : k ∈ N, αk(G) = |V (G)|} , or in words, the k stable
sets giving αk(G) correspond to the color classes ofG in an optimal coloring. Analogue
to χk(G) = χ(G ◦Kk), it is known (cf. [172]) that

αk(G) = α(Kk□G), (2.50)

where Kk□G is the Cartesian graph product, see Definition 2.1. For a graph param-
eter β(G) that satisfies

α(G) ≤ β(G) ≤ χ(G),

Gvozdenović and Laurent [130] define Ψβ(G) as follows:

Ψβ(G) := min {k : k ∈ N, β(Kk□G) = |V (G)|} .

Then Ψα(G) = χ(G). The operator Ψβ(·) can be applied to a variety of graph pa-
rameters β(G) and enables obtaining a hierarchy of bounds for χ(G) from a hierarchy
of bounds for α(G). For example, when β(G) = ϑ(G) Gvozdenović and Laurent
[130] show that Ψϑ(G) = ⌈ϑ(G)⌉. It follows from (2.50) that parameters ϑk(G) and
ϑ(Kk□G) both provide upper bounds on αk(G). Therefore, it is natural to compare
Ψϑ(G) with the similar parameter

Φϑk
(G) := min {k : k ∈ N, ϑk(G) = |V (G)|} .

This comparison boils down to the comparison of ϑ(Kk□G) and ϑk(G). Numerical
results in [172] suggest the following conjecture.
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Conjecture 2.25. For any graph G and any natural number k, ϑ(Kk□G) ≤ ϑk(G).

We have numerically verified Conjecture 2.25 for all graphs on at most 7 vertices,
and all valid values of k.

We show in Proposition 2.27 that the gap between ϑ(Kk□G) and ϑk(G) can be
arbitrarily large. We first state the following lemma that is needed in the rest of this
section.

Lemma 2.26 ([130]). Given A,B ∈ Sn and Y = Ik ⊗ A + (Jk − Ik) ⊗ B, then
Y ⪰ 0 if and only if A − B ⪰ 0 and A + (k − 1)B ⪰ 0. Furthermore, Λ(Y ) =

Λ(A+ (k − 1)B) ∪ Λ(A−B)
{k−1}

.

Now, we are ready to present our result.

Proposition 2.27. For any real number M , there exists a graph G and integer k
such that

ϑk(G)− ϑ(Kk□G) ≥M.

Proof. Consider again graph Gn, as defined in (2.15) for even n and set k = n/2. We
will show that ϑn/2(Gn) − ϑ(Kn/2□Gn) is increasing in n. Let p = 1/(2

√
n− 2) and

consider first

X =


1
2In−2 0n−2 p1n−2

0⊤
n−2

1
2 0

p1⊤
n−2 0 1

2

 .
Taking the Schur complement of the bottom right 2 × 2 block of X shows that 0 ⪯
X ⪯ I (see the proof of Theorem 2.11 for more details). Combined with the fact that
⟨I, X⟩ = k, it follows that X is feasible for ϑk-SDP2 . Hence,

ϑn/2(Gn) ≥ ⟨J, X⟩ = n

2
+ 2p(n− 2) =

n

2
+
√
n− 2. (2.51)

As for ϑ(Kn/2□G), let

A =

[
−kJn−1 + (k + 1)In−1 1n−1

1⊤
n−1 1

]
, B =

[
Jn−1 1n−1

1⊤
n−1 −k

]
,

and set Y := I⊗A+(J−I)⊗B. Then matrix Y ∈ A(Kn/2□G), see (2.5). Furthermore,
matrix Y is of the form described in Lemma 2.26. Then the largest eigenvalue of Y
satisfies λ1(Y ) = max{λ1(A−B), λ1(A+(k− 1)B)}. Similar to the methods used in
the proof of Theorem 2.11, it can be shown that λ1(Y ) = k + 1. Thus,

ϑ(Kn/2□Gn) ≤ λ1(Y ) =
n

2
+ 1. (2.52)

Combining (2.51) and (2.52) for fixed M and large enough (even) n, gives ϑn/2(Gn)−
ϑ(Kn/2□Gn) ≥

√
n− 2− 1 ≥M.

We prove Conjecture 2.25 only for a particular class of graphs. Let us first show
the following result.
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Theorem 2.28. Let G be graph on n vertices that is both edge-transitive and vertex-
transitive. Then

ϑ(Kk□G) = min{kϑ(G), n} = ϑk(G).

Proof. For notational convenience we denote A = AG. Because G is regular, edge-
transitive and vertex-transitive, we may assume without loss of generality that the
set A(Kk□G), see (2.5), contains only matrices of the form X = Ik ⊗ (Jn + xA) +
(Jk − Ik) ⊗ (Jn + yIn). In order to minimize the largest eigenvalue of X we apply
Lemma 2.26 and find

λ1(X) = f(x, y) = max {λ1(xA− yIn), λ1(kJn + xA+ (k − 1)yIn)}

= max


f1 = xλ1 − y,

f2 = xλn − y,

f3 = kn+ xλ1 + (k − 1)y,

f4 = xλn + (k − 1)y,

where λ1 and λn are the greatest and smallest eigenvalue of A respectively. We
have used that Λ(kJn + xA+ (k − 1)yIn) can be expressed similarly to (2.35). We
minimize λ1(X) by considering different intervals of x. In case x ≥ 0, we have
f(x, y) = max{f1, f3}, which is minimized when x = 0 and f1 = f3. Solving f1 = f3
for y, when x = 0, yields y = −n. Thus, when x ≥ 0, we find that f(0,−n) = n is
the minimum. Furthermore,

kn

λn − λ1
≤ x ≤ 0 =⇒ f(x, y) = max{f2, f3}.

The minimum here is attained when

f2 = f3 =⇒ y = x

(
λn − λ1

k

)
− n =⇒ f2 = n+

1

k
((k − 1)λn + λ1)x.

Depending on the sign of (k− 1)λn+λ1 we find either f(0,−n) = n or f( kn
λn−λ1

, 0) =

k nλn

λn−λ1
= kϑ(G), by Theorem 2.19. For the case x ≤ kn

λn−λ1
, note that

x ≤ kn

λn − λ1
=⇒ f(x, y) = max{f2, f4},

which is minimized when x = kn/(λn − λ1) and f2 = f4. Solving f2 = f4 for y, when
x = kn/(λn − λ1), yields y = 0 and thus f( kn

λn−λ1
, 0) = kϑ(G). The minimum value

of λ1(X), equivalently, the value ϑ(Kk□G), thus equals min{kϑ(G), n}.
Lastly, by edge-transitivity and vertex-transitivity of G, matrices optimal to ϑk-

SDP2 for G have a constant row sum. Thus, as (2.30) shows, ϑk-SDP2 is then
equivalent to maximizing the largest (scaled) eigenvalue over feasible matrices. Hence,
ϑk(G) = min{kϑ(G), n}, as can be shown by derivations similar to those used for
(2.31).

A graph that is both edge-transitive and vertex-transitive is also known as a
symmetric graph. Many Johnson graphs (Definition 2.4) are symmetric.
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Kuryatnikova et al. [172] compute ϑk(G) for several highly symmetric graphs
(Table 13 in the online supplement to [172]). They remark that for those graphs,
Φϑk

(G) = ⌈ϑ(G)⌉. We explain this result for all the graphs present in Table 13 except
for the graph H(12, 2, {i : 1 ≤ i ≤ 7}) (see Section 2.8.1 for the notation). All the
other graphs evaluated by Kuryatnikova et al. in Table 13 satisfy the assumptions of
Theorem 2.28, hence, ϑk(G) = ϑ(Kk□G) for those graphs. Therefore,

Φϑk
(G) = Ψϑ(G) =

⌈
ϑ(G)

⌉
. (2.53)

Note that the Johnson graph J(n,m,m−1) is regular, vertex-transitive and edge-
transitive. Therefore, equation (2.53) holds and

⌈
ϑ(J(n,m,m− 1))

⌉
= n−m+ 1.

2.6 Strongly regular graphs

In the previous section we showed that certain classes of graphs allow an analytical
computation of ϑk(G). This section expands on the considered classes with strongly
regular graphs, see Definition 2.6. We also derive an analogue of Theorem 2.28 for
strongly regular graphs and the generalized ϑ′-number, see Theorem 2.32.

Let G be an srg(n, d, λ, µ), and AG its adjacency matrix. Since G is regular with
valency d, we have that d is an eigenvalue of AG with eigenvector 1. The matrix
AG has exactly two distinct eigenvalues associated with eigenvectors orthogonal to 1.
These two eigenvalues are known as restricted eigenvalues and are usually denoted
by r and s, where r ≥ 0 and s ≤ −1. We consider here connected, non-complete,
strongly regular graphs. For those graphs we have that s < −1. Thus, we exclude
trivial cases.

Strongly regular graphs attain Lovász’ bound of Theorem 2.19, see e.g., [131]. In
particular, for a strongly regular graph G we have

ϑ(G) =
nλn(AG)

λn(AG)− λ1(AG)
.

The following theorem provides an explicit expression for ϑk(G) for strongly regular
graphs.

Theorem 2.29. For an srg(n, d, λ, µ) G with restricted eigenvalues r ≥ 0 and s < −1,
we have

ϑk(G) = min{kϑ(G), n} = min

{
k

nλn(AG)

λn(AG)− λ1(AG)
, n

}
.

Proof. We prove the result by showing that the lower and upper bound on ϑk(G)
coincide. Consider ϑk-SDP2 , and set Y = k

nI + xAG. When 0 ⪯ Y ⪯ I, the matrix
Y is feasible for ϑk-SDP2 . These PSD constraints on Y can be rewritten in terms of
x. As ϑk-SDP2 is a maximization problem we may assume w.l.o.g. x ≥ 0. Thus, for
all i ≤ n,

λi(Y ) = k/n+ xλi(AG). (2.54)

Since AG has eigenvalues d ≥ r > s, it follows that

Λ(AG) = Λ(J−AG − I) = {n− d− 1,−s− 1,−r − 1}. (2.55)



2.6. STRONGLY REGULAR GRAPHS 43

Substituting (2.55) in (2.54) and exploiting the fact that n−d−1 > −(s+1) > −(1+r)
we have:

0 ⪯ Y ⪯ I ⇐⇒ 0 ≤ λi(Y ) ≤ 1 ⇐⇒

{
k/n+ x(−1− r) ≥ 0

k/n+ x(n− d− 1) ≤ 1.
(2.56)

The last two inequalities in (2.56) provide upper bounds on x, i.e.,

x ≤ min

{
k

n(1 + r)
,

n− k

n(n− d− 1)

}
. (2.57)

When x satisfies (2.57), Y is thus feasible for ϑk-SDP2 and ⟨J, Y ⟩ will provide a lower
bound on ϑk(G). In particular, with (2.57) at equality,

⟨J, Y ⟩ = k + n(n− d− 1)x = min

{
k

(
r + n− d

1 + r

)
, n

}
. (2.58)

Equation (2.58) implies that

ϑk(G) ≥ min

{
k

(
r + n− d

1 + r

)
, n

}
.

By (2.8) and Proposition 2.7, we have ϑk(G) ≤ min{kϑ(G), n}. It remains only to
show that

k

(
r + n− d

1 + r

)
= kϑ(G). (2.59)

The eigenvalues of AG can be written in terms of the parameters of G, i.e.,

rs = µ− d, r + s = λ− µ. (2.60)

Furthermore, the parameters of any strongly regular graph satisfy

(n− d− 1)µ = d(d− λ− 1), (2.61)

see e.g., [42, Thm. 9.1.3]. Let us now rewrite the term:

r + n− d

1 + r
=

ns

s− d

(r + n− d)(s− d)

ns(1 + r)

=
ns

s− d

ns+ nrs+ [d2 − nd− (n− 1)sr − d(r + s)]

ns+ nrs
.

(2.62)

We evaluate the expression between the square brackets in (2.62) by using (2.60) and
(2.61), which yields

d2 − nd− (n− 1)rs− d(r + s)

= dλ+ d+ (n− d− 1)µ− nd− (n− 1)(µ− d)− d(λ− µ) = 0.

Thus (2.62) equals ns/(s− d) = ϑ(G), which proves the theorem.
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Recall that in Section 2.5.2 we consider symmetric graphs (graphs that are both
edge-transitive and vertex-transitive). Although there exist graphs that are both
symmetric and strongly regular, note that neither one set of graphs is a subset of
the other. The cycle graph C6 is an example of a graph that is symmetric, but not
strongly regular. The strongly regular Chang graphs [52] provide an example of a
strongly regular graph which is not symmetric.

In Section 2.5.2 we have proved that ϑ(Kk□G) = min{kϑ(G), n} = ϑk(G) holds
for symmetric graphs, see Theorem 2.28. We show below that a similar relation
holds for strongly regular graphs. In fact we prove a result for the generalized ϑ′-
number, denoted by ϑ′k(G), that is the optimal value of the SDP relaxation ϑk-
SDP2 strengthened by adding nonnegativity constraints on the matrix variable. The
generalized ϑ′-number for k = 1 is also known as the Schrijver’s number [271].

To prove our result, we first present an SDP relaxation that relates ϑk(G) and
ϑ′(Kk□G). Kuryatnikova et al. [172] introduce the following SDP relaxation

θ3k(G) = max
Y ∈Sn

⟨I, Y ⟩
s.t. Yij = 0 ∀ {i, j} ∈ E(G)

Yii ≤ 1 ∀i ∈ [n][
k diag(Y )⊤

diag(Y ) Y

]
⪰ 0, Y ≥ 0,

(2.63)

that provides an upper bound on αk(G), the optimal value for the MkCS problem.
The relaxation (2.63) can be simplified when G is a highly symmetric graph. In
particular, if G is a strongly regular graph one can restrict optimization of the SDP
relaxation (2.63) to feasible points in the coherent algebra spanned by {I, A,J−I−A}.
By applying symmetry reduction, (2.63) reduces to the following convex optimization
problem:

θ3k(G) :=max ny1 (2.64a)

s.t. y1 + (n− d− 1)y2 −
n

k
y21 ≥ 0 (2.64b)

y1 − (r + 1)y2 ≥ 0 (2.64c)
y1 − (s+ 1)y2 ≥ 0 (2.64d)
y1 ≤ 1 (2.64e)
y1, y2 ≥ 0. (2.64f)

For details on symmetry reduction see e.g., [108, 172] and references therein.
In [172] the authors conjecture that θ3k(G) ≤ ϑ′k(G) for any graph G. Here we

show that θ3k(G) = ϑ′k(G) for any (non-trivial) strongly regular graph G.

Lemma 2.30. Let G be an srg(n, d, λ, µ) with restricted eigenvalues r ≥ 0 and s <
−1. Then

θ3k(G) = min

{
k

(
r + n− d

r + 1

)
, n

}
= ϑk(G) = ϑ′k(G).

Proof. Note that for s < −1 constraint (2.64d) is trivially satisfied. Points in which
constraints (2.64b) and (2.64c) intersect are (0, 0) and

(
k(r+n−d)
n(r+1) , k(n+r−d)

n(r+1)2

)
. The
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first equality follows by combining the latter point and constraint (2.64e). The second
equality follows from ϑ(G) = (r + n− d)/(1 + r), see (2.59), and Theorem 2.29. The
third equality follows from (2.57) and the fact that k

n(1+r) ≥ 0 and n−k
n(n−d−1) ≥ 0.

It is known that ϑ′(Kk□G) ≤ θ3k(G), see [172, Section 5.1]. We show below that
equality holds when k < n(r+1)/(r+n− d) and G is a (non-trivial) strongly regular
graph by proving an equivalence between the SDP relaxations that give ϑ′(Kk□G)
and θ3k(G). The SDP relaxation for ϑ′(Kk□G), see also ϑk-SDP2 , is invariant under
permutations of k colors when the graph under the consideration is Kk□G. This was
exploited in [172] to derive the following symmetry reduced relaxation:

ϑ′(Kk□G) = max
X,Z∈Sn

⟨I, X⟩

s.t. Xij = 0 ∀ {i, j} ∈ E(G)
Zii = 0 ∀i ∈ [n]
X ≥ 0, Z ≥ 0, X − Z ⪰ 0[

1 diag(X)⊤

diag(X) X + (k − 1)Z

]
⪰ 0.

(2.65)

Relaxation (2.65) can be further simplified when G is a strongly regular graph. One
can restrict optimization to the corresponding coherent algebra. By applying symme-
try reduction, (2.65) reduces to the following optimization problem:

ϑ′(Kk□G) :=max nx1

s.t. x1 + (n− d− 1)x2 − (dz1 + (n− d− 1)z2) ≥ 0 (2.66a)
x1 − (r + 1)x2 − (rz1 − (r + 1)z2) ≥ 0 (2.66b)
x1 − (s+ 1)x2 − (sz1 − (s+ 1)z2) ≥ 0 (2.66c)
x1 + (n− d− 1)x2+

(k − 1)(dz1 + (n− d− 1)z2)− nx21 ≥ 0 (2.66d)
x1 − (r + 1)x2 + (k − 1)(rz1 − (r + 1)z2) ≥ 0 (2.66e)
x1 − (s+ 1)x2 + (k − 1)(sz1 − (s+ 1)z2) ≥ 0 (2.66f)
x1 ≤ 1

x1, x2, z1, z2 ≥ 0.

Our next result relates optimization problems (2.64) and (2.66).

Proposition 2.31. Let G be an srg(n, d, λ, µ) with restricted eigenvalues r ≥ 0 and
s < −1, and k < n(r+1)

r+n−d . Then the optimization problems (2.64) and (2.66) are
equivalent.

Proof. Let (x1, x2, z1, z2) be feasible for (2.66). We show that (y1, y2) where y1 := x1
and y2 := x2 is feasible for (2.64).

From (2.66a) and (2.66d) we have{
x1 + (n− d− 1)x2 ≥ (dz1 + (n− d− 1)z2)

x1 + (n− d− 1)x2 ≥ nx21 − (k − 1)(dz1 + (n− d− 1)z2),
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from where it follows

x1 + (n− d− 1)x2 −
n

k
x21 ≥

max
{
(dz1 + (n− d− 1)z2)−

n

k
x21, (k − 1)(

n

k
x21 − (dz1 + (n− d− 1)z2))

}
.

To verify that the lower bound above is nonnegative, note that either dz1 + (n− d−
1)z2 ≥ n

kx
2
1 or dz1 + (n − d − 1)z2 <

n
kx

2
1. Therefore x1 + (n − d − 1)x2 − n

kx
2
1 ≥ 0

and constraint (2.64b) is satisfied.
Similarly, from (2.66b) and (2.66e) it follows that constraint (2.64c) is satisfied.

Constraint (2.64d) is trivially satisfied by (2.66c) and (2.66f).
Conversely, let (y1, y2) be feasible for (2.64). Define x1 := y1 and x2 := y2. Let z1

and z2 be the solutions of the following system of equations:

rz1 = (r + 1)z2, dz1 + (n− d− 1)z2 =
n

k
x21.

Thus, z1 = n(r+1)
k(d+r(n−1))x

2
1, z2 = z1

r
r+1 . Therefore, constraint (2.66a) follows from

(2.64b) and the construction of z1 and z2. Similar arguments applied to (2.64c) can
be used to verify that (2.66b) and (2.66e) are satisfied. To verify (2.66d) we rewrite
the constraint as follows

x1 + (n− d− 1)x2 + (k − 1)(dz1 + (n− d− 1)z2)− nx21 =

x1 + (n− d− 1)x2 −
n

k
x21 + (k − 1)

(
dz1 + (n− d− 1)z2 −

n

k
x21

)
≥ 0.

To verify constraint (2.66c) we exploit the construction of z1 and z2 as well as r ≥ 0
and s < −1 to obtain: −(sz1 − (s + 1)z2) = r−s

r+1z1 ≥ 0. It remains to show that
constraint (2.66f) is redundant for k < n(r+1)

r+n−d . Let us rewrite the constraint as
follows

x1 − (s+ 1)x2 + (k − 1)(sz1 − (s+ 1)z2)

= x1 − (s+ 1)x2 −
n(k − 1)(r − s)

k(d+ r(n− 1))
x21 ≥ 0.

(2.67)

A point of intersection of x1 − (s + 1)x2 − n(k−1)(r−s)
k(d+r(n−1))x

2
1 = 0 and x1 = (r + 1)x2 is(

k(d+r(n−1))
n(k−1)(r+1) ,

k(d+r(n−1))
n(k−1)(r+1)2

)
, and a point of intersection of x1+(n−d−1)x2− n

kx
2
1 = 0

and x1 = (r + 1)x2 is
(

k(r+n−d)
n(r+1) , k(r+n−d)

n(r+1)2

)
. Furthermore, an intersection point of

x1 + (n− d− 1)x2 − n
kx

2
1 = 0 and the x1-axis is ( kn , 0), and a point of intersection of

x1 − (s+ 1)x2 − n(k−1)(r−s)
k(d+r(n−1))x

2
1 = 0 and the x1-axis is

(
k(d+r(n−1))
n(k−1)(r−s) , 0

)
. Note that the

common intersection point of both parabolas, x1 = (r+1)x2 and the x1-axis is (0, 0).
Let us find k for which

k(r + n− d)

n(r + 1)
<
k(d+ r(n− 1))

n(k − 1)(r + 1)
⇐⇒ k <

n(r + 1)

r + n− d

and
k

n
<
k(d+ r(n− 1))

n(k − 1)(r − s)
⇐⇒ k <

d+ rn− s

r − s
.
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By using (2.62), one can verify that n(r+1)
r+n−d < d+rn−s

r−s , from where it follows that
the constraint (2.67) is redundant when k(r+n−d)

n(r+1) < 1. It follows trivially that the
objective values coincide for feasible solutions of two models that are related as de-
scribed.

The next result follows from the previous discussion.

Theorem 2.32. Let G be an srg(n, d, λ, µ) with restricted eigenvalues r ≥ 0 and
s < −1, and k < n(r+1)

r+n−d . We have that ϑ′(Kk□G) = ϑ′k(G).

Proof. The proof follows from Lemma 2.30 and Proposition 2.31.

2.7 Orthogonality graphs

In this section we compute the generalized ϑ-number for the orthogonality graphs.
We motivate the study of orthogonality graphs by a scenario taken from [105].

Let n = 2r for some r ≥ 1. Consider a game where two players, Alice and Bob, each
receive an n-dimensional binary vector as input. These two vectors are either equal or
their Hamming distance (see Definition 2.2) equals n/2, that is, they differ in exactly
2r−1 positions. Given these inputs, Alice and Bob must each return a r-dimensional
binary vector as output. To win the game, Alice and Bob must return equal outputs if
and only if their inputs were equal. Alice and Bob are not permitted to communicate
once they receive their inputs. The players are, however, allowed to coordinate a
strategy beforehand. One such strategy results in the definition of an orthogonality
graph.

Vertices of the orthogonality graph Ωn are represented by the unique n-dimensional
binary vectors. Vertices (equivalently vectors) are adjacent if their Hamming distance
equals n/2 and thus, Ωn = H(n, 2, {n/2}). Here H(n, 2, {n/2}) denotes the Hamming
graph, see Definition 2.3. The strategy of Alice and Bob is to agree on a graph coloring
of Ωn before the game starts. After being given their input vector, Alice and Bob
should then return the color of their vector, encoded as an r-dimensional binary
vector. With this r-dimensional vector, Alice and Bob can indicate 2r = n distinct
colors. Disregarding any luck in guessing, the game can always be won if and only if
χ(Ωn) ≤ n.

The orthogonality graph gets its name from another description of the graph, that
is, when the vectors have {±1} entries. The Hamming distance between two binary
vectors of n/2 then corresponds to those {±1} vectors being orthogonal to each other.

Godsil and Newman [115] prove that χ(Ω2r ) = 2r for r ∈ {1, 2, 3} and χ(Ω2r ) > 2r

otherwise. This means that the game can only be won for r ≤ 3. Clearly, for odd
n, Ωn is edgeless. We therefore restrict the analysis of Ωn to the case when n is a
multiple of 4. When that is the case, Ωn consists of two isomorphic components, for
vectors of even and odd Hamming weights respectively.

Next to χ(Ωn), the independence number α(Ωn) has also been studied in multiple
papers. The two graph parameters are related by |V | ≤ χ(G)α(G), for any graph
G = (V,E), see (2.73). Frankl [92] and Galliard [104] constructed a stable set of Ωn
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of size α(n) for n ≡ 0 mod 4. In particular,

α(Ωn) ≥ α(n) := 4

n/4−1∑
i=0

(
n− 1

i

)
.

On the other hand, de Klerk and Pasechnik [67] used an SDP relaxation to find
α(Ω16) = α(16) = 2306. It is also known that α(Ω24) = α(24) = 178208, see [147].
Ihringer and Tanaka [147] proved that α(Ω2r ) = α(2r) for r ≥ 2. Godsil and Newman
[115] (see also [93]) conjecture that

α(Ω4m) = α(4m) for all m ≥ 1. (2.68)

The smallest value for which (2.68) has not been proved is m = 10. We now proceed
by computing ϑk(Ωn) when n is a multiple of four. From [237], the (unordered)
eigenvalues of Ωn are then given by

λr =
2n/2

(n/2)!

n/2∏
i=1

(2i− 1− r), 1 ≤ r ≤ n,

and λ0 =
(

n
n/2

)
(since Ωn is regular with degree λ0). The smallest eigenvalue is

obtained for r = 2 and thus

λ2 =
1

1− n

(
n

n/2

)
.

Since Ωn is isomorphic to a binary Hamming graph, Ωn is a symmetric graph. The
bound of Theorem 2.20 thus holds with equality. The multiplicity of λ2 equals n2−n
[237]. This multiplicity exceeds n since n is a multiple of 4. Then it is not hard to
show (by a method comparable to the one used in the proof of Theorem 2.22) that

ϑk(Ωn) = k
2n

n
, k ≤ n.

When k = 1, ϑk(Ωn) coincides here with the so called ratio bound. This bound refers
to (2.76) for regular graphs and was also computed for Ωn in [237].

Let S be a stable set of size α(n) that contains no vectors that have their Hamming
weight contained in W := {n/4 + 1, n/4 + 3, . . ., 3n/4− 1}. Furthermore, note that
the Johnson graphs (see Definition 2.4) appear as vertex induced subgraphs of Ωn.
Let w ∈ W and consider a subgraph of Ωn that is isomorphic to J(n,w,w − n/4).
This subgraph contains no vertices in S and thus

α2(Ωn) ≥ α(n) + 4max
w∈W

{α(J(n,w,w − n/4))} .

We may multiply the independence number of J(n,w,w − n/4) by 4 since we can
take bitwise complements and find an isomorphic stable set in the isomorphic second
component of Ωn.

In Section 2.8.1 we prove that χk(Ω4n+2) = 2k.
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2.8 New bounds on χk(G)

In this section we first we derive bounds on the product and sum of χk(G) and χk(G).
Then, we provide graphs for which the bounds are sharp. Lastly, we derive spectral
lower bounds on the multichromatic number of a graph.

A famous result by Nordhaus and Gaddum [241] states that

n ≤ χ(G)χ(G) ≤
(
n+ 1

2

)2

,

2
√
n ≤ χ(G) + χ(G) ≤ n+ 1.

(2.69)

Various papers have been published on Nordhaus-Gaddum type results for other graph
parameters, such as the independence and edge-independence number (see [16] for
a survey). We provide Nordhaus-Gaddum type results for k-multicoloring in the
following theorem.

Theorem 2.33. For any graph G = (V,E), |V | = n, and k ∈ N, we have

k2n ≤ χk(G)χk(G) ≤ k2
(
n+ 1

2

)2

,

2k
√
n ≤ χk(G) + χk(G) ≤ k(n+ 1).

(2.70)

Proof. We follow the original proof as given in [241], extended to the k-multicoloring
case. Let us fix some k ∈ N, and write χ = χk(G) and χ = χk(G). Consider an
optimal k-multicoloring of G, using χ colors. Then for i = 1, 2, . . . , χ, define ni as the
set of vertices that are colored with color i. We have that

χ∑
i=1

|ni| = kn =⇒ max
i∈[χ]

|ni| ≥
kn

χ
. (2.71)

Consider a set ni of maximum cardinality. Since the vertices in this set share a color,
they form a stable set in G. Thus they form a clique in G. Accordingly,

χ ≥ kω(G) ≥ kmax
i∈[χ]

|ni|. (2.72)

Combining (2.71) and (2.72) proves that χχ ≥ k2n.
The lower bound on χ+ χ can be proven by algebraic manipulation:

(χ− χ)2 ≥ 0 =⇒ χ2 + χ2 + 2χχ ≥ 4χχ =⇒ χ+ χ ≥ 2
√
χχ ≥ 2k

√
n.

The two upper bounds in (2.70) follow directly from combining (2.4) and (2.69).

The second upper bound in (2.70) can also be found in [38] (in a slightly generalized
form). We now present graphs for which the bounds in Theorem 2.33 are attained.
For that purpose we define the graph sum of two graphs. The graph sum of graphs
G1 and G2 is the graph, denoted by G1 + G2, whose vertices and edges are defined
as follows:

V (G1 +G2) := V (G1) ∪ V (G2), E(G1 +G2) := E(G1) ∪ E(G2).
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Nordhaus and Gaddum [241] show that the upper bounds in their theorem are attained
by graph G = Kp +Kp−1. Graph G has n = 2p− 1 vertices. It is clear that χ(G) =
χ(G) = p = n+1

2 . Thus G attains both upper bounds simultaneously. As both G and
G are weakly perfect graphs, we can apply (2.77) to find χk(G) = χk(G) = kp = k n+1

2 .
This implies that graph G also attains the upper bounds in Theorem 2.33. Nordhaus
and Gaddum [241] also provide an example of a graph which attains the lower bounds
in their theorem. This example extends to the multichromatic variant as well. Let
m1 = m2 = . . . = mp = p and consider the complete multipartite graph G =
Km1,...,mp . Then χk(G) = χk(G) = kp = k

√
n. Thus, this graph G attains the lower

bounds in Theorem 2.33. In fact, for any graph G such that χ(G)χ(G) = |V (G)|, we
have k2|V (G)| ≤ χk(G)χk(G) by Theorem 2.33, and χk(G)χk(G) ≤ k2χ(G)χ(G) =
k2|V (G)| by (2.4). Since the upper and lower bound coincide, we have χk(G)χk(G) =
k2|V (G)|. The set of vertex-transitive graphs provides a number of examples for
which this bound is attained, such as the Johnson graph J(n, 2, 1) when n is even.

The chromatic number of a graph is bounded by the spectrum of matrices related
to its adjacency matrix. This well-known result is given below.

Theorem 2.34 ([142]). If G has at least one edge, then χ(G) ≥ 1− λ1(AG)
λn(AG) .

Since each color class has size at most α(G), we have that

χ(G) ≥ n

α(G)
, (2.73)

where n is the number of vertices in G. Therefore one can use upper bounds for α(G)
to derive lower bounds for χ(G). From (2.2) it follows that α(G ◦Kk) = α(G). Thus
we can establish the multicoloring variant of (2.73):

χk(G) = χ(G ◦Kk) ≥
|V (G ◦Kk)|
α(G ◦Kk)

=
kn

α(G)
. (2.74)

Note that (2.74) also follows from (2.71) (since α(G) ≥ max |ni| ≥ kn/χk(G)). The
bound (2.74) is also given in [47], where the authors show that the lower bound is tight
for webs and antiwebs. Note that for a graph G such that αk(G) = kϑ(G) we have
that αk(G) = kα(G), see [172, Lem. 5], and thus χk(G) ≥ k2n

αk(G) . This inequality is
satisfied by, for example, the Johnson graphs J(n, 2, 1) when n is even, and J(n, 3, 2)
when n ≡ 1 or 3 mod 6, see [172, Table 1].

Let us now present known upper bounds for the independence number of a graph.

Theorem 2.35 ([142]). For any d-regular graph G on n vertices, we have α(G) ≤
n λn(AG)

λn(AG)−d .

The result of Theorem 2.35 applies only to regular graphs with no loops. Haemers
[132] generalizes the Hoffman bound as follows.

Theorem 2.36 ([132]). Let G have minimum vertex degree δ. Then

α(G) ≤ n
λ1(AG)λn(AG)

λ1(AG)λn(AG)− δ2
. (2.75)
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If G is regular, then the result of Theorem 2.36 reduces to Hoffman’s bound.
Another extension of the bound of Hoffman is given by Godsil and Newman [116].

Theorem 2.37 ([116]). Let G be a loopless graph and LG its Laplacian matrix. Then

α(G) ≤ n
λ1(LG)− dG
λ1(LG)

, (2.76)

where dG denotes the average degree of the vertices of G.

Now we are ready to present our results.

Lemma 2.38. Let G have minimum vertex degree δ. Then

χk(G) ≥ k
λ1(AG)λn(AG)− δ2

λ1(AG)λn(AG)
.

Proof. The result follows by combining (2.74) and (2.75).

Lemma 2.39. For any loopless graph G, we have

χk(G) ≥ k
λ1(LG)

λ1(LG)− dG
,

where dG denotes the average degree of its vertices, and LG the Laplacian matrix of
G.

Proof. The result follows by combining (2.74) and (2.76).

When G is a regular graph, (2.76) is equivalent to the result of Theorem 2.35, and
therefore the result of Lemma 2.39 is equivalent to:

χk(G) ≥ k

(
1− λ1(AG)

λn(AG)

)
.

It is not difficult to verify that complete graphs attain the bounds of Lemma 2.38 and
Lemma 2.39.

We end this section by presenting bounds on the multichromatic number of John-
son graphs, see Definition 2.4. We study the simple case J(n, 2, 1), n ≥ 4. Graph
J(n, 2, 1) is sometimes referred to as the triangular graph. The graph J(n, 2, 1) is the
complement graph of the Kneser graph K(n, 2), and both are known to be strongly
regular. Every vertex of J(n, 2, 1) corresponds to a set of two elements. These two
elements can be thought of as two vertices of the complete graph Kn, with the vertex
in J(n, 2, 1) representing the edge between these two vertices of Kn. Graph J(n, 2, 1)
is thus the line graph of the complete graph Kn. For any graph G, its line graph is
denoted L(G).

Proposition 2.40. For the triangular graph J(n, 2, 1), n ≥ 4, we have

k(n− 1) ≤ χk (J(n, 2, 1)) ≤ k

(
2

⌊
n− 1

2

⌋
+ 1

)
.
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Proof. As J(n, 2, 1) is isomorphic to L(Kn), a coloring of J(n, 2, 1) is equivalent to an
edge coloring of Kn. It is not hard to see that ω(L(G)) equals the maximum degree
of a vertex of G. Thus ω(L(Kn)) = n − 1. For even n, χ(L(Kn)) = n − 1, see [27].
Therefore, for even n we have

χ(L(Kn)) = ω(L(Kn)) =⇒ χk(L(Kn)) = kχ(L(Kn)) = k(n− 1),

where the implication follows from (2.4). For odd n, χ(L(Kn)) = n, see [301]. By
(2.4), the proposition follows.

Note that in the proof of the previous proposition we could also exploit the fol-
lowing well-known result: α(K(n, 2)) = n− 1.

2.8.1 Hamming graphs
In this section we present results for the (multi)chromatic number of Hamming graphs
(Definition 2.3). We also provide sufficient and necessary conditions for the Hamming
graph to be perfect.

In the Hamming graph H(n, q, F ), the vertex set is the set of n-tuples of letters
from an alphabet of size q, and vertices u and v are adjacent if their Hamming distance
satisfies d(u, v) ∈ F . Note that |V (H(n, q, F ))| = qn. By slight abuse of notation,
we will use the terms vectors and vertices interchangeably, as they permit a one-to-
one correspondence in Hamming graphs. Many authors refer to H(n, q, {1}) as the
Hamming graph. The graph Qn := H(n, 2, {1}) is also known as the binary Hamming
graph or hypercube graph.

We first list several known results for H(n, q, {1}). Graph H(n, q, {1}) equals
the Cartesian product of n copies of Kq. Thus H(n, q, {1}) = □nKq, see Defini-
tion 2.1. Furthermore, it holds χ(G1□G2) = max{χ(G1), χ(G2)}, see [267]. There-
fore, the chromatic number χ(H(n, q, {1})) = q. To derive the independence number
of H(n, q, {1}), we proceed as follows. Let S ⊂ V be a stable set of H(n, q, {1}).
Then min

u,v∈S, u ̸=v
d(u, v) ≥ 2. From coding theory, the Singleton bound [279] is an up-

per bound on the maximum number of codes of length n, using an alphabet of size q,
such that a Hamming distance between any two codes is at least two. In particular,
from the Singleton bound we have α(H(n, q, {1})) ≤ qn−1.

To show that α(H(n, q, {1})) ≥ qn−1, we construct a stable set in the Hamming
graph of size qn−1, by a construction employed in [279]. Consider all the vectors in
(Z/qZ)n for which the coordinates sum to some x ∈ Z/qZ. By symmetry, there exist
qn−1 vectors satisfying this condition. Note that any two different vectors satisfying
this condition must differ in at least two positions, which implies they are not adjacent.
Thus, α(H(n, q, {1})) ≥ qn−1 and combined with the Singleton bound, this gives
α(H(n, q, {1})) = qn−1.

To the best of our knowledge, the following results are not known in the literature.

Lemma 2.41. For k ≤ qn, χk(H(n, q, {1})) = kq.

Proof. Let us denote H = H(n, q, {1}). Consider the vectors in H for which the first
entry ranges from 0 up to and including q − 1, while the other entries equal 0. This
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gives a clique of size q and since ω(H) ≤ χ(H) = q, we have ω(H) = q. From (2.4),
it follows the result.

The proof of Lemma 2.41 relies on the fact that ω(H) = χ(H), or equivalently,
that H(n, q, {1}) is a weakly perfect graph. In general, for any weakly perfect graph
G

ω(G) = χ(G) =⇒ χk(G) = kχ(G). (2.77)

This gives rise to the question for which values of q and n the graph H(n, q, {1})
is perfect. The strong perfect graph theorem [57] states that a graph is perfect if and
only if it does not contain C2n+1 or C2n+1 as induced subgraphs, for all n > 1.

Proposition 2.42. The Hamming graph H(n, q, {1}) is a perfect graph if and only
if n ≤ 2 or q ≤ 2.

Proof. Denote H(n, q) = H(n, q, {1}). Graph H(1, q) is Kq, which is clearly a perfect
graph. Graph H(2, q) is a lattice graph, or Rook’s graph, which is also a perfect
graph. Graph H(n, 1) is a single vertex and thus also perfect. Lastly, graph H(n, 2)
is bipartite and thus perfect. For q ≥ 3, the following vectors from H(3, q) form C7:00

0

 ,
10
0

 ,
11
0

 ,
11
1

 ,
21
1

 ,
20
1

 ,
00
1

 . (2.78)

Then by the strong perfect graph theorem, H(3, q) is not perfect. An odd cycle in
H(n, q) for general n, q ≥ 3, is obtained by simply adjoining zeros to the vectors in
(2.78) such that they become n-dimensional.

As H(n, q, {f}) is edgeless for f > n, we consider the extremal case H(n, q, {n})
for n > 1. Note that H(1, q, {1}) = Kq. Graph H(n, q, {n}) can be described by
use of the tensor product of graphs (see Definition 2.1). In particular, we have that
H(n, q, {n}) = ⊗nKq.

Since all the edges of G1⊗G2 also appear in G1 ◦G2, it follows that χ(G1⊗G2) ≤
χ(G1 ◦G2). Moreover, by [137], we have

χ(G1 ⊗G2) ≤ min{χ(G1), χ(G2)}. (2.79)

Hedetniemi’s conjecture [137] states that (2.79) holds with equality. The conjecture
was recently disproved by Shitov [275]. Inequality (2.79) implies that χ(⊗nKq) ≤ q.

The vectors i · 1 for 0 ≤ i ≤ q − 1 form a clique of size q in graph H(n, q, {n}).
Thus q ≤ ω(H(n, q, {n})). Now, from this inequality and χ(⊗nKq) ≤ q it follows
that χ(H(n, q, {n})) = q. Using (2.4) or (2.77), we find χk(H(n, q, {n})) = kq.
The coloring of these tensor products of graphs has been previously considered by
Greenwell and Lovász [122], where they also proved this result.

Let us now define f+ := {i ∈ N : f ≤ i} . The Hamming graph H(n, q, f+) has
been studied by El Rouayheb et al. [82] among others. They show that, under some
condition on the parameters n, q and f , χ(H(n, q, f+)) = qn−f+1. We extend this
result to multicoloring in the following proposition.
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Proposition 2.43. For q ≥ n−f+2 and 1 ≤ f ≤ n, we have that χk(H(n, q, f+)) =
kqn−f+1.

Proof. For parameters n, q and f satisfying the conditions of the proposition, it is
known (cf. [94]) that α(H(n, q, f+)) = qf−1. By (2.4) and (2.74), the proposition
follows.

Binary Hamming graphs H(n, 2, {f}), f ≤ n form another interesting case. Recall
that the Hamming weight of a vector is its Hamming distance to the zero vector, and
that the Hamming graphs are vertex-transitive.

Theorem 2.44. For all n ∈ N, f odd and f ≤ n, χk(H(n, 2, {f})) = 2k.

Proof. Let n, f ∈ N, f odd and f ≤ n. Consider the zero vector in H(n, 2, {f}).
Note that every vector adjacent (orthogonal) to the zero vector has an odd Hamming
weight. By vertex transitivity, all vectors of even Hamming weight only have vectors
of odd Hamming weight as neighbors. Similarly, vectors of odd Hamming weight
only have vectors of even Hamming weight as neighbors. Graph H(n, 2, {f}) is thus
bipartite, which, combined with (2.4), proves the theorem.

We can use Theorem 2.44 to compute the multichromatic number of certain or-
thogonality graphs, defined in Section 2.7.

Corollary 2.45. Let Ω4n+2 (n ∈ N) be the orthogonality graph. Then,

χk(Ω4n+2) = 2k.

Proof. Graph Ω4n+2 is isomorphic to H(4n+ 2, 2, {2n+ 1}). This corollary is thus a
special case of Theorem 2.44.

2.9 Conclusions

In this chapter, we study the generalized ϑ-number for highly symmetric graphs and
beyond. The parameter ϑk(G) generalizes the concept of the famous ϑ-number that
was introduced by Lovász [204]. Since ϑk(G) is sandwiched between αk(G) and χk(G),
it serves as a bound for both graph parameters.

Several results in this chapter are not restricted to highly symmetric graphs. In
particular, the results in Sections 2.2 to 2.4. In Section 2.2 we present in an elegant way
a known result that ϑk(G) is a lower bound on χk(G). Another lower bound on χk(G)
is kϑ(G), see (2.8). The inequality (2.8) is rather counter-intuitive since it is more
difficult to compute ϑk(G) than ϑ(G), while kϑ(G) provides a better bound on the kth
chromatic number. However, the generalized ϑ-number can also be used to compute
lower bounds for the (classical) chromatic number of a graph, see Section 2.5.2.

In Section 2.3 we show that the sequence (ϑk(G))k is increasing and bounded
above by the order of G (Proposition 2.8 and Theorem 2.10), and that the increments
of the sequence can be arbitrarily small (Theorem 2.11). Section 2.4 provides bounds
for ϑk(G) where G is the strong graph product of two graphs (Theorem 2.13) and the
disjunction product of two graphs (Theorem 2.14).
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Sections 2.5 to 2.7 consider highly symmetric graphs. We derive closed form
expressions for the generalized ϑ-number on cycles (Theorem 2.17), Johnson (The-
orem 2.22), Kneser (Corollary 2.24), and strongly regular graphs (Theorem 2.29),
among other results. It is known that ϑ(Kk□G) and ϑk(G) provide upper bounds on
αk(G). However, it is more computationally demanding to compute ϑ(Kk□G) than
ϑk(G). We show that for graphs that are both edge-transitive and vertex-transitive
it suffices to solve ϑk(G), see Theorem 2.28. However, the gap between ϑk(G) and
ϑ(Kk□G) can be arbitrarily large (Proposition 2.27). We also prove that ϑ′(Kk□G)
equals ϑ′k(G) for any (non-trivial) strongly regular graphG and k < n(r+1)/(r+n−d),
see Theorem 2.32. Section 2.7 presents results for ϑk(G) and χk(G) on orthogonality
graphs.

Bounds on the kth chromatic number of various graphs are given in Section 2.8.
In particular, bounds on the product and sum of χk(G) and χk(G) are presented
in Theorem 2.33. Lemma 2.41, Proposition 2.43, and Theorem 2.44 provide the
multichromatic number for several Hamming graphs, while Proposition 2.40 provides
bounds for the multichromatic number on triangular graphs.

We list two open problems. The first one is to prove Conjecture 2.25 for any graph.
Recall that we prove Conjecture 2.25 only for symmetric graphs, see Theorem 2.28.
It would be interesting to prove the conjecture by Godsil, Newman and Frankl (2.68)
for the first open case Ω40. The second open problem is to generalize the well-known
inequality ϑ(G)ϑ(G) ≥ |V |, see [204], for ϑk(G), k ≥ 2.



3 Cuts and semidefinite liftings for
the complex cut polytope

The max-cut problem on a graph is to find a partition of its vertices in two disjoint
subsets, that maximizes the number of edges that cross the partition (see also Sec-
tion 1.3.2). The max-cut problem finds applications in VLSI design and physics [26],
data science [75], and is NP-hard. The convex hull of the rank 1 matrices represent-
ing all partitions is known as the cut polytope. This polytope admits an exponential
number (in n) of extreme points, and it cannot be efficiently described, in contrast to
its positive semidefinite (PSD) approximation, the elliptope [186].

We consider here complex generalizations of the cut polytope and elliptope, namely
the complex cut polytope, denoted CUTn

m, and the complex elliptope, denoted En
m.

For fixed integers m and n, CUTn
m is defined as the convex hull of Hermitian rank

1 matrices xxH, where the elements of the vectors x ∈ Cn are mth unit roots. For
m = 2, CUTn

m corresponds to the cut polytope. The set CUTn
m finds applications in

the multiple-input multiple-output detection problem (MIMO) [151, 208, 226, 317],
angular synchronization [24], phase retrieval [303], radar signal processing [209, 287],
and for m = 3, it can be used to model the max-3-cut problem [118]. For finite m ≥ 3,
algorithms for optimization over CUTn

m are proposed in [207, 209], and approximation
ratios are studied in [286, 316].

In this chapter, we derive novel cuts in the complex plane that separate En
m from

CUTn
m. In particular, we derive all facets of CUT3

3 to obtain an exact description.
We define a function str, that provides the approximation ratio of maximization over
En
m and maximization over CUTn

m, for given problem instances. This function is used
for numerically evaluating the effect of adding valid cutting planes to En

m. We prove
that the cuts introduced here are invariant under rotations and taking the complex
conjugate. We also investigate the effect of adding cuts to En

m for various optimization
problems.

Optimization over En
m can be done in polynomial time (for fixed precision), by

solving a complex semidefinite program (CSDP). CSDPs have recently received much
attention in the literature [154, 213, 304, 305, 306, 319]. CSDPs with matrix variables
of order n are solved by SDP solvers as real SDPs with matrix variables of order 2n.
In [76, Corollary 2.5.2] and [306], conditions are provided under which this doubling of
the size can be avoided. In this chapter, we extend these conditions. Specifically, we
show that CSDPs can be reformulated as real SDPs of same size, when the objective
function contains only real coefficients. In particular, we show that the facet defining

56
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inequalities of En
m can be equivalently reformulated to real facet defining inequalities.

The set CUTn
∞ is studied in [150]. The first semidefinite lifting of CUTn

∞, denoted
En
∞, is also known as the set of correlation matrices [126, 194]. Here, we extend the

results of [150]. In particular, we consider second semidefinite Lasserre-type liftings
of CUTn

∞. Such liftings are defined in terms of moment matrices, and we study
second liftings with smaller moment matrices than those proposed in the literature
[150, 154]. Despite this decrease in size, we show that here considered liftings are
equivalent to those proposed in the literature. Moreover, for n = 4 (the smallest n for
which CUTn

∞ ⊊ En), we prove that the second semidefinite lifting of CUTn
∞ excludes

all rank 2 extreme points present in E4
∞, and that matrices in this set satisfy a certain

valid cut for CUT4
∞.

We also show, via a constructive proof, that En
m contains rank 2 extreme points for

all integer n,m ≥ 3. This shows the strict inclusion of CUTn
m in En

m for these values
of n and m. For n = 3, we provide necessary and sufficient conditions for matrices to
be rank 2 extreme points of E3

m.

This chapter is organized as follows. Section 3.1 provides preliminaries. Sec-
tion 3.2, introduces a framework for finding valid inequalities for CUTn

m and provide
some valid cuts. In Section 3.3, we provide an exact description of CUT3

3, and use
the derived facets of CUT3

3 to strengthen En
3 for general n ≥ 3. In Section 3.4 we

provide an efficient reformulation of CSDPs whose convex feasible sets are closed un-
der complex conjugation. In Section 3.5 we investigate the sets CUTn

∞ and second
semidefinite liftings of CUTn

∞. In Section 3.6, we study rank 2 extreme points of En
m

for integer m > 2. In Section 3.7, we numerically investigate the effect of adding cuts
to En

m for various optimization problems from the literature. Lastly, in Section 3.8 we
draw conclusions, and propose future research directions.

3.1 Preliminaries

We restate the definitions from Section 1.3.2.1. We define, for fixed integer m ≥ 2,
the set

Um :=

{
eθi : θ =

2πk

m
, k ∈ [m]

}
⊆ C, (3.1)

where i :=
√
−1 denotes the imaginary unit. Note that Um is the set of the complex

mth roots of unity. We define Un
m as the set containing mn vectors of length n, in

which each entry is restricted to be an element of Um.
In this chapter, we consider a generalization of the well-known cut polytope [74],

which we refer to as the complex cut polytope. For integers n,m ≥ 2, the complex cut
polytope is defined as

CUTn
m := Conv

{
xxH : x ∈ Un

m

}
, (3.2)

where (·)H is the Hermitian transpose, also known as conjugate transpose. As U2 =
{±1}, the set CUTn

2 coincides with the well-known cut polytope, which is a feasible
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set for the max-cut problem [117, 186]. Optimization problems over CUTn
m, m ≥ 2,

are NP-hard, as they include the NP-hard max-cut problem.
A matrix X ∈ Cn×n is said to be Hermitian if XH = X. Let Hn ⊆ Cn×n be the

set of n × n Hermitian matrices. For X ∈ Hn, if vHXv ≥ 0 for all v ∈ Cn, we say
that X is (Hermitian) PSD. Let Hn

+ be the set of n×n Hermitian PSD matrices. We
define the complex elliptope as follows:

En
m :=

{
X ∈ Hn

+ : diag(X) = 1, Xij ∈ Conv(Um) ∀i, j ∈ [n]
}
. (3.3)

Note that for m = 2, the constraints Xij ∈ Conv(U2) = [−1, 1] are redundant, as they
are implied by X ⪰ 0 and diag(X) = 1. Thus, the complex elliptope En

2 corresponds
to the elliptope that is defined by Laurent and Poljak [186]. For m = 3, the complex
elliptope En

m corresponds to the feasible set of the CSDP relaxation for the max-3-cut
problem by Goemans and Williamson [118]. It is clear that CUTn

m ⊆ En
m.

Here, we derive strong approximations of CUTn
m by using CSDP. Besides con-

sidering second semidefinite liftings, we also derive cuts in the complex plane that
separate En

m from CUTn
m. Cuts in the complex plane have recently been studied by

Jarre et al. [150], for the set CUTn
∞, defined as

CUTn
∞ := Conv

{
xxH : x ∈ Cn, |xi| = 1 ∀i ∈ [n]

}
, (3.4)

where | · | denotes the absolute value of a complex number. That is, for z ∈ C, |z| :=√
zz, where z is the complex conjugate of z. We also define U∞ := {exp (θi) : θ ∈ R},

for exp (·) the exponential function, as a natural extension of (3.1), and the complex
elliptope

En
∞ :=

{
X ∈ Hn

+ : diag(X) = 1n

}
.

Note that for X ∈ En
∞, we have Xij ∈ Conv(U∞) = {x ∈ C : |x| ≤ 1}. The complex

elliptope En
∞ can be considered as the first semidefinite lifting of CUTn

∞. Addition-
ally, one can define a second semidefinite lifting of CUTn

∞, following [175], and also
proposed by Jarre et al. [150] for n = 4.

For any z ∈ C, Re(z) ∈ R and Im(z) ∈ R denote the real and imaginary part of
z, respectively. Additionally, by slight abuse of notation, for sets U ⊆ Cn, we define
Re(U) := {Re(u) : u ∈ U} ⊆ Rn. The boundary of a set U is denoted by ∂U .

Remark 3.1. The set CUTn
m can be equivalently stated as

CUTn
m = Conv

{
zzH : z =

[
1
x

]
, x ∈ Un−1

m

}
. (3.5)

Indeed, we may write any x ∈ Un
m as x =

[
x1 y⊤

]⊤ ∈ Un
m for some x ∈ Um and

y ∈ Un−1
m . Define z := x1x =

[
1 x1y

⊤]⊤ and note that z ∈ Un
m, and zzH =

(x1x)(x1x)
H = |x1|2xxH = xxH. The set CUTn

∞ can also be rewritten in a manner
similar to (3.5). △
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3.1.1 Basic CSDP relaxations

In this section, we present the basic semidefinite program whose feasible set is the
complex elliptope En

m for integer m ≥ 2, see (3.3). The basic SDP relaxation for
m = 2 was introduced by Goemans and Williamson [117], for m = 3 by Goemans and
Williamson [118], and for general m ≥ 3 by Lu et al. [207]. In the sections that follow,
we will derive cuts that strengthen the basic SDP. Let n,m ≥ 2 and C ∈ Hn. From
the definitions of CUTn

m and En
m, we have that maxx∈Un

m
xHCx = maxX∈CUTn

m
⟨C,X⟩,

and that this value upper bounded by

max
X∈En

m

⟨C,X⟩. (CSDP-P)

The program CSDP-P (for complex semidefinite program in primal form) can be
solved in polynomial time up to desired accuracy by the interior-point method. Note
that CSDP-P is strictly feasible since En

m contains positive definite matrices, e.g., the
identity.

For X ∈ En
m, we require that Xij ∈ Conv(Um), see (3.1). One way to enforce this

is to set

Xij =

m∑
k=1

λke
θki, with

m∑
k=1

λk = 1, λ ≥ 0, λ ∈ Rm and θk =
2πk

m
,

i.e., exp (θki) ∈ Um. Alternatively, Xij can be restricted to lie in the intersection
of certain half-spaces. This perspective follows from the well-known fact that C is
isomorphic to R2 via the bijective mapping

g : R2 → C, g(a) = a1 + a2i,

and that, for a, b ∈ R2, a⊤b = Re(g(a)g(b)). Now, it is easy to see that the set
Conv(Um) is given by anm-sided regular convex polygon in C. For the edge connecting
exp (θki) and exp (θk−1i), its normal vector (complex number) is given by νk :=
exp [(θk + θk−1)i/2] = exp [(2k − 1)πi/m] for k ∈ [m]. Thus,

Xij ∈ Conv(Um) ⇐⇒ Re(νkXij) ≤ cos
( π
m

)
∀k ∈ [m], (3.6)

see also [207].

Remark 3.2. The set Conv(Um) is the regular m-sided polygon in C, and as (3.6)
shows, this set can be described by its m facets. A more efficient encoding can be
derived by viewing Conv(Um) as the projection of a higher dimensional polytope with
possibly fewer facets. The earliest result in this direction is due to Ben-Tal and
Nemirovski [28]. They showed that, for m a power of two, Conv(Um) is equivalent to
the projection of a polytope with O(logm) number of facets. Later results extended
this to general m [89, Thm. 2], and projections of higher dimensional spectrahedra
[86, 87]. Since m is small in our numerical experiments, we do not use such liftings
of the regular polygon in our CSDP relaxations. △
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To state (3.6) in terms of matrix inner products, we define, for k ∈ [m], i, j ∈ [n],
i < j the Hermitian matrices

W k
ij :=

1

2
(νkEij + νkEji) .

Here, Eij is the matrix that is zero everywhere, except for entry (i, j), which has
value 1. Matrix Eji is defined similarly. It follows that Re(νkXij) = ⟨W k

ij , X⟩. Now,
from SDP duality theory, it follows that the corresponding dual problem of CSDP-P
is given by

min 1⊤µ+ cos
( π
m

) ∑
ij∈[n]2,i<j,k∈[m]

ωk
ij

s.t. Diag(µ) +
∑

ij∈[n]2,i<j,k∈[m]

ωk
ijW

k
ij − C ⪰ 0

µ ∈ Rn, ωij = (ω1
ij , . . . , ω

m
ij )

⊤ ∈ Rm
+ , ∀i, j ∈ [n], i < j.

(CSDP-D)

One can strengthen CSDP-P and CSDP-D (D for dual) via the moment and sum of
squares hierarchies by Lasserre [175]. We consider this in more detail in Section 3.5,
where we consider a second semidefinite lifting of CUT4

∞. In Section 3.2 we strengthen
CSDP-P by adding valid cuts to En

m, which can be considered as the first semidefinite
lifting of CUTn

m.

3.2 Framework for finding valid inequalities for
CUTn

m

In this section we introduce a general framework to derive valid inequalities for CUTn
m,

see (3.2). These inequalities can be then used to strengthen CSDP-P. We show that
these inequalities can be classified in equivalence classes, which we derive from the
group structure of CUTn

m.
Similar to the classical result by Rockafellar [265, Thm. 18.8], stating that any

real closed convex set is the intersection of all its half-spaces containing it, the set
CUTn

m has an equivalent description as follows.

Proposition 3.3.

CUTn
m =

{
X ∈ Hn : ⟨Q,X⟩ ≤ max

x∈Un
m

xHQx, ∀Q ∈ Hn

}
. (3.7)

The proof of Proposition 3.3 is similar to the proof of Rockafellar [265, Thm. 18.8]
and therefore omitted. Observe that, since Q is Hermitian, the values ⟨Q,X⟩ and
maxx∈Un

m
xHQx are real. Therefore, the inequalities in (3.7) are well-defined.

Let us exploit the formulation of CUTn
m given by (3.7) for deriving cuts that can

be added to CSDP-P in order to improve that relaxation. We define the function
str : Hn \ {0} × N → [1,∞) (str for strength), as follows:

str(Q,m) :=
maxX∈En

m
⟨Q,X⟩

maxX∈CUTn
m
⟨Q,X⟩

. (3.8)
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We assume w.l.o.g. that both the numerator and denominator in fraction (3.8) are
strictly positive. This is the case for all here considered matrices Q. Clearly, for a
matrix Q for which maxX∈CUTn

m
⟨Q,X⟩ ≤ 0, one can appropriately adjust its diagonal.

Observe that str returns the approximation ratio of maximization over En
m and

maximization over CUTn
m, for a specific problem instance given by Q (see also [186,

Section 4]). Since maxX∈En
m
⟨Q,X⟩ is an upper bound on maxX∈CUTn

m
⟨Q,X⟩ (both

these values are assumed to be strictly positive), we have that str(Q,m) ≥ 1. To
improve the quality of this upper bound, one can find valid inequalities for CUTn

m,
that are violated by argmaxX∈En

m
⟨Q,X⟩. Thus, if str(Q,m) > 1, then by adding the

cut

⟨Q,X⟩ ≤ max
X∈CUTn

m

⟨Q,X⟩, (3.9)

to CSDP-P one may strengthen that relaxation. Note that it is, in general, NP-
hard to compute str(Q,m). However, for some Q we can find optimal solutions of
both maximization problems in (3.8) analytically, and thus evaluate str(Q,m), see
Section 3.2.3.

Remark 3.4. For any c ∈ Rn
+, 1 ≤ str(Q + Diag(c),m) ≤ str(Q,m). In order to

fairly compare cuts, we consider matrices Q that satisfy ⟨Q, I⟩ = 0. △

3.2.1 Symmetries of CUTn
m

In this section, we formally specify symmetries of the set CUTn
m, for finite m, that

follow from the underlying group structure of Um. These symmetries will be exploited
later in Sections 3.2.2 and 3.3.

As starting point, consider the set Um defined in (3.1). With the usual multipli-
cation of complex numbers, Um forms a cyclic group of order m with identity element
1. The set Un

m with the Hadamard product forms a finite abelian group, with identity
element 1n. Indeed, if x ∈ Un

m, its inverse element is given by x, since x⊙ x = 1n.
We define, for α ∈ Un

m, the linear group action of fα : Hn → Hn as fα(Z) =
(ααH) ⊙ Z = Diag(α)Z Diag(α). To see that fα defines a group action, let Z ∈ Hn

and note that f1n
(Z) = Jn ⊙ Z = Z, and

fα(fβ(Z)) =
(
ααH

)
⊙
(
ββH

)
⊙ Z = (α⊙ β) (α⊙ β)

H ⊙ Z = fα⊙β(Z). (3.10)

Since fα defines a group action, fα is also invertible, with inverse f−1
α = fα, which

follows from (3.10) by taking β = α. That is, fα(fα(Z)) = fα⊙α(Z) = f1n(Z) = Z.
Note that for Z,Z ′ ∈ Hn, we have

⟨fα(Z), fα(Z ′)⟩ = ⟨Z,Z ′⟩. (3.11)

Informally, function fα can be considered as acting on Hn by applying some rotation to
the elements of its input matrix. The number of such rotations is equal to the number
of different functions fα. This number is given by mn−1, and not by |Un

m| = mn,
because fα = fxα for any x ∈ Um and α ∈ Un

m. Therefore, in the context of fα, one
element of α can be assumed fixed, say α1 = 1.
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The sets CUTn
m and En

m are closed under the group action fα. To see this for
CUTn

m, note that fα(xxH) ∈ CUTn
m for x ∈ Un

m. Therefore, the action fα on a
convex combination of rank one matrices in CUTn

m returns a convex combination
of (possibly different) rank one matrices in CUTn

m. To see that En
m is also closed

under fα, note that the Hadamard product of PSD matrices is again PSD, due to
the well-known Schur product theorem. Moreover, the elements of fα(X), X ∈ En

m,
are contained in Conv(Um), since Conv(Um) itself is also closed under the Hadamard
product. Specifically, (fα(X))ij = Xijαiαj ∈ Conv(Um).

The sets CUTn
m admit two additional symmetries. These symmetries are induced

permutation of rows and columns, and by complex conjugation. For the permutation
symmetry, we define, for any X ∈ Hn and permutation σ : [n] → [n], the matrix

Xσ =
(
Xσ(i),σ(j)

)
i,j∈[n]

, for a permutation σ : [n] → [n], and X ∈ Hn. (3.12)

Note that Xσ is the matrix obtained after permuting the rows and columns of X
according to σ. We have that X ∈ CUTn

m if and only if Xσ ∈ CUTn
m for any

permutation σ.
For complex conjugation, we have that X ∈ CUTn

m if and only if X ∈ CUTn
m.

More generally, X → X defines a reflection symmetry of CUTn
m. Complex conjugation

also defines one of the reflection symmetries of Um. In Appendix A.5 on Page 200,
we show that all reflection symmetries σ of Um can be extended to CUTn

m, but that
σ(X) = X for all reflections σ and X ∈ CUTn

m. Stated differently, any reflection
symmetry of Um, reduces to complex conjugation when extended to CUTn

m.

Remark 3.5. We have not explicitly covered the symmetries of CUTn
∞, see (3.4).

However, the group structures of U∞ and Un
∞ are similar to those of Um and Un

m for
m finite, and therefore do not warrant special consideration. In particular, Un

∞ with
the Hadamard product is abelian like Un

m, although its order is infinite, in contrast
to Un

m. Also the group action fα for α ∈ Un
∞ is defined similarly as fα for α ∈ Un

m,
and there is an infinite number of such group actions.

In addition, CUTn
∞ is also closed under complex conjugation and permutation of

rows and columns. △

3.2.2 Classes of valid inequalities

We show here that the strength of a valid inequality, generated by Q ∈ Hn, is invariant
under rotation of elements in Q, i.e., fα(Q), and taking the complex conjugate of Q.
Thus, each Q in (3.9) induces a class of valid inequalities.

Consider, for CUTn
2 , the triangle inequalities [180], given by

c1Xij + c2Xik + c3Xjk ≥ −1, c ∈ {±1}3, c1c2c3 = 1. (3.13)

There are four ways to choose the vector c, and we say that triangle inequalities
induced by different c are equivalent under rotation of coefficients (ROC equivalent).
We generalize the notion of ROC equivalence to CUTn

m, m ≥ 2, see also [150], by
using the symmetries of CUTn

m, as outlined in Section 3.2.1.
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Lemma 3.6. Let m,n ≥ 2 be integer numbers, Q ∈ Hn, and α ∈ Un
m. Then

str(Q,m) = str
(
(ααH)⊙Q,m

)
,

see (3.8). We say that the cuts induced by Q and (ααH)⊙Q are ROC equivalent.

Proof. It follows from (3.11) that

max
X∈CUTn

m

⟨Q,X⟩ = max
X∈CUTn

m

⟨fα(Q), fα(X)⟩ = max
X∈CUTn

m

⟨fα(Q), X⟩, (3.14)

where the last inequality is due to the fact that CUTn
m is closed under the action

of fα. Likewise, En
m is also closed under the action of fα, as shown in Section 3.2.1.

Therefore, (3.14) also holds when replacing CUTn
m by En

m. Thus, by definition of the
function str, see (3.8), the lemma follows.

We provide an explicit example of such an ROC transformation. Let Q and X be
Hermitian matrices of order n, with diag(Q) = 0. Then,

⟨Q,X⟩ = 2
∑

ij∈[n]2,i<j

Re
(
QijXij

)
. (3.15)

Using ((ααH) ⊙ Q)ij = Qijαiαj for α ∈ Un
m, it is easy to see how the Hadamard

product transforms (3.15). However, we simplify notation by considering the vector
[α0, α1, . . . , αn−1]

⊤∈ Un
m, and β = α0[1, α1, . . . , αn−1]

⊤ ∈ Un
m. Note that the first

column of ββH is given by
[
1 α1 . . . αn−1

]⊤, so that

1

2

〈
(ββH)⊙Q,X

〉
= Re

 n∑
j=2

Q1jαj−1X1j +
∑

ij∈[n]2,1<i<j

Qijαi−1αj−1Xij

.(3.16)

We exploit the equality above to derive the ROC equivalent inequalities in the next
section. The following lemma shows that one can also consider the complex conjugate
of matrix Q, and Qσ as in (3.12), without changing the strength of the correspond-
ing valid inequality. This results in complex conjugate equivalent and permutation
equivalent inequalities respectively.

Lemma 3.7. Let m,n ≥ 2 be integers and Q ∈ Hn. For any permutation σ : [n] →
[n], and Qσ as in (3.12), we have that

str(Q,m) = str
(
Q,m

)
= str(Qσ,m). (3.17)

Proof. We prove only the first equality (3.17). The second equality in (3.17) can
be proven in a similar manner. For Z ∈ Hn, the complex conjugation function
Z → Z is conjugate-linear, invertible, and satisfies an equation similar to (3.11), i.e.,
⟨Z,Z ′⟩ = ⟨Z,Z ′⟩. Thus, (3.14) is also valid when fα is replaced with the complex
conjugation function. Hence, the same arguments that prove Lemma 3.6 also the first
equality in (3.17).
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We provide an example of inequalities that are equivalent under permutation sym-
metry of the corresponding matrix Q. Consider the inequalities on the right-hand side
of (3.6). In particular, for fixed k ∈ [m] and distinct i, j, t, ℓ ∈ [n], consider the two
inequalities

Re(νkXij) ≤ cos
( π
m

)
, Re(νkXtℓ) ≤ cos

( π
m

)
. (3.18)

The two inequalities in (3.18) are equivalent under the permutation symmetry. More-
over, there is no combination of rotation symmetries and complex conjugation that
transform the first inequality in (3.18) into the second.

Example 3.8 (max-3-cut). The max-3-cut problem is to partition the vertex set of a
graph into 3 disjoint subsets such that the total weight of edges joining different sets
is maximized. This problem can be modeled using CUTn

3 as noted by Goemans and
Williamson [118]. The same authors also derived a CSDP relaxation for the max-3-cut
problem whose feasible set is En

3 , see (3.3).
To model the max-3-cut problem on some graph G = (V,E), |V | = n, we may

associate to each vertex i ∈ V a variable xi ∈ U3, see (3.1). The objective value of any
variable assignment (i.e., cut) equals the number of edges {i, j} ∈ E for which xi ̸= xj .
Note that, if xi ̸= xj , then xixj ∈ U3 \ {1}. Since {Re(z) : z ∈ U3 \ {1}} = −1/2, we
have

2

3
Re(1− xixj) =

{
1, if xi ̸= xj

0, else.

Thus, for a graph G, the objective value of the cut induced by x ∈ Un
3 is given by

v(G, x) =
2

3

∑
{i,j}∈E

Re(1− xixj). (3.19)

For the complete graph of order 4, denoted by K4, it is not difficult to verify that
v(K4, x) ∈ {0, 3, 4, 5} for all x ∈ U4

3 . That is, any 3-cut of K4 cuts either 0, 3, 4 or 5
edges. By rewriting (3.19) for G = K4, we find that∑

i<j

Re(xixj) = 6− 3

2
v(K4, x) ∈

{
0,±3

2
, 6
}
.

Therefore, the inequality Re(Xij +Xik +Xiℓ +Xjk +Xjℓ +Xℓk) ≥ −3/2 is valid for
CUTn

3 , along with its ROC equivalent inequalities. We show in the next section that
this inequality is not implied by En

3 , by proving that the strength, see (3.8), of the
inequality is strictly greater than 1. △

3.2.3 Generalized complex triangle and quadrangle inequali-
ties

In this section, we first generalize the gap inequalities [187] from CUTn
2 to CUTn

m, with
m > 2 integer. Then, we derive some valid inequalities for CUTn

m for different values
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of m by exploiting (3.9), and compute their strength. In particular, we show that
the generalized complex triangle and complex quadrangle inequalities may strengthen
CUTn

m for finite m ≥ 2.
To derive the gap inequalities from [187], we set

γm(b) := min
x∈Un

m

|bHx| and σ(b) :=
∑
i∈[n]

bi, (3.20)

for b ∈ Cn, and B = bbH − Diag
(
|b1|2, . . . , |bn|2

)
. The gap inequality, corresponding

to some b ∈ Rn, is then defined as

⟨B,X⟩ ≥ 2
∑

1≤i<j≤n

bibj + γ2(b)
2 − σ(b)2 ∀X ∈ CUTn

2 . (3.21)

Note that Laurent and Poljak [187] define the gap inequality in terms of {0, 1} vari-
ables, rather than {±1}, which explains the discrepancy between (3.21) and the gap
inequality presented in [187]. We generalize (3.21) to C in the following lemma.

Lemma 3.9. Let b ∈ Cn, and set B = bbH − Diag
(
|b1|2, . . . , |bn|2

)
. Then, for γm

and σ as in (3.20), we have that

min
X∈CUTn

m

⟨B,X⟩ = 2Re

 ∑
1≤i<j≤n

bibj

+ γm(b)2 − σ(b)σ(b).

Proof. The result follows from the fact that

γm(b)2 = min
X∈CUTn

m

〈
bbH, X

〉
= min

X∈CUTn
m

⟨B,X⟩+ ∥b∥2,

and ∥b∥2 = σ(b)σ(b)− 2Re
(∑

1≤i<j≤n bibj

)
.

We now consider the gap inequalities corresponding to b = 13 and b = 14.

Proposition 3.10. Let m ≥ 2, n ∈ {3, 4}, Qn = In − Jn. We have that

max
X∈En

m

⟨Qn, X⟩ = n,

and

max
X∈CUTn

m

⟨Qn, X⟩

=


−4 cos

(
2⌊m/3⌉π

m

)
− 2 cos

(
4⌊m/3⌉π

m

)
if n = 3 and gcd(n,m) = 1,

−2− 8 cos
(

2⌊m/2⌋π
m

)
− 2 cos

(
4⌊m/2⌋π

m

)
if n = 4 and gcd(n,m) = 1,

n else.

(3.22)

Proof. For any Y ∈ En
m, the value ⟨Qn, Y ⟩ provides a lower bound on max

X∈En
m

⟨Qn, X⟩.

Specifically for Y = (nIn − Jn)/(n − 1), we have maxX∈En
m
⟨Qn, X⟩ ≥ ⟨Qn, Y ⟩ = n.
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Moreover, we have for all X ∈ En
m, ⟨Qn, X⟩ = ⟨In, X⟩ − ⟨Jn, X⟩ = n − ⟨Jn, X⟩ ≤ n,

since Jn and X are PSD. Thus maxX∈En
m
⟨Qn, X⟩ = n.

For optimization over CUTn
m, note that (−Qn) = 1n1

H
n − Diag(1n), and we may

apply Lemma 3.9, for b = 1n. Consequently, σ(1n) = n, and

max
X∈CUTn

m

⟨Qn, X⟩ = − min
X∈CUTn

m

⟨−Qn, X⟩

= n2 − 2

(
n

2

)
− γm(1n)

2 = n− γm(1n)
2.

(3.23)

It remains to determine γm(1n) = minx∈Un
m
|1Hx|. It is clear that when n = 3 and m

a multiple of 3, or n = 4 and m even, γm(1) = 0 (since then there exist n mth roots
of unity that sum to 0).

For n = 3 and m not a multiple of 3, geometric arguments from [230] show that
the optimal value is attained for x∗ = (1, z, z̄)⊤, where z = exp ( 2⌊m/3⌉π

m i). Then,

γm(13)
2 = |1H

3 x
∗|2 =

(
1 + 2 cos

(
2⌊m/3⌉π

m

))2

= 3 + 4 cos

(
2⌊m/3⌉π

m

)
+ 2 cos

(
4⌊m/3⌉π

m

)
,

(3.24)

and the result follows from substituting (3.24) in (3.23).
For n = 4 and m odd, similar geometric arguments from [230] show that the

minimizer of γm(14) is given by x∗ = (1, 1, z, z̄)⊤, where z = exp
(

2⌊m/2⌋π
m i

)
. Using

this to compute γm(14)
2, and substituting the result in (3.23) yields the proof.

The coefficients of the valid inequalities (3.22) can be multiplied by elements from
Un

m without altering their strength, see Lemma 3.6. Let us present these ROC equiv-
alent inequalities explicitly in the following corollary.

Corollary 3.11. Let m ≥ 2, n ∈ {3, 4}, Qn = In − Jn. For n = 3, the ROC
equivalent inequalities of the inequality induced by Proposition 3.10 read

−2 Re(α1X12 + α2X13 + α1α2X23) ≤ max
X∈CUT3

m

⟨Q3, X⟩, (3.25)

where α ∈ U2
m. For n = 4, we have the following ROC equivalent inequalities

− 2 Re(α1X12 + α2X13 + α3X14 + α1α2X23 + α1α3X24 + α2α3X34)

≤ max
X∈CUT4

m

⟨Q4, X⟩, (3.26)

where α ∈ U3
m. Lastly, str(Qn,m) > 1, see (3.8), if and only if gcd(n,m) = 1.

Proof. The inequalities (3.25) and (3.26) are obtained from (3.9) and (3.16) where
Q := In − Jn.

To show that str is strictly greater than 1 whenever gcd(n,m) = 1, we consider
again separate cases. Let first n = 3 and m ≡ 1 mod 3, which implies that ⌊m/3⌉ =
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(m−1)/3. Substituting this in (3.22) for n = 3, and using that cos (2z) = 2 cos2 (z)−1,
we find that

max
X∈CUT3

m

⟨Q3, X⟩ = 2− 4 cos (zm)− 4 cos2 (zm) := g(m), for zm :=
2(m− 1)π

3m

and m ≡ 1 mod 3. Observe that g(m) is a concave quadratic function in cos (zm)
that is maximized for

cos (zm) = −1

2
=⇒ zm =

2π

3
+ 2kπ ∨ zm =

4π

3
+ 2kπ, k ∈ Z.

The maximum of g(m) equals 3, which is not attained for any m ≥ 1, since

m ≥ 1 =⇒ 0 ≤ zm =
2(m− 1)π

3m
<

2π

3
.

Hence, the maximum value of 3 is not attained for finite m ≥ 1 in case m ≡ 1 mod 3.
Thus,

m ≡ 1 mod 3 =⇒ max
X∈CUT3

m

⟨Q3, X⟩ < 3 = max
X∈E3

m

⟨Q3, X⟩. (3.27)

The equality in (3.27) follows from Proposition 3.10. It follows from (3.27) that the
strength of the corresponding inequality is strictly greater than 1. The proof for other
values of n and m follows similarly.

Thus, the inequalities given by Corollary 3.11 separate En
m from CUTn

m only when
gcd(n,m) = 1. The strength of these inequalities is greater for smaller values of m,
as in the limit to infinity, the optimal value of the discrete programming problem in
Proposition 3.10 equals n. For numerical evaluation of the strength of these inequal-
ities, see Table 3.2 in Section 3.7.1. Note that the inequalities from Example 3.8 can
be also derived from Proposition 3.10 for n = 4 and m = 3.

Let us highlight Proposition 3.10 for the real case, i.e., for m = 2. Considering
n = 3, the expressions in Proposition 3.10 then provide

max
X∈CUT3

2

⟨Q3, X⟩ = 2,

and since U2 = {±1}, the inequalities (3.25) then reduce to the well-known triangle
inequalities (3.13) (after appropriate scaling). Hence, the inequalities (3.25) may be
considered as generalized complex triangle inequalities.

Similarly, the inequalities (3.26) for n = 4 can be considered as complex quadrangle
inequalities. For the real case, m = 2, we have that gcd(n,m) = gcd(4, 2) = 2 > 1.
Therefore, by Corollary 3.11, the strength of these inequalities equals 1 for m = 2.
Thus, the quadrangle inequalities are implied by E4

2 . This clarifies why in the real case,
the triangle, pentagonal, heptagonal (etc.) inequalities are well known, in contrast
to real quadrangle inequalities. Note that real triangle, pentagonal, heptagonal, etc.,
inequalities belong to the family of hypermetric inequalities that are considered as a
special case of the gap inequalities (3.21).
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The inequalities derived in Corollary 3.11 are valid for n ∈ {3, 4}, and therefore
can be applied to the principal submatrices of matrices in E ñ

m for ñ > 4. Thus, the
complex triangle and quadrangle inequalities apply to all n. We present this idea
more formally in the next section, see (3.36), and exploit it in Section 3.7.

In particular, the inequalities derived in Corollary 3.11 are also valid for n =
m = 3, but already satisfied by matrices in E3

3 (since their strength equals 1). This
contrasts the real case, as the inequality from Proposition 3.10 for n = 3 and m = 2 is
not satisfied by all matrices in E3

2 . In the next section, we determine all facet defining
inequalities of CUT3

3, and show that some of them are violated by matrices in E3
3 .

3.3 An exact description of CUT3
3

We study CUT3
3 by studying the set

V
(
CUT3

3

)
:=

x ∈ C3 :

 1 x1 x2
x1 1 x3
x2 x3 1

 ∈ CUT3
3

 . (3.28)

We define the sets V(CUTn
m), in the remainder of the chapter, analogously. It is clear

that there exists a bijection between the sets V
(
CUT3

3

)
and CUT3

3. Since V(CUT3
3) is

small, we can tractably compute its facets. We first require some intermediate results.

Proposition 3.12. The inequality

Re
(
ix1 + eπi/6x2 + ix3

)
≤

√
3

2
, (3.29)

is facet defining for V(CUT3
3). Additionally, the three linear inequalities that ensure

xi ∈ Conv(U3) for i ∈ [3], see (3.6), are also facet defining.

Proof. We consider V(CUT3
3) as a real space of dimension 6. Consider the six vectors

zθ := (eθ1i, eθ2i, e(θ2−θ1)i)⊤, where θ = (θ1, θ2) and

θ ∈
{
(0, 0) ,

(
2π

3
, 0

)
,

(
4π

3
, 0

)
,

(
0,

4π

3

)
,

(
4π

3
,
2π

3

)
,

(
4π

3
,
4π

3

)}
.

These six vectors satisfy the following properties: each zθ corresponds to the upper
triangular entries of

Zθ :=

 1
e−θ1i

e−θ2i

 1
e−θ1i

e−θ2i

H

∈ CUT3
3,

as in (3.28), and therefore, zθ ∈ V
(
CUT3

3

)
. Moreover, since Zθ is an extreme point of

CUT3
3, zθ is an extreme point of V

(
CUT3

3

)
. Additionally, all the six vectors zθ satisfy

(3.29) with equality.
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Let us now consider the six real vectors z̃θ :=
[
Re(zθ)

⊤ Im(zθ)
⊤]⊤ ∈ R6. It is

not difficult to verify that the z̃θ are affinely independent. This fact, together with
the fact that all extreme points of V(CUT3

3) satisfy the inequality (3.29), implies that
(3.29) is facet defining. The proof that xi ∈ Conv(U3) induces three facets follows
similarly.

Remark 3.13. Using similar arguments, one can also show that the cut from Propo-
sition 3.10, for n = 3 and m = 4, is facet defining for V(CUT3

4). △

We also compute the strength, see (3.8), of the inequality (3.29). To do so, note
that the unique Hermitian matrix corresponding to (3.29) is given by

Q :=
1

2

 0 i eπi/6

−i 0 i
e−πi/6 −i 0

 . (3.30)

That is, inequality (3.29) is equivalent to ⟨Q,X⟩ ≤
√
3/2 for X ∈ CUT3

3.

Lemma 3.14. For Q as in (3.30), we have that

str(Q, 3) =

√
3 cos

(
π
18

)
cos
(
π
9

) ≈ 1.81521.

Proof. See Page 204 in Appendix B.2.

Remark 3.15. Inequality (3.29) is not a gap inequality, see Lemma 3.9. Indeed,
(3.29) is a gap inequality if and only if its corresponding matrix Q, see (3.30), satisfies
Q = bbH −Diag

(
|b1|2, |b2|2, |b3|2

)
for some b ∈ C3. This equality implies that

b1b2 = b2b3 =
1

2
i and b1b3 =

1

2
eπi/6,

which is inconsistent: note that b1|b2|2b3 = (i/2)2 = −1/4, which implies that b1b3 ∈
R. This contradicts the fact that b1b3 = eπi/6/2 /∈ R. △

Lemma 3.16. The ROC equivalent inequalities (see Lemma 3.6) and the complex
conjugate equivalent inequalities (see Lemma 3.7) of facet defining inequalities of
V(CUTn

m), are again facet defining.

Proof. Let g(x) ≤ c, c ∈ R, be a facet defining inequality for V(CUTn
m) ⊆ C(

n
2). Then

there exist vectors yj ∈ V(CUTn
m), j ∈ [2

(
n
2

)
], that satisfy g(yj) = c and are affinely

independent over the reals. That is,[
1 1 · · · 1

y1 y2 · · · y2(
n
2)

]
v = 0, v ∈ R2n ⇐⇒ v = 0. (3.31)

Additionally, for each such yj , there exists a Y j ∈ CUTn
m such that the vector yj

corresponds to the upper triangular entries of Y j . Let us slightly abuse the notation of
(3.28), and write this relation as V(Y j) = yj , where the linear function V : CUTn

m →
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C(
n
2) returns the upper triangular entries of its input matrix. We can write g(x) ≤ c in

terms of matrices as ⟨G,X⟩ ≤ c for some G ∈ Hn, and X ∈ CUTn
m. By construction,

⟨G, Y j⟩ = c. (3.32)

Recall now the symmetries of CUTn
m (and therefore also V(CUTn

m)), as outlined in
Section 3.2.1. In particular, recall the group action fα(Z) = (ααH)⊙Z for some α ∈
Un

m. Denote by g̃(x) ≤ c the inequality that is ROC equivalent with g(x) ≤ c, follow-
ing a rotation with some α ∈ Un

m. This inequality may be written as ⟨fα(G), X⟩ ≤ c
for X ∈ CUTn

m. From (3.11) and (3.32), we have
〈
fα(G), fα

(
Y j
)〉

= c.
Therefore, the vectors ỹj := V

(
fα
(
Y j
))

∈ V(CUTn
m) satisfy g̃(ỹj) = c. Note that

ỹj = Diag(α1α2, α1α3, . . . , αn−1αn)y
j . (3.33)

Using (3.31) and (3.33), it follows that the vectors ỹj are also affinely independent,
since[

1 · · · 1

ỹ1 · · · ỹ2(
n
2)

]
v = Diag(1, α1α2, α1α3, . . . , αn−1αn)

[
1 · · · 1

y1 · · · y2(
n
2)

]
v = 0,

if and only if v = 0. Hence, the result follows. The proof for complex conjugate
equivalent inequalities is similar.

Let F denote the number of facets of V(CUT3
3). Note that the facet defining

inequality (3.29) has 9 ROC equivalent inequalities (counting itself), see (3.16), and
its complex conjugate equivalent inequality also has 9 ROC equivalent inequalities
(counting itself). Moreover, the three linear inequalities that ensure xi ∈ Conv(U3)
for i ∈ [3] are also facet defining (and ROC equivalent). Thus,

F ≥ 18 + 9 = 27. (3.34)

We are now ready to show that these 27 inequalities fully describe the set V
(
CUT3

3

)
.

Theorem 3.17. The set V(CUT3
3) admits the following linear description:

V
(
CUT3

3

)
=

{
x ∈ C3 :

x ∈ Conv
(

U3
3

)
, Re(ηx) ≤

√
3
2 ,Re(ηx) ≤

√
3
2 ,

η =
(
α1i, α2e

πi/6, α1α2i
)
, α ∈ U2

3 .

}
. (3.35)

Proof. The Upper-bound theorem for convex polytopes [223] states the following: for
any convex d-dimensional polytope P with v vertices, the number of j-dimensional
faces (see Definition B.3 on Page 205 in Appendix B.2) is upper bounded by some
explicit number fj(v, d). For our purposes, we consider V(CUT3

3) as 6-dimensional
real polytope. As its facets are 5-dimensional faces, the number of facets F satisfies
F ≤ f5(9, 6) = 30, see, e.g., [101, Sect. 1, Thm. 4]. Combined with (3.34), this implies
27 ≤ F ≤ 30. We prove now, by contradiction, that F = 27. Thus, assume that
27 < F ≤ 30. If that is the case, then there must exist some facet defining inequality
Re(β1x1+β2x2+β3x3) ≤ c, which is missing from the right hand side of (3.35). Note
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that the vector β ∈ C3 contains at least two nonzero entries: if β were to contain only
a single nonzero entry, the inequality concerns only a single variable, say x1. But the
restriction x1 ∈ Conv(U3) is already included in (3.35), and clearly cannot be made
tighter.

Thus, β contains two or three nonzero entries. Now there must exist at least 8
other ROC equivalent inequalities, that are also facet defining. This contradicts the
result F ≤ 30, which completes the proof.

On Page 201 in Appendix A.6, we verify Proposition 3.12 and Theorem 3.17 by
listing all 27 facet defining inequalities found using the SageMath software [295].

We refer to the inequalities in (3.35), induced by η, as the triangle facets (of
CUT3

3). One can strengthen the CSDP relaxation CSDP-P on Page 59 by adding the
triangle facets to the complex elliptope En

3 . Let us denote the resulting feasible set
by:

T(En
3 ) =

{
X ∈ En

3 : XJ ∈ CUT3
3, ∀J ⊆ [n], |J | = 3

}
. (3.36)

Here, XJ denotes the |J | × |J | principal submatrix of X, with rows and columns
indicated by J .

3.4 Efficiently reformulating a class of CSDPs

It is well known that the max-3-cut problem can be modeled using CUTn
3 , as demon-

strated in Example 3.8, and first shown by Goemans and Williamson [118]. To ap-
proximate the max-3-cut problem, one can solve a CSDP over En

3 . On the other hand,
Frieze and Jerrum [95] approximate the max-3-cut problem by a real SDP having ma-
trix variables of order n, that is equivalent to the CSDP over En

3 . Here we specify a
class of CSDPs that can be efficiently reformulated as real SDPs.

Modern SDP solvers solve CSDPs by representing n × n Hermitian matrices as
2n× 2n symmetric matrices, via

X ∈ Hn
+ ⇐⇒ X̃ =

[
Re(X) Im(X)
−Im(X) Re(X)

]
∈ S2n

+ , (3.37)

see also [114]. Consequently, CSDPs with matrix order n, require doubling the order
to 2n, and are therefore computationally more challenging to solve than real SDPs
with matrix order n.

Remark 3.18. To the best of our knowledge, the only SDP solvers that handle
CSDPs directly, rather than reformulating them to equivalent real SDPs, are SeDuMi
[289], SDOlab [113] and Hypatia [59]. Despite this theoretical advantage, we observed
that these solvers were still slower than MOSEK [228] for solving CSDPs. This was
also observed in [304]. △

Wang and Magron [306] introduce a real moment-Hermitian-SOS hierarchy for
complex polynomial optimization problems with real coefficients, without doubling
the order. Moreover, Wang and Magron show that their real hierarchy is equivalent to
the complex hierarchy from the literature. Here, we provide another class of problems
for which a CSDP can be equivalently formulated as a real SDP of the same size.
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Proposition 3.19. Let U ⊆ Hn
+ be a non-empty compact convex set, and W ∈ Sn.

Then

max
X∈U

⟨W,X⟩ = max
X∈Re(U)

⟨W,X⟩.

If in addition Re(U) ⊆ U , then argmaxX∈Re(U)⟨W,X⟩ ⊆ argmaxX∈U ⟨W,X⟩.

Proof. Since W is a real matrix, ⟨W,X⟩ = ⟨W,Re(X)⟩. Therefore, maxX∈U ⟨W,X⟩ =
maxX∈U ⟨W,Re(X)⟩ = maxX∈Re(U) ⟨W,X⟩. The inclusion argmaxX∈Re(U)⟨W,X⟩ ⊆
argmaxX∈U ⟨W,X⟩ follows trivially from Re(U) ⊆ U .

A sufficient condition for Re(U) ⊆ U to hold, is that U is closed under complex
conjugation and convex. Indeed, if U is closed under complex conjugation, then
X ∈ U ⇐⇒ X ∈ U , and by convexity of U , Re(X) = (X + X)/2 ∈ U . Note that
the sets En

m, see (3.3), are closed under complex conjugation and convex.

3.4.1 The case max-3-cut

We investigate the implications of Proposition 3.19, for the case that the underlying
(C)SDP corresponds to a max-3-cut relaxation, see Example 3.8.

Let us first formulate the max-3-cut problem as a real program. Without loss of
generality, we assume that the given graph is the complete graph on n vertices, with
edge weights wij ∈ R, i, j ∈ [n], i < j. Following [95], let a1, a2 and a3 be a set of
unit length vectors in R3 satisfying

(ai)⊤aj =

{
1, if i = j,

− 1
2 , else.

(3.38)

Frieze and Jerrum [95] model the max-3-cut problem as

max
y

2

3

∑
i<j

wij(1− y⊤i yj) s.t. yi ∈
{
a1, a2, a3

}
∀i ∈ [n].

We investigate the feasible set of this program in terms of matrices. This set is given
by

Re(CUTn
3 ) := {Re(Y ) : Y ∈ CUTn

3}
= Conv

{
Y ∈ Sn

+ : ∃y1, . . . , yn ∈
{
a1, a2, a3

}
s.t. Yij = y⊤i yj ∀i, j ∈ [n]

}
.

To understand the second equality above, note that the objective in the Frieze and
Jerrum model and (3.19) are similar. That is, Re(xixj) is equal to the right-hand
side of (3.38), for xi, xj ∈ U3.

As CUTn
3 satisfies the conditions for U in Proposition 3.19, we have, for W ∈ Sn,

max
X∈CUT3

n

⟨W,X⟩ = max
Y ∈Re(CUT3

n)
⟨W,Y ⟩.
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Thus, Re(CUTn
3 ) is strictly smaller than CUTn

3 , but attains the same maxima of real
linear forms, which we maximize for the max-3-cut problem. The same relation holds
for the sets

Re(En
3 ) := {Re(X) : X ∈ En

3 } =

{
X ∈ Sn

+ : diag(X) = 1n, Xij ≥ −1

2
, ∀i, j ∈ [n]

}
,

and En
3 , as it was already observed by Goemans and Williamson [118]. Note that

Re(En
3 ) corresponds to the feasible set of the max-3-cut SDP relaxation by Frieze and

Jerrum [95]. However, if the objective matrix W satisfies Im(W ) ̸= 0, then the CSDP
cannot be reformulated to a real SDP with same size.

Let us now study a relation between T(En
3 ), see (3.36), and

Re(T(En
3 )) := {Re(X) : X ∈ T(En

3 )} .

To do so, we determine the facets of Re
(
V(CUT3

3)
)

in the following lemma.

Lemma 3.20. The set Re
(
V(CUT3

3)
)

:=
{
Re(x) : x ∈ V(CUT3

3)
}
, see (3.35), is

given by

Re
(
V
(
CUT3

3

))
=

{
x ∈ R3 :

xi ≥ − 1
2 ∀i ∈ [3], x1 + x2 − x3 ≤ 1,

x1 − x2 + x3 ≤ 1, −x1 + x2 + x3 ≤ 1

}
. (3.39)

Proof. Starting from (3.35), we consider the following three vectors: η =
(
i, eπi/6, i

)
,

η1 =
(
e4πi/3i, eπi/6, e−4πi/3i

)
and η2 =

(
−e2πi/3i, e−πi/6,−e−2πi/3i

)
. Note that η1

can be obtained from η by performing a rotation of coefficients with (α1, α2) =
(exp (4πi/3), 1). Similarly, η2 can be obtained by taking η, and then performing
the rotation of coefficients with (α1, α2) = (exp (2πi/3), 1).

Thus Re(η1x) ≤
√
3/2, and Re(η2x) ≤

√
3/2 are both valid inequalities for

V(CUT3
3), see Section 3.2.2. Consequently, also the sum of these inequalities is valid

for V(CUT3
3). That is,

Re((η1 + η2)x) = Re
(√

3(x1 + x2 − x3)
)
≤

√
3 ⇐⇒ Re(x1 + x2 − x3) ≤ 1, (3.40)

which corresponds to one of the inequalities given in (3.39). Inequality (3.40) describes
a facet of Re

(
V(CUT3

3)
)
, since the vectors [1, 1, 1]⊤,

[
1,− 1

2 ,−
1
2

]⊤, and
[
− 1

2 , 1,−
1
2

]⊤
are affinely independent, contained in Re

(
V(CUT3

3)
)
, and satisfy (3.40) with equality.

The other inequalities in (3.39) can be found in a similar manner.
Lastly, it can be shown that (3.39) contains all facet defining inequalities via a

similar argument as the one used in the proof of Theorem 3.17 on Page 70.

The facets provided in Lemma 3.20 are also given in [55, Equation 1.3] (they are
stated in terms of {0, 1} variables rather than {− 1

2 , 1} as in (3.38)). However, our
derivation from complex space is new. Using facets from (3.39), one can optimize over
Re(T(En

3 )). Note also that T(En
3 ) satisfies the conditions for U in Proposition 3.19.

Hence, it is beneficial to optimize over Re(T(En
3 )) instead of T(En

3 ) if the matrix W
is real.
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Table 3.1 investigates the difference in solving times for optimization over the
feasible sets Re(T(En

3 )) and T(En
3 ). For various values of n, we generate uniformly at

random a real symmetric matrix C ∈ {−5,−4, . . . , 4, 5}n×n, and solve the problem
of maximizing ⟨C,X⟩ over X ∈ Re(T(En

3 )), and over X ∈ T(En
3 ). This maximization

is repeated 5 times per value of n, and the average running time of those 5 runs is
reported in Table 3.1. As solver, we used MOSEK [228]. Note that optimization
over Re(T(En

3 )) and T(En
3 ) returns the same objective value since C is real, see

Proposition 3.19. Table 3.1 clearly demonstrates that optimization over Re(T(En
3 )) is

more efficient compared to optimization over T(En
3 ). The first reason for this is that

solving real SDPs is computationally cheaper than solving CSDPs, see (3.37). The
other reason is that Re(T(En

3 )) contains less inequalities than T(En
3 ); compare (3.35)

with (3.39).
The CSDP reformulation approach by Wang and Magron [306] mentioned in Sec-

tion 3.4.1 does not apply to CSDPs over T(En
3 ), as the facets provided in (3.35) have

non-real coefficients. Our generalization, Proposition 3.19, shows that a real reformu-
lation of same size is possible when only the objective is real, and the feasible set is
closed under complex conjugation (as is the case for T(En

3 )).

n
Time (seconds)

T(En
3 ) Re(T(En

3 ))

20 0.22 0.03
30 0.80 0.10
40 3.02 0.33
50 6.98 0.84
60 15.22 1.83
70 33.17 3.67
80 59.34 6.73
90 114.07 12.73

100 199.72 22.74

Table 3.1: Comparison of solving times of optimization over T(En
3 ) and Re(T(En

3 )).

3.5 Second semidefinite lifting of CUTn
∞

In this section we study approximations of CUTn
∞, see (3.4). The approximation of

CUT4
∞ obtained from the second semidefinite lifting as proposed by Jarre et al. [150]

is denoted here by L(B2). The matrices in the set L(B2) are obtained as projections
of certain Hermitian PSD matrices of order seven. We propose an approximation of
CUT4

∞ denoted by L(B1), whose elements are the projections of certain Hermitian
PSD matrices of order six. Despite this difference in size of the lifted space, we show
that L(B1) = L(B2) (Lemma 3.25). Additionally, we show that L(B1) is also equiva-
lent to the second semidefinite lifting of the complex Lasserre hierarchy proposed in
[154] (Theorem 3.26), whose elements are the projections of certain Hermitian PSD
matrices of order ten.
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The results from this section imply that one may appropriately decrease the size
of matrices in a CSDP relaxation of CUTn

∞, while preserving the strength of the
relaxation, see Lemma 3.41. We also show that L(B1) excludes all the rank 2 extreme
points of E4

∞ (Theorem 3.31). Lastly, we show that all elements of L(B1) satisfy a
valid inequality for CUT4

∞, derived in [150] (Lemma 3.38).
We begin our analysis with the following result on the rank of extreme points

of En
∞ =

{
X ∈ Hn

+ : diag(X) = 1n

}
. The extreme points of En

∞ have been widely
studied, see e.g., [56, 126, 194, 201].

Lemma 3.21 ([201]). The extreme points of En
∞ have rank at most

√
n. Moreover,

for every positive integer r ≤
√
n, the set En

∞ contains rank r extreme points.

In case n ≤ 3, the extreme points of En
∞ have rank 1, and thus En

∞ = CUTn
∞ for

n ≤ 3. Therefore, in the sequel, we consider the smallest non-trivial case, that is
n = 4. In this case, E4

∞ contains rank 2 extreme points (see (3.58) on Page 80), unlike
CUT4

∞, which shows that CUT4
∞ is strictly contained in E4

∞. This motivates the
authors of [150] to investigate a second semidefinite lifting approximation to CUT4

∞.
To present their lifting, we first require some notation and definitions.

For some p ∈ N, let B ⊆ Zp be a finite set satisfying 0p ∈ B. Consider a complex
(truncated pseudo-moment) sequence (yα)α∈B−B, satisfying y0 = 1 and yα = y−α,
where B − B := {α− β : α, β ∈ B}. We define the complex moment matrix MB(y),
indexed by the elements of B, as the matrix

MB(y) := (yα−β)α,β∈B . (3.41)

By the properties of y, MB(y) ∈ H|B| and diag(MB(y)) = 1|B|. Let C̃[x] be the set of
polynomials defined by

C̃[x] :=

{∑
α∈Zp

fαx
α : fα ∈ C ∀α ∈ Zp

}
(3.42)

for

xα :=
∏
i∈[p]

xαi
i where xαi

i =

{
xαi
i if αi ≥ 0,

(xi)
−αi if αi < 0.

Note that Re(xi) = (xi + xi)/2 ∈ C̃[x]. We set

F(B) :=
{
MB(y) : y0 = 1 and yα = y−α

}
∩H|B|

+ . (3.43)

In this section, we study the sets

L(Bi) :=
{
X ∈ E4

∞ : ∃Z ∈ F(Bi) satisfying Z1:4,1:4 = X
}

i ∈ [6], (3.44)

which are defined in terms of the (ordered) bases

B1 :=


00
0

 ,
10
0

 ,
01
0

 ,
00
1

 ,
−1

1
0

 ,
−1

0
1

 , B2 := B1 ∪


 0
−1
1

 , (3.45)
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and B3 up to B6, which will be given later.
Observe that B1 and B2 do not contain monomial squares, i.e., for k ∈ {1, 2},

we have that α ∈ Bk =⇒ |αi| < 2 for all i ∈ [3]. Theorem 3.26 shows that adding
monomial squares to B1 does not lead to a tighter approximation of CUT4

∞. A similar
result follows for B2, see Corollary 3.27. An example that will be used throughout is
the following: (MB2

(y))α,β = Ly (Xα,β), for

X =



1 x1 x2 x3 x1x2 x1x3 x2x3

x1 1 x1x2 x1x3 x21x2 x21x3 x1x2x3

x2 x1x2 1 x2x3 x1 x1x2x3 x22x3

x3 x1x3 x2x3 1 x1x2x3 x1 x2

x1x2 x21x2 x1 x1x2x3 1 x2x3 x1x
2
2x3

x1x3 x21x3 x1x2x3 x1 x2x3 1 x1x2

x2x3 x1x2x3 x22x3 x2 x1x22x3 x1x2 1



, (3.46)

where Ly : C̃[x] → C is the linear Riesz functional, defined by

Ly(f) =
∑
α∈Zp

fαyα, (3.47)

see (3.42). Observe also that MB1(y) is the upper left 6× 6 block of MB2(y).
We refer to the sets L(Bi) as semidefinite liftings of CUT4

∞, since

CUT4
∞ ⊆ L(B2) ⊆ L(B1) ⊆ E4

∞. (3.48)

Jarre et al. [150] propose L(B2) as a tighter approximation of CUT4
∞ than E4

∞.

Remark 3.22. Jarre et al. originally present their relaxation as L(B3), see (3.44),
for

B3 :=

04,


1
−1
0
0

 ,


1
0
−1
0

 ,


1
0
0
−1

 ,


0
1
−1
0

 ,


0
1
0
−1

 ,


0
0
1
−1


 .

The bijection g : B2 → B3, given by

g(x) =


1 1 1
−1 0 0
0 −1 0
0 0 −1

x,
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preserves equalities in MB(y), i.e., yα1−α2 = yα3−α4 implies that yg(α1)−g(α2) =
yg(α3)−g(α4). Hence, L(B3) = L(B2). In the sequel, we will use L(B2) in favor of
L(B3), due to its more compact representation. The equivalence L(B3) = L(B2) can
also be understood as a consequence of Remark 3.1. △

We show now that, despite the smaller size of F(B1) compared to F(B2), see (3.43),
their induced approximations of CUT4

∞ are equally strong. To do so, we define the
following partial order.

Definition 3.23. Let B ⊆ Zp, and let B′ ⊆ B, with k := |B′|. We say that B extends
B′, denoted B′ |= B, if and only if, for all X ′ ∈ F(B′), there exists an X ∈ F(B)
satisfying X1:k,1:k = X ′. Here, it is implicitly assumed that bases B′ and B are
ordered, and that the first k elements of B are the elements of B′, in the same order.

For a given X ′ ∈ F(B′), the problem of deciding whether there exists a X ∈ F(B)
that satisfies X1:k,1:k = X ′ can be formulated as follows. Let (yα)α∈B′−B′ be the
sequence that satisfies X ′ =MB′(y), see (3.41). Define the partially specified matrix
X, with rows and columns indexed by the elements of B, and entries given by

Xα,β =

{
yα−β if α− β ∈ B′ − B′

⋆α−β else.
α, β ∈ B. (3.49)

The PSD completion problem [125] is to find values for {⋆α−β}α,β∈B that make X
Hermitian PSD. If such values exist, the resulting fully specified X satisfies X ∈ F(B)
and X1:k,1:k = X ′, and we say that X is an extension of X ′.

Remark 3.24. There is a small difference between the PSD completion problem
presented here and the PSD completion problem from [125]. In our definition, it can
occur that some unspecified entries of X are restricted to be equal. For example, in
our definition, consider the case that α, β, γ, δ ∈ B are such that α − β = γ − δ /∈
B′ − B′. Then both Xα,β and Xγ,δ are unspecified, and we are interested only in
PSD completions that assign these two entries the same value Xα,β = Xγ,δ = ⋆α−β .
In [125], none of the unspecified entries are restricted to be equal to one another.
Whenever we use results from [125] in the sequel, this difference does not occur. In
particular, this difference does not occur when |B′| = |B| − 1. △

It is not difficult to show the following implication

B1 |= B2 =⇒ L(B1) = L(B2), (3.50)

see (3.44). We will use (3.50), in combination with PSD completion theory, to prove
that the sets L(Bi) define equivalent relaxations of E4

∞.

Lemma 3.25. For B1 and B2 as in (3.45) and L(Bi) as in (3.44), we have that
L(B1) = L(B2).

Proof. By (3.50), it suffices to show that B1 |= B2. Thus, we need to verify that for
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all X ′ ∈ F(B1), the corresponding partially specified matrix

X =


X ′

X ′
3,4

X ′
3,6

⋆
X ′

3,1

⋆
X ′

3,2

X ′
4,3 X ′

6,3 ⋆ X ′
1,3 ⋆ X ′

2,3 1


∈ H7, (3.51)

can be completed to a Hermitian PSD matrix, by finding (possibly distinct) values
for ⋆. To derive the pattern of equalities in (3.51), we have used (3.46).

Note that the only unspecified entries ofX are at position (3, 7) and (5, 7) (ignoring
the lower triangular part of X). We associate to this pattern of unspecified entries a
graph G of order 7, defined as

G = (V,E), V = [7] and
E = {{i, j} : i, j ∈ V, Xij ̸= ⋆} = {{i, j} : 1 ≤ i < j ≤ 7} \ ({3, 7} ∪ {5, 7})

(3.52)

Observe that G is chordal. Then, by [125, Thm. 7], X can be completed to a PSD
matrix if every fully specified principal submatrix of X (i.e., a principal submatrix
that does not contain any ⋆ values) is PSD. To investigate this condition, we write
XJ , J ⊆ [7], for the principal submatrix of X, indexed by rows and columns in J .
Before we consider all such fully specified submatrices XJ , we consider first ZJ , for
J := {1, 2, 4, 6, 7}. Note that XJ is fully specified, and given by

(XJ )ij = Ly(Zij), for Z =



1 x1 x3 x1x3 x2x3

x1 1 x1x3 x21x3 x1x2x3

x3 x1x3 1 x1 x2

x1x3 x21x3 x1 1 x1x2

x2x3 x1x2x3 x2 x1x2 1


,

and Ly as in (3.47). Note that P⊤XJP = XJ′ for the permutation matrix P =
E14 + E25 + E31 + E42 + E53 and J ′ = {1, 2, 3, 4, 6}. Thus, matrix XJ is similar to
XJ′ . Now, since XJ′ is a fully specified submatrix of X ′, and since X ′ ⪰ 0, it follows
that XJ′ ⪰ 0. This implies that XJ′ ⪰ 0, which in turn implies that XJ ⪰ 0.

Let us now show that for any J ⊆ [7] such that XJ is fully specified, XJ ⪰ 0. We
distinguish two cases:

1. J ⊆ J . Then XJ is a submatrix of XJ , and therefore XJ ⪰ 0 since XJ ⪰ 0.

2. J ̸⊆ J . Since J ̸⊆ J , 3 ∈ J or 5 ∈ J . As both X3,7 and X5,7 are unspecified,
and XJ is fully specified, it follows that 7 /∈ J . Thus J ⊆ [6]. Consequently,
XJ is a submatrix of X ′, and X ′ ∈ F(B1) implies X ′ ⪰ 0, which shows that
XJ ⪰ 0.
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To conclude, every fully specified principal submatrix of X is PSD, and the associated
graph G is chordal. By [125, Thm. 7], any X ′ ∈ F(B1) can be extended to a fully
specified matrix in X ∈ F(B2) as in (3.51), which implies that B1 |= B2. By (3.50),
this completes the proof.

We now relate L(B1), see (3.44), to the second semidefinite lifting proposed in
[154]. This lifting is given by L(B4), for

B4 :=

α ∈ {0, 1, 2}3 :
∑
i∈[3]

αi ≤ 2

 . (3.53)

Note that |B4| = 10 > |B1| = 6. Despite this difference, the induced relaxations of
CUT4

∞ are equivalent, as shown in the following result.

Theorem 3.26. For B4 as in (3.53), we have that L(B4) = L(B1), see (3.44).

Proof. We start by considering the proof of Lemma 3.25 more abstractly. Let B′ ⊆
B ⊆ Zp, where k := |B′| = |B| − 1 (Note that this is the case for B1 and B2, see
Lemma 3.25). Consider the problem of extending some X ′ ∈ F(B′) to some X ∈
F(B). This X should be thought of as in (3.49), possibly containing unspecified ⋆
values. Let

J := {i ∈ N : Xi,k+1 ̸= ⋆} ,

so that matrix XJ , the submatrix of X indicated by the elements of J , is fully
specified by X ′. Note that the associated graph G, see (3.52), is chordal and we may
apply again [125, Thm. 7]. By similar reasoning as in Lemma 3.25, the condition that
XJ is similar to a submatrix of X ′, is sufficient (although not necessary) for B′ |= B
to hold.

Following these steps for specific sets B′ and B, we are able to prove the following
relations, where we write B |= · · · ∪ β1 |= · · · ∪ β2 as shorthand for B |= B ∪ {β1} |=
B ∪ {β1, β2}. Starting from

B5 =


00
0

 ,
10
0

 ,
01
0

 ,
00
1

 ,
11
0

 ,
01
1

 ,

we have (details omitted)

B5 |= · · · ∪

10
1

 |= · · · ∪

20
0

 |= · · · ∪

02
0

 |= · · · ∪

00
2

 = B4, (3.54)

B5 |= · · · ∪

−1
0
1

 |= · · · ∪

−1
1
0

 := B6, (3.55)
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and starting from B1 as in (3.45), we have

B1 |= · · · ∪

11
0

 |= · · · ∪

01
1

 = B6. (3.56)

Combining the implication (3.50) (which holds more generally for Bi and Bj), with
equations (3.55) and (3.56) yields that L(B1) = L(B5). Since L(B5) = L(B4) by
(3.54), the result follows.

By combining results of Lemma 3.25 and Theorem 3.26, we obtain the following.

Corollary 3.27. For all i, j ∈ [6], L(Bi) = L(Bj).

In the sequel, we will only refer to L(B1) for compactness, as |B1| = mini∈[6] |Bi|.
Next, we show that L(B1) does not contain any of the rank 2 extreme points of E4

∞.
Let us first characterize the set of rank 2 extreme points of E4

∞. For this, we require
the following definition, see matrix F from [194, Section 2.2].

Definition 3.28. We say that

G =

[
x1 u1 w1 v1
x2 u2 w2 v2

]
∈ C2×4

is an Extremal Gram Factor (EGF) if and only if its columns x, u, w, v have norm
1, and the matrix

F :=


|x1|2 x1x2 x1x2 |x2|2
|u1|2 u1u2 u1u2 |u2|2
|w1|2 w1w2 w1w2 |w2|2
|v1|2 v1v2 v1v2 |v2|2

 (3.57)

is non-singular. Equivalently, det(F ) ̸= 0.

Now P , the set of rank 2 extreme points of E4
∞, is given by the product of EGFs.

That is,

P :=
{
rank 2 extreme points of E4

∞
}
=
{
GHG : G is an EGF

}
, (3.58)

as proven in [194] (note that EGFs are defined for general matrix sizes in [194]). Thus,
if A is a rank 2 extreme point of E4

∞, it must be of the form A = GHG, where G is
an EGF. Given such A, the corresponding matrix G is unique up to unitary transfor-
mation of its columns. We will use MATLAB like notation for indexing submatrices
of G, i.e., for some J ⊆ [4], G:,J ∈ C2×|J| denotes the submatrix obtained by taking
all rows of G, and columns of G indexed by J .

Let us prove several results related to EGFs.

Lemma 3.29. Let G ∈ C2×4 be an EGF. Then for any J ⊆ [4], |J | = 2, the 2 × 2
submatrix G:,J is invertible.
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Proof. Proof by contradiction: assume that G is an EGF, and that for some J ⊆ [n],
|J | = 2, matrix G:,J ∈ C2×2 is singular. A 2 × 2 matrix is singular if and only if its
second column equals its first column multiplied by some r ∈ C. Since the columns
of G have norm 1, we find that |r| = 1. But this implies that matrix F , see (3.57),
has two identical rows, and is thus singular. This contradicts the assumption that G
is an EGF.

Lemma 3.30. For any matrix A ∈ P , see (3.58), there exists an EGF G ∈ C2×4, see
Definition 3.28, that satisfies

A = GHG and G =

[
1 u1 w1 v1
0 u2 w2 v2

]
=
[
e u w v

]
, (3.59)

where u2, w2, and v2 are nonzero and e = [1, 0]⊤.

Proof. Since A ∈ P , there exists an EGF G̃ such that A = G̃HG̃. Let z := G̃:,1 ∈ C2,

and consider the matrix Q :=

[
z1 z2
−z2 z1

]
. It is easy to see that Q is unitary, and

Qz = e. Then G := QG̃ is an EGF satisfying the properties of the lemma. Note
that the entries u2, w2 and v2 are nonzero, because each 2 by 2 submatrix of G is
invertible (Lemma 3.29).

In the sequel, we will thus only consider EGFs of the form (3.59). Note that this
simplifies matrix F from (3.57). We are now ready to prove the following.

Theorem 3.31. For P as in (3.58), we have that L(B1) ∩ P = ∅.

Proof. Let A ∈ P . Then, without loss of generality, A = GHG, where G is an EGF of
the form (3.59). Proof by contradiction: suppose that A ∈ L(B1). Then ∃Z ∈ F(B1),
see (3.43), satisfying Z1:4,1:4 = A. Let ℓ ∈ {5, 6} and denote by Zℓ the 5× 5 principal
submatrix of Z, with rows and columns indexed by [4]∪ ℓ. Since Zℓ ⪰ 0, there exists
a matrix Gℓ such that Zℓ = GH

ℓ Gℓ. We may assume that Gℓ is of the form

Gℓ =

[
G zℓ
0⊤
4 αℓ

]
∈ C3×5, with zℓ ∈ C2, αℓ ∈ C and zHℓ zℓ + |αℓ|2 = 1. (3.60)

Note that the last column of Zℓ is then given by
[
zHℓ G 1

]H. Moreover, for each
ℓ ∈ {5, 6}, precisely two of the entries in GHzℓ are determined by A. For example, if
ℓ = 5, then we have

GH
:,{1,3}z5 =

[
uHw
uHe

]
, with GH

:,{1,3} =
[
e w

]H
=

[
1 0
w1 w2

]
. (3.61)

The equations (3.61) follow from the pattern of equalities in (3.46). In particular,
(GHz5)1 = Ly(x1x2) = A2,3 = (GHG)2,3 = uHw.

By Lemma 3.29, GH
:,{1,3} is invertible, and hence z5 is uniquely determined by

(3.61). Specifically,

z5 =
(
GH

:,{1,3}

)−1
[
uHw
uHe

]
=

[
uHw(

u1 − w1 u
Hw
)
/w2

]
. (3.62)
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We now claim that ∥z5∥ = 1, in which case α5 = 0, by (3.60). To verify this claim,
we compute first

Re(u1w1u
Hw) = |u1|2|w1|2 + Re(u1w1u2w2), (3.63)

which is a term appearing in the computation of ∥z5∥2 = zH5 z5. Then, by combining
(3.62) and (3.63), we find

zH5 z5 = |uHw|2 + |u1|2 + |w1|2|uHw|2 − 2 Re(u1w1u
Hw)

|w2|2

=
|u1|2 + |uHw|2 − 2 Re(u1w1u

Hw)

|w2|2

=
|u1|2 + |u1|2|w1|2 + |u2|2|w2|2 + 2 Re(u1w1u2w2)− 2 Re(u1w1u

Hw)

|w2|2

=
|u1|2 − |u1|2|w1|2 + (1− |u1|2)(1− |w1|2)

|w2|2
= 1,

where we have also used that |u1|2 + |u2|2 = |w1|2 + |w2|2 = 1.
Vector z6 satisfies the system

GH
:,{1,4}z6 =

[
uHv
uHe

]
, with GH

:,{1,4} =
[
e v

]H
=

[
1 0
v1 v2

]
.

which is similar to (3.61). It is therefore also straightforward to show that the vector

z6 =
(
GH

:,{1,4}

)−1
[
uHv
uHe

]
=

[
uHv(

u1 − v1 u
Hv
)
/v2

]
(3.64)

satisfies ∥z6∥ = 1. This implies that Z is of the form

Z = V HV, for V :=
[
e u w v z5 z6

]
∈ C2×6. (3.65)

Now Z ∈ F(B1) =⇒ Z5,6 = Z3,4 = wHv, see (3.46), and (3.65) implies that
Z5,6 = zH5 z6. Therefore,

wHv = zH5 z6 = wHv +
det(F )
w2v2

, (3.66)

for F as in (3.57). The second equality in (3.66) follows from substituting (3.62) and
(3.64), and has been verified by a computer algebra system.

Equation (3.66) implies that det(F ) = 0, which contradicts the fact that G is an
EGF (Definition 3.28).

We now show that CUTn
∞ contains all rank 2 points of En

∞, if these are not
extreme. To prove this result, we require an intermediate result and the notion of a
perturbation, see [194]. We say that a nonzero Hermitian matrix B is a perturbation
of some A ∈ En

∞, if there exists some t > 0 such that A± tB ∈ En
∞. Thus, if A admits

some perturbation B, it is not an extreme point of En
∞. Additionally, if A = GHG,

then any perturbation is of the form B = GHRG [194, Thm. 1(a)], with diag(B) = 0
and R Hermitian.
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Remark 3.32. The notion of a perturbation can be generalized to sets of the form{
X ∈ Hn

+ : ⟨Ai, X⟩ = bi, i ∈ [m], ⟨A′
i, X⟩ ≤ b′i, i ∈ [m′]

}
,

for A1, . . . , Am, A
′
1, . . . , A

′
m′ ∈ Hn, b ∈ Rm and b′ ∈ Rm′

. See e.g., [74, Thm. 31.5.3]
or [189, Thm. 2.1]. △

The following result, which is proven using perturbations, is a generalization of
the sufficiency part of [194, Cor. 4]. We suspect that this result is known, although
we were unable to find a reference.

Lemma 3.33. Let A ∈ En
∞, with rk(A) = r. Then, there exist extreme points

A1, . . . , Ar of En
∞, such that A ∈ Conv{A1, . . . , Ar}, and rk(Ai) ≤ rk(A) for all i ∈ [r].

If A is not an extreme point of En
∞, then we have that rk(Ai) < rk(A) for all i ∈ [r].

Proof. See Page 206 in Appendix B.2.

Lemma 3.33 leads directly to the following similar result regarding CUTn
∞.

Theorem 3.34. Let A ∈ En
∞ and r := rk(A). If n ≥ 2, r = 2, and A is not

an extreme point of En
∞, then A is the convex combination of two extreme points of

CUTn
∞. If n ∈ {2, 3} and 1 ≤ r ≤ n, then A is the convex combination of r extreme

points of CUTn
∞.

Proof. For the first case, it follows from Lemma 3.33 that A ∈ Conv{A1, A2}, where
the matrices Ai, i ∈ [2], are extreme points of En

∞, with rk(Ai) < rk(A). Since
rk(A) = 2, we have that rk(Ai) = 1, which implies that the matrices Ai are also
extreme points of CUTn

∞. The second case also follows from Lemma 3.33, and the
fact that En

∞ = CUTn
∞ for n ∈ {2, 3}, see Lemma 3.21.

It is known that any A ∈ CUTn
∞ can be written as a convex combination of at most

n2−n+1 extreme points of CUTn
∞ [150, Lem. 3], which follows from Carathéodory’s

theorem. It is stated in [150] that ‘a smaller bound would help in reducing the size of
the problem for finding a nearest matrix in CUTn

∞’. Theorem 3.34 offers some help
in reducing this bound, but only for restricted values of n and r. When n = 4, we
can slightly strengthen Theorem 3.34.

Lemma 3.35. Let A be a non-extreme point of E4
∞ of rank r > 1. There exist k, k ≤

r, extreme points A1, . . . , Ak of E4
∞, such that A ∈ Conv{A1, . . . , Ak},

∑k
i=1 rk(Ai) =

r and at least one of the Ai, i ∈ [k], satisfies rk(Ai) = 1.

Proof. See Page 206 in Appendix B.2.

Let us now return to the case n = 4, specifically the relation between CUT4
∞ and

L(B1) (the set L(B1) is defined in (3.44) on Page 75). We have that

{X ∈ L(B1) : rk(X) ∈ {1, 2}} ⊆ CUT4
∞ ⊆ L(B1). (3.67)

The first inclusion in (3.67) follows from Theorems 3.31 and 3.34. The second inclusion
follows from (3.48). Numerical tests, see also [150], and (3.67) lead us to the following
conjecture:
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Conjecture 3.36. The second semidefinite lifting is exact for CUT4
∞, i.e., L(B1) =

CUT4
∞.

Remark 3.37. Conjecture 3.36 can be connected to the notion of a flat extension
from the literature, see e.g., [64]. The term extension is related to the definition
of extension as given in Definition 3.23. In Definition 3.23, the larger matrix X is
considered an extension of the smaller matrix X ′. Matrix X is said to be a flat
extension of X ′ if, along with the properties outlined in Definition 3.23, we also have
rk(X) = rk(X ′). In [154], there are several results related to such flat extensions,
specifically for the bases Np

r := {α ∈ Np :
∑p

i=1 αi ≤ r}. Now [154, Thm. 5.2] leads
to an equivalent reformulation of Conjecture 3.36. Namely, Conjecture 3.36 is true if
and only if all X ′ ∈ L(B1) ⊆ En

∞ admit a flat extension X ∈ F(N3
3), for F(·) as in

(3.43). △

We show now that all X ∈ L(B1) satisfy a valid inequality for CUT4
∞, found by

the authors of [150]. This inequality is given as follows:

⟨H,X⟩ ≤ 6 ∀X ∈ CUT4
∞, where H :=


0 −i i 1
i 0 −i 1
−i i 0 1
1 1 1 0

 . (3.68)

In [150, Section 4.4], it is also shown that maxX∈E4
∞
⟨H,X⟩ ≥ 6.9282 . . . . Both this

inequality and inequality (3.68) are proven numerically in [150]. We provide analytical
proofs of both inequalities in the following lemma. We also extend the results from
m = ∞ to integer m, and we prove that maxX∈L(B1)⟨H,X⟩ = 6, for L(B1) defined in
(3.44). This proves that the matrices in L(B1) also satisfy inequality (3.68).

Lemma 3.38. Let H be as in (3.68). For all integers m ≥ 3 or m = ∞, we have
that

1. maxX∈E4
m
⟨H,X⟩ = 4

√
3 ≈ 6.928.

2. maxX∈CUT4
m
⟨H,X⟩ = maxX∈L(B1)⟨H,X⟩ = 6.

Proof. See Page 207 in Appendix B.2.

Additionally, the matrices in L(B1) also satisfy all the infinite cuts that are ROC
equivalent to the inequality ⟨H,X⟩ ≤ 6, see Lemma 3.6. Using Lemma 3.38, we can
easily compute the strength, see (3.8), of this inequality.

Corollary 3.39. Let H be as in (3.68). Then, for all integers m ≥ 3 or m = ∞, we
have that str(H,m) = 2√

3
≈ 1.155.

Remark 3.40. Inequality (3.68) is not a gap inequality, see Lemma 3.9. This can be
shown by using methods similar to those used in Remark 3.15. △

To conclude this section, we provide a generalization of Theorem 3.26 for any
n ≥ 2. We define, for n ≥ 2, the bases

Ã n :=

{
α ∈ {0, 1}n−1 :

n−1∑
i=1

αi ≤ 2

}
⊊ A n :=

{
α ∈ {0, 1, 2}n−1 :

n−1∑
i=1

αi ≤ 2

}
,



3.6. EXTREME POINTS OF E3
m 85

where the first n elements of both Ã n and A n are {0n−1} and the n−1 unit vectors,
i.e., the columns of In−1. Sets F(Ã n) and F(A n) are defined analogously to (3.43).
Note that A 4 = B4, for B4 as in (3.53). The bases Ã n and A n can be used to
approximate CUTn

∞. If we define the sets

Ln(Ã ) =
{
X ∈ En

∞ : ∃Z ∈ F(Ã n) satisfying Z1:n,1:n = X
}
, n ≥ 2, (3.69)

and similarly Ln(A ), then CUTn
∞ ⊆ Ln(A ) ⊆ Ln(Ã ) ⊆ En

∞. We are now ready to
present the following result.

Lemma 3.41. For n ≥ 2, we have that Ln(Ã ) = Ln(A ).

Proof. See Page 209 in Appendix B.2.

Remark 3.42. Lemma 3.41 allows us to choose a smaller monomial basis, namely a
basis without squared variables, without weakening the corresponding CSDP relax-
ation. There are several results in the literature on choosing a (smaller) monomial
basis, though they are limited to real variables. For unconstrained polynomial opti-
mization, the Newton polytope (see e.g., [203, Section III.A]) offers a monomial basis
which is guaranteed to find sum of squares decompositions of sum of squares polyno-
mials. Another, more broadly applicable, method is proposed in [307, Algorithm 4.1].
In contrast to this chapter, it is not proven in [307] that the basis returned by that
algorithm offers the same relaxation strength as the standard basis of monomials. △

3.6 Extreme points of E3
m

In this section we derive necessary and sufficient conditions for a matrix to be an
extreme rank 2 point of E3

m, m > 2 finite. For any such m, we provide an explicit
rank 2 extreme point of E3

m (Lemma 3.46). Further, we extend this result for any
finite n and m, which proves the strict inclusion of CUTn

m in En
m (Corollary 3.47).

For m > 2, we consider a general rank 2 matrix, parameterized as

N =

 1 N12 N13

N12 1 N23

N13 N23 1

 = GHG ∈ E3
m, for G =

[
e u v

]
=

[
1 u1 v1
0 u2 v2

]
, (3.70)

where ∥u∥ = ∥v∥ = 1. We assume that at least one of u2 and v2 is nonzero to
ensure that rk(N) = 2. Note that the parametrization (3.70) always exists, see
e.g., Lemma 3.30 and [194]. We investigate under what conditions N is an extreme
point of E3

m.
A perturbation of N ∈ E3

m (with respect to E3
m) is a nonzero Hermitian matrix

B = GHRG, satisfying diag(B) = 03, R ∈ H2, and for which there exists a t > 0
such that N ± tB ∈ E3

m, see [194] and also Section 3.5. The constraint diag(B) = 03

implies eHRe = R11 = 0, and uHRu = vHRv = 0. The system of these 3 equalities
may be written in the following form:

R =

[
0 α
α c

]
,

[
u1u2 u1u2 |u2|2
v1v2 v1v2 |v2|2

]αα
c

 = 0 for α ∈ C, c ∈ R. (3.71)
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Note the similarity with (3.57). Any possible perturbation B of N is of the following
form

B =

 0 b12 b13
b12 0 b23
b13 b23 0

 = GHRG = GH

[
0 α
α c

]
G, α ∈ C, c ∈ R. (3.72)

Recall that N is not an extreme point of E3
m if and only if it admits a perturbation.

There exist however simple sufficient conditions that show that a matrix N is not an
extreme point. These conditions involve the interior of Conv(Um) and the boundary
of Conv(Um). We denote the boundary by

∂Conv(Um) :=
{
tu+ (1− t)e2πi/mu : t ∈ [0, 1], u ∈ Um

}
.

We also require the related set

∂Conv(Um) \ Um = {u ∈ ∂Conv(Um) : u /∈ Um} . (3.73)

Lemma 3.43. Let m > 2 be finite, and N ∈ E3
m with rk(N) = 2. If all the off-

diagonal elements of N are interior points of Conv(Um), or any off-diagonal element
of N is contained in Um, then N is not an extreme point of E3

m.

Proof. By Lemma 3.21, N is not an extreme point of E3
∞. Thus, N admits some

perturbation matrix B with respect to E3
∞, i.e., there exists some t∗ > 0 such that

N ± tB ∈ E3
∞ for all t ∈ [0, t∗]. If all off-diagonal elements of N are interior points

of Conv(Um), then there exists some t ∈ [0, t∗] small enough such that N ± tB ∈ E3
m,

and the result follows.
Let us now assume that N has at least one upper-triangular off-diagonal element

contained in Um. Then, without loss of generality, we have

N = GHG, for G =

[
1 κ u1
0 0 u2

]
,

where κ ∈ Um. The off-diagonal elements of N are given by κ, u1, and κu1 and their
complex conjugates. We distinguish three cases, based on the complex number u1:

1. u1 ∈ Um. Since ∥u∥ = 1, we have that |u2|2 = 1 − |u1|2 = 0, so that u2 = 0.
Then rk(N) = 1, which is not possible since we assumed that rk(N) = 2.

2. u1 is an interior point of Conv(Um). Again, there exists a perturbation matrix
B and t∗ > 0 such that N ± tB ∈ E3

∞ for all t ∈ [0, t∗]. Note that, since
N12 = κ ∈ U∞, B12 = 0. Note that the other off-diagonal elements of N are
all interior points of Conv(Um). Thus, there exists some small enough t ∈ [0, t∗]
such that N ± tB ∈ E3

m, and hence, N is not an extreme point of E3
m.
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3. u1 ∈ ∂Conv(Um)\Um, see (3.73). Then u1 can be written as u1 = wδ+(1−w)η,
where w ∈ (0, 1) and δ, η are distinct m-roots of unity.

N =

 1 κ wδ + (1− w)η
κ 1 wκδ + (1− w)κη

wδ + (1− w)η wκδ + (1− w)κη 1


= w

1κ
δ

1κ
δ

H

+ (1− w)

1κ
η

1κ
η

H

,

so that clearly, N is not an extreme point of E3
m.

It follows from Lemma 3.43 that any rank 2 extreme point of E3
m must have at

least one element which is contained in the set (3.73), and its off-diagonal elements
cannot be contained in Um. This allows us to characterize rank 2 extreme points of
E3
m. We first require the following preparatory lemma.

Lemma 3.44. Let m > 2 be finite and N ∈ E3
m be a rank 2 matrix with entries Nij.

Let
K := {{i, j} ∈ [3]× [3] : Nij ∈ ∂Conv(Um) \ Um}

and f : K → [m] be the function that satisfies Re(νf(ij)Nij) = cos (π/m), for ν as in
(3.6). If K ̸= ∅, then any possible perturbation B of N must satisfy Re(νf(ij)Bij) = 0
for all {i, j} ∈ K.

Proof. Suppose that B is a perturbation of N (with respect to E3
m) and {i, j} ∈ K.

Then by definition of a perturbation, we must have N ± tB ∈ E3
m for some t > 0. In

particular, (N ± tB)ij ∈ Conv(Um). Considering (3.6), this implies that

Re
(
νf(ij)(N ± tB)ij

)
≤ cos

( π
m

)
=⇒ cos

( π
m

)
± tRe

(
νf(ij)Bij

)
≤ cos

( π
m

)
=⇒ ±tRe

(
νf(ij)Bij

)
≤ 0 =⇒ Re

(
νf(ij)Bij

)
= 0.

We now present the characterization of rank 2 extreme points of E3
m.

Proposition 3.45. Let m, N , K and f be as in Lemma 3.44. Matrix N is an
extreme point of E3

m, if and only if the following two conditions hold:

1. K ̸= ∅;

2. There does not exist a perturbation B of N satisfying Re(νf(ij)Bij) = 0 for all
{i, j} ∈ K.

Proof. (⇒) Let N be a rank 2 extreme point of E3
m. By Lemma 3.43, not all off-

diagonal elements of N can be in the interior of Conv(Um), and none of the off-
diagonal elements can be contained in Um. Thus K ̸= ∅, satisfying Item 1. Since N is
an extreme point, it does not admit a perturbation. In particular, it does not admit
a perturbation that satisfies Re(νf(ij)Bij) = 0 ∀{i, j} ∈ K, so Item 2 is satisfied.
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(⇐) Let N ∈ E3
m be a rank 2 matrix and K ̸= ∅. Lemma 3.44 states that any

possible perturbation of a rank 2 matrix must satisfy Re(νf(ij)Bij) = 0 ∀{i, j} ∈ K
when K ̸= ∅. Because N satisfies Item 2, such a perturbation cannot exist. Thus, N
admits no perturbation, and hence, is an extreme point.

Using Proposition 3.45, we determine a rank 2 extreme point of E3
m, for any

2 < m <∞.

Lemma 3.46. Fix some integer 2 < m <∞, and set

N := GHG, for G :=

[
1 1

2 + 1
2 exp(2πi/m) sin (π/m)

0 sin (π/m) 1
2 + 1

2 exp(2πi/m)

]
. (3.74)

Then N is a rank 2 extreme point of E3
m.

Proof. See Page 210 in Appendix B.2.

Using Lemma 3.46, we can directly show the following.

Corollary 3.47. For finite m and n, m ≥ 2 and n ≥ 3, we have CUTn
m ⊊ En

m.

Proof. For the case m = 2 and n = 3, consider the matrix N = 3
2I3−

1
2J3. Since N is

real and PSD, N ∈ E3
2 . Since N does not satisfy the triangle inequality N12 +N13 +

N23 ≥ −1, see (3.13), N /∈ CUT3
2.

Lemma 3.46 proves that CUTn
m ⊊ En

m for all finite m > 2 and n = 3. The case
m > 2 and n > 3 follows by considering

Ñ =

[
N 03×(n−3)

0(n−3)×3 In−3

]
∈ En

m \ CUTn
m, (3.75)

for N as in (3.74). The same extension as (3.75) for N = 3
2I3 − 1

2J3 shows that
CUTn

2 ⊊ En
2 for n > 3.

3.7 Numerical results

In this section, we provide some computational results related to the previous sections.
All CSDPs are first reformulated to equivalent real SDPs using YALMIP [202]. These
real SDPs are then solved using MOSEK [228] with default settings on a server with
Intel Xeon Gold 6126 CPU, running at 2.60GHz, with 512 GB RAM and using 8
cores.

3.7.1 Strength of cuts
We provide the numerical values of str for the valid inequalities stated in Proposi-
tions 3.10 and 3.12, and (3.68) To provide a fair comparison, we have ensured that
each matrix Q satisfies ⟨Q, I⟩ = 0, see also Remark 3.4.

Results are provided in Table 3.2. Strength values that have not been analytically
computed in the previous sections, have now been computed using MOSEK [228].
The strength of the cuts in Proposition 3.10 tend to 1 as m → ∞. For m = 3, the
strongest cut is given by the facet defining inequalities from Proposition 3.12.
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str of the cut as in:

m Pr
op

. 3
.10

, n
=
3

Pr
op

. 3
.10

, n
=
4

Pr
op

. 3
.12

, n
=
3

Eq
. (3.

68
),
n
=
4

2 1.500 1 1 1
3 1 1.333 1.815 1.155
4 1.500 1 1.169 1.155
5 1.146 1.038 1.077 1.155
6 1 1 1.075 1.155
7 1.114 1.010 1.011 1.155
8 1.061 1 1 1.155
9 1 1.004 1 1.155
∞ 1 1 1 1.155

Table 3.2: Numerical values of the strength str of various cuts.

3.7.2 Random objective functions
We consider the following optimization problem

max
X∈Km

⟨Q,X⟩, (3.76)

for Km = En
m or Km = T(En

m), and m ∈ {3, 4}. Here Q ∈ Hn, Diag(Q) = 0, and
Im(Q) ̸= 0. The complex elliptope En

m is defined in (3.3), and T(En
3 ) in (3.36). The

set T(En
4 ) is defined as the set of matrices in En

4 for which each 3×3 submatrix satisfies
(3.25), the 16 (ROC equivalent) facet defining inequalities from Proposition 3.10, see
Remark 3.13.

We set n = 100, and generate 250 matrices Q per value of m in the following way.
Upper triangular entries of a matrix Q are of the form a+ bi, where a and b are inde-
pendent random integer variables, drawn uniformly from the set {−10,−9, . . . , 9, 10}.
For each such Q, we solve (3.76) for Km = E100

m and Km = T(E100
m ). We perform a

simple rounding procedure (see e.g., [316]) on the optimal value of the corresponding
optimization problem to obtain a lower bound on (3.76), denoted LB. The resulting
upper and lower bounds for fixed m are averaged over the 250 runs and presented in
Table 3.3. The columns ‘Avg. time (s)’ report the average computation time per re-
laxation in seconds. We observe that optimization over T(E100

m ) provides significantly
stronger bounds than optimization over E100

m , for both values of m. Thus, T(En
m)

approximates CUTn
m better than the complex elliptope En

m. To compute bounds over
T(E100

m ), m ∈ {3, 4} we add all triangle facets to E100
m at once.

Table 3.3 also reports the total number of (in)equality constraints in the corre-
sponding CSDP in the columns ‘#(in)eq. cons.’. These numbers can be computed as
follows. For En

m, we have n equality constraints for the unit diagonal, and m inequal-
ities for each of the n(n − 1)/2 upper triangular entries, to ensure Xij ∈ Conv(Um).
For T(En

m) we have again n unit diagonal constraints, and m constraints for each of
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the n(n− 1)/2 upper triangular entries. Moreover, for each of the
(
n
3

)
principal 3× 3

submatrices, we require an additional number of facet defining inequalities. In case
m = 3, we need 18 additional facets that define CUT3

3, according to Theorem 3.17
(note that the other 9 facets are already included to ensure Xij ∈ Conv(U3)). In case
m = 4, we add the 16 ROC equivalent inequalities given by Proposition 3.10, see
Remark 3.13, for each of the

(
n
3

)
principal 3× 3 submatrices.

E100
m T(E100

m ) LB
Avg. time (s) #(in)eq. cons.
E100
m T(E100

m ) E100
m T(E100

m )

m
3 14337.7 13290.2 9939.7 35.4 173.0 14950 2925550
4 14849.3 14018.0 11509.3 40.5 169.4 19900 2607100

Table 3.3: Bounds, computation times and number of (in)equality constraints for
(3.76), where Km = E100

m or Km = T(E100
m ), and m ∈ {3, 4}. Results are averaged

over 250 runs.

3.7.3 MIMO
The multiple-input multiple-output detection problem (MIMO) is a fundamental
problem in digital communications. A multiple-input multiple-output channel can
be modelled as follows: given a complex channel matrix D ∈ Ck×n, we observe the
vector of received signals

r := Dc+ σv,

where σ > 0, c ∈ Un
m is the unobserved sent signal and v is an unobserved vector of

noise. The parameter σ governs the so-called signal to noise ratio, see [151]. Observing
onlyD and r, MIMO is to retrieve the original signal c. We refer to e.g., [151, 208, 314]
for more details on MIMO. The maximum likelihood estimator (MLE) of c is

argmin
x∈Un

m

∥Dx− r∥2 . (3.77)

The MLE (3.77) can be approximated by solving instead

min
X∈Km

〈[
rHr −rHD

−DHr DHD

]
, X

〉
, (3.78)

for Km = En+1
m or Km = T(En+1

m ). The complex elliptope En+1
m is defined in (3.3),

T(En+1
3 ) in (3.36), and T(En+1

4 ) in Section 3.7.2.
We investigate tightness of our new relaxations numerically. We consider m ∈

{3, 4} and solve (3.78) for different choices of Km. Specifically, we set n = 99, and let
σ ∈ {1, 2, 3}. For each combination of m and σ, we generate 600 matrices D ∈ C109×n

and vectors v ∈ C109; these are generated by drawing independent standard complex
Gaussians1. For each such instance, we solve (3.78) for the different choices of Km,
and track the rate at which these CSDP relaxations return a (numerical) rank 1

1The random variable a+bi is said to be a standard complex Gaussian if a and b are independent,
normally distributed random variables with mean 0 and variance 1/2 [173, Definition 24.2.1].
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solution. A returned solution matrix is deemed numerically rank 1 if its second
largest eigenvalue is strictly smaller than 10−6. If a CSDP relaxation returns a rank
1 solution, the CSDP is said to be tight, since the optimal rank 1 solution can be
used to obtain a provably optimal solution to (3.77). Recall that Table 3.3 contains
the number of (in)equality constraints for each Km.

The results are presented in Table 3.4 for m = 3, and Table 3.5 for m = 4.
Both tables report the average computation time in seconds, for each relaxation and
each σ. We see that adding the facet defining inequalities of CUT3

3, see (3.35), for
m = 3 ensures that the CSDP relaxation is tight at a reasonable rate. A similar
observation can be made for m = 4, see Table 3.5. As expected, for increasing values
of σ, the CSDP with facet defining inequalities is tight less often. However, without
the facet defining inequalities, the CSDP is observed to be tight only once out of
the 1200 trials. The computation times for T

(
E100
m

)
are significantly longer than for

E100
m . Additionally, we observe that the computation times depend on the rank 1

rates. Indeed, for E100
m , m ∈ {3, 4}, both the rank 1 rates and the computation times

are approximately constant for varying σ. In contrast, for T
(
E100
m

)
, m ∈ {3, 4}, the

computation times differ for varying σ. In particular, T
(
E100
4

)
, σ = 3, attains the

lowest rank 1 rate, and highest average computation time.

Km
σ Avg. time (s) per σ

1 2 3 1 2 3
E100
3 0.2% 0.0% 0.0% 56.8 52.7 51.0

T
(
E100
3

)
50.8% 54.5% 51.3% 331.7 320.1 310.5

Table 3.4: Average rate and computation time (over 600 runs) at which (3.78), the
CSDP relaxation of MIMO for m = 3 returns a rank 1 solution.

Km
σ Avg. time (s) per σ

1 2 3 1 2 3
E100
4 0.0% 0.0% 0.0% 65.0 60.0 59.3

T
(
E100
4

)
49.7% 38.7% 2.5% 271.6 290.5 342.4

Table 3.5: Average rate and computation time (over 600 runs) at which (3.78), the
CSDP relaxation of MIMO for m = 4 returns a rank 1 solution.

3.7.4 Angular synchronization

In the angular synchronization problem [24, 278], one is given a matrix C := ccH +
σW ∈ Cn×n, where c ∈ Un

∞ is an unobserved signal, σ > 0, and W ∈ Hn models
noise in receiving the signal c, which one attempts to retrieve. The MLE of c is given
by ĉ := argmaxx∈Un

∞
xHCx [24, Sect. 2], and ĉĉH can be approximated by

argmax
X∈K

⟨C,X⟩ , (3.79)
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for K = En
∞, or some second lifting of CUTn

∞ such as (3.69).
We investigate, for various values of σ, the rate at which the CSDP (3.79) returns

a rank 1 solution for different choices of K. Specifically, we investigate the strength
of a parametrized relaxation of CUTn

∞, induced by basis Cp, for p ∈ [0, 1]. This
basis contains all n vectors α ∈ {0, 1}n−1 satisfying

∑n−1
i=1 αi ≤ 1, plus a fraction p

of vectors from the set {α ∈ {0, 1}n−1 :
∑n−1

i=1 αi = 2}, chosen uniformly at random
(and rounded to nearest integer). The number of elements in this basis can therefore
be computed as

|Cp| = n+

⌊
p

(
n− 1

2

)⌉
. (3.80)

The induced relaxation of CUTn
∞ is denoted by Ln(Cp), and defined analogously to

(3.69). This relaxation is closely related to the relaxations considered in Section 3.6;
note that

CUTn
∞ ⊆ Ln(C1) = Ln(Ã ) ⊆ Ln(Cp) ⊆ Ln(C0) = En

∞ ∀p ∈ [0, 1], n ∈ N.

We fix n = 25, c = 1n, and vary the level of the noise parameter

σ ∈
{
(2/3)

√
n,

√
n, (4/3)

√
n
}
. (3.81)

The chosen levels of σ are in line with [24, Fig. 2], where it is empirically shown that
for σ = (1/3)

√
n and K = En

∞, (3.79) very often admits an optimal rank 1 solution.
Since we test stronger relaxations than En

∞, we have therefore chosen larger values of
σ. We generate 100 instances of Hermitian matrices W ∈ Hn, with diag(W ) = 0,
and for which the off-diagonal entries are independently drawn standard complex
Gaussians. We track the rate at which the different relaxations, for various values of
σ, return rank 1 solutions (with the same zero precision of 10−6 as in Section 3.7.3).
Results are presented in Table 3.6. There, ‘#cons.’ denotes the number of (complex)
equality constraints appearing in the CSDP, and ‘Avg. T. (s)’ stands for the average
computation time per relaxation in seconds. Note also that |Cp|, see (3.80), denotes
the size of the corresponding CSDP, which is equivalent to a real SDP of size 2|Cp|.

At the tested levels of σ, see (3.81), it can be observed that increasing the re-
laxation size (i.e., p → 1) provides significantly more accurate solutions. For p = 1,
the CSDP is always observed to return a rank 1 solution, and already p = 0.75 of-
fers near-perfect rank 1 rates. The drawback is that the running times significantly
increase. However, in practice, if one is interested in computing the MLE of the un-
observed signal c, one should not start by solving the Ln(C1) or Ln(C0.75) relaxation;
it is more efficient to solve a smaller relaxation first, say Ln(C0.25), and inspect the
optimal solution. If the optimal solution is rank 1, it provides the MLE of c. If it is
not rank 1, one can increase the value of p and solve the stronger CSDP, continuing
so until an optimal rank 1 matrix is observed.

3.8 Conclusions

In this chapter we study the complex cut polytope CUTn
m, and its approximations

by semidefinite liftings. The considered approximations of CUTn
m are in general not

exact, but we investigate under what conditions they are, see Theorem 3.17.
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p |Cp| #cons. Avg. T. (s) σ/
√
n

2/3 1 4/3
0 25 25 0.01 18% 4% 1%
0.25 94 612 0.43 61% 34% 27%
0.5 163 1947 3.82 96% 88% 80%
0.75 232 4063 18.49 99% 98% 99%
1 301 6925 71.09 100% 100% 100%

Table 3.6: Rate over 100 runs at which the CSDP relaxation of the angular syn-
chronization problem (3.79), over feasible sets Ln(Cp) with n = 25, returns a rank 1
solution.

Our first approximation of CUTn
m is the complex elliptope En

m. This approxima-
tion can be strengthened by adding valid inequalities. In Section 3.2 we introduce a
framework for numerically comparing valid inequalities, and derive a number of cuts.
In Section 3.3 we determine some facet defining inequalities of CUT3

3, and prove that
these facets lead to an exact description of CUT3

3 (Theorem 3.17). In Section 3.4 we
show that a CSDP whose objective function contains only real coefficients, can be
equivalently reformulated as a real SDP of the same size (Proposition 3.19).

In Section 3.5, we consider the complex cut polytope CUTn
∞. We derive several

new results for n = 4, the smallest value for which En
∞ is not exact (Theorems 3.26

and 3.31). For general n we provide a method for reducing the size of a second
semidefinite lifting without weakening the approximation of CUTn

∞ (Lemma 3.41).
In Section 3.6 we investigate the extreme points of En

m (finite m). We find an infinite
family of rank 2 extreme points, which proves that the first semidefinite lifting of
CUTn

m is never exact (Corollary 3.47).
In Section 3.7 we investigate numerically the value of adding the valid inequalities

introduced in Section 3.2 to En
m, m ∈ {3, 4} for CSDPs with randomly generated

objectives and the MIMO detection problem. The numerical results show that adding
our cuts significantly improves the bounds as well as greatly increases the rate at which
the CSDPs return rank 1 solutions. We also test second semidefinite liftings for the
angular synchronization problem, and observe that those induce much tighter CSDP
relaxations as the size of a basis increases, at the cost of greater computational effort.

For future work, it would be interesting to have Conjecture 3.36 resolved. We
are also interested in finding faster methods for solving large CSDPs arising from
Ln(Cp). Table 3.6 shows clearly that larger values of p greatly improve the strength
of relaxations, although the required computational effort (both time and memory)
to solve them with off-the-shelf interior-point method solvers increases significantly.
A tailored solver might be able to handle much larger values of n than 25. Many
approaches for improving the scalability of real SDP have been proposed in the lit-
erature, most of them via exploiting some form of sparsity in the objective function
and/or constraints, see e.g., [302, 307, 308, 309] (note that our numerical experiments
involved only dense matrices). The authors of [306] remark that some of those ap-
proaches can be also applied to CSDPs with only real coefficients. Future research
is to investigate how these methods translate for the case of CSDPs over relaxations
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of CUTn
m.



4 Improved approximation ratios for
the quantum max-cut problem on
general, triangle-free and bipartite
graphs

The quantum max-cut (QMC) problem is to determine the largest energy eigenvalue
and corresponding eigenstate of the Hamiltonian

HG :=
∑

{i,j}∈E

wijHij , for Hij := I−XiXj − YiYj − ZiZj and wij > 0 (4.1)

where E denotes the edge set of a positive edge-weighted graph G = (V,E,w) on
n vertices, and Xi := I

⊗(i−1)
2 ⊗X ⊗ I

⊗(n−i)
2 . Here X is one of the well-known Pauli

matrices and I2 the identity matrix of order two. The matrices Yi and Zi are similarly
defined. We provide further details in Section 5.1.

The QMC problem is an example of a k-local Hamiltonian problem with k = 2,
since each local Hamiltonian Hij acts on 2 qubits. The QMC problem is one of the
simplest QMA-hard k-local Hamiltonian problems [255, Thm. 2], as the general k-
local Hamiltonian problem is QMA-hard if and only if k ≥ 2 [161]. This motivates the
search for polynomial-time (in the number of qubits n) approximation algorithms.
The QMC problem is the k-local Hamiltonian problem that has received the most
attention when it comes to developing such approximation algorithms, see [112, 145,
153, 156, 164, 190, 191, 246, 247]. This interest is partially due to the fact that the
QMC problem is equivalent to the anti-ferromagnetic Heisenberg model from physics.

The study of QMC approximation algorithms is also motivated by the similarities
and differences between the QMC problem and the classical NP-hard max-cut problem
(see Section 1.3.2). Indeed, taking as local Hamiltonian Hij = I − ZiZj reduces
problem (4.1) to the max-cut problem. Famously, the max-cut problem admits a
polynomial-time 0.878-approximation algorithm [117], which was later shown to be
optimal [163] under the Unique Games Conjecture (UGC) [162]. In contrast, the
current best-known approximation ratio for the QMC problem is far from its upper
bound: the current best-known ratio equals 0.611 [18], while the upper bound equals
0.956 (under UGC and a related conjecture, see [146]). Table 4.1 provides an overview
of QMC approximation algorithms for different graph classes, and their approximation
ratios. Note that these algorithms are designed to run on classical computers.

95
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A natural question is whether one can design better approximation algorithms
if we allow quantum algorithms. Quantum algorithms, based on the well-known
Quantum Approximate Optimization Algorithm [84], have recently been proposed in
[156, 218]. While these algorithms are empirically shown to achieve strong approx-
imation ratios on some unweighted QMC instances, their approximation ratios are
currently unknown. Instead, several asymptotic results have been established when
restricting the QMC problem to certain graph classes. For example, let |vp⟩ be the
output state of the algorithm from [156], with circuit depth p ∈ N. On unweighted
bipartite graphs G, the state |vp⟩ converges to an eigenvector corresponding to the
largest eigenvalue of HG, as p→ ∞ (the convergence rate is currently not known).

Most QMC approximation algorithms use a semidefinite programming (SDP) re-
laxation of the QMC problem. SDP relaxations of the QMC problem belong to the
field of noncommutative polynomial optimization, and are based on the NPA hierar-
chy [234, 256], which is the noncommutative variant of the Lasserre hierarchy [175].
The connection to noncommutative polynomials follows from considering the local
Hamiltonians in (4.1) as degree-2 polynomials in noncommutative variables xi, yi and
zi that represent the Pauli matrices (we provide further details in Section 4.2). SDP
relaxations of the QMC problem, based on the variables xi, yi and zi, were first consid-
ered in [112]. Later research [293, 311] investigated SDP relaxations of the QMC prob-
lem based on the noncommutative SWAP operators Sij := (I+XiXj+YiYj+ZiZj)/2.

Contributions. In this chapter, we improve the analysis of the QMC approximation
algorithm [191, Alg. 5] for general graphs, and propose two new QMC approxima-
tion algorithms, one for triangle-free graphs, and the other for bipartite graphs. We
prove that our approximation algorithms for triangle-free and bipartite graphs attain
the current best-known approximation ratios for their respective graph classes. Our
improved analysis of [191, Alg. 5] has been used in [18], to prove that their QMC al-
gorithm approximation ratio of 0.611, which is the current best-known approximation
ratio for the QMC problem on general graphs.

The improved analysis of [191, Alg. 5] follows by showing that a particular vector
induced by an SDP relaxation of the QMC problem is contained in the matching
polytope. To prove the containment, we compute a bound on the optimal QMC
value for all (up to isomorphism) unweighted graphs on ≤ 13 vertices. We derive
properties of the used SDP relaxation that reduce the required computation time to
approximately 16 hours.

Our QMC approximation algorithm for triangle-free graphs is inspired by [164,
Alg. 17], which achieves an approximation ratio of 0.582. Our improvements here
are due to the use of the matching-based QMC approximation algorithm from [191],
and improved parameters. One such parameter is a real-valued function Θ that is
required to satisfy non-trivial constraints, which we capture using a set of functions
A. Despite these non-trivial constraints, we prove that our choice of Θ ∈ A yields an
approximation ratio that is at most 0.00009 below the ratio obtained by an optimal
Θ ∈ A.

Our QMC approximation algorithm for bipartite graphs is inspired by [190, Alg. 1],
which is suited for general graphs and achieves an approximation ratio of 0.562. One
step of [190, Alg. 1] is rounding the used SDP relaxation of the QMC to a cut of the
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input graph. For bipartite graphs, we instead take the cut as the bipartition. The
resulting algorithm requires a real-valued function Θ ∈ A as parameter, similar to our
algorithm for triangle-free graphs. The function Θ maps an optimal solution of the
used QMC SDP relaxation, to angles θe ∈ [0, π/2] used in the outputted state, for all
edges e of the bipartite input graph. To further improve the algorithm, we carefully
adjust the value of θe when the SDP relaxation assigns a sufficiently large objective
value to edge e.

Outline. This chapter is organized as follows. Section 4.1 provides preliminaries. In
Section 4.2, we state the SDP relaxation that is used for the approximation algorithms,
and consider some simple properties of it. Section 4.3 provides the improved analysis
of the QMC approximation algorithm from [191]. In Section 4.4 we provide our
QMC approximation algorithm for triangle-free graphs, and prove that it achieves
an approximation ratio of 0.61383. In Section 4.5, we provide our approximation
algorithm for the QMC problem on bipartite graphs, and prove that it achieves an
approximation ratio of 0.8162. Concluding remarks and future research directions
are given in Section 4.6. Some of our results are based on computations; our code is
available in an online repository available at

https://github.com/LMSinjorgo/QMC_proofVerification.

Reference Ratio Remark
[112] 0.498 General graphs, outputs product state
[247] 1/2 General graphs, outputs product state
[145] 0.526 General graphs, uses SOC instead of SDP
[15] 0.531 General graphs
[246] 0.533 General graphs
[190] 0.562 General graphs
[191] 0.595 General graphs
[153] 0.599 General graphs, improved analysis of [191]
Thm. 4.18 0.603 General graphs, improved analysis of [191]
[18] 0.611 General graphs, uses Theorem 4.18
[164] 0.582 Triangle-free graphs
Thm. 4.27 0.61383 Triangle-free graphs
[164] 1√

2
≈ 0.707 Bipartite graphs

[153] 0.72 Bipartite graphs
[18, 155] 1+

√
5

4 ≈ 0.809 Bipartite graphs
Thm. 4.33 0.8162 Bipartite graphs

Table 4.1: Lower bounds on the approximation ratios of classical QMC approximation
algorithms.

https://github.com/LMSinjorgo/QMC_proofVerification
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4.1 Preliminaries

The 2× 2 Pauli matrices are given by

X :=

[
0 1
1 0

]
, Y :=

[
0 −i
i 0

]
, and Z :=

[
1 0
0 −1

]
, (4.2)

where i is the imaginary unit. Recall that the matrix Xi is defined as Xi := I
⊗(i−1)
2 ⊗

X ⊗ I
⊗(n−i)
2 where n ∈ N. Matrices Yi and Zi are similarly defined. The 3n matrices

in P := {Xi, Yi, Zi : i ∈ [n]}, where [n] := {1, . . . , n}, are referred to as extended
Pauli matrices, or simply Pauli matrices.

In this chapter we use noncommutative polynomials in the 3n variables x1, . . . , xn,
y1, . . . , yn, z1, . . . , zn. We denote the set of variables by pn := {xi, yi, zi : i ∈ [n]},
and often omit the superscript n for brevity. A product of noncommutative variables
is referred to as a word, or monomial. The length, or degree, of a word is defined as the
sum of the exponents in the word. We define ⟨pn⟩k as the set of all words of degree at
most k, consisting of the 3n variables from p. The degree of a polynomial f , denoted
by deg(f), equals the largest degree among its words with nonzero coefficients. We
denote the ring of noncommutative polynomials with complex coefficients by C⟨p⟩,
and we let C⟨p⟩k be the set of all such polynomials of degree at most k, where k ∈ N.
The sets R⟨p⟩ and R⟨p⟩k are defined analogously, using real coefficients instead of
complex. The involution w 7→ w∗ returns the word w with the order of the symbols
reversed. This involution is extended to C⟨p⟩ and R⟨p⟩ by conjugate linearity.

The dual spaces of C⟨p⟩, C⟨p⟩k, R⟨p⟩ and R⟨p⟩k are denoted by C⟨p⟩∗, C⟨p⟩∗k,
R⟨p⟩∗ and R⟨p⟩∗k respectively. Let f1, . . . , fm ∈ C⟨p⟩. We define, for k ∈ N,

⟨f1, . . . , fm⟩k :=

{
m∑
i=1

gifi hi : gi, hi ∈ C⟨p⟩, deg(gifi hi) ≤ k ∀i ∈ [m]

}
(4.3)

as the two-sided ideal generated by the polynomials f1, . . . , fm, truncated at degree
k. We set ⟨f1, . . . , fm⟩ := ⟨f1, . . . , fm⟩∞. For f ∈ C⟨p⟩, we write f(P) ∈ C2n×2n to
denote the polynomial f evaluated at the Pauli matrices.

Definition 4.1 (Set of all graphs on n vertices). For n ∈ N, we write Gn for the set
of all simple, undirected, unweighted graphs on n unlabeled vertices.

Definition 4.2 (Graph matching). A matching M of G = (V,E,w) is a mapping
M : E → {0, 1}, satisfying MeMe′ = 0 if edges e and e′ are adjacent. We say that
the edges satisfying Me = 1 form a matching. The weight of a matching is given by∑

e∈E weMe. We say that a vertex i ∈ V is unmatched by M if Me = 0 for all edges
e incident to i.

Given an edge-weighted graph G = (V,E,w), Edmonds [80] showed that the
following linear program (LP), gives the weight of a maximum weight matching in G:
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(MW-LP)

max
∑
e∈E

wexe

s.t.
∑

j∈N(i)

xij ≤ 1 ∀i ∈ V

∑
e∈ES

xe ≤
|S| − 1

2
∀S ⊆ V, |S| odd

xe ≥ 0 ∀e ∈ E,

(4.4a)

(4.4b)

(4.4c)

where ES := {{i, j} ∈ E : i, j ∈ S} for all S ⊆ V , and N(i) denotes the neighborhood
of vertex i. That is, N(i) := {j ∈ V : {i, j} ∈ V }.

The feasible set of MW-LP is referred to as the matching polytope (of G). It is
common to refer to the constraints (4.4b) as odd set inequalities. Although MW-LP
requires an exponential number of such inequalities, it can still be solved in polynomial
time using the ellipsoid method [127, Sect. 4]. There also exist algorithms for finding
maximum weight matchings that do not use MW-LP, see e.g., [30, 81].

Definition 4.3 (Edge-induced subgraph). Let G = (V,E), and Ẽ ⊆ E. The edge-
induced subgraph of G is denoted by G[Ẽ] and defined as G[Ẽ] := (Ṽ , Ẽ), for Ṽ ={
i ∈ V : ∃j ∈ V such that {i, j} ∈ Ẽ

}
.

Definition 4.4 (Vertex cover number). For G = (V,E), we say that S ⊆ V is a
vertex cover of G if, for all edges {i, j} ∈ E, it holds that {i, j} ∩ S ̸= ∅. The vertex
cover number of G, denoted τ(G), is defined as the cardinality of the smallest vertex
cover of G. Equivalently,

τ(G) = min
S⊆V (G)

{|S| : {i, j} ∩ S ̸= ∅ ∀ {i, j} ∈ E} .

4.2 SDP bounds on λmax(HG)

The matrixHG, see (4.1), is of order 2n which prohibits computing λmax(HG) directly.
We present an SDP hierarchy, based on noncommutative polynomial optimization
[234, 256], see also [112, Sect. 4], that yields upper bounds on λmax(HG) in time
polynomial in n.

The problem of computing λmax(HG) can be considered as a noncommutative
polynomial optimization problem. Indeed, for each of the (extended) Pauli matrices
Xi, Yi, Zi, i ∈ [n] we introduce a noncommuting variable xi, yi, zi, respectively. The
(anti)commutation relations of the Pauli matrices can be expressed as f(P) = 0 for
all f ∈ I, where I ⊆ C⟨p⟩ is the two-sided ideal defined as:

I := ⟨x2i − 1, y2i − 1, z2i − 1, xiyj − yjxi, xizj − zjxi, yizj − zjyi, xiyi − izi,

xizi + iyi, yizi − ixi, yixi + izi, zixi − iyi, ziyi + ixi, : i, j ∈ V, i ̸= j⟩.
(4.5)

It can be observed that the monomials in

⟨pn⟩Ik := {u1u2 · · ·un : ui ∈ {1, xi, yi, zi} ∀i ∈ [n], deg(u1 · · ·un) ≤ k}
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form a basis of the quotient space C⟨p⟩k/I. We define

R⟨p⟩Ik :=

 ∑
u∈⟨pn⟩Ik

fuu : fu ∈ R ∀u ∈ ⟨pn⟩Ik

 (4.6)

as the set of real polynomials in the monomials ⟨pn⟩Ik . Note that any f ∈ R⟨p⟩Ik is
symmetric, i.e., f∗ ≡ f mod I and satisfies deg(f) ≤ k. The set R⟨p⟩Ik can be used
to define a real SDP relaxation of the QMC problem, with as feasible set

F k
n :=

{
L ∈ R⟨p⟩∗2k :

L(1) = 1, L(f) = 0 ∀f ∈ R⟨p⟩2k satisfying

f + f∗ ∈ I2k, L
(
f2
)
≥ 0 ∀f ∈ R⟨p⟩Ik

}
. (4.7)

Note that I2k in (4.7) denotes the degree restricted ideal of (4.5), as in (4.3).

Lemma 4.5. Let n, k ∈ N, f ∈ R⟨p⟩2k and L ∈ F k
n . We have that L(f) = L(f∗).

Additionally, for any f̃ ∈ R⟨p⟩2k satisfying f ≡ f̃ mod I, L(f) = L(f̃).

Proof. Consider first the claim L(f) = L(f̃) whenever f ≡ f̃ mod I. Since f ≡ f̃ ,
we have f− f̃ ∈ I, which implies that also (f− f̃)+(f− f̃)∗ ∈ I. Thus, L(f− f̃) = 0,
which proves the claim by the linearity of L.

To prove that L(f) = L(f∗), write f =
∑

u:deg(u)≤2k fuu for real numbers fu and
monomials u. Any monomial u satisfies either u ≡ u∗ mod I, or u ≡ −u∗ mod I
[268]. If u ≡ u∗, then L(u) = L(u∗) by the previously proved claim. If instead
u ≡ −u∗, then u+ u∗ ∈ I2k, so that L(u) = 0 by the constraints of F k

n . We have

L(f) =
∑

u:deg(u)≤2k

fuL(u) =
∑

u:u≡u∗

fuL(u) =
∑

u:u≡u∗

L(fuu
∗) = L(f∗).

A functional L that satisfies L(f) = L(f∗) is said to be symmetric. For symmetric
linear functionals, we have that

L(f2) ≥ 0 ∀f ∈ R⟨p⟩Ik ⇐⇒ Mk(L) := (L(uv))u,v∈⟨pn⟩Ik
⪰ 0, (4.8)

see [45, Lem. 1.44] (and note the equalities L(f2) = L(f∗f), L(uv) = L(u∗v)). The
matrix Mk(L) is referred to as the moment matrix corresponding to L, and is also
known as the noncommutative Hankel matrix [45]. It follows by (4.8) that F k

n corre-
sponds to the feasible set of a real SDP.

We define HG(p) as the polynomial obtained after replacing the Pauli matrices in
(4.1) with their corresponding variables xi, yi, zi, and I2n with 1. The value

max
L∈Fk

n

L(HG(p)) for k ∈ N, (SDPk)

is an upper bound on λmax(HG) that can be computed by solving an SDP. To see
that SDPk defines an upper bound on λmax(HG), consider the functional L̃(f) :=
1
2 ⟨ψ| (f(P) + f∗(P)) |ψ⟩, where |ψ⟩ is a unit length eigenvector of HG corresponding
to λmax(HG). It can be shown that L̃ ∈ F k

n for any k ∈ N, and achieves an objective
value of λmax(HG) [190, App. A.1].
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The integer k in SDPk is referred to as the relaxation level of the SDP relaxation.
The order of Mk(L) in (4.8) is given by

∣∣⟨pn⟩Ik
∣∣ =

∑k
i=0 3

i
(
n
i

)
∈ O(nk). Hence,

larger values of k induce larger SDPs that are harder to solve, but offer tighter upper
bounds on λmax(HG). The following result shows that SDPk is exact when k = n.
For a similar statement about an SDP hierarchy based on the SWAP operators, see
[311, Thm. 4.10].

Lemma 4.6. Let G be a graph on n vertices. The optimal value of SDPn equals
λmax(HG).

Proof. Since λmax(HG)I2n −HG ∈ S2n

+ , there exists a matrix M ∈ S2n

+ that satisfies
λmax(HG)I2n −HG =M2, cf. e.g. [144, Thm. 7.2.6]. Define the following set of real
matrices

PΠ
R :=

{
n⊗

i=1

σi : σi ∈ {I2, X, Y, Z} ∀i ∈ [n]

}
∩ R2n×2n .

Any matrix in S2n can be written as a real linear combination of the matrices in PΠ
R

(see Lemma B.5 on Page 211). This implies the existence of a polynomial f ∈ R⟨p⟩In,
see (4.6), that satisfies M = f(P), and so

λmax(HG)−HG(p) ≡ f2 mod I. (4.9)

Let L ∈ Fn
n be an optimal solution of SDPk with k = n. We have that:

λmax(HG)− L(HG(p)) = L(λmax(HG)−HG(p)) = L(f2) ≥ 0. (4.10)

The first equality in (4.10) is due to the linearity of L, and the fact that L(1) = 1.
The second equality in (4.10) follows from (4.9) and Lemma 4.5. The inequality in
(4.10) follows from the definition of Fn

n .
Rewriting (4.10) yields that L(HG(p)) ≤ λmax(HG). Since it also holds that

L(HG(p)) ≥ λmax(HG), we conclude that L(HG(p)) = λmax(HG), which completes
the proof.

4.3 Improved analysis of a QMC approximation al-
gorithm

In this section, we consider the polynomial-time QMC approximation algorithm from
[191], and provide a sharper analysis of this algorithm compared to [191].

To prove the 0.595 approximation ratio of [191, Alg. 5], Lee and Parekh showed
how to convert a solution of SDPk for relaxation level k = 2, to a vector h+ = (h+e )e∈E

(to be defined later) that has the property that ( 45h
+
e )e∈E is feasible for MW-LP. They

did so by showing that h+ satisfies the odd set inequalities (4.4b) for |S| ≤ 3. Recently,
the authors of [153] showed that h+ satisfies the odd set inequalities for |S| ≤ 5. Here,
we show that h+, for k ≥ 2, satisfies the odd set inequalities for |S| ≤ 9. This implies
that ( 1011h

+
e )e∈E is feasible for MW-LP (see Lemma 4.10). The improved prefactor
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10/11 (instead of 4/5) directly translates to an improved approximation ratio of 0.602
for the algorithm. In case k ≥ 13, we can even show that ( 1415h

+
e )e∈E is feasible for

MW-LP, which further improves the approximation to 0.603. Our proof of this relies
on the exactness of SDPk, with k ≥ 13, for graphs that have at most 13 vertices (see
Lemma 4.6).

Let us first present [191, Alg. 5] in Algorithm 1 below. Note that Algorithm 1 is

Algorithm 1: QMC approximation algorithm [191, Alg. 5]
Input: Edge-weighted graph G = (V,E,w), w > 0, on n vertices. Relaxation
level k ∈ N.

1 Compute ρ1 = productState(G,k), see Line 3, and
ρ2 = matchingState(G), see Line 8.

2 Output ρ1 if tr(ρ1HG) ≥ tr(ρ2HG), and ρ2 otherwise.
3 Function productState(G,k)
4 Solve SDPk to obtain an optimal moment matrix Mk(L). From this

Mk(L), obtain unit length vectors v(u) ∈ R|⟨p
n⟩Ik |, u ∈ ⟨pn⟩Ik , that

satisfy Mk(L)u,u′ = v(u)⊤v(u′) for any u, u′ ∈ ⟨pn⟩Ik . Set

vi := (v(xi)
⊤,v(yi)

⊤,v(zi)
⊤)⊤/

√
3, i ∈ V. (4.11)

5 Sample a random matrix R ∈ R3×3|⟨pn⟩Ik |, whose elements are
independently drawn from the standard normal distribution.

6 Compute ui := Rvi/∥Rvi∥ ∈ R3 for all i ∈ V .
7 return

∏
i∈V

1
2 (I+ ui,1Xi + ui,2Yi + ui,3Zi)

8 Function matchingState(G)
9 Find a maximum weight matching M of G, see Definition 4.2.

10 return 2−n
∏

{i,j}:M{i,j}=1(I−XiXj − YiYj − ZiZj)

a polynomial-time algorithm for any fixed k ∈ N. In particular, solving SDPk up to
fixed precision, and computing a maximum weight matching [80] are both possible in
time polynomial in n = |V (G)|.

For k = 2, it is shown [191, Thm. 11] that a lower bound on the approximation
ratio of Algorithm 1 is given by the function value α(4/5) (≥ 0.595), for α given by

α(µ) := max
p∈[0,1]

min
x∈(−1,1]

p q(x) + (1− p) (1 + 3µx+)

2 + 2x
, µ ∈ [0, 1], (4.12)

where x+ := max{x, 0} and

q(x) := 1 +

(
8 + 16x

9π

)
2F1

(
1

2
,
1

2
,
5

2
,

(
1 + 2x

3

)2
)
, (4.13)

for 2F1 the hypergeometric function

2F1(a, b, c, z) :=

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (t)n := t(t+ 1) · · · (t+ n− 1),
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with (t)0 = 1. Note that q(x) is well-defined for all x ∈ [−1, 1], in particular for x = 1
due to Gauss’s hypergeometric theorem, see e.g., [22, Sect. 1.3].

Remark 4.7. The minimization over x ∈ (−1, 1] in (4.12) is well-defined, since the
minimum does not occur near x = −1. Indeed, one can verify that q(−1) ≈ 0.71, so

that limx↓−1
pq(x)+(1−p)(1+3µx+)

2+2x = +∞, for any µ, p ∈ [0, 1]. △

The variable x in (4.12) corresponds to hij , which is defined as follows:

Definition 4.8. Let L ∈ F k
n , see (4.7), with n ≥ 2 and k ≥ 1. For i, j ∈ [n], i ̸= j,

define the values

hij := −1

2
(1 + L(xixj) + L(yiyj) + L(zizj)) , h

+
ij := max{hij , 0}.

If k ≥ 2, then hij ∈ [−1, 1], see [246, Lem. 12], and h+ij ∈ [0, 1]. Note that hij and h+ij
are functions of L ∈ F k

n . Throughout the rest of this chapter, we implicitly assume
this dependence.

Definition 4.8 is similar to [191, Def. 3] with the following difference: h := (hij)
here differs by a factor of 2 compared to the definition of h in [191]. We note that the
lower and upper bound on hij are tight for all k ≥ 2. The SDP relaxation SDPk can
be expressed in terms of he:

max
L∈Fk

n

∑
e∈E(G)

we(2 + 2he). (4.14)

The approximation ratio of Algorithm 1 is related to the values h+e , as described by
the following technical result that is crucial to the remainder of this section.

Theorem 4.9 ([191]). Let k ∈ N and let G be a graph on n vertices. If (µh+e )e∈E(G),
for some µ ∈ [0, 1], is contained in the matching polytope of G for all L ∈ F k

n , then
the approximation ratio of Algorithm 1 with inputs k and G is at least α(µ), where
the function α is defined in (4.12).

Table 4.2 presents lower bounds on α(µ), for different values of µ. It can be
observed that α(µ) is increasing in µ, and we are therefore interested in proving that
(µh+e )e∈E is contained in the matching polytope for µ as close to 1 as possible. To do
so, we require the following well-known property of the matching polytope, see e.g.,
[36, Ex. 6] or [280, App. A].

Lemma 4.10. Let x ∈ R|E| be a vector that satisfies the constraints (4.4a) and (4.4c).
If x also satisfies the odd set inequalities (4.4b) for all S ⊆ V with |S| ≤ s, s odd,
then s+1

s+2x is contained in the matching polytope.

We will use Lemma 4.10 for x = (h+e )e∈E , see Definition 4.8. Therefore, we need
to verify whether the odd set inequalities

∑
e∈ES

h+e ≤ ⌊s/2⌋, with s := |S| and ES

defined below MW-LP, hold. To do so, we compute an upper bound on
∑

e∈ES
h+e

for all feasible solutions to SDPk. That is, we compute

max
L∈Fk

s

∑
1≤i<j≤s

h+ij = max
z∈{0,1}(

s
2), L∈Fk

s

∑
1≤i<j≤s

zijhij ,
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µ 4/5 6/7 8/9 10/11 12/13 14/15 1
α(µ) ≥ 0.595 0.599 0.601 0.602 0.602 0.603 0.606
p∗ 0.672 0.697 0.709 0.716 0.721 0.724 0.744
x∗ 0.152 0.153 0.146 0.139 0.142 0.131 0.115

Table 4.2: Lower bounds on α(µ) obtained by rounding down α(µ) to 3 digits. The
rows p∗ and x∗ present a corresponding approximate maximizer/minimizer for the
optimization problem in the definition of α(µ).

for odd s > 1 and F k
s the feasible set of SDPk, see (4.7). Any fixed z ∈ {0, 1}(

s
2)

defines a graph G ∈ Gs, see Definition 4.1, with edge set {{i, j} : zij = 1}, so that
maxL∈Fk

s

∑
1≤i<j≤s zijhij = c(G, k), where

c(G, k) := max
L∈Fk

s

∑
e∈E(G)

he. (4.15)

Note that c(G, k) can be computed in polynomial time, up to finite precision, by solv-
ing the corresponding SDP. The connection between c(G, k) and

∑
e∈E h

+
e is clarified

by the following result.

Lemma 4.11. Let s ≥ 2 and k ≥ 1. For any G = (V,E) ∈ Gs and h+ as in
Definition 4.8, we have

max
L∈Fk

s

∑
e∈E(G)

h+e ≤ max
L∈Fk

s

∑
1≤i<j≤s

h+ij = max
G∈Gs

c(G, k).

Proof. Since h+ ≥ 0, we have maxL∈Fk
s

∑
e∈E h

+
e ≤ maxL∈Fk

s

∑
1≤i<j≤s h

+
ij . Let

L̃ ∈ F k
s , see (4.7), be the linear functional that maximizes this upper bound. Let h̃ be

the h values corresponding to L̃, as in Definition 4.8. Consider the graph G̃ = (Ṽ , Ẽ),
with Ṽ = [s] and Ẽ := {{i, j} : h̃ij ≥ 0}. Then

max
L∈Fk

s

∑
{i,j}∈E

h+ij ≤ max
L∈Fk

s

∑
1≤i<j≤s

h+ij = c
(
G̃, k

)
≤ max

G∈Gs

c(G, k). (4.16)

It remains to show that the second inequality of (4.16) is an equality. To do so, let
G′ ∈ argmaxG∈Gs

c(G, k) with edge set E′, and let h′ be the h values corresponding
to an optimal solution of the SDP defining c(G′, k). By optimality of G′, h′ij ≥ 0 for
all {i, j} ∈ E′, and h′ij ≤ 0 for those {i, j} ̸∈ E′. Hence,

max
G∈Gs

c(G, k) = c(G′, k) =
∑
e∈E′

h′e =
∑

1≤i<j≤s

max{h′ij , 0} ≤ max
L∈Fk

s

∑
1≤i<j≤s

h+ij .

By combining Lemmas 4.10 and 4.11, we obtain the following corollary.

Corollary 4.12. Let k, s ∈ N, s odd. Suppose that maxG∈Gs′ c(G, k) ≤ ⌊s′/2⌋ for all

integers s′ ≤ s. Then, for any G ∈ Gn and L ∈ F k
n , the vector

(
s+1
s+2h

+
e

)
e∈E(G)

is

contained in the matching polytope of G.
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Proof. Let G = (V,E) be a graph. We consider the odd set inequalities (4.4b) for
x = (h+e )e∈E(G). Let S ⊆ V with |S| ≤ s and |S| odd. We have, for ES as defined
below MW-LP, that∑

e∈ES

h+e ≤
∑
i,j∈S

h+ij ≤ max
G′∈G|S|

c(G′, k) ≤ |S| − 1

2
,

by Lemma 4.11 and the assumption of the corollary. Hence, (h+e )e∈E(G) satisfies the
odd set inequalities ∀S ⊆ V with |S| odd and |S| ≤ s. The claim then follows from
Lemma 4.10.

Considering Corollary 4.12, we aim to compute maxG∈Gs c(G, k) for s as large as
possible. For s ∈ {3, 4, 5}, the value of maxG∈Gs

c(G, k) is known.

Lemma 4.13 ([153, 191]). For k = 2 and s ∈ {3, 4, 5}, we have that

max
G∈Gs

c(G, k) = max
L∈Fk

s

∑
1≤i<j≤s

h+ij =
⌊s
2

⌋
.

In this section, we compute maxG∈Gs
c(G, k) for 3 ≤ s ≤ 13 and k ≥ 2 by ex-

ploiting properties of the function c(G, k) that allow us to reduce the number of
computations needed. To prove our results on c(G, k), we require an important prop-
erty of the h+ and h values derived from monogamy of entanglement. Monogamy of
entanglement is a physical property of quantum systems, restricting the maximum
entanglement between different quantum states. The connection between monogamy
of entanglement and SDPk, k ≥ 2, is due to [246, Thm. 11] and [191, Lem. 4], which
state that ∑

j∈S

hij ≤
∑
j∈S

h+ij ≤ 1, (4.17)

for any fixed i and subset S of the vertices with i /∈ S. It is known that (4.17) is not
implied by SDPk when k ≤ 1.5, see [246, Thm. 10].

Remark 4.14. To compare [246, Thm. 11] with (4.17), observe that xe from [246]
satisfies xe = (1 + 2he)/3. △

Lemma 4.15. For any G ∈ Gs, s ≥ 2, we have the following bounds on c(G, k):

1. c(G, k) ≤
∑p

i=1 c
(
G[Ei], k

)
, for

{
E1, . . . , Ep

}
a partition of E, see Definition 4.3.

2. c(G, k) ≤ τ(G) for the vertex cover number τ(G) as in Definition 4.4 and k ≥ 2.

3. c(G, k) ≤ s/2 for k ≥ 2.

4. c(G, k) ≤ c(G, k − 1) for k ≥ 2.

5. c(G, k) ≤ 1 + max
G∈Gs−2

c(G, k) if G contains a vertex of degree 1, s ≥ 4 and k ≥ 2.

6. c(G, k) ≥ λmax(HG)/2− |E(G)|. This inequality holds with equality if k ≥ s.
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Proof.

1. For
{
E1, . . . , Ep

}
a partition of E(G), we have

c(G, k) = max
L∈Fk

s

∑
e∈E(G)

he ≤
p∑

i=1

(
max
L∈Fk

s

∑
e∈Ei

he

)
=

p∑
i=1

c
(
G[Ei], k

)
.

The inequality follows from the fact that the maximum of a sum is at most the
sum of the maxima, while the equality follows from the definition of c(G, k).

2. Let V ∗ ⊆ V be a vertex cover of G = (V,E) satisfying |V ∗| = τ(G). For each
i ∈ V ∗, let Ei ⊆ E be a subset of the edges adjacent to i, chosen in such a
way that the subsets Ei form a partition of E. Observe that each edge-induced
subgraph G[Ei] is a star graph. Then, by Item 1 and (4.17), we have c(G, k) ≤∑

i∈V ∗ c(G[Ei], k) ≤ |V ∗| = τ(G).

3. The statement follows from (4.17), since

max
L∈Fk

s

h+ij = max
L∈Fk

s

1

2

∑
i∈V

∑
j∈N(i)

h+ij ≤
s

2
.

The factor 1/2 accounts for the fact that we count each edge twice.

4. Let L ∈ F k
s . Let L̃ ∈ R⟨p⟩∗2(k−1) be the restriction of L to inputs from R⟨p⟩2(k−1).

It follows that L̃ ∈ F k−1
s . Moreover, L̃ and L induce the same values of h and h+,

see Definition 4.8.

5. Without loss of generality, assume that vertex 1 has degree 1, and is connected
to vertex 2, i.e., {1, 2} ∈ E. Partition E := E(G) into E1 := {{2, i} : i ∈ N(2)}
and E2 := E \ E1. By Item 1, we have c(G, k) ≤ c(G[E1], k) + c(G[E2], k).
Since G[E1] is a star graph, we have c(G[E1], k) ≤ 1, see (4.17). Thus, c(G, k) ≤
1 + c(G[E2], k) ≤ 1 + maxG∈Gs−2

c(G, k), as G[E2] is a graph on s− 2 vertices.

6. We use (4.14) to obtain

c(G, k) = max
L∈Fk

s

∑
e∈E

he = −|E(G)|+ 1

2
max
L∈Fk

s

∑
e∈E

(2 + 2he) ≥
λmax(HG)

2
− |E(G)|.

The inequality follows from the fact that SDPk provides an upper bound on
λmax(HG), which holds with equality if k ≥ s, see Lemma 4.6.

Lemma 4.16. Let s, k ∈ N, with s, k ≥ 2 and s odd. Suppose max
G∈Gs′

c(G, k) = ⌊s′/2⌋

for all 2 ≤ s′ < s. Let G ⊆ Gs be the set of graphs that satisfy the following properties:

1. The graph G is biconnected, triangle-free, and not bipartite.

2. For all i ∈ V (G), 2 ≤ deg(i) ≤ s−1
2 .
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3. The graph G has at least s edges, i.e., |E(G)| ≥ s.

4. For any nonempty stable set S ⊆ V (G), |∪i∈SN(i)| ≥ |S|+ 1.

We have that

max
G∈Gs

c(G, k) =
⌊s
2

⌋
⇐⇒ max

G∈G
c(G, k) ≤

⌊s
2

⌋
. (4.18)

Proof. See Page 211 in Appendix B.3.

It can be shown (see Lemma B.8 on Page 213) that any G ∈ Gs that satisfies
property 4 of Lemma 4.16, also satisfies deg(i) ≥ 2 for all vertices i, and τ(G) ≥
(s+ 1)/2.

Finding a list of all graphs in G is intractable for large s, due to the difficulty
of checking property 4. However, it is clear that (4.18) remains valid if we replace
G by a superset of G that is simpler to construct. The set of all graphs satisfying
properties 1 to 3 is such a superset. The cardinality of this superset is still much
smaller compared to |Gs|, as we show in Table 4.3. Computing the number of graphs
satisfying properties 1 to 3 for s = 15 in Table 4.3 requires approximately 90 minutes.
For s = 13, the computation requires approximately 10 seconds, and less than a second
for values of s < 13. Note that the 5-cycle is the only triangle-free non-bipartite graph
on 5 vertices, since non-bipartite graphs must contain an odd cycle.

We will use a relaxed version of property 4 (obtained by constraining |S| ≤ 2),
to reduce the cardinality of the superset even further for the case s = 13 (see Ap-
pendix A.7 on Page 201), in order to prove the following result.

s |Gs|
#graphs satisfying
properties 1 to 3

3 4 0
5 34 1 (the 5-cycle)
7 1044 6
9 274668 219
11 1018997864 26360
13 50502031367952 9035088
15 31426485969804308768 8564316064

Table 4.3: Comparison of |Gs| and the number of graphs satisfying properties 1 to 3
of Lemma 4.16.

Lemma 4.17. For 2 ≤ s ≤ 10 and k ≥ 2, maxG∈Gs c(G, k) = ⌊s/2⌋. For 11 ≤ s ≤ 14,
maxG∈Gs

c(G, s) = ⌊s/2⌋.

Proof. We use Lemma 4.16 as follows: let G′ be the set of graphs satisfying properties
1 to 3. Observe that G′ is a superset of G, and that we may replace G by G′

in (4.18). Hence, it remains to show that maxG∈G′ c(G, k) ≤ ⌊s/2⌋. If s is even,
maxG∈G′ c(G, k) ≤ ⌊s/2⌋, k ≥ 2, follows by Item 3 of Lemma 4.15. If s ∈ {3, 5, 7, 9},
we verify that maxG∈G′ c(G, k) ≤ ⌊s/2⌋, k = 2, by solving the SDPs that define
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c(G, 2). By Item 4 of Lemma 4.15, this also proves the case k > 2. If s ∈ {11, 13},
we proceed similarly, except instead of computing c(G, s) via solving the SDP, we
use c(G, s) = λmax(HG)/2 − |E(G)|, which is valid due to Item 6 of Lemma 4.15.
Computing c(G, s) in this way requires significantly less time than solving the SDP.
We provide more computational details of the proof in Appendix A.7, Page 201.

Extending Lemma 4.17 to s = 15 is intractable with current methods: the Hamil-
tonians corresponding to graphs in G15 are matrices of order 215 = 32768, and the
number of graphs satisfying properties 1 to 3 is of the order 109, see Table 4.3.
However, Lemma 4.17 already provides the following improved lower bounds on the
approximation ratio of Algorithm 1.

Theorem 4.18. For k ≥ 2, the approximation ratio of Algorithm 1 is at least
α(10/11) ≥ 0.602, see Table 4.2. If k ≥ 13, the approximation ratio is at least
α(14/15) ≥ 0.603.

Proof. By Corollary 4.12 and Lemma 4.17, we have that ( 1011h
+
e )e∈E is contained in

the matching polytope when k ≥ 2, and ( 1415h
+
e )e∈E when k ≥ 13. The claim then

follows from Theorem 4.9.

Our results also imply the following nonlinear inequalities for SDPk.

Lemma 4.19. Let L ∈ F k
n , see (4.7), and k ≥ 2. Then, for the values h+ derived

from L as in Definition 4.8, we have
∑

1≤i<j≤s h
+
ij ≤ ⌊s/2⌋ for all s ∈ {2, 3, . . . , 10}.

These bounds are tight and extend to s ∈ {11, . . . , 14} if k ≥ s.

4.4 New approximation algorithm on triangle-free
graphs

In this section, we propose an approximation algorithm for the QMC problem on
triangle-free graphs that achieves an approximation ratio of at least 0.61383. Our
algorithm is inspired by [164, Alg. 17], which is also designed for triangle-free graphs
and achieves an approximation ratio of at least 0.582.

We present Algorithm 2 on the next page. The input parameter Θ of Algorithm 2
is a real-valued function from the set A that we will define in Section 4.4.1. The
restriction Θ ∈ A is required for the computation of the approximation ratio of
Algorithm 2 in Section 4.4.2.

Algorithm 2 improves over [164, Alg. 17] in three ways. Firstly, we optimize the
algorithm parameter Θ over a larger space. King chose Θ(x) = Rx2 and (numerically)
optimized the value of R ∈ R to obtain the highest approximation ratio. In contrast,
we consider functions Θ over a set A, which we prove contains functions of the form
Rx2, but also Rx and 1− e−Rx (Lemma 4.26). We determine a near-optimal Θ ∈ A
in Section 4.4.3. Secondly, in Line 5, we choose the values of φi based on a maximum
weight matching on a modified graph, which we later show improves over drawing
all the φi uniformly at random as in [164, Alg. 17]. Thirdly, we output the state
matchingState(G), see Algorithm 1, if the state |ξ⟩ ⟨ξ| performs worse.
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Algorithm 2: Approximation algorithm for the QMC problem on triangle-
free graphs
Input: triangle-free, edge-weighted graph G = (V,E,w), w > 0, on n
vertices. Function Θ ∈ A, see (4.24).

1 Solve SDPk for k = 13 to obtain the vectors vi and values (h+e )e∈E , see (4.11)
and Definition 4.8 respectively. Compute the vectors ui ∈ R3, i ∈ V , as in
Lines 5 and 6 of Algorithm 1 on Page 102. For each i ∈ V , let ξi ∈ C2 be a
unit length vector satisfying |ξi⟩ ⟨ξi| = 1

2 (I2 + ui,1X + ui,2Y + ui,3Z).

2 Set θe := arcsin
√

Θ
(
h+e
)

for all e ∈ E.

3 For all i ∈ V , set Pi :=

[
0 1

exp
((
2Arg

(
ξ∗i,1ξi,2

)
+ π

)
i
)

0

]
.

4 Compute a maximum weight matching M on the modified graph
G̃ = (V,E, w̃), where w̃ is defined as

w̃e := we q(he)
√

Θ
(
h+e
) (

1−Θ
(
1− h+e

))
, (4.19)

for q as in (4.13). Let U ⊆ V be the set of vertices unmatched by M.
5 For all {i, j} ∈ E, let

γij := π −Arg
(
⟨ξi| eφj iPj |ξj⟩ ⟨ξj | eφiiPi |ξi⟩

)
, (4.20)

where the values of φi, i ∈ V , are chosen as follows: for each i ∈ U , draw
φi ∈ [0, 2π) uniformly at random. For {i, j} ∈ E with M{i,j} = 1, draw
φi ∈ [0, 2π) uniformly at random, and choose φj ∈ [0, 2π) such that
γij = π/2.

6 For all i ∈ V , set P̃i := eφii
(
I
⊗(i−1)
2 ⊗ Pi ⊗ I

⊗(n−i)
2

)
.

7 Compute ρ = matchingState(G), see Algorithm 1 on Page 102.
8 Let

|ξ⟩ :=
∏

{i,j}∈E

exp

(
i

2
sgn(γij)θijP̃iP̃j

)⊗
i∈V

|ξi⟩. (4.21)

9 Return the state |ξ⟩ ⟨ξ| if tr(|ξ⟩ ⟨ξ|HG) ≥ tr(ρHG), and state ρ otherwise.

Note that Algorithm 2 computes maximum weight matchings in Lines 4 and 7. To
compute the approximation ratio of Algorithm 2, we relate the weight of these match-
ings to h+ from Definition 4.8, as in [191]. Given a maximum weight matching M
on G = (V,E,w), this relation is the inequality

∑
e∈E(G) weMe ≥ µ

∑
e∈E(G) weh

+
e .

Here, the value µ ∈ [0, 1] is such that (µh+e )e∈E(G) is contained in the matching
polytope. Since Algorithm 2 uses an SDP relaxation level of k = 13, we may set
µ = 14/15, as explained in Section 4.3.
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4.4.1 Properties of Θ
In Algorithm 2, we require that the input function Θ ∈ A. The set A is defined as
the set of functions in

A′ := {Θ : [0, 1] → R : Θ(0) = 0,Θ is increasing, Θ(1) ≤ 1} , (4.22)

that satisfy, for all c ∈ [0, 1], the equality

min
x∈[0,c]

(1−Θ(x))(1−Θ(c− x)) = 1−Θ(c). (4.23)

That is,
A := {Θ ∈ A′ : Θ satisfies (4.23) for all c ∈ [0, 1]} . (4.24)

Functions in A satisfy the following property, which is a generalization of [164, Cor. 8].

Lemma 4.20. For Θ ∈ A, and values x0, x1, . . . , xp ≥ 0 satisfying x0+
∑

s∈[p] xs ≤ 1,
we have ∏

s∈[p]

(1−Θ(xs)) ≥ 1−Θ(1− x0). (4.25)

Proof. Since Θ ∈ A, (1−Θ(xs))(1−Θ(xs′)) ≥ 1−Θ(xs+xs′) for any distinct s, s′ ∈ [p].
Iteratively applying the inequality shows that

∏
s∈[p] (1−Θ(xs)) ≥ 1−Θ

(∑
s∈[p] xs

)
.

Since Θ is an increasing function, and
∑

s∈[p] xs ≤ 1−x0, we find 1−Θ
(∑

s∈[p] xs

)
≥

1−Θ(1− x0).

Inequality (4.25) will be used in the next section to compute the approximation
ratio of Algorithm 2.

4.4.2 Computing the approximation ratio of Algorithm 2
We compute a lower bound on the approximation ratio of Algorithm 2. We use [164,
Lem. 12], which provides a lower bound on the expected energy of the state |ξ⟩ ⟨ξ|,
see (4.21), in terms of θij , γ′e and Aij , Bij . Here,

γ′e := γe + π
1− sgn(γe)

2
∈ [0, π], (4.26)

with sgn(0) = 0, γe is given by (4.20), and

Aij :=
∏

k∈N(i)\{j}

cos θik, Bij :=
∏

k∈N(j)\{i}

cos θkj . (4.27)

Lemma 4.21 ([164]). Let G be a triangle-free graph used as input to Algorithm 2.
Let |ξ⟩ be as in (4.21), and Aij, Bij as in (4.27). Then, for any edge {i, j} ∈ E(G),
we have that

E ⟨ξ|Hij |ξ⟩ ≥ E [Eij ]
(
1 +AijBij + E

[
sin γ′ij

]
(Aij +Bij) sin θij

)
, (4.28)

where Eij := (1− u⊤i uj)/2, see Line 1 of Algorithm 2.
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There are two differences in presentation between Lemma 4.21 and [164, Lem. 12].
Firstly, we use a different scaling of Hij and θij compared to [164]. Secondly, in [164,
Alg. 17], the parameter γ′e is uniform random on [0, π]. Therefore, in [164, Alg. 17],
the expectation of sin γ′e is given by 2/π. This is in contrast to Algorithm 2, where the
distribution of γe depends on the matching M computed in Line 4 of Algorithm 2.
Using that γe can be written as

γij = π − (Arg(⟨ξi|Pj |ξj⟩ ⟨ξj |Pi |ξi⟩) + φi + φj)mod 2π ,

it follows that γ′e, see (4.26), is uniform random on [0, π] if Me = 0, or equal to π/2,
if Me = 1, see Line 5 of Algorithm 2. Thus, we have that

E[sin γ′e] = (1−Me)

∫ π

0

sinx

π
dx+Me sin

π

2
=

2

π
+
π − 2

π
Me. (4.29)

We now define functions that will be used in Theorem 4.22, which establishes a lower
bound on the approximation ratio of Algorithm 2. We define

fΘ(x) :=
√
Θ(x+)(1−Θ(1− x+)) (4.30)

βΘ(x, µ) := q(x)

(
1− Θ(1− x+)

2
+

(
2

π
+ µ

π − 2

π
x+
)
fΘ(x)

)
(4.31)

ζΘ(x, µ, p) :=
pβΘ(x, µ) + (1− p) (1 + 3µx+)

2 + 2x
(4.32)

ζ∗Θ(µ, p) := min
x∈(−1,1]

ζΘ(x, µ, p), (4.33)

for q(x) as in (4.13).

Theorem 4.22. The approximation ratio of Algorithm 2 for triangle-free graphs is
at least

max
p∈[0,1]

ζ∗Θ(14/15, p).

Proof. Let e = {i, j}. Using Lemma 4.20, we find, for Aij as in (4.27),

Aij =
∏

k∈N(i)\{j}

cos θik =
∏

k∈N(i)\{j}

√
1−Θ(h+ik) ≥

√
1−Θ

(
1− h+e

)
, (4.34)

and similarly Bij ≥ (1 − Θ(1− h+e ))
1/2. Indeed, Lemma 4.20 applies here since the

values (h+ik)k∈N(i) satisfy h+ik ≥ 0 for all k ∈ N(i), and h+ij +
∑

k∈N(i)\{j} h
+
ik ≤ 1, due

to (4.17).

We substitute (4.34) into (4.28) (note that sin θe =
√
Θ
(
h+e
)
). Additionally, we

substitute E[Eij ] = q(he)/2 [37, Lem. 2.1], for q as in (4.13) (see also [164, Lem. 13]).
This yields the following, where fΘ is as in (4.30):

E ⟨ξ|He |ξ⟩ ≥
q(he)

2

(
1 +

(
1−Θ

(
1− h+e

))
+ 2E [sin γ′e] fΘ(he)

)
= q(he)

(
1− Θ(1− h+e )

2
+

(
2

π
+
π − 2

π
Me

)
fΘ(he)

)
= βΘ(he, 0) +

π − 2

π

w̃e

we
Me.

(4.35)
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The first equality in (4.35) is due to (4.29), for M the matching computed in Line 4
of Algorithm 2. The second equality in (4.35) is due to the definitions of w̃ and βΘ,
see (4.19) and (4.31) respectively. By combining (4.1) and (4.35), we have that

E ⟨ξ|HG |ξ⟩ =
∑
e∈E

weE ⟨ξ|He |ξ⟩ ≥
∑
e∈E

(
weβΘ(he, 0) +

π − 2

π
w̃eMe

)
. (4.36)

Note that M corresponds to a maximum weight matching on the graph with positive
edge weights w̃. By Corollary 4.12 and Lemma 4.17, (µh+e )e∈E is contained in the
matching polytope for µ = 14/15. Therefore,∑

e∈E

w̃eMe ≥ µ
∑
e∈E

w̃eh
+
e , (4.37)

for w̃e = we q(he)fΘ(he), see (4.19). We substitute (4.37) in (4.36) to obtain

E ⟨ξ|HG |ξ⟩ ≥
∑
e∈E

(
weβΘ(he, 0) + µ

π − 2

π
w̃eh

+
e

)

=
∑
e∈E

weq(he)

[
1− Θ(1− h+e )

2
+

2

π
fΘ(he) + µ

π − 2

π
h+e fΘ(he)

]
=
∑
e∈E

weβΘ(he, µ). (4.38)

Here, we have also used the definition of βΘ, see (4.31). As for ρ, defined in Line 7 of
Algorithm 2, one can show that

tr(ρHG) ≥
∑
e∈E

we

(
1 + 3µh+e

)
,

see [191, Eq. 9]. The expected energy attained by Algorithm 2 satisfies

Emax {⟨ξ|HG |ξ⟩ , tr(ρHG)} ≥ max
p∈[0,1]

[pE ⟨ξ|HG |ξ⟩+ (1− p) tr(ρHG)]

≥ max
p∈[0,1]

∑
e∈E

we

(
pβΘ(he, µ) + (1− p)

(
1 + 3µh+e

))
≥ max

p∈[0,1]
ζ∗Θ(µ, p)

∑
e∈E

we(2 + 2he) ≥ max
p∈[0,1]

ζ∗Θ(µ, p)λmax(HG).

(4.39)

We have used (4.38) for the second inequality in (4.39). The fourth inequality in (4.39)
follows from the fact that SDPk provides an upper bound on λmax(HG), as explained
in Section 4.2. Note that he ∈ [−1, 1], see Definition 4.8, while the minimization in
ζ∗Θ(µ, p) is done over x ∈ (−1, 1]. This distinction is made to avoid division by 0 and
can be done without loss of generality, see Remark 4.7.

It remains to find a function Θ ∈ A for which maxp∈[0,1] ζ
∗
Θ(14/15, p) is high.
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4.4.3 Finding candidate functions Θ ∈ A
The set A, see (4.24), is difficult to characterize in general. Here, we derive a sufficient
condition for Θ ∈ A. This condition can be stated in terms of logarithmically concave
functions, which are defined as follows (see also [33, Sect. 3.5]). Note that we define
log 0 := −∞.

Definition 4.23. A nonnegative real-valued function f , with convex domain, is
logarithmically concave (log-concave for short) if and only if log f is concave (with
log 0 = −∞).

Equivalently, f is log-concave if and only if

f(wx+ (1− w)y) ≥ f(x)wf(y)1−w ∀w ∈ [0, 1] (4.40)

and for all x and y in the domain of f . It can also be shown that products of log-
concave functions are log-concave [33, Sect. 3.5.2].

Lemma 4.24. Let Θ ∈ A′, see (4.22). If 1−Θ(x) is log-concave, then Θ ∈ A.

Proof. Let c ∈ [0, 1] and define f(x) := (1 − Θ(x))(1 − Θ(c − x)) for x ∈ [0, c]. We
need to show that minx∈[0,c] f(x) = f(0) = f(c). The case c = 0 is trivial, so we
assume c ∈ (0, 1]. Observe that log-concavity of 1 − Θ(x) implies log-concavity of
1 − Θ(c − x), for x ∈ [0, c]. Since f is then the product of log-concave functions, f
is also log-concave with domain [0, c]. It follows from (4.40) and f(0) = f(c) that for
all x ∈ [0, c],

f(x) = f
(
c
x

c

)
≥ f(0)1−x/cf(c)x/c = f(0),

which completes the proof.

Lemma 4.24 implies the following weaker, but simpler, result.

Lemma 4.25. Let Θ ∈ A′, see (4.22). If Θ is convex, then Θ ∈ A.

Proof. Since Θ is convex and Θ(x) ≤ 1, 1−Θ(x) is a nonnegative concave function.
Nonnegative concave functions are log-concave [33, Sect. 3.5.1], which implies by
Lemma 4.24 that Θ ∈ A.

The following result follows directly from Lemma 4.25

Lemma 4.26. The functions 1 − e−R1x, R1 ≥ 0, and R2x
c, R2 ∈ [0, 1], c ≥ 1, are

contained in A.

Proof. It can be verified that the functions are contained in A′, see (4.22). Since the
functions are also convex, the result follows from Lemma 4.25.

We choose Θ(x) = 1−e−x/20, which is an element of A by Lemma 4.26. It follows
by Theorem 4.22 that Algorithm 2, with this choice of Θ, achieves an approximation
ratio of at least

max
p∈[0,1]

ζ∗1−e−x/20(14/15, p) ≥ ζ∗1−e−x/20(14/15, p
∗) = 0.61383, (4.41)
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where p∗ = (2 · 0.61383− 1) /
(
β1−e−x/20(0, 14/15)− 1

)
. This value of p∗ is chosen

such that ζΘ(0, 14/15, p
∗) = 0.61383, see (4.32). Consider the function ζ(x) :=

ζ1−e−x/20(x, 14/15, p∗), plotted in Figure 4.1. We briefly elaborate on how one can
prove the statement ζ∗

1−e−x/20(14/15, p
∗) = minx∈(−1,1] ζ(x) = 0.61383 in (4.41). It

can be shown (details omitted) that ζ is decreasing for x ∈ (−1, 0] and increasing for
x ∈ [0, 0.035], so that minx∈(−1,0.035] ζ(x) = ζ(0) = 0.61383. For x ∈ [0.035, 1], it is
possible to derive a lower bound on ζ ′(x), and evaluate ζ on a fine grid in the interval
[0.035, 1]. By combining the lower bound on ζ ′ with the mean value theorem, one can
prove that ζ(x) ≥ 0.61383 for any x ∈ [0.035, 1].

0 0.2 0.4 0.6 0.8
0.61

0.62

0.63

0.64

x

ζ(x)

Figure 4.1: Plot of ζ(x) := ζΘ(x, 14/15, p
∗) for x ∈ [−0.1, 0.8], Θ(x) = 1− e−x/20 and

p∗ as in (4.41). We have minx∈(−1,1] ζ(x) = ζ(0) = 0.61383, marked by the dot.

The approximation ratio in (4.41) is greater than α(1) = 0.606 (see Table 4.2),
which is a lower bound on the approximation ratio of Algorithm 1 if (h+e )e∈E is
contained in the matching polytope, see Theorem 4.9. The optimal approximation
ratio of Algorithm 2, with respect to Θ ∈ A, is given by maxp∈[0,1],Θ∈A ζ

∗
Θ(µ, p).

Equation (4.41) proves that maxp∈[0,1],Θ∈A ζ
∗
Θ(µ, p) ≥ 0.61383. Let us now provide

an upper bound on this maximum.

Theorem 4.27. The best provable lower bound on the approximation ratio of Algo-
rithm 2, given by maxp∈[0,1],Θ∈A ζ

∗
Θ(14/15, p), satisfies

0.61383 ≤ max
p∈[0,1],Θ∈A

ζ∗Θ(14/15, p) < 0.61392, (4.42)

for A as in (4.24) and ζ∗Θ as in (4.33).

Proof. Let µ = 14/15. The lower bound in (4.42) is due to (4.41). For the upper
bound, observe that by the definition of ζ∗Θ(µ, p), see (4.33), we have that

ζ∗Θ(µ, p) ≤ min {ζΘ(0, µ, p), ζΘ(1/2, µ, p)} . (4.43)
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Since maxp∈[0,1],Θ∈A ζ
∗
Θ(µ, p) ≥ 0.61383, we may consider only Θ ∈ A and p ∈ [0, 1]

satisfying ζΘ(0, µ, p) ≥ 0.61383. Solving

ζΘ(0, µ, p) =
p q(0) (1−Θ(1)/2) + 1− p

2

for Θ(1) yields

Θ(1) = 2− 2

q(0)
− 4 ζΘ(0, µ, p)− 2

p q(0)
. (4.44)

Since Θ(1) ≥ 0, (4.44) implies that

p ≥ 2 ζΘ(0, µ, p)− 1

q(0)− 1
. (4.45)

We have ζΘ(1/2, µ, p) = f(Θ(1/2), p), where

f(z, p) :=
1

3

(
pq(1/2)

(
1− z

2
+ C1

√
z (1− z)

)
+ (1− p)C2

)
, (4.46)

and C1 := (4 + µ(π − 2))/(2π), C2 := (1 + 3µ/2).
By the properties of functions in A, see (4.24), we have

1−Θ(1) = min
x∈[0,1]

(1−Θ(x)) (1−Θ(1− x)) ≤ (1−Θ(1/2))2,

from where it follows that Θ(1/2) ≤ 1 −
√

1−Θ(1) (the expression
√
1−Θ(1) is

well-defined since Θ(1) ≤ 1). By substituting (4.44) for Θ(1) in this inequality, we
find that Θ(1/2) ≤ 1−

√
1−Θ(1) is equivalent to Θ(1/2) ≤ h(ζΘ(0, µ, p), p), where

h(z, p) := 1−

√
4z − 2

pq(0)
+

2

q(0)
− 1. (4.47)

For future reference, we observe the following two properties of the function h:

∂h(z, p)

∂z
< 0 and

∂h(z, p)

∂p
> 0 if z >

1

2
. (4.48)

We claim that for f as in (4.46), we have

f(Θ(1/2), p) ≤ f (h(ζΘ(0, µ, p), p), p) . (4.49)

As Θ(1/2) ≤ h(ζΘ(0, µ, p), p), claim (4.49) follows by showing that f(z, p) is increasing
in z on the interval 0 ≤ z ≤ h(ζΘ(0, µ, p), p) and p ∈ [0, 1]. Indeed, one can verify

that for p ∈ [0, 1] and z ∈
(
0, 12

(
1− 1√

4C2
1+1

)]
,

∂f(z, p)

∂z
=
pq(1/2)

6

(
C1(1− 2z)√
z(1− z)

− 1

)
≥ 0. (4.50)
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The interval of z can be found by solving ∂f(z, p)/∂z = 0. To prove (4.49), it remains

to show that h(ζΘ(0, µ, p), p) ≤ 1
2

(
1− 1√

4C2
1+1

)
. Recall that ζΘ(0, µ, p) ≥ 0.61383,

which we use to obtain

h(ζΘ(0, µ, p), p) ≤ h(0.61383, p) ≤ h(0.61383, 1) ≤ 1

2

(
1− 1√

4C2
1 + 1

)
, (4.51)

where the first and second inequality in (4.51) follow from (4.48). The last inequality
in (4.51) follows by computing the two numbers. Hence, claim (4.49) follows.

Combining (4.43), ζΘ(1/2, µ, p) = f(Θ(1/2), p) and (4.49) yields

ζ∗Θ(µ, p) ≤ min {ζΘ(0, µ, p), f (h(ζΘ(0, µ, p), p), p)}

≤ max
z∈[0.61383,1]

min

{
z, max

p∈[ 2 z−1
q(0)−1

,1]
f(h(z, p), p)

}
. (4.52)

In (4.52), the constraint on z is due to our assumption 0.61383 ≤ ζΘ(0, µ, p) = z,
whereas the constraint on p is due to (4.45). We define r := 0.61392, and show that
(4.52) is upper bounded by r. To solve the maximization problem in z in (4.52),
we first note that when z < r we have ζ∗Θ(µ, p) ≤ z < r. Thus, we may restrict to
z ∈ [r, 1]. We proceed by proving that

max
z∈[r,1],p∈[ 2z−1

q(0)−1
,1]
f(h(z, p), p) < r, (4.53)

which would prove ζ∗Θ(µ, p) ≤ r by (4.52). To simplify (4.53), we claim that

f(h(z, p), p) ≤ f(h(r, p), p) (4.54)

for all z ∈ [r, 1] and p ∈ [0, 1]. We showed in (4.50) that ∂f(z, p)/∂z ≥ 0 for all

0 < z ≤ 1
2

(
1− 1√

4C2
1+1

)
, so that claim (4.54) follows by showing that 0 ≤ h(z, p) ≤

h(r, p) ≤ 1
2

(
1− 1√

4C2
1+1

)
. To prove these inequalities, we use z ≥ r > 1/2 and (4.48)

to obtain h(z, p) ≤ h(r, p) ≤ h(r, 1) ≤ 1
2

(
1− 1√

4C2
1+1

)
. Here, the last inequality can

be verified by computing the two numbers. Hence, claim (4.54) is proven.

Note that the interval
[

2z−1
q(0)−1 , 1

]
with z ∈ [r, 1], is largest for z = r. Combining

this observation with (4.54) yields that

max
z∈[r,1], p∈[ 2z−1

q(0)−1
,1]
f(h(z, p), p) ≤ max

p∈[ 2r−1
q(0)−1

,1]
f(h(r, p), p). (4.55)

Lemma B.9, Page 213, proves that maxp∈[ 2r−1
q(0)−1

,1] f(h(r, p), p) < r. Combined with
(4.52) and (4.55), we find that ζ∗Θ(µ, p) < r = 0.61392, which finishes the proof.
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4.5 New approx. algorithm on bipartite graphs

In this section we consider an approximation algorithm for the QMC problem on
bipartite graphs that achieves an approximation ratio of 0.8162. The QMC problem,
restricted to bipartite graphs, belongs to the complexity class StoqMA [63, Obs. 30]
and remains ’notoriously difficult to solve’ [112, Sect. 4]. It is known that on bipartite
graphs, the QMC problem is equivalent to the Einstein, Podolsky, Rosen (EPR)
problem, which is another 2-local Hamiltonian problem introduced in [164, Problem
2] (specifically, the Hamiltonian corresponding to the EPR problem is unitarily similar
to HG). In the same paper, King provides a classical approximation algorithm for the
EPR problem that achieves an approximation ratio of 1/

√
2 (≈ 0.707).

Algorithm 3: QMC approximation algorithm for bipartite graphs
Input: bipartite graph G = (V = V 0 ∪ V 1, E, w), function Θ ∈ A, see (4.24),
real numbers hmax ∈

[√
3/2, 1

]
and θ∗ ∈ [0, 1].

1 For all i ∈ V , set |zi⟩ = |0⟩ if i ∈ V 0, and |zi⟩ = |1⟩ if i ∈ V 1.
2 Solve SDPk for k = 2 to obtain the values (he)e∈E , see Definition 4.8, and for

all e ∈ E, set

θe :=

{
arcsin

√
Θ
(
h+e
)

if he ≤ hmax

arcsin
√
θ∗ else.

(4.56)

3 Output the state |ϕ⟩ ⟨ϕ|, where

|ϕ⟩ :=
∏

{i,j}∈E:i∈V 0,j∈V 1

exp

(
i

2
θijYiXj

)⊗
i∈V

|zi⟩ . (4.57)

The algorithm we consider is Algorithm 3, which is inspired by [190, Alg. 1] from
Lee. Lee’s algorithm is suited for general graphs, achieves an approximation ratio
of 0.562, and differs from Algorithm 3 in Lines 1 and 2. In Line 1, both algorithms
determine the value of |zi⟩ ∈ {|0⟩ , |1⟩} based on a partition of the vertex set V .
For Algorithm 3, this partition is already given as

{
V 0, V 1

}
, i.e., the bipartition of

G. In contrast, [190, Alg. 1] partitions V as {V ′, V \ V ′}, where V ′ is constructed
as follows: pick a variable u ∈ {x, y, z} uniformly at random. Consider the vectors
(v(ui))i∈V , where v(ui) is as in (4.11) (for example, if u = x, then v(ui) = v(xi)).
Draw a vector r uniformly from the unit sphere of appropriate dimension. Let V ′ :={
i ∈ V : sgn

(
v(ui)

⊤r
)
= 1
}
. The random partition {V ′, V \ V ′} is not guaranteed

to recover the bipartition of a bipartite graph. That is, when given a bipartite graph
as input, it is not guaranteed that the vertices in V ′ are pairwise non-adjacent.

In Line 2, both algorithms set θe as a function of h+e . Lee chose Θ(x) = 1−e−Rx ∈
A (see Lemma 4.26) and (numerically) optimized the value of R ≥ 0 to obtain the
highest approximation ratio. In contrast, we choose Θ(x) = Rx in Theorem 4.33,
which is also contained in A by Lemma 4.26. Additionally, in Theorem 4.34 we
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provide an upper bound on the approximation ratio attained by the best possible
Θ ∈ A. Lastly, Lee’s algorithm does not use hmax, see (4.56), which allows for
adjusting the value of θe when he is sufficiently large. These differences in Lines 1
and 2 ensure that Algorithm 3 achieves a higher approximation ratio than [190, Alg. 1]
on bipartite graphs. To compute this approximation ratio in terms of Θ, hmax and θ∗,
we require some preparatory results and definitions. We present first [190, Lem. 11].

Lemma 4.28 ([190]). Let |ϕ⟩ be as in (4.57) and |zi⟩, |zj⟩ as in Line 1 of Algorithm 3.
For any i, j ∈ V , ⟨ϕ|Hij |ϕ⟩ ≥ 0. If |zi⟩ ≠ |zj⟩, then, for Aij and Bij as in (4.27),

⟨ϕ|Hij |ϕ⟩ ≥ 1 +AijBij + (Aij +Bij) sin θij . (4.58)

The small discrepancy between our Lemma 4.28 and [190, Lem. 11] is due to the
different scaling of θ. If |zi⟩ ≠ |zj⟩ for some edge {i, j}, we say that edge {i, j} is
cut. If {i, j} is a cut edge, ⟨ϕ|Hij |ϕ⟩ satisfies (4.58), which is a stronger lower bound
than ⟨ϕ|Hij |ϕ⟩ ≥ 0. Observe that Line 1 of Algorithm 3 ensures that all edges of the
bipartite input graph are cut.

To compute the approximation ratio of Algorithm 3, we also require the function

δΘ(x) :=
2−Θ(1− x+) + 2

√
Θ(x+)(1−Θ(1− x+))

2 + 2x
. (4.59)

For future reference, observe that

δΘ(x) =
2−Θ(1)

2 + 2x
≥ 2−Θ(1)

2
= δΘ(0) ∀x ∈ (−1, 0], (4.60)

which follows from the fact that x+ = max{x, 0} = 0 for all x ∈ (−1, 0], and Θ(1) ≤ 1.

Lemma 4.29. Let G be a bipartite graph used as input to Algorithm 3, |ϕ⟩ be as in
(4.57), Θ ∈ A and hmax ∈

[√
3/2, 1

]
. Consider the values θe as in (4.56). Suppose

θe = arcsin
√

Θ
(
h+e
)

for some edge e ∈ E(G) (i.e., he ≤ hmax), and he > −1. If for

all edges e′ adjacent to e, θe′ = arcsin
√
Θ
(
h+e′
)
, then we have ⟨ϕ|He|ϕ⟩

2+2he
≥ δΘ(he).

Proof. We substitute θe = arcsin
√
Θ
(
h+e
)

in (4.58) (with e = {i, j}), use that

sin θe =
√

Θ
(
h+e
)
, and apply (4.34), to obtain ⟨ϕ|He |ϕ⟩ ≥ 1 + (1−Θ(1− h+e )) +

2
√

Θ
(
h+e
)√

1−Θ
(
1− h+e

)
= δΘ(he) (2 + 2he). Since he > −1, the result follows

from rewriting ⟨ϕ|He |ϕ⟩ ≥ δΘ(he) (2 + 2he).

Lastly, we require the following refinement of monogamy of entanglement, see
(4.17).

Lemma 4.30. Let e and e′ be adjacent edges, and let L ∈ F k
n , see (4.7), with k ≥ 2

and n ≥ 3. Consider the h values as in Definition 4.8, corresponding to L. We have

he′ ≤
1

2

(√
3 (1− h2e)− he

)
. (4.61)

In particular, he ≥
√
3
2 =⇒ he′ ≤ 0.
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Proof. [191, Lem. 3] shows that 3 (he′ + he)
2
+ (he′ − he)

2 ≤ 3, whenever he′ + he ≥
−1/2 (recall that the variables in [191] are scaled differently compared to this chapter).
Solving this inequality for he′ yields (4.61). The implication he ≥

√
3
2 =⇒ he′ ≤ 0

follows directly from (4.61).

We now compute (a lower bound on) the approximation ratio of Algorithm 3.

Theorem 4.31. The approximation ratio of Algorithm 3 for bipartite graphs, with
parameters Θ ∈ A, hmax ∈

[√
3/2, 1

]
and θ∗ ∈ [0, 1], is at least

min

{
2− θ∗

2 +
√
3 (1− h2max)− hmax

, min
x∈[0,hmax]

δΘ(x),
1 +

√
θ∗

2

}
. (4.62)

Proof. Let E be the edge set of the bipartite input graph. Let (he)e∈E be the values
obtained in Line 2 of Algorithm 3, and |ϕ⟩ be as in (4.57). By the definition of HG

we have

⟨ϕ|HG |ϕ⟩ =
∑
e∈E

we ⟨ϕ|He |ϕ⟩ ≥
∑

e∈E:he>−1

we
⟨ϕ|He |ϕ⟩
2 + 2he

(2 + 2he)

≥
(

inf
e∈E:he>−1

⟨ϕ|He |ϕ⟩
2 + 2he

)∑
e∈E

we (2 + 2he) ≥
(

inf
e∈E:he>−1

⟨ϕ|He |ϕ⟩
2 + 2he

)
λmax(HG).

(4.63)
For the first inequality, we have used that we ⟨ϕ|He |ϕ⟩ ≥ 0, since He = (1/4)H2

e ⪰ 0
and we > 0. The second inequality follows from the fact that

∑
e∈E:he>−1 we (2 +

2he) =
∑

e∈E we (2 + 2he). The last inequality follows from the fact that SDPk

provides an upper bound on λmax(HG), as explained in Section 4.2 (see also (4.14)).
Considering (4.63), the approximation ratio of Algorithm 3 is at least

inf
e∈E:he>−1

⟨ϕ|He |ϕ⟩
2 + 2he

. (4.64)

Note here that ⟨ϕ|He |ϕ⟩ is a function of he, which follows from the definition of |ϕ⟩,
see (4.57). We show later that limhe↓−1

⟨ϕ|He|ϕ⟩
2+2he

= +∞, which implies that (4.64) is
well-defined. Let us determine a lower bound on (4.64) by distinguishing three cases,
based on the value of he ∈ (−1, 1].

Case 1. he < 1
2

(√
3 (1− h2max)− hmax

)
.

Note that hmax ≥
√
3/2, which implies that he < 1

2

(√
3 (1− h2max)− hmax

)
≤ 0.

Now he ≤ 0 =⇒ h+e = 0 =⇒ θe = 0 =⇒ sin θe = 0. Consequently, the bound
(4.58), with e = {i, j}, simplifies to

⟨ϕ|He |ϕ⟩ ≥ 1 +
∏

k∈N(i)\{j}

cos θik
∏

k∈N(j)\{i}

cos θkj . (4.65)

Let E′ := {{i, k} : k ∈ N(i) \ {j}}. By (4.17), at most one e′ ∈ E′ can satisfy
he′ > hmax ≥

√
3/2. If there is one such e′, then by (4.61), all ẽ ∈ E′ \ {e′} satisfy
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hẽ ≤ 0 =⇒ θẽ = 0 =⇒ cos θẽ = 1. Note also that he′ > hmax implies that
θe′ = arcsin

√
θ∗, see (4.56). Hence,

∏
k∈N(i)\{j} cos θik = cos θe′ = cos arcsin

√
θ∗ =√

1− θ∗.
Alternatively, if all e′ ∈ E′ satisfy he′ ≤ hmax, we have that all θe′ = arcsin

√
Θ
(
h+e′
)
.

Thus, we can proceed as in (4.34), and derive∏
k∈N(i)\{j}

cos θik ≥
√

1−Θ
(
1− h+e

)
=
√

1−Θ(1).

To summarize both cases:∏
k∈N(i)\{j}

cos θik ≥ min
{√

1− θ∗,
√

1−Θ(1)
}
=
√

1−max{θ∗,Θ(1)}, (4.66)

and similarly,
∏

k∈N(j)\{i} cos θkj ≥
√

1−max{θ∗,Θ(1)}. We combine (4.65) and
(4.66) to obtain ⟨ϕ|He |ϕ⟩ ≥ 2 − max{θ∗,Θ(1)}. Consequently, (4.64) can be lower
bounded by

⟨ϕ|He |ϕ⟩
2 + 2he

≥ 2−max{θ∗,Θ(1)}
2 + 2he

>
2−max{θ∗,Θ(1)}

2 +
√

3 (1− h2max)− hmax

. (4.67)

Here, the last inequality is due to the assumption he <
1
2

(√
3 (1− h2max)− hmax

)
,

given by case 1. It follows by (4.67) that (4.64) is well-defined. Observe that√
3 (1− h2max)− hmax ≤ 0

=⇒ 2−Θ(1)

2 +
√

3 (1− h2max)− hmax

≥ 2−Θ(1)

2
= δΘ(0).

(4.68)

For the second inequality in (4.68), we have used that Θ(1) ≤ 1, see (4.24). The
equality in (4.68) follows from the definition of δΘ, see (4.59). By combining (4.67)
and (4.68), it follows that

⟨ϕ|He |ϕ⟩
2 + 2he

≥ min

{
δΘ(0),

2− θ∗

2 +
√
3 (1− h2max)− hmax

}
.

Case 2. he ∈
[
1
2

(√
3 (1− h2max)− hmax

)
, hmax

]
.

Let e′ be an edge adjacent to e, and consider he′ . If he′ > hmax, then he <
1
2

(√
3 (1− h2max)− hmax

)
, see (4.61), which contradicts case 2. Thus, it holds that

for all edges e′ adjacent to e, he′ ≤ hmax. Now, by (4.56), he′ ≤ hmax =⇒
θe′ = arcsin

√
Θ
(
h+e′
)
. Additionally, θe = arcsin

√
Θ
(
h+e
)
. Hence, the conditions

of Lemma 4.29 are satisfied, which implies that

⟨ϕ|He |ϕ⟩
2 + 2he

≥ δΘ(he) ≥ min
x∈

[
1
2

(√
3(1−h2

max)−hmax

)
,hmax

] δΘ(x) = min
x∈[0,hmax]

δΘ(x).
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Here, the equality is due to (4.60), and the fact that 1
2

(√
3 (1− h2max)− hmax

)
≤ 0,

since hmax ≥
√
3/2.

Case 3. he ∈ (hmax, 1].
Note that he > hmax ≥

√
3/2. Hence, it follows from (4.61) that for all edges e′

adjacent to e, he′ ≤ 0 =⇒ h+e′ = 0 =⇒ θe′ = 0 =⇒ cos θe′ = 1. Therefore,
(4.58) simplifies to ⟨ϕ|He |ϕ⟩ ≥ 2+2 sin θe. Since he > hmax, it follows by (4.56) that
θe = arcsin

√
θ∗, which implies that sin θe =

√
θ∗. Consequently, (4.64) can be lower

bounded by ⟨ϕ|He|ϕ⟩
2+2he

≥ 2+2 sin θe
2+2he

= 2+2
√
θ∗

2+2he
≥ 2+2

√
θ∗

4 = 1+
√
θ∗

2 , where the second
inequality is due to he ≤ 1.

By combining the three cases and noting that δΘ(0) ≥ minx∈[0,hmax] δΘ(x), it
follows that the value ⟨ϕ|He|ϕ⟩

2+2he
is at least (4.62), which proves the theorem.

The following result shows that the optimization problem minx∈[0,hmax] δΘ(x) in
(4.62), for δΘ as in (4.59), simplifies if Θ(x) = Rx for some R ∈ [0, 1/2]. Recall from
Lemma 4.26 that Rx ∈ A.

Lemma 4.32. Let hmax ∈
[√

3/2, 1
]

and Θ(x) = Rx, with R ∈ [0, 1/2]. We have
that minx∈[0,hmax] δΘ(x) = min {δΘ(0), δΘ(hmax)}.

Proof. In case R = 0, δΘ(x) = 2/(2 + 2x) =⇒ minx∈[0,hmax] δΘ(x) = δΘ (hmax). Let
R ∈ (0, 1/2]. The derivative of δΘ(x) on the interval (0, 1], is given by

δ′Θ(x) =
fR(x)

2 (x+ 1)
2
√
Rx (Rx−R+ 1)

, (4.69)

where fR(x) :=
(
3R2 −R

)
x+R−R2+(2R− 2)

√
Rx (Rx−R+ 1). A stationary

point x∗ ∈ (0, 1] of δΘ satisfies fR(x∗) = 0. This is equivalent to
((
3R2 −R

)
x∗ +R

−R2
)2− (2R− 2)

2
Rx∗ (Rx∗ −R+ 1) = 0. The solution of this quadratic equation,

on the interval (0, 1], is given by x∗ = R3+2R2−5R+2−2(1−R)2
√
1−R−R2

R(R+1)(5R−3) . It can be
verified that for any R ∈ (0, 1/2], x∗ is well-defined. Since the stationary point x∗ is
unique and δΘ is continuous, we have that

min
x∈[0,hmax]

δΘ(x) = min {δΘ(0), δΘ(x∗), δΘ(hmax)} . (4.70)

By inspecting (4.69), it can be seen that there exists a positive ε, dependent on R, such
that δ′Θ(x) > 0 for all x ∈ (0, ε], which implies that δΘ(0) < δΘ(x

∗). By combining
(4.70) and δΘ(0) < δΘ(x

∗), the result follows.

We now provide input parameters for Algorithm 3, such that its approximation
ratio is at least 0.8162.

Theorem 4.33. Algorithm 3, for bipartite graphs, with inputs Θ(x) = 0.367x, hmax =
0.876 and θ∗ = 2/5, achieves an approximation ratio of at least 0.8162.
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Proof. The given parameters satisfy the requirements of Algorithm 3. By combining
Theorem 4.31 and Lemma 4.32, we find that the approximation ratio of Algorithm 3
(with the given inputs) is at least

min

{
2− θ∗

2 +
√

3 (1− h2max)− hmax

, δΘ(0), δΘ(hmax),
1 +

√
θ∗

2

}
.

Using a computer, it can be verified that this value is at least 0.8162.

Let

r∗ := max
Θ∈A,

hmax∈[
√
3/2,1],

θ∗∈[0,1]

min

{
2− θ∗

2 +
√
3 (1− h2max)− hmax

,

min
x∈[0,hmax]

δΘ(x),
1 +

√
θ∗

2

} (4.71)

denote the optimal approximation ratio of Algorithm 3, with respect to the parameters
Θ, hmax and θ∗. Theorem 4.33 proves that r∗ ≥ 0.8162. The following result provides
an upper bound on r∗ (similar to Theorem 4.27 for Algorithm 2).

Theorem 4.34. The optimal approximation ratio of Algorithm 3, given by r∗ as in
(4.71), satisfies 0.8162 ≤ r∗ < 0.8339.

Proof. The lower bound on r∗ is due to Theorem 4.33. For the upper bound, note
first that for any Θ ∈ A, hmax ∈

[√
3/2, 1

]
and θ∗ ∈ [0, 1], we have

min

{
2− θ∗

2 +
√

3 (1− h2max)− hmax

, min
x∈[0,hmax]

δΘ(x),
1 +

√
θ∗

2

}

≤ min
x∈[0,hmax]

δΘ(x) ≤ min
x∈[0,

√
3/2]

δΘ(x) ≤ min

{
δΘ(0), δΘ

(
2−

√
3

2

)
, δΘ

(√
3

2

)}
.

(4.72)
Here, the second inequality follows from hmax∈

[√
3/2, 1

]
, which implies that

[
0,
√
3/2
]

⊆ [0, hmax]. The last inequality follows from the fact that δΘ(y) ≥ minx∈[0,
√
3/2] δΘ(x)

for any y ∈ [0,
√
3/2]. By combining (4.72) with the definition of r∗, we have

r∗ ≤ max
Θ∈A

min

{
δΘ(0), δΘ

(
2−

√
3

2

)
, δΘ

(√
3

2

)}
. (4.73)

Eq. (4.73) is fully determined by z := (z1, z2, z3) =
(
Θ
(

2−
√
3

2

)
,Θ
(√

3
2

)
,Θ(1)

)
, i.e.,

δΘ(0) = 1 − z3
2 , δΘ

(
2−

√
3

2

)
=

2−z2+2
√

z1(1−z2)

4−
√
3

, δΘ
(√

3
2

)
=

2−z1+2
√

z2(1−z1)

2+
√
3

, which
follows from the definition of δΘ, see (4.59). By the properties of functions in A,
see (4.24), we have that 1 − z3 = 1 − Θ(1) = minx∈[0,1] (1−Θ(x)) (1−Θ(1− x)) ≤
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1−Θ

(
2−

√
3

2

))(
1−Θ

(√
3
2

))
= (1−z1)(1−z2). Additionally, since Θ is an increas-

ing function, 0 = Θ(0) ≤ z1 ≤ z2 ≤ z3 = Θ(1) ≤ 1. We define

F :=
{
z ∈ R3 : 1− z3 ≤ (1− z1)(1− z2), 0 ≤ z1 ≤ z2 ≤ z3 ≤ 1

}
(4.74)

as the set of z that satisfy the previously derived constraints. Using (4.73) and F , we
derive the following upper bound on r∗, in terms of z:

r∗ ≤ max
z∈F

min

{
1− z3

2
,
2− z2 + 2

√
z1(1− z2)

4−
√
3

,
2− z1 + 2

√
z2(1− z1)

2 +
√
3

}
. (4.75)

We define r := 0.8339. It follows by (4.75) that r∗ < r is implied by the inconsistency
of the following system of equations:

z ∈ F, 1− z3
2

≥ r,
2− z2 + 2

√
z1(1− z2)

4−
√
3

≥ r,

2− z1 + 2
√
z2(1− z1)

2 +
√
3

≥ r.

(4.76)

We will show that (4.76) is inconsistent. Observe that 1 − z3/2 ≥ r =⇒ z3 ≤
2(1 − r). We may assume without loss of generality that any solution to (4.76), if
it exists, satisfies z3 = 2(1 − r). Indeed, if (z1, z2, z3) is a solution to (4.76), also
(z1, z2, 2(1− r)) is a solution to (4.76). Thus, the inconsistency of (4.76) is equivalent
to the inconsistency of the following system of equations:

0 ≤ z1 ≤ z2 ≤ 2(1− r), (1− z1)(1− z2) ≥ 2r − 1,

2
√
z1(1− z2)− z2 ≥

(
4−

√
3
)
r − 2,

2
√
z2(1− z1)− z1 ≥

(
2 +

√
3
)
r − 2,

(4.77)

where the first line of (4.77) ensures that z ∈ F , see (4.74). Lemma B.10 on Page 215
proves that (4.77) is inconsistent. Hence, also (4.76) is inconsistent, which implies
that r∗ < r, proving the result.

4.6 Conclusions

In this chapter, we study classical approximation algorithms for the QMC problem
on general, triangle-free, and bipartite graphs. For triangle-free and bipartite graphs,
we introduce new approximation algorithms. We prove that the algorithms achieve
approximation ratios of at least 0.603 (general graphs) 0.61383 (triangle-free graphs)
and 0.8162 (bipartite graphs) respectively. For the QMC problem on triangle-free
graphs, and on bipartite graphs, these ratios are the current best for their respective
problems.

The key part of the analysis of the algorithm for general graphs is showing that
a particular vector induced by the used QMC SDP relaxation is contained in the
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matching polytope. We show this by introducing a graph parameter c(G, k), see
(4.15), for SDP relaxation level k ∈ N, and verifying that c(G, k) ≤ ⌊s/2⌋ for all
graphs G on s vertices. We establish properties of c(G, k) that greatly reduce the
required computation time of verifying this inequality (see Lemmas 4.15 and 4.16),
and prove (using a computer) that c(G, s) ≤ ⌊s/2⌋ holds for all graphs on s vertices,
where s is odd and s ≤ 13. As future work, it would be interesting to determine if this
extends to odd values of s > 13, which, if so, results in an improved approximation
ratio. A possible starting point in this direction is to consider the 5-cycle, which
is the smallest graph for which we have no analytical proof of c(G, 2) ≤ ⌊s/2⌋ (see
Table 4.3).

The studied QMC approximation algorithms for triangle-free and bipartite graphs
both require a function Θ ∈ A, see (4.24), as parameter. For the triangle-free algo-
rithm, we provide a function Θ that achieves an approximation ratio that is 0.00009
below the optimal ratio (see Theorem 4.27). For the bipartite algorithm, the larger
gap of 0.0177 (see Theorem 4.34) motivates further study. For both algorithms, an
optimal Θ ∈ A does not achieve an approximation ratio of 0.956, which is the opti-
mal QMC approximation ratio under UGC and a related conjecture, see [146]. It is
therefore interesting to investigate if the constraint Θ ∈ A can be relaxed.



5 SDP bounds on the stability num-
ber via ADMM and intermediate
levels of the Lasserre hierarchy

A stable set in a graph is a subset of vertices that are pairwise non-adjacent. Given
an undirected graph G, the stable set problem is to determine a stable set in G of
maximum cardinality. The stability number of G, denoted by α(G), is defined as the
cardinality of a maximum stable set in G. Computing α(G) is NP-hard. Hence, unless
P = NP, there is no polynomial time algorithm that computes it.

There exist different approaches for computing upper bounds on the stability
number of a graph, and one of those is using semidefinite programming. The first
SDP relaxation of the stable set problem is due to Lovász [204], who introduced the
Lovász theta function of a graph G, denoted by ϑ(G). For any graph G, ϑ(G) ≥ α(G)
and ϑ(G) can be computed in polynomial time up to fixed precision. Semidefinite
programs (SDPs) that define the Lovász theta function can be strengthened by cutting
planes, see e.g., [78, 128, 260, 271]. The paper by Pucher and Rendl [260] currently
provides one of the strongest SDP-based bounds for the stable set problem.

Several hierarchical approaches can also be applied to construct relaxations of the
stable set problem. Higher levels in the hierarchy correspond to stronger relaxations,
which are also more difficult to solve due to the increased number of variables and
constraints. Among the hierarchies that can be applied to the stable set problem
are the Sherali-Adams hierarchy [274] (based on linear programming), the SDP-based
hierarchy of Lovász-Schrijver [205], the Lasserre hierarchy [175], and the exact sub-
graph hierarchy (ESH) [3]. Much research has recently been devoted to the ESH for
the stable set problem [97, 98, 99]. The numerical results in those papers show that
the ESH provides strong bounds within a reasonable computational time. It is known
that the Lasserre hierarchy is stronger than the other hierarchies [182, 277]. Despite
this, little research has been devoted to the practical performance of the Lasserre
hierarchy for the stable set problem. A practical drawback of the Lasserre hierarchy
is the order of the associated positive semidefinite (PSD) matrix variable: level k of
the hierarchy involves a PSD matrix variable of order O(nk), where n is the number
of vertices in the graph.

The classical method for solving semidefinite programs (SDPs) is the interior-point
method (IPM) [7, 236]. IPMs typically require large amounts of memory, which limits
their applicability to the Lasserre hierarchy. The IPM is a second-order method that

125
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requires the construction and Cholesky factorization of an m×m Schur complement
matrix, where m is the number of linear equality constraints in the SDP relaxation.
Constructing and storing this dense matrix requires substantial memory, particularly
when m is large, such as in SDPs derived from the Lasserre hierarchy. The worst-
case complexity of computing the Schur complement matrix is O(mp3 +m2p2) [227],
where p is the order of the PSD variable. Computational complexity may be reduced
in cases where the constraint matrices exhibit special structures such as low rank, see
e.g., [65, 148]. The Cholesky factorization for the Schur complement matrix requires
O(m3) operations, which becomes impractical for large values of m. These limitations
of IPMs motivate the use of alternative methods that require less memory and bypass
the Cholesky factorization.

The alternating direction method of multipliers (ADMM), see e.g., [34], is a first-
order method that can be used to solve SDPs, and requires significantly less memory
than IPMs. Each iteration of the ADMM algorithm for solving SDPs consists of three
steps: the orthogonal projection onto the cone of positive semidefinite matrices, an
orthogonal projection onto a polyhedral set, and a dual update step. The most mem-
ory intensive step of the ADMM is computing the eigendecomposition of a symmetric
PSD matrix of order p, in each main loop of the algorithm. The SDP relaxations of
the stable set problem arising from the Lasserre hierarchy satisfy m ≫ p, and the
computational complexity of eigendecomposition for a symmetric matrix of order p
is O(p3). Considering this, along with the fact that projections onto the polyhedral
sets from the Lasserre relaxations can be performed efficiently, ADMMs appear more
suitable than IPMs for computing Lasserre bounds for the stable set problem.

In this chapter, we bridge the gap between theory and practice by using the
ADMM to effectively compute Lasserre hierarchy bounds for the stability number. In
particular, we compute bounds from intermediate levels of the Lasserre hierarchy for
k between 1 and 2, including k = 2, on graphs with at most 300 vertices. However, we
are not the first to consider intermediate levels of the Lasserre hierarchy; these have
been employed in several papers, see e.g., [10, 49, 54, 282, 299]. For the majority of
graphs, we restrict ourselves to intermediate levels of the hierarchy due to practical
limitations on the order of the considered PSD variable, which we cap at 2500. Eigen-
decompositionfor a symmetric matrix of that order can still be performed reasonably
well, especially when single precision is used.

The number of inequality constraints in the resulting SDP relaxation depends
on the considered graph and is at most 2, 510, 148 in our experiments. Storing the
m×m Schur complement matrix (in standard double precision), with m = 2, 510, 148,
requires approximately 47, 000 GB of RAM (!). Therefore, IPMs are intractable for
solving the corresponding relaxations.

Constructing an intermediate-level SDP relaxation of the Lasserre hierarchy for k
between 1 and 2 requires selecting specific degree two monomials. These monomials
of degree two, along with all monomials of degree one and the monomial of degree
zero, form a basis used to derive the SDP relaxation. We present a basis selection
method that exploits an SDP relaxation of the Lovász theta function. It is known that
ϑ(G) corresponds to the first level of the Lasserre hierarchy applied to the stable set
problem, see e.g., [182, Sect. 6]. Our ADMM algorithm incorporates a warm-starting
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approach to further improve performance. The numerical results show that the upper
bounds on α(G) computed here are competitive with the best SDP-based bounds for
the stable set problem. Moreover, these bounds can be obtained using the ADMM
within reasonable running times, specifically within one hour.

This chapter is organized as follows. Preliminaries are provided in Section 5.1.
We provide details of the Lasserre hierarchy for the stable set problem in Section 5.2.
In Section 5.3, we show how to apply the ADMM to the SDPs arising from the
Lasserre hierarchy. Section 5.4 presents a basis selection method for the construction
of intermediate levels of the Lasserre hierarchy, and provides a method for warm-
starting the ADMM. Numerical results are presented in Section 5.5, and conclusions
are provided in Section 5.6.

5.1 Preliminaries

Given n, k ∈ N, we define [n] := {1, . . . , n} and
(
[n]
≤k

)
:= {β ⊆ [n] : |β| ≤ k}. Let

B ⊆
(
[n]
≤k

)
. For any such B, we define

B2∪ := {β ∪ β′ : β, β′ ∈ B} . (5.1)

For any β ⊆ [n], we define 1β ∈ {0, 1}n as the indicator vector corresponding to β,
i.e., (1β)i = 1 if and only if i ∈ β. We define I(β) ∈ {0, 1} as the indicator that equals
1 if the cardinality |β| = 1, and 0 otherwise.

Given B ⊆
(
[n]
≤k

)
, we define xB as the |B|-dimensional vector of all monomials

xβ :=
∏

i∈β xi, β ∈ B, with x∅ = 1. The monomials of the vector xB = (xβ)β∈B form
a basis of some subspace of R[x]. With slight abuse of terminology, we refer to both
xB and B as a bases.

5.2 The Lasserre hierarchy for the stable set problem

We present the Lasserre hierarchy [175] for the stable set problem. Similar derivations
can also be found in, e.g., [120, Sect. 3.1], [184], and [185, Example 8.16].

Let G = (V,E) be a simple undirected graph. Without loss of generality, we
assume that V = [n] for some n ∈ N. Let β ⊆ [n]. If β is a stable set in G, we say
that β is stable in G. We define [n]G := {β ⊆ [n] : β is stable in G} as the set of all
stable sets in G, and set SG := {1β : β ∈ [n]G}. We define PG ⊆ R[x] as the set of
polynomials nonnegative over SG.

Observe that the stability number α(G) = maxx∈SG

∑
i∈[n] xi, which is equivalent

to

α(G) = min
µ∈R

µ : µ−
∑
i∈[n]

xi ∈ PG

 . (5.2)

This equivalence follows from the observation that, for fixed µ, we have minx∈SG
µ−∑

i∈[n] xi = µ−maxx∈SG

∑
i∈[n] xi = µ− α(G), which implies that µ−

∑
i∈[n] xi is a
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nonnegative polynomial over SG if and only if µ ≥ α(G). In general, it is NP-hard to
optimize over SG or PG, which motivates the search of tractable relaxations of (5.2).
Let us formulate such a relaxation, in terms of sum of squares (SOS) polynomials. To
this end, we define the polynomial ideal

IG :=
〈
x2i − xi for all i ∈ [n], xixj for all {i, j} ∈ E

〉
, (5.3)

that is used to define PG as follows:

PG :=

f ∈ R[x] : f ≡
∑
j∈[k]

f2j mod IG, fj ∈ R[x] for all j ∈ [k], k ∈ N

 ,

see e.g., [248, Thm. 1]. Note that IG encodes the set SG in the sense that x ∈ SG

if and only if f(x) = 0 for all f ∈ IG. Polynomials of the form
∑

j∈[k] f
2
j are called

SOS polynomials. SOS polynomials, and thus polynomials in PG, can be expressed
in terms of PSD matrices. Specifically, we have that

f ∈ PG ⇐⇒ f ≡
(
xB′
)⊤

AxB′
mod IG for some A ∈ S|B

′|
+ ,

where B′ :=
(
[n]
≤n

)
, see e.g., [178, Prop. 2.1]. This shows that one can optimize over

PG using semidefinite programming. However, |B′| is exponential in n, which makes
PG intractable. It is therefore natural to consider a subset of PG by fixing a B ⊆

(
[n]
≤n

)
such that |B| is polynomial in n. For any

(
[n]
≤1

)
⊆ B ⊆

(
[n]
≤n

)
, we define a corresponding

subset of PG as

PG(B) :=

{
f ∈ R[x] :

f ≡
(
xB)⊤AxB + c⊤xB2∪

mod IG,
A ∈ S |B|

+ , c ∈ R|B
2∪|

+

}
, (5.4)

for B2∪ as in (5.1). In (5.4), the term c⊤xB2∪
is introduced to enlarge PG(B), resulting

in stronger bounds on α(G). Moreover, we show in Section 5.3.1 that the addition of
this term does not increase the computational cost of obtaining these bounds. Note

that c⊤xB2∪
is an SOS polynomial modulo IG, since c⊤xB2∪ ≡

(
xB2∪

)⊤
Diag(c)xB2∪

mod IG, and Diag(c) ⪰ 0. Since
(
xB)⊤AxB is also an SOS polynomial, it follows

that PG(B) ⊆ PG. From (5.2), we observe that the value

αB(G) := min
µ∈R

µ : µ−
∑
i∈[n]

xi ∈ PG(B)

 (5.5)

satisfies αB(G) ≥ α(G), since PG(B) ⊆ PG. Note that αB(G) is well-defined since(
[n]
≤1

)
⊆ B. Computing αB(G) is equivalent to solving an SDP (see Section 5.3.1)

wherein the PSD variable is of order |B|. If |B| is polynomial in n, the value αB(G)
can be computed in polynomial time up to fixed precision [262, Cor. 9].

It is worth noting that the computational effort of computing αB(G) for some
B ⊆

(
[n]
≤n

)
can be reduced significantly by computing instead αB∩[n]G(G). Indeed,
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|B ∩ [n]G| ≤ |B|, which results in a smaller PSD variable, and αB(G) = αB∩[n]G(G).
This equality follows from (the more general) [184, Cor. 16]. We present a proof here
for the sake of completion.

Lemma 5.1. Let G be a graph on n vertices and B ⊆
(
[n]
≤n

)
. For αB(G) as in (5.5),

we have that αB(G) = αB∩[n]G(G).

Proof. For notational convenience, we write B′ := B ∩ [n]G. By the definition of
αB(G), it suffices to show that PG(B′) = PG(B). Since B′ ⊆ B, it is clear from (5.4)
that PG(B′) ⊆ PG(B). Thus, it remains to show the reverse inclusion. Let f ∈ PG(B),
and let A ∈ S |B|

+ and c ∈ R|B
2∪|

+ , see (5.1), satisfy f ≡
(
xB)⊤AxB+ c⊤xB2∪

mod IG,
where IG is defined in (5.3). Let A be indexed by the elements of B, and let A′ be
the principal submatrix of A indexed by the elements of B′. We define similarly the
vector c′ = (cβ)β∈(B′)2∪ . Since xβ ≡ 0 mod IG for any β ∈ B \ B′, we have that

f ≡
(
xB)⊤AxB + c⊤xB2∪

≡
(
xB′
)⊤

A′xB′
+ (c′)

⊤
x(B

′)
2∪

mod IG.

Hence, f ∈ PG(B′), which completes the proof.

The kth level of the Lasserre hierarchy for the stable set problem is to compute
α(

[n]
≤k)(G), or equivalently, α(

[n]
≤k)∩[n]G(G). For any fixed value of k,

∣∣∣([n]≤k

)∣∣∣ ∈ O(nk),

and thus, α(
[n]
≤k)(G) can be computed in polynomial time. The sequence (α(

[n]
≤k)(G))k∈N

is decreasing towards α(G). Moreover, if α(G) ≥ 2, then α(
[n]
≤k)(G) = α(G) for

k ≥ α(G)− 1 [182, Prop. 21].

5.3 The ADMM for computing αB(G)

In this section we propose the ADMM for computing αB(G), for general bases
(
[n]
≤1

)
⊆

B ⊆
(
[n]
≤n

)
. The ADMM has been successfully used to solve SDPs, see e.g., [211, 243,

266, 282]. Compared to the IPM, the classical method for solving SDPs, the ADMM
requires less memory, making it better suited for solving the large-scale SDPs that
arise in the Lasserre hierarchy for the stable set problem.

Throughout the remainder of this section we fix some basis B that satisfies
(
[n]
≤1

)
⊆

B ⊆
(
[n]
≤n

)
.

5.3.1 The SDP defining αB(G)

Consider the constraint µ −
∑

i∈[n] xi ∈ PG(B) in the definition of αB(G), given by
(5.5). It follows from (5.4) that this constraint is equivalent to

µ−
∑
i∈[n]

xi ≡
(
xB)⊤AxB + c⊤xB2∪

mod IG, A ∈ S |B|
+ , c ∈ R|B

2∪|
+ , (5.6)
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where B2∪ is defined in (5.1), and IG in (5.3). Let us index the matrix A with the
elements of B, and c with elements of B2∪.

The equivalence relation (5.6) implies that the two polynomials have equal coef-
ficients of xβ , for all β ∈ [n]G. Thus, (5.6) implies the following linear equalities:
A∅,∅ + c∅ = µ and∑

β,β′∈B:β∪β′=γ

Aβ,β′ + cγ = −I(γ) for all γ ∈ B2∪ ∩ [n]G , γ ̸= ∅. (5.7)

Here, we consider γ ∈ B2∪ since for any β, β′ ⊆ [n], xβxβ
′ ≡ xβ∪β′

mod IG. Since the
objective in (5.5) is to minimize µ, it follows that at optimality, we have A∅,∅ = µ and
c∅ = 0. We eliminate the other entries of c, by transforming the equality constraints
from (5.7) into inequality constraints, using that c ≥ 0. It then follows that

αB(G) = min
{
A∅,∅ : A ∈ S |B|

+ ∩ F(B)
}
, (5.8)

where

F(B) :=
{
A ∈ S |B| :

∑
β,β′∈B:β∪β′=γ Aβ,β′ ≤ −I(γ) for all

γ ∈ B2∪ ∩ [n]G , γ ̸= ∅

}
. (5.9)

We will use formulation (5.8) to compute αB(G) via the ADMM.

5.3.2 The ADMM iterates
To apply the ADMM to (5.8), we first reformulate (5.8) as the following optimization
problem:

min
X,Y ∈S|B|

Y∅,∅

s.t. X ∈ S |B|
+ , Y ∈ F(B), X = Y,

(5.10)

where F(B) is defined in (5.9). Given a penalty parameter ρ > 0, the augmented
Lagrangian associated to (5.10), with respect to the constraint X = Y , is the function

Lρ(X,Y, Z) := Y∅,∅ + ρ ⟨Z, Y −X⟩+ ρ

2
∥Y −X∥2 , (5.11)

where Z ∈ S |B| is the (scaled) dual variable. Given some initial X1, Y 1, Z1 ∈ S |B|,
the ADMM computes the sequence of matrices

(
Xℓ, Y ℓ, Zℓ

)
ℓ∈N, defined recursively

as
Xℓ+1 := argmin

X⪰0
Lρ

(
X,Y ℓ, Zℓ

)
Y ℓ+1 := argmin

Y ∈F(B)

Lρ

(
Xℓ+1, Y, Zℓ

)
Zℓ+1 := Zℓ + ν

(
Y ℓ+1 −Xℓ+1

)
,

(5.12)

where ν ∈ R is a stepsize parameter. The matrices Xℓ and Y ℓ converge with rate
O(1/ℓ) (in the ergodic sense) to an optimal solution of (5.10) [136, Thm. 6.5] when
ν ∈

(
0, 1+

√
5

2

)
[90, Thm. 5.1].
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The minimization problems in (5.12) admit the following closed form solutions,
see e.g., [243, Eq. 3.4]:

argmin
X⪰0

Lρ

(
X,Y ℓ, Zℓ

)
= PS|B|

+

(
Y ℓ + Zℓ

)
,

argmin
Y ∈F(B)

Lρ

(
Xℓ+1, Y, Zℓ

)
= PF(B)

(
Xℓ+1 − 1

ρ
H − Zℓ

)
,

(5.13)

where H ∈ S |B| is the matrix that is zero everywhere, except for the entry H∅,∅ = 1.
Note that ⟨H,X⟩ = X∅,∅. The augmented Lagrangian (5.11) and scheme (5.12)
correspond to the scaled form of the ADMM, see e.g., [34, Sect. 3.1.1] or Appendix A.1
on Page 191. Compared to the unscaled form, the scaled form of the ADMM avoids
the multiplication of (1/ρ) with Zℓ, see (5.13).

We briefly discuss the two projections in (5.13). For any A ∈ S |B|,

PS|B|
+

(A) =
∑

λ∈Λ(A):λ>0

λuλu
⊤
λ , (5.14)

where Λ(A) denotes the eigenspectrum of A, and the vectors (uλ)λ∈Λ(A) form an or-
thonormal basis of eigenvectors. To project a symmetric matrix Y onto F(B), see
(5.9), we consider F(B) as a set of vectors by identifying Y with its upper triangu-
lar entries. To account for the symmetry of Y , we replace the terms Yβ,β′ + Yβ′,β

with 2Yβ,β′ . From this point of view, it can be seen that F(B) is (up to reordering)
a Cartesian product of closed half-spaces, one for each nonempty γ ∈ B2∪ ∩ [n]G.
Therefore, projecting onto F(B) is equivalent to projecting onto each half-space sepa-
rately. Consider such a half-space corresponding to some γ, defined by a⊤x ≤ −I(γ),
where a ∈ {1, 2}p, for some p ∈ N. The projection of some z ∈ Rp onto this half-space
is given by

argmin
x∈Rp:a⊤x≤−I(γ)

(x− z)⊤Diag(a)(x− z). (5.15)

The presence of Diag(a) in the objective function ensures that off-diagonal elements
of Y are weighted with a factor of 2, as they appear twice in Y . The following result
shows that (5.15) can be expressed in closed form.

Lemma 5.2. Let p ∈ N, a, z ∈ Rp with a > 0, b ∈ R, and denote by 1p ∈ Rp the
all-ones vector. We have that

argmin
x∈Rp:a⊤x≤b

(x− z)⊤Diag(a)(x− z) = z −
max

{
a⊤z − b, 0

}
1⊤
p a

1p. (5.16)

Proof. Let f(x) := (x − z)⊤Diag(a)(x − z). We need to determine the minimizer of
the problem

min
x∈Rp

f(x) subject to a⊤x ≤ b. (5.17)

We consider two cases. If a⊤z ≤ b, then z minimizes (5.17), since for any x ∈ Rp, we
have 0 = f(z) ≤ f(x). Here, the inequality follows from the fact that a > 0, which
makes Diag(a) positive definite.
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If a⊤z > b, we consider the Karush-Kuhn-Tucker (KKT) conditions [159, 171]
corresponding to (5.17), which state the following: if (x∗, λ∗), with λ∗ ≥ 0, is a saddle
point of the Lagrangian L(x, λ) := f(x)+λ

(
a⊤x− b

)
, then x∗ minimizes (5.17). The

saddle point of L(x, λ) is computed as follows:

∂L(x, λ)
∂x

= 2Diag(a)(x− z) + λa = 0 =⇒ x∗ = z − λ∗

2
1p.

Solving ∂L(x∗, λ)/∂λ = a⊤x∗ − b = a⊤(z − λ∗

2 1p) − b = 0 for λ∗ yields λ∗ =
2
(
a⊤z − b

)
/(1⊤

p a) ≥ 0, where the inequality follows from a⊤z > b. Then x∗ =

z − a⊤z−b
1⊤
p a

1p minimizes (5.17) by the KKT conditions.
The proof follows by combining the two cases into the form (5.16).

5.3.3 Upper bounds on α(G) from the ADMM iterates

The following lemma shows that any matrix in S |B|
+ induces an upper bound on α(G).

Note that the matrix Xℓ from the ADMM iterates (5.12) satisfies Xℓ ∈ S |B|
+ for all

ℓ ∈ N. Thus, any iteration of the ADMM provides an upper bound on α(G).

Lemma 5.3. Let G = (V,E), where V = [n] for some n ∈ N,
(
[n]
≤1

)
⊆ B ⊆

(
[n]
≤n

)
,

M ∈ S |B|
+ , and let (fβ)β∈B2∪∩[n]G

satisfy (xB)⊤MxB ≡
∑

β∈B2∪∩[n]G
fβx

β mod IG.
We have that the value

v(M) :=M∅,∅ +
∑

β∈B2∪∩[n]G:β ̸=∅

max {fβ + I(β), 0} (5.18)

satisfies v(M) ≥ α(G).

Proof. For notational convenience, we define B′ := B2∪ ∩ [n]G. Consider the polyno-
mial

g(x) := (xB)⊤MxB +
∑

β∈B′:β ̸=∅

max {fβ + I(β), 0}
(
1− xβ

)
+

∑
β∈B′:β ̸=∅

max {−fβ − I(β), 0}xβ .

Observe that for any x ∈ SG, g(x) ≥ 0 since M ⪰ 0, and 1 − xβ , xβ ≥ 0. Hence,
g ∈ PG.

Let (gβ)β∈B′ be the coefficients of g, i.e., g ≡
∑

β∈B′ gβx
β mod IG. For nonempty

β ∈ B′, we have

gβ = fβ −max {fβ + I(β), 0}+max {−fβ − I(β), 0} = −I(β).

Thus, g(x) ≡ g∅ −
∑

i∈[n] xi mod IG, where g∅ is the constant term of g, given by
g∅ = M∅,∅ +

∑
β∈B′:β ̸=∅ max {fβ + I(β), 0}. By (5.2) and the fact that g ∈ PG, it

follows that g∅ ≥ α(G). Since g∅ = v(M), this proves the result.

Thus, it follows from Lemma 5.3 that for Xℓ as in (5.12) and v as in (5.18), v
(
Xℓ
)

is an upper bound on the stability number α(G). We will use the value v
(
Xℓ
)

as
valid upper bound on α(G) for the numerical results in Section 5.5.
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5.4 A dynamic basis selection method and ADMM
initialization

We provide a method for selecting a basis
(
[n]
≤1

)
⊆ B ⊆

(
[n]
≤2

)
for computing αB(G),

see (5.5). We also provide a method for initializing the ADMM iterates X1, Y 1,
Z1, see (5.12). Both these methods are based on an SDP defining the Lovász theta
function of a graph G = ([n], E), with n ∈ N. This SDP is given by:

ϑ(G) = max
Z∈S1+n

+

∑
i∈[n]

Z∅,i

s.t. Zi,j = 0 for all {i, j} ∈ E

Zi,i = Z∅,i for all i ∈ [n], Z∅,∅ = 1.

(5.19)

Here, the matrix Z is indexed by the 1+n elements of
(
[n]
≤1

)
(see also [120, Sect. 3.1]).

It can be shown that (5.19) is dual to the SDP defining α(
[n]
≤1)(G), see (5.8). To solve

(5.19), we use the IPM-based SDP solver MOSEK [228]. The PSD variable in (5.19)
is of order 1 + n and there are 2|E| + 2n + 1 linear equality constraints, which is
small enough for IPM-based solvers to be efficient for graphs of sizes considered here.
For instance, among the graphs we consider, c_fat200_5 attains the largest value of
2|E|+2n+1, with |E| = 11427 and n = 200 (see Table 5.7). For this graph, MOSEK
solves (5.19) in approximately 35 seconds.

5.4.1 The basis selection method

Given a graph G on n vertices, and a maximum basis size s ≥ 1 + n, our method
aims to select a basis

(
[n]
≤1

)
⊆ B ⊆

(
[n]
≤2

)
, |B| ≤ s that minimizes αB(G). The inclusions(

[n]
≤1

)
⊆ B ⊆

(
[n]
≤2

)
can be interpreted in terms of F(B), see (5.9), as follows: matrices

in F
((

[n]
≤1

))
are submatrices of matrices in F(B), which in turn are submatrices of

matrices in F
((

[n]
≤2

))
.

Recall that the first and second levels of the Lasserre hierarchy for the stable
set problem are the SDPs defining α(

[n]
≤1)(G) and α(

[n]
≤2)(G) respectively. Thus, our

method selects a basis B such that αB(G) corresponds to a level of the Lasserre
hierarchy intermediate to levels 1 and 2, and for some smaller graphs, equal to level
2. We do not consider bases corresponding to levels k > 2, since the value α(

[n]
≤2)(G),

after rounding down to the nearest integer, often closes the gap with α(G), or is
intractable to compute.

To explain our method, we define, for any subset β ⊆ [n], the binary matrix

Zβ :=

[
1
1β

] [
1
1β

]⊤
. Matrix Zβ is indexed by the 1+n elements of

(
[n]
≤1

)
. Observe that

Zβ is feasible for (5.19) if and only if β ∈ [n]G. Let β ∈ [n]G correspond to a maximum
stable set, and consider the binary values (Zβ

i,j){i,j}/∈E . Observe that Zβ
i,j = 1 if and

only if both vertices i, j ∈ β. Thus, the values 1 in the vector (Zβ
i,j){i,j}/∈E indicate
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the maximum stable set β. As such, we would like to include the monomials xixj , for
which Zβ

i,j = 1, in our basis. In practice however, the matrix Zβ
i,j is unknown, since

a maximum stable set is not known. Therefore, instead of Zβ , we consider matrix
Z∗, which denotes an optimal solution of (5.19), and can be considered a semidefinite
approximation of Zβ . Then, we include monomial xixj , {i, j} /∈ E, in our basis if Z∗

i,j

is ‘large enough’.
We now present our basis selection method formally: Compute first s′, defined as

the cardinality of
(
[n]
≤2

)
\
((

[n]
≤1

)
∪ E

)
, which is the set of non-edges in G. Then we

distinguish two cases, based on the given maximum basis size s.
Case 1: s < 1 + n + s′. Solve (5.19) using an IPM-based SDP solver to obtain
an optimal solution Z∗. As basis B, we choose the sets in

(
[n]
≤1

)
and the s − (1 + n)

non-edges {i, j} with largest value Z∗
i,j . Note that |B| =

∣∣∣([n]≤1

)∣∣∣+ s− (1 + n) = s.

Case 2: s ≥ 1 + n+ s′. We take the basis B =
(
[n]
≤2

)
\E, of size |B| = 1+ n+ s′ ≤ s.

Observe that B =
(
[n]
≤2

)
∩ [n]G, which implies that αB(G) = α(

[n]
≤2)(G), see Lemma 5.1.

Therefore, in Case 2, the resulting basis corresponds to the second level of the Lasserre
hierarchy.

Preliminary numerical experiments showed that selecting monomials based on the
largest values of (Z∗

i,j){i,j}/∈E , outperformed methods that selected monomials based
on smallest values in (Z∗

i,j){i,j}/∈E , or those values closest to the average value given
by
∑

{i,j}∈E Z
∗
i,j/|E|. We also tested basis selection methods based on the values

(Z∗
∅,i)i∈[n], or degrees of vertices, and these were also outperformed by the above

described basis selection method.

5.4.2 Initialization of ADMM iterates

Our initialization method is defined for any basis
(
[n]
≤1

)
⊆ B ⊆

(
[n]
≤n

)
, and depends on

optimal primal and dual solutions to (5.19), denoted respectively by Z∗ ∈ S1+n
+ and

X∗ ∈ S1+n
+ .

Note that the initial ADMM iterates X1, Y 1, Z1 are indexed by the elements of
B. Our initialization method sets the principal submatrix of X1, that is indexed by
the elements of

(
[n]
≤1

)
, equal to X∗. We set the other elements of X1 to zero, and set

Y 1 = X1. We initialize Z1 by setting the principal submatrix of Z1 corresponding
to the elements of

(
[n]
≤1

)
as (1/ρ)Z∗, and the rest all zero. Here, we scale Z∗ by 1/ρ,

since (5.12) corresponds to the scaled form of the ADMM.
An important property of this initialization is that v

(
X1
)
, see (5.18), equals ϑ(G).

Indeed, since X∗ ⪰ 0, also X1 ⪰ 0. Moreover, since X∗ is a feasible dual solution to
(5.19), and (5.19) is the SDP dual of (5.8) for B =

(
[n]
≤1

)
, it follows thatX∗ ∈ F

((
[n]
≤1

))
.

This implies that the values fβ in (5.18), corresponding to X1, satisfy fβ ≤ −I(β),
from where it follows that v

(
X1
)
= X1

∅,∅. Lastly, since X∗ is an optimal dual solution
to (5.19), X∗

∅,∅ = X1
∅,∅ = ϑ(G). Thus, v

(
X1
)
= ϑ(G). Consequently, the best bound

returned by the ADMM after a finite number of iterations is at most ϑ(G).
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5.5 Numerical results

We compute Lasserre hierarchy bounds for the stable set problem, using the ADMM
as described in Section 5.3.2, with stepsize parameter ν = 3/2, see (5.12). We set the
ADMM penalty parameter ρ = (4/5)

√
|B|, see (5.11), where B is the used basis of size

at most s ∈ N, determined by the basis selection method outlined in Section 5.4.1.
The algorithms are implemented in MATLAB. All experiments are run on a machine
with 16GB RAM and an Intel i7-1165G7 CPU.

In Section 5.5.1 we compare SDP bounds obtained from two versions of the ADMM
algorithm: one that computes the eigendecomposition in (5.14) using single precision,
and another that uses double precision. We conclude that the single precision ADMM
requires less computation time per iteration, without a significant loss in quality of
the corresponding bounds. The stopping conditions are provided in Section 5.5.2, and
are used in Section 5.5.3 to compute bounds on α(G) from the Lasserre hierarchy with
the single precision ADMM. We compare these bounds with the bounds obtained by
the exact subgraph hierarchy (ESH) [98] and the bounds from [260]. Both approaches
provide among the strongest SDP bounds for the stable set problem.

5.5.1 Single vs. double precision for eigendecompositions

It is well known that one of the most expensive steps of the ADMM, when applied
to SDP, is computing projections onto the PSD cone, see e.g., [243, Sect. 5] and
[266, Sect. 1]. It is standard to compute these projections PS|B|

+
(A), see (5.14), by

computing the full eigendecomposition ofA, that is, A =
∑

λ∈Λ(A) λuλu
⊤
λ . Computing

the eigendecomposition in single precision is computationally less expensive than in
double precision. However, the lower accuracy of single precision might result in
worse upper bounds compared to double precision. We investigate this trade-off by
comparing the SDP bounds on the stable set problem obtained by two versions of
the ADMM algorithm: one that uses single precision and another that uses double
precision for the eigendecompositions. All other parts of the algorithms remain the
same.

We run each version of the ADMM algorithm for a fixed number of iterations to
compute bounds on α(G) for three different graphs. All ADMM iterates, see (5.12),
are initialized by setting X1 = Y 1 = Z1 = 0, i.e., the zero matrix of appropriate
size. When the iteration number ℓ is a multiple of 100, we compute the bound
v
(
Xℓ
)
, see (5.18), which satisfies v

(
Xℓ
)
≥ α(G). We also track the computation

time, and present the results in Tables 5.1 to 5.3. In these tables, column ‘Bnd. diff.’
(for bound difference) reports the double precision bound v

(
Xℓ
)

subtracted from the
single precision v

(
Xℓ
)
.

From the data presented in these tables we conclude that the difference in v
(
Xℓ
)

between the two precisions and for fixed ℓ, is negligible (at most 0.04517). In contrast,
the reduction in computation time may be significant, see for instance the row corre-
sponding to ℓ = 600 in Table 5.3: the single precision ADMM requires 113.82 seconds
to compute 600 iterations, whereas the double precision ADMM requires 205.35 sec-
onds. With this larger computation time, the double precision bound v

(
Xℓ
)

is only
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0.00677 smaller than the single precision bound. Rounded down, both precisions pro-
vide the same bound on α(G), but the single precision ADMM requires only 55% of
the computation time of the double precision ADMM.

We also perform the following similar experiment: we run each ADMM version
for one hour on a single graph. We pick a basis of size s = 2500 and initialize the
ADMM iterates with the methods outlined in Sections 5.4.1 and 5.4.2, respectively.
At the first iteration and every 10 seconds t, we compute the valid upper bound
vt := v

(
Xℓ
)
, where ℓ is the iteration index at time t. We set v0 := v

(
X1
)
= ϑ(G).

This yields a set of upper bounds {v0, v10, . . . , v3600}. Figure 5.1 reports the best
bounds achieved by both ADMM versions over time. That is, Figure 5.1 plots the
curves through the points (t,mink∈{0,10,...,t} vk), for t ∈ {0, 10, 20, . . . , 3600}. For the
single precision version of the ADMM algorithm, the bounds v10, v20, . . . , v80 ≥ v0,
and thus the plot corresponding to single precision is flat for the first 80 seconds. For
the double precision variant of the ADMM, the plot is flat for the first 170 seconds.
Figure 5.1 demonstrates that the single precision ADMM provides stronger bounds
than the double precision ADMM, at any time t, t ≤ 3600. This is due to the fact
that the single precision ADMM algorithm can perform more ADMM iterations in
the same time as compared to the double precision ADMM algorithm.

Based on these conclusions, we will use the version of the ADMM that computes
eigendecompositions in single precision for the remainder of this section.

5.5.2 Stopping conditions

For each graph, we run the ADMM algorithm for at most one hour (unless otherwise
specified). Next to maximum running time, we have the following stopping conditions:
we stop if

max

{∥∥Xℓ − Y ℓ
∥∥

1 + ∥Xℓ∥
, ρ

∥∥Xℓ−1 −Xℓ
∥∥

1 + ∥Xℓ∥

}
≤ 10−4, (5.20)

for 3 consecutive iterations, see e.g., [34, Sect. 3.3.1]. To keep computation costs
minimal, we only verify whether (5.20) holds whenever the iteration number ℓ is a
multiple of 100 (and then also for the consecutive iterations if (5.20) holds). We also
stop earlier if the objective value Xℓ

∅,∅ stagnates. Specifically, we stop if∣∣∣Xℓ
∅,∅ −Xℓ−1

∅,∅

∣∣∣ < 10−5 (5.21)

for Kstag ∈ N (not necessarily consecutive) iterations. For all the tables that follow,
except Table 5.5, we set Kstag = 150.

5.5.3 SDP-Lasserre bounds on α(G)

We investigate the quality of the upper bounds on the stability number of graphs
obtained from the Lasserre hierarchy, and computed via the ADMM. For the remain-
der of this section, we refer to such bounds as SDP-Lasserre bounds. To ensure that
these bounds are valid, we use Lemma 5.3. For all the tables that follow, except
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ℓ
Single precision Double precision Bnd. diff.
v
(
Xℓ
)

Time (s) v
(
Xℓ
)

Time (s)
100 7.13476 0.14 7.13484 0.16 -0.00008
200 7.03090 0.25 7.03090 0.32 0.00000
300 7.07006 0.36 7.07013 0.47 -0.00007
400 7.00445 0.46 7.00444 0.61 0.00000
500 7.00680 0.57 7.00677 0.76 0.00004
600 7.00032 0.68 7.00032 0.91 0.00001

Table 5.1: Comparison of upper bounds for HoG_15599, n = 20, α(G) = 7, s = 126.

ℓ
Single precision Double precision Bnd. diff.
v
(
Xℓ
)

Time (s) v
(
Xℓ
)

Time (s)
100 20.92761 5.14 20.92756 7.99 0.00005
200 23.01029 9.97 23.01063 16.05 -0.00035
300 17.21289 15.28 17.21270 24.45 0.00019
400 16.42331 21.03 16.42139 33.03 0.00192
500 16.51678 26.66 16.51551 41.41 0.00127
600 16.30446 32.15 16.30274 50.83 0.00172
700 16.49339 37.60 16.49267 59.29 0.00072
800 16.29119 43.19 16.28875 67.88 0.00245
900 16.39126 49.01 16.38704 76.83 0.00421
1000 16.28313 54.91 16.27664 85.77 0.00649
1100 16.31098 62.01 16.30117 94.50 0.00981

Table 5.2: Comparison of upper bounds for MANN_a9_clq, n = 45, α(G) = 16, s =
964.

Table 5.5, we set the maximum basis size s = 2500. This value is chosen to ensure the
ADMM converges within one hour on most graphs. In the remainder of this section,
we initialize the ADMM iterates using the method described in Section 5.4.2.

5.5.3.1 SDP bounds for evil, random and near-regular graphs

We benchmark the SDP-Lasserre bounds on the complement of evil graphs1 [292], as
well as on random graphs and near-regular graphs. These graphs are also tested in
[260], and can be described as follows:

• Evil graphs [292]. These are benchmark graphs for the NP-hard clique prob-
lem. The clique problem on a graph G is equivalent to to the stable set problem
on the complement graph of G. Therefore, we consider the complement of evil
graphs.

The name of all evil graphs we consider starts with the prefix evil-N[n]-p98,
where n is the number of vertices of the corresponding evil graph. To fit the

1The evil graphs are available at https://github.com/zbogdan/evil2/tree/main/evil-tests.

https://github.com/zbogdan/evil2/tree/main/evil-tests
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ℓ
Single precision Double precision Bnd. diff.
v
(
Xℓ
)

Time (s) v
(
Xℓ
)

Time (s)
100 122.53210 19.66 122.52626 35.47 0.00584
200 82.37548 41.58 82.37179 70.49 0.00368
300 78.23423 59.13 78.22998 105.84 0.00425
400 78.89802 76.84 78.86581 139.59 0.03221
500 71.93651 96.10 71.89134 173.73 0.04517
600 69.47637 113.82 69.46960 205.35 0.00677

Table 5.3: Comparison of upper bounds for E-myc5x30, n = 150, α(G) = 60, s = 1500.

0 10 20 30 40 50 60
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20.5

17.46

18.02

Time (min.)

Best upper
bound on α(G)

Double precision ADMM
Single precision ADMM

Figure 5.1: Comparison of upper bounds for E-myc23x8, n = 184, α(G) = 16, s =
2500.

tables on one page, we replace this prefix by simply E. For example, the evil
graph evil-N120-p98-chv12x10 will be reported as E-chv12x10.

• Random graphs. These are generated following the Erdös-Rényi model. That
is, given n ∈ N and p ∈ (0, 1), generate a graph by taking n vertices and creating
edges {i, j} independently with probability p for every i, j ∈ [n].

In the tables, we report the random graphs as rnd_p[p], where p is the cor-
responding probability. For example, rnd_p004 is the random graph with
p = 0.04, and n can be read from the table.

• Near-regular graphs. For given n, r ∈ N such that nr is even, these graphs
are constructed as follows (see also [98, Sect. 7.2]): consider a set of nr vertices
given by Ṽ := {{i, b} : i ∈ [n], b ∈ [r]}. Select a perfect matching on the vertices
in Ṽ to obtain the edge set Ẽ ⊆ Ṽ × Ṽ . Consider now the graph G with vertices
V = [n] and edge set E =

{
{i, j} : ∃b, b′ ∈ [r] s.t. {{i, b}, {j, b′}} ∈ Ẽ

}
. Note
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that G is a regular multigraph. Remove from G any parallel edges and self-loops.
The resulting graph is said to be near-regular.

In the tables, we report near-regular graphs as reg_r[r], where r is the parameter
that was just described. The number of vertices can be read from the table.

We use the same exact random and near-regular graphs as in [260]. For each graph, we
use the method provided in Section 5.4.1 to select a basis of size 2500 for computing
the SDP-Lasserre bounds. Because 2500 <

∣∣∣([n]≤2

)
∩ [n]G

∣∣∣ for all graphs, the resulting
bounds correspond to the Lasserre hierarchy at levels intermediate to 1 and 2.

Table 5.4 reports the SDP-Lasserre bounds on α(G), computed via the ADMM, in
the column ‘SDP-Lasserre’. Columns n, |E|, and ϑ(G) report the number of vertices,
number of edges, and Lovász theta function respectively, for each graph. Column α
reports (bounds on) the stability number of the graphs. For evil graphs, the value of
α(G) is known by construction. The values and intervals for the stability numbers of
the random and near-regular graphs are taken from [99, Table 6]. In Table 5.5, we
present improved bounds on α(G) compared to [99, Table 6].

The columns under ‘BOUND 2 [260]’ in Table 5.4 report BOUND 2 from the
recent paper [260, Sect. 4.1], which provides one of the best SDP-based upper bounds
on α(G). BOUND 2 is obtained by strengthening the Lovász theta function with
additional valid inequalities, such as triangle inequalities and inequalities induced by
complete subgraphs of G (i.e., constraints of the form

∑
i∈U xi ≤ 1 where U is a set of

pairwise connected vertices). BOUND 2 is computed by the IPM-based SDP solver
MOSEK [228]. We computed BOUND 2 on the same machine we used to compute
the SDP-Lasserre bounds2. Additional details regarding BOUND 2 can be found in
[260, Sect. 4.1].

The columns ‘GapClsd’ (for gap closed) under SDP-Lasserre and BOUND 2 report
the fraction ϑ(G)−f∗

ϑ(G)−α(G) rounded down to the first digit, where f∗ equals the value of
the corresponding bound. Note that f∗ ∈ [α(G), ϑ(G)]. For the three graphs with
unknown α(G), we use the best known lower bound on α(G) from [99, Table 6] to
compute GapClsd. Lastly, bounds that equal α(G) when rounded down are boldfaced.

Computing BOUND 2 for the graphs in Table 5.4 requires on average only 4 min-
utes of computation time per graph. The ADMM required on average 39 minutes
per graph. The SDP-Lasserre bounds improve over BOUND 2 for various graphs,
sometimes closing the gap towards α(G) whereas BOUND 2 did not (see the graphs
E-s3m25x5, E-myc23x6, reg_r6 and reg_r8). There is one graph in Table 5.4,
rnd_p002, for which the SDP-Lasserre bound does not improve upon the Lovász
theta function ϑ(G) = α(

[n]
≤1)(G) = 95.778. We ran our ADMM algorithm for 4 hours

to recompute the SDP-Lasserre bound for this graph, which resulted in an improved
bound of 95.244, see also Table 5.8.

We rerun the ADMM algorithm on the graphs reg_r10 and reg_r6 with increased
basis size |B| and extended running time. These changes yield improved upper bounds
on α(G) compared to those in [99, Table 6], see also Table 5.4. The improved bounds
are reported in Table 5.5, where column ‘|B|’ reports the used basis size and column

2The code for BOUND 2 is available at https://arxiv.org/src/2401.17069v2/anc.

https://arxiv.org/src/2401.17069v2/anc
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‘T. (min.)’ reports the runtime rounded to the nearest minute. In these computations,
we use Kstag = 500, see (5.21).

Lastly, we compare the SDP-Lasserre bounds also with the ESH approach from
[98]. Specifically, we compare the SDP-Lasserre bounds with the ESH bounds on the
random and near-regular graphs reported in Tables 4 and 5 of [98]. The results are
presented in Table 5.6, with identical columns as Table 5.4, and the newly added
column ‘ESH’. The columns under ‘ESH’ report the obtained bounds by the ESH
and corresponding GapClsd values. The SDP-Lasserre bounds improve over the ESH
bounds in 11 of the 15 reported graphs. The computation times of these ESH bounds
is reported in [98], although the used computer is not specified. For each of the
graphs in Table 5.6, the ESH required on average 1454 seconds. Note that SDP-
Lasserre bounds, when rounded down to the closest integer, close the gap for more
graphs than the other two approaches.

5.5.3.2 SDP bounds on graphs from [97]

We investigate the quality of the SDP-Lasserre bounds on the graphs tested in [97].
This set of graphs3 contains, among others, complements of DIMACS graphs, addi-
tional random Erdös-Rényi graphs, a spin glass graph, graphs from [41], as well as
a Paley, a circulant and a cubic graph. Note that stability numbers of the DIMACS
graphs are known, see e.g., [23].

For all graphs, we use the method from Section 5.4.1 to select a basis of size at most
2500 for the ADMM. The tested graphs on n ≤ 80 vertices satisfy

∣∣∣([n]≤2

)
∩ [n]G

∣∣∣ ≤
2500, which implies that we compute the full second level of the Lasserre hierarchy for
those graphs. The results are reported in Table 5.7, with the same column definitions
as in Table 5.4, except for the new column denoted by |B|. This column reports the
size of the used basis (in Table 5.4, |B| = 2500 for every graph). Bounds that equal
α(G) when rounded down are boldfaced.

We again compare our SDP-Lasserre bounds with BOUND 2 from [260]. Both
these bounds are stronger than the bounds in [97]. Computing BOUND 2 for the
graphs in Table 5.7 requires on average only two minutes of computation time per
graph. However, for the larger graphs (n ≥ 150), BOUND 2 cannot be computed
due to insufficient memory, as indicated by the table entry ‘−’. The large memory
requirement of BOUND 2 is due to the large number of linear constraints. The SDP-
Lasserre bounds improve significantly over ϑ(G), and often also over BOUND 2. In
particular, the SDP-Lasserre bounds often close the gap towards α(G) when rounded
down. All graphs with n < 72 took at most 122 seconds, except for G_60_025 which
required approximately 270 seconds. For graphs with n ≥ 72, the ADMM algorithm
required between 15 and 60 minutes minutes to terminate.

For the graph c_fat200_5 in Table 5.7, the SDP-Lasserre bound does not improve
over ϑ(G) = 60.345. We ran our ADMM algorithm for 4 hours to recompute the SDP-
Lasserre bound of this graph, which resulted in an improved bound of 60.317, see also
Table 5.8.

3The graphs used in [97] are available at
https://arxiv.org/src/2003.13605v6/anc/Data_InputGraphs.mat.

https://arxiv.org/src/2003.13605v6/anc/Data_InputGraphs.mat
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5.5.3.3 SDP bounds on SageMath graphs

We compute the SDP-Lasserre bounds for several graphs from the SageMath [295]
software. Specifically, we consider SageMath graphs on at least 30 vertices, for which
ϑ(G) is strictly larger than α(G).

The results are reported in Table 5.9, which uses the same column definitions
as Table 5.7. The SDP-Lasserre bounds improve significantly over ϑ(G), and all of
them equal α(G) when rounded down. On average, the ADMM algorithm required
1098 seconds to terminate for each graph. It is worth noting that for each graph, the
ADMM required at most 900 seconds to reach an iteration ℓ for which ⌊v

(
Xℓ
)
⌋ =

α(G), see (5.18). The computation of BOUND 2 required at most 220 seconds, but
there are some graphs in Table 5.9 for which the floor of BOUND 2 does not equal
α(G).
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Graph name n |E| α
SDP-Lasserre BOUND 2 [260]

ϑ(G)Bound GapClsd Bound GapClsd
E-chv12x10 120 545 20 20.355 92.1% 20.000 99.9% 24.526
E-myc5x24 120 236 48 48.466 89.8% 48.000 99.9% 52.607
E-myc11x11 121 508 22 22.361 91.7% 22.000 99.9% 26.397
E-s3m25x5 125 873 20 20.291 94.1% 22.361 52.7% 25.000
E-myc23x6 138 1242 12 12.501 84.2% 15.177 0.0% 15.177
E-myc5x30 150 338 60 61.477 71.1% 60.000 99.9% 65.121
E-s3m25x6 150 1102 24 25.239 79.3% 26.833 52.7% 30.000
E-myc11x14 154 701 28 28.316 94.3% 28.000 99.9% 33.596
E-chv12x15 180 944 30 30.391 94.2% 30.000 99.9% 36.788
E-myc5x36 180 439 72 75.626 29.0% 72.000 99.9% 77.110
E-myc23x8 184 1764 16 17.504 64.4% 20.235 0.0% 20.235
E-myc11x17 187 901 34 34.332 95.1% 34.000 99.9% 40.795
E-s3m25x8 200 1550 32 35.979 50.2% 35.777 52.7% 40.000
E-myc5x42 210 541 84 86.513 58.1% 84.000 99.9% 90.001
E-myc11x20 220 1130 40 42.791 65.0% 40.000 99.9% 47.994
E-myc23x10 230 2263 20 22.553 51.7% 25.294 0.0% 25.294
E-chv12x20 240 1352 40 40.461 94.9% 40.000 99.9% 49.051
E-myc5x48 240 718 96 98.627 44.0% 96.011 99.7% 100.696
E-s3m25x10 250 2050 40 45.003 49.9% 44.721 52.7% 50.000
E-myc11x23 253 1456 46 49.447 62.5% 46.014 99.8% 55.193
E-myc5x60 300 1033 120 121.876 34.4% 120.020 99.2% 122.861
rnd_p004 100 212 45 45.140 86.8% 45.027 97.4% 46.067
rnd_p006 100 303 38 38.199 91.5% 38.435 81.5% 40.361
rnd_p008 100 443 32 32.475 83.3% 32.433 84.7% 34.847
rnd_p010 100 489 32 32.029 98.5% 32.151 92.5% 34.020
rnd_p002 200 407 95 95.778 0.0% 95.043 94.5% 95.778
rnd_p003 200 631 81 82.425 46.4% 81.079 97.0% 83.662
rnd_p004 200 816 67 69.890 58.1% 69.818 59.2% 73.908
rnd_p005 200 991 64 67.355 33.4% 65.544 69.3% 69.039
reg_r10 100 474 28 29.636 56.9% 29.431 62.3% 31.797
reg_r4 100 195 40 40.333 90.3% 40.713 79.3% 43.449
reg_r6 100 294 34 34.667 82.5% 35.047 72.5% 37.815
reg_r8 100 377 31 31.645 81.4% 32.063 69.4% 34.480
reg_r10 200 980 [57, 59] 60.052 67.5% 62.695 39.5% 66.418
reg_r4 200 400 81 82.450 78.5% 82.246 81.5% 87.759
reg_r6 200 593 [69, 72] 72.685 64.1% 73.709 54.1% 79.276
reg_r8 200 792 [60, 63] 64.749 55.9% 66.789 37.0% 70.790

Table 5.4: Results on evil, random and near-regular graphs.
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Graph name n |E| α(G) bounds SDP-Lasserre |B| T. (min.)New Old [99]
reg_r10 200 980 [57, 58] [57, 59] 58.932 4250 180
reg_r6 200 593 [69, 71] [69, 72] 71.821 3750 105

Table 5.5: Improved bounds on α(G) with larger basis size |B| and longer running
time.

Graph name α
SDP-Lasserre BOUND 2 [260] ESH [98]

ϑ(G)Bound GapClsd Bound GapClsd Bound GapClsd
rnd_p004 45 45.140 86.8% 45.027 97.4% 45.021 98.0% 46.067
rnd_p006 38 38.199 91.5% 38.435 81.5% 38.439 81.4% 40.361
rnd_p008 32 32.475 83.3% 32.433 84.7% 32.579 79.6% 34.847
rnd_p010 32 32.029 98.5% 32.151 92.5% 32.191 90.5% 34.020
rnd_p002 95 95.778 0.0% 95.043 94.5% 95.032 95.8% 95.778
rnd_p003 81 82.425 46.4% 81.079 97.0% 81.224 91.5% 83.662
rnd_p004 67 69.890 58.1% 69.818 59.2% 70.839 44.4% 73.908
rnd_p005 64 67.355 33.4% 65.544 69.3% 66.091 58.5% 69.039
reg_r4 40 40.333 90.3% 40.713 79.3% 40.687 80.0% 43.449
reg_r6 34 34.667 82.5% 35.047 72.5% 35.246 67.3% 37.815
reg_r8 31 31.645 81.4% 32.063 69.4% 32.190 65.8% 34.480
reg_r10 [57, 59] 60.052 67.5% 62.695 39.5% 62.894 37.4% 66.418
reg_r4 81 82.450 78.5% 82.246 81.5% 83.732 59.5% 87.759
reg_r6 [69, 72] 72.685 64.1% 73.709 54.1% 75.555 36.2% 79.276
reg_r8 [60, 63] 64.749 55.9% 66.789 37.0% 67.785 27.8% 70.790

Table 5.6: Comparison of the SDP-Lasserre, BOUND 2 and ESH bounds.
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Graph name n |E| α
SDP-Lasserre BOUND 2 [260]

ϑ(G)|B| Bound GapClsd Bound GapClsd
HoG_34272 9 17 3 29 3.000 99.8% 3.000 99.9% 3.338
HoG_15599 20 44 7 167 7.003 99.6% 7.000 99.9% 7.820
CubicVT26_5 26 39 10 313 10.100 94.5% 10.662 63.5% 11.817
HoG_34274 36 72 12 595 12.010 99.1% 12.000 99.9% 13.232
HoG_6575 45 225 10 811 10.132 97.3% 13.220 36.2% 15.053
MANN_a9_clq 45 72 16 964 16.281 80.9% 17.225 16.9% 17.475
Circ47_030 47 282 13 847 13.003 99.7% 13.026 97.9% 14.302
G_50_025 50 308 12 968 12.028 98.2% 12.367 76.5% 13.564
G_60_025 60 450 13 1381 13.003 99.7% 13.241 81.1% 14.281
PaleyGraph61 61 915 5 977 5.289 89.7% 7.810 0.0% 7.810
hamming6_4 64 1312 4 769 4.032 97.5% 4.749 43.7% 5.333
HoG_34276 72 144 24 2485 24.042 98.2% 24.000 99.9% 26.463
G_80_050 80 1620 9 1621 9.001 99.7% 9.092 78.8% 9.435
G_100_025 100 1243 17 2500 17.000 99.9% 18.428 41.5% 19.441
spin5 125 375 50 2500 50.236 95.9% 50.000 99.9% 55.902
G_150_025 150 2835 19 2500 19.127 97.3% − 23.718
keller4 171 5100 11 2500 11.622 79.3% − 14.012
G_200_025 200 4905 21 2500 23.656 63.1% − 28.217
brock200_1 200 5066 21 2500 22.912 70.3% − 27.457
c_fat200_5 200 11427 58 2500 60.345 0.0% − 60.345
sanr200_0_9 200 2037 42 2500 43.856 74.4% − 49.274

Table 5.7: Results on the graphs from [97].

Graph name n |E| α
SDP-Lasserre bound after

ϑ(G)1 hour 4 hours
rnd_p002 200 407 95 95.778 95.244 95.778
c_fat200_5 200 11427 58 60.345 60.317 60.345

Table 5.8: Improved SDP-Lasserre bounds with longer ADMM running times.
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5.6 Conclusions

We have considered SDP bounds on the stability number of graphs obtained from the
Lasserre hierarchy at relaxation level 2, or relaxation levels intermediate to levels 1
and 2. Most of the SDPs considered here cannot be handled by IPMs, as they require
excessive memory due to the large number of constraints. Therefore, we compute
the bounds using the ADMM. The main operations of the ADMM algorithm are
the projection onto the PSD cone (5.14), and the projection onto half-spaces, see
Lemma 5.2. Although the former projection is significantly more computationally
expensive than the latter, it is still manageable for the problem sizes considered in this
chapter. For improved performance, our ADMM algorithm also uses warm-starting.

For Lasserre levels intermediate to levels 1 and 2, we propose a method to select
a basis of variables for the relaxation, see Section 5.4.1. We use this basis selection
method to choose bases of size at most 2500 for computing bounds on α(G) for various
graphs in Section 5.5.3. With this basis size, the ADMM algorithm often converges
within one hour of computation time.

The computational experiments in Section 5.5.3 show that the Lasserre hierarchy
bounds, computed via the ADMM and referred to as SDP-Lasserre bounds, are com-
petitive with other SDP-based stable set approaches from the literature, specifically
[98] and [260]. In particular, our approach provides the strongest known SDP bounds
on α(G) for a variety of graphs, see Tables 5.4 to 5.9. For some large and dense
graphs in Table 5.7, the bound from [260] cannot be computed using the IPM due to
its large memory requirement, in contrast to our SDP-Lasserre bounds.

As future work, it would be interesting to evaluate bounds from the interme-
diate level Lasserre hierarchy on the stability number of highly symmetric graphs.
Specifically, our basis selection method from Section 5.4.1 is currently not suited to
exploit symmetry in the underlying graph. Preliminary computational experiments
have shown that the current basis selection method can be significantly improved for
highly symmetric graphs. Another future research direction is to investigate faster
methods for projecting onto the PSD cone, which is the bottleneck of the ADMM. If
we find an algorithm for projecting onto the PSD cone that is better suited for the
ADMM than the standard eigendecomposition, the ADMM could speed up signifi-
cantly.



6 On solving the MAX-SAT problem
using sum of squares

In this chapter, we investigate semidefinite programming (SDP) approaches for the
satisfiability (SAT) and maximum-satisfiability (MAX-SAT) problems, and their vari-
ants. Given a set of logical clauses, the SAT problem is to decide whether there exists
a truth assignment to the variables such that all clauses are satisfied. The optimiza-
tion variant of the SAT problem, known as the MAX-SAT problem, is to determine
a truth assignment which satisfies the largest number of clauses.

The SAT problem is a central problem in mathematical logic and computer science
and finds various applications, including software or hardware verification [216] and
planning in artificial intelligence [160]. The SAT problem was the first problem shown
to be NP-complete in 1971 [60]. Since the SAT problem is NP-complete, any problem
contained in the complexity class NP can be efficiently recast as a SAT instance. Thus,
algorithms for the SAT problem can also solve a wide variety of other problems, such
as timetabling [19, 109] and product line engineering [225].

SDP approaches to the SAT problem were first proposed by de Klerk et al. [68],
and later extended by Anjos [9, 10, 11, 12]. Goemans and Williamson [117] were
first to apply SDP to the MAX-SAT problem. They showed that for a specific class
of MAX-SAT instances, known as MAX-2-SAT (in the MAX-k-SAT problem, each
clause is a disjunction of at most k literals), the MAX-SAT problem is equivalent
to optimizing a multivariate quadratic polynomial, which is naturally well suited
for semidefinite relaxations. In the same paper, Goemans and Williamson proposed
a 0.878-approximation algorithm for the MAX-2-SAT problem based on SDP. This
result was later improved to 0.940 in [192]. Further, Karloff and Zwick [157] obtained
an optimal 7/8 approximation algorithm for the MAX-3-SAT problem. Halperin and
Zwick [134] obtained a nearly optimal approximation algorithm for the MAX-4-SAT
problem. In [299], van Maaren et al. exploit sum of squares (SOS) optimization to
compute bounds for the MAX-SAT problem.

Despite the great success in designing approximation algorithms using SDP, most
modern MAX-SAT solvers do not exploit SDP. A possible reason for this is the fact
that medium to large size SDP problems (SDPs) are computationally challenging to
solve. Interior-point methods, the conventional approach for solving SDPs, struggle
from large memory requirements and prohibitive computation time per iteration al-
ready for medium size SDPs. Recently, first-order methods such as the alternating di-
rection method of multipliers (ADMM) [34, 100] and the Peaceman-Rachford splitting

147
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method (PRSM) [251] showed a great success in solving SDPs, see e.g., [69, 121, 243].
Motivated by those results, we design a MAX-SAT solver that incorporates SDP
bounds and the PRSM within a branch & bound (B&B) scheme.

In particular, we further exploit the SOS approach from [299] to derive SOS-based
SDP relaxations that provide strong upper bounds to the optimal MAX-SAT solu-
tion. The derived SDP relaxations are strengthened SDP duals of the Goemans and
Williamson MAX-SAT relaxation. The strength of the upper bounds and the required
time to compute the relaxations depend on the chosen monomial basis. We experi-
ment with different monomial bases and propose a class of bases that provide good
trade-offs between these effects. Moreover, we derive several properties of monomial
bases that are exploited in the design of our solver. We extend the SOS approach
to the weighted partial MAX-SAT problem, a variant of the MAX-SAT problem in
which clauses are divided in soft and hard clauses. Here, the goal is to maximize
the weighted sum of the satisfied soft clauses, over truth assignments that satisfy all
the hard clauses. We strengthen SDP bounds for the weighted partial MAX-SAT
problem using the SAT resolution rule. To the best of our knowledge, we are the first
to exploit SDP for solving the weighted partial MAX-SAT problem.

We show that the PRSM is well suited for exploiting the structure of the SOS-
based SDP relaxations. Therefore, we implement the PRSM to (approximately) solve
large-scale SDP relaxations and obtain upper bounds for the (weighted partial) MAX-
SAT problem. The resulting algorithm is very efficient, e.g., it can compute upper
bounds with matrix variables of order 1800 in less than 2 minutes, and for matrices of
order 2400 in less than 4 minutes. Our numerical results show that the upper bounds
are strong, in particular when larger monomial bases is used. We also exploit the
output of the PRSM to efficiently compute lower bounds for the MAX-SAT problem.

We design an SOS-SDP based MAX-SAT solver (named SOS-MS) that exploits
SOS-based SDP relaxations and the PRSM. SOS-MS is one of the first SDP-based
MAX-SAT solvers. The only alternative SDP-based solver is the MIXSAT algo-
rithm [310] that is designed to solve MAX-2-SAT instances. SOS-MS is able to solve
(weighted partial) MAX-k-SAT instances, for k ≤ 3. To solve a MAX-SAT instance,
SOS-MS has to approximately solve multiple SDP subproblems. A crucial component
of SOS-MS is therefore its ability to quickly construct the program parameters of the
required SDPs, i.e., the process of parsing. We design an efficient parsing method,
which is also applicable to other problems and publicly available. Another efficient
feature of our solver is warm starts. Namely, our solver uses the approximate PRSM
solution at a node, as warm starts for the corresponding children’s node. We are able
to solve a variety of MAX-SAT instances in a reasonable time, while solving some
instances faster than the best solvers in the Eleventh Evaluation of MAX-SAT solvers
(MSE-2016). Moreover, we solve three previously unsolved MAX-3-SAT instances
from the MSE-2016. Our results provide new perspectives on solving the MAX-SAT
problem, and all its variants, by using SDPs.

This chapter also provides various theoretical results. We propose a family of
semidefinite feasibility problems, and show that one member of this family provides
the rank two guarantee. That is, whenever the semidefinite relaxation admits a feasi-
ble matrix of rank two or less, the underlying SAT instance is satisfiable. This result
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relates to a similar rank two guarantee result by Anjos [9]. The rank value can be
seen as a measure of the strength of the relaxation. We also provide a parametric
family of semidefinite relaxations for the (weighted partial) MAX-SAT problem. The
parameter can be finely tuned to adjust the strength of the relaxation, and any such
relaxation can easily be incorporated within SOS-MS. This allows the solver to be
adapted per (class of) problem instance(s).

Further, we show how the SOS approach to the MAX-SAT problem of van Maaren
et al. [299] and the, here generalized, moment relaxations of the SAT problem due
to Anjos [9, 10, 11, 12] are related. This is done by exploiting the duality theory
of the moment and SOS approaches. Our result generalizes a result by van Maaren
et al. [299], who showed the connection between the two approaches only for restricted
cases. By exploiting duality theory, we also relate the SOS relaxations for the partial
MAX-SAT problem to the SAT relaxations from [9].

Lastly, we investigate MAX-SAT resolution, a powerful technique used by many
MAX-SAT solvers [2], in relation to the SDP approach to the MAX-SAT problem.
Standard MAX-SAT solvers use resolution to determine upper bounds on the MAX-
SAT solution, while SOS-MS determines upper bounds through SDP. We show how
resolution is related to the monomial basis. We also show how the SAT resolution
can be exploited for the weighted partial MAX-SAT problem.

This chapter is organized as follows. We provide preliminaries in Section 6.1 and
assumptions in Section 6.1.1. Section 6.2 provides an overview of the Goemans and
Williamson approach [117] to the MAX-SAT problem. Section 6.3 first outlines pre-
vious SDP approaches to the SAT problem, and then generalizes them. Section 6.4
provides the details of the SOS theory, applied to the MAX-SAT problem. We also
derive various properties of monomial bases in that section. Section 6.5 concerns the
combination of MAX-SAT resolution and SOS. In Section 6.6, we show how two SDP
approaches to SAT and MAX-SAT problems, i.e., [9] and [299], are connected. Sec-
tion 6.7 introduces the PRSM for SOS. We extend the SOS approach to the weighted
partial MAX-SAT problem and connect the resulting program to the relaxations in
[9], in Section 6.8. Section 6.9 provides an overview and pseudocode of our solver
SOS-MS. Section 6.10 presents Numerical results that include SOS-SDP bounds and
performance of SOS-MS. Concluding remarks are given in Section 6.11.

6.1 Preliminaries

We denote by ϕ a propositional formula, in variables x1 up to xn, n ∈ N, and assume
that ϕ is in conjunctive normal form (CNF). That is, ϕ is given by a conjunction of
m clauses,

ϕ =

m∧
j=1

Cj , (6.1)

where ∧ denotes the logical and. We will mostly use n to refer to the number of
variables and m to refer to the number of clauses. Each clause Cj is a disjunction of
(possibly negated) variables. We define each clause Cj as a subset of [n], indicating
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the variables appearing in Cj . Moreover, we define I+j ⊆ Cj as the set of unnegated
variables appearing in Cj . Similarly, I−j ⊆ Cj is defined as the set of negated variables
appearing in Cj . Thus, the clause associated with Cj reads∨

i∈I+
j

xi ∨
∨

i∈I−
j

¬xi, (6.2)

where ∨ and ¬ denote the logical or and negation respectively. We refer to both xi
and ¬xi as literals. For example, the literal ¬xi is true if xi is false. We denote the
length of a clause by ℓj , thus ℓj := |Cj |. We say that ϕ constitutes a (MAX-)k-SAT
instance if maxj∈[m] ℓj = k. We associate to each clause a vector aj ∈ {0,±1}n,
having entries aj,i, i ∈ N, according to

aj,i =


−1, if i ∈ I−j ,

0, if i /∈ I+j ∪ I−j ,
1, if i ∈ I+j .

(6.3)

The SAT problem is to decide, given ϕ, whether a satisfying truth assignment to
the variables xi, i ∈ [n] exists. The MAX-SAT problem is to find an assignment which
satisfies the largest number of clauses.

6.1.1 Assumptions on logical propositions

In the rest of this chapter, we assume that all logical propositions ϕ, on n variables
and m clauses, satisfy the following three properties:

1. I+j ∩ I−j = ∅, ∀j ∈ [m],

2. |Cj | ≥ 2, ∀j ∈ [m],

3. Each variable is contained it at least 2 clauses,

along with ϕ being in CNF. We explain now that properties 1 and 3 can be assumed
without loss of generality. Property 1 states that a clause cannot contain both the
negated and unnegated variants of a variable. Note that clauses that contain both
the negated and unnegated variants of a variable are trivially satisfied by any truth
assignment. For property 3, if we have that a variable occurs in exactly one clause,
say Cj , we can set that variable to the truth value such that Cj is satisfied and remove
Cj from ϕ.

Property 2 can be assumed for SAT instances. If a SAT instance contains a clause
Cj with |Cj | = 1 (such a clause is known as a unit clause), the literal in Cj must be
satisfied in any satisfying assignment. The variable corresponding to this literal can
thus be given the appropriate truth value and ϕ can be reduced (such a reduction of
ϕ is referred to as unit resolution). For MAX-SAT instances, it is possible that an
optimal truth assignment might leave unit clauses unsatisfied. We note however, that
the MAX-SAT benchmark instances we consider satisfy the properties 1 to 3.
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6.2 MAX-SAT formulations and relaxations

We outline the approach of Goemans-Williamson for formulating the MAX-SAT prob-
lem as a polynomial optimization problem. We also present their SDP relaxation for
the MAX-2-SAT problem.

Let x1, x2, . . . , xn be the variables of the MAX-SAT instance, given by a logical
proposition ϕ. We thus assume that ϕ is given in conjunctive normal form, see (6.1),
and contains m clauses. As customary in the SDP SAT literature, we associate +1
with true and −1 with false. An assignment of the xi values in {±1} is referred to
as a truth assignment. As proposed by Goemans and Williamson [117], we define a
truth function v : {±1}n → {0, 1}, such that, given a logical proposition ϕ′, evaluated
for some truth assignment, v(ϕ′) = 1 if and only if ϕ′ is satisfied, and 0 otherwise.
This property uniquely determines v, i.e.,

v(xi) =
1 + xi

2
and v(¬xi) =

1− xi
2

.

And in general, for a clause Cj ⊆ [n] of length ℓj , we have

v(Cj) := 1−
∏
i∈I+

j

v (¬xi)
∏
i∈I−

j

v (xj) = 1− 1

2ℓj

∑
γ⊆Cj

(−1)|γ|aγj x
γ

 , (6.4)

for aj as in (6.3),

xγ :=
∏
i∈γ

xi, (6.5)

and aγj defined similarly to (6.5). The last equality in (6.4) follows from the product
expansion of v(Cj), as shown in [11, Prop. 1]. In [117], an extra variable x0 ∈ {±1}
is defined, with the purpose of deciding the truth value, that is, ϕ′ is true if and
only if v(ϕ′) = x0. We set x0 = 1 without loss of generality for sake of clarity. The
MAX-SAT problem, induced by ϕ, is to maximize the following polynomial:

vϕ :=
∑
j∈[m]

v(Cj) =
∑
α⊆[n]

vαϕx
α, (6.6)

subject to xi ∈ {±1} for all i, and for appropriate vαϕ ∈ R, and xα as in (6.5). Observe
that vϕ is a kth degree polynomial if ϕ represents a MAX-k-SAT instance. A MAX-2-
SAT instance thus corresponds to a quadratic polynomial, and is therefore well suited
for SDP relaxations. We return to vϕ in Section 6.6.

Assuming now that ϕ represents a MAX-2-SAT instance on n variables, the cor-
responding MAX-2-SAT problem can be formulated as

max ⟨W,X⟩ s.t. diag(X) = 1, X ⪰ 0, X ∈ {±1}(n+1)×(n+1), (6.7)

where W ∈ Sn+1 is the fixed matrix such that ⟨W,
[
1
x

] [
1
x

]⊤
⟩ = vϕ. Any X feasible

to (6.7) satisfies X = xx⊤, for some x ∈ {±1}n+1 [8, Thm. 2.1.1]. The size of this
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vector x is one more than the number of variables n, to account for the additional
truth value variable x0.

A semidefinite relaxation of (6.7) is obtained by omitting the integrality con-
straint, or equivalently nonconvex rank one constraint. This constitutes the well-
known Goemans-Williamson [117] SDP relaxation of the MAX-2-SAT problem. That
is,

max ⟨W,X⟩ s.t. diag(X) = 1, X ∈ Sn+1
+ . (6.8)

Goemans and Williamson showed that the optimal matrix for (6.8) can be used
to obtain a 0.878-approximation algorithm to the MAX-2-SAT problem. Assum-
ing P ̸= NP, for any ε > 0 there exists no ( 2122 + ε) approximation algorithm to
the MAX-2-SAT problem [135]. Karloff and Zwick [157] introduce a canonical way
of obtaining SDP relaxations for any MAX-SAT problem, that is exploited to obtain
approximation algorithms to the MAX-3-SAT and MAX-4-SAT problems in [157] and
[134] respectively. To solve MAX-2-SAT problems, rather than approximate, Wang
and Zico Kolter [310] propose the MIXSAT algorithm, which combines (6.8) with a
B&B scheme.

6.3 The SAT problem as a semidefinite
feasibility problem

In this section we first present a brief overview of the work done by de Klerk et al.
[68] and Anjos [9, 10, 11, 12]. These works present relaxations of the SAT problem,
that involve semidefinite feasibility problems. Infeasibility of their SDP relaxations
implies unsatisfiability of the corresponding SAT instance. The differences between
the proposed relaxations is the size of the SDP variable, and the method of encoding
the structure of the SAT instance in the SDP relaxation. We propose a family of
semidefinite feasibility problems, that contains relaxations from [9, 10, 11, 12, 68] as
special cases, and show that a particular member of the family provides a rank-two
guarantee, see Theorem 6.1.

We reconsider first program (6.8), which attempts to satisfy the maximum number
of clauses through its objective function. For the SAT problem specifically, one can
move the clause satisfaction part from the objective to the feasible set of a semidefinite
program. This idea was first proposed by de Klerk et al. [68] in 2000, and was later
extended by Anjos [9]. To be precise: de Klerk et al. propose the so called GAP
relaxation, or GAP for short, which is a semidefinite feasibility problem, given by

find Y ∈ Sn
+, y ∈ Rn

s.t. a⊤j Y aj − 2a⊤j y ≤ ℓj(ℓj − 2) ∀j ∈ [m]

diag(Y ) = 1n

Y ⪰ yy⊤,

(GAP)

for aj as in (6.3). It is noted in [68], that for ℓj ≤ 2, the corresponding inequalities
in GAP relaxation may be changed to equalities. The GAP relaxation is suited for



6.3. THE SAT PROBLEM AS A SEMIDEFINITE FEASIBILITY PROBLEM 153

instances that contain a clause of length two. If ℓj ≥ 3, ∀j ∈ [m], then (Y, y) = (I,0)
is always feasible for GAP, whether the underlying SAT instance is satisfiable or not.

We now state the SDP relaxations of the SAT problem by Anjos [9, 10, 11, 12] that
are not restricted to the lengths of the clauses in instances. Let ϕ be a proposition
on n variables and m clauses and x ∈ {±1}n the truth assignment to the variables.
Consider a family of subsets B = {α1, . . . , αs}, αi ⊆ [n], let x = (xα1 , . . . , xαs)⊤, and
define Y := xx⊤. It is clear that rk(Y ) = 1, diag(Y ) = 1, and Y ⪰ 0. Later, to
obtain a semidefinite relaxation of the SAT problem, we omit the rank one constraint.

We index the matrix Y with the elements of B, and define for all subsets γ con-
tained in some clause of ϕ, the expression

Y (γ) := Yα,β , for some α, β ∈ B jointly contained in a single clause,
such that α△β = γ,

(6.9)

where △ is the symmetric difference operator. The symmetric difference operator is
induced by the fact that, for x ∈ {±1}n, we have Yα,β = xαxβ = xα△β = xγ , see
(6.5). In general, Y (∅) refers to a diagonal entry of Y , hence, Y (∅) = 1. We may have
Y (γ) = Y∅,γ , and we assume that, for all γ contained in a clause of ϕ, we can always
find α and β as in (6.9).

The expression Y (γ) can refer to multiple entries of Y . By construction of Y ,
these entries are equal. Stated formally, we have Y ∈ ∩j∈[m]∆j , where

∆j :=

{
Y ∈ S :

Yα1,β1 = Yα2,β2 ∀ (α1, α2, β1, β2) ∈ B
such that α1△β1 = α2△β2 ⊆ Cj

}
. (6.10)

Observe that the sets ∆j do not capture all equalities present in Y , due to the restric-
tion α1△β1 = α2△β2 ⊆ Cj . In this section, we choose to include only the equalities
captured by ∆j . This keeps the relaxations in line with previous relaxations by Anjos
[9], and these equalities suffice to prove the main theorem in this section, see Theo-
rem 6.1. In Section 6.6, we consider an SDP relaxation of the SAT problem which
considers all equalities present in Y .

If x is a satisfying assignment to ϕ, then v(Cj) = 1, see (6.4), for all j ∈ [m].
We can rewrite this constraint in terms of Y (γ), see (6.9). We now omit the rank
one constraint on Y , to obtain the following semidefinite feasibility program, denoted
RB(ϕ):

find Y ∈ S | B |
+

s.t.
∑
γ⊆Cj

(−1)|γ| aγj Y (γ) = 0 ∀j ∈ [m]

diag(Y ) = 1, Y ∈
⋂

j∈[m]

∆j .

(RB(ϕ))

The program RB(ϕ) contains both the GAP relaxation, and the relaxations proposed
by Anjos [9] as special cases. Specifically, one obtains the GAP relaxation from RB(ϕ)
by taking B = {α ⊆ [n] : |α| ≤ 1}. For 2-SAT instances, GAP is feasible if and only
if the corresponding 2-SAT instance is satisfiable [68]. Note that 2-SAT is decidable
in linear time [20], unlike the NP-complete k-SAT, k ≥ 3.
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The GAP relaxation can be considered as a semidefinite program in the first level
of the well-known Lasserre hierarchy [175]. Anjos [9] proposed semidefinite relaxations
of the SAT problem in approximately levels two and three of the Lasserre hierarchy, by
only adding a subset of products of variables to the moment relaxation. For example,
Anjos [9] proposed the R2 relaxation, which can be obtained from RB(ϕ) by taking

B = {α : α ⊆ Cj for some j, |α| odd, or α = ∅} . (6.11)

It was proved in [9] that the R2 relaxation attains a rank two guarantee on 3-SAT
instances: whenever the SDP admits a feasible matrix of rank two or lower, the
corresponding 3-SAT instance is satisfiable. We will now prove that, for a different B
than (6.11), the resulting relaxation RB(ϕ) provides the same rank two guarantee.

Theorem 6.1. Let ϕ be a 3-SAT instance and

B = {α ⊆ [n] : α ⊆ Cj for some j, |α| ≤ 2} . (6.12)

If the SDP relaxation RB(ϕ) admits a feasible rank two matrix, then ϕ is satisfiable.

Proof. The proof is adapted from [9, Thm. 3], in which the theorem is proven for the
case that B is given as in (6.11).

Since ϕ is a 3-SAT instance, there exists a clause of length three. Fix a j for which
clause Cj = {i1, i2, i3} and set

Bj := {α ⊆ [n] : α ⊆ Cj , |α| ≤ 2} =
{
{∅}, {ik}k∈{1,2,3}, {i1, i2}, {i1, i3}, {i2, i3}

}
,

for B as in (6.12). Note that Bj ⊆ B. Let Y be feasible solution to RB(ϕ) of rank 2.
Consider the submatrix of Y , indexed by some of the elements of Bj ,

1 Y (i1i2) Y (i1i3) Y (i2i3)
Y (i1i2) 1 Y (i2i3) Y (i1i3)
Y (i1i3) Y (i2i3) 1 Y (i1i2)
Y (i2i3) Y (i1i3) Y (i1i2) 1
Y (i1i2i3) Y (i3) Y (i2) Y (i1)

 , (6.13)

where Y (·) is as in (6.9). For example, Y (i1i2) = Y∅,i1i2 and Y (i1) = Yi2i3,i1i2i3 . As
the matrix in (6.13) has has rank at most 2, it can be proven [14, Lem. 3.11] that at
least one of Y (i1i2), Y (i1i3), Y (i2i3) equals δ, where δ ∈ {±1}.

Assume without loss of generality that Y (i1i2) = δ. Consider now the following
3× 3 principal submatrices of Y :1 Y (i3) Y (i1i2)

1 Y (i1i2i3)
1

 ,
1 Y (i1i2) Y (i2i3)

1 Y (i1i3)
1

 ,
1 Y (i1) Y (i1i2)

1 Y (i2)
1

 ,(6.14)

where we have omitted the lower triangular part, which is fixed by symmetry. The
three matrices in (6.14) have the following three properties: they are PSD, they have
unit diagonal and at least one of their entries is contained in {±1}, i.e., the entry
Y (i1i2) ∈ {±1}. It can then be shown [14, Lem. 3.9] that

Y (i1i2i3) = δY (i3), Y (i2i3) = δY (i1i3), Y (i2) = δY (i1), for δ = Y (i1i2). (6.15)
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The nonlinear equalities in (6.15) allow us to simplify the satisfiability constraint on
Cj , given by∑

γ⊆Cj

(−1)|γ| aγj Y (γ) = 1− a1Y (i1)− a2Y (i2)− a3Y (i3) + a1a2Y (i1i2)

+ a1a3Y (i1i3) + a2a3Y (i2i3)− a1a2a3Y (i1i2i3)

= 0,

(6.16)

see the constraints of RB(ϕ). Here, we have written ak for aj,ik , k ∈ {1, 2, 3}, see
(6.3). Substituting (6.15) in (6.16) yields[

1 + a1a2δ

][
1− a1Y (i1)− a3Y (i3) + a1a3Y (i1i3)

]
= 0, (6.17)

where we have used that a2k = 1. Note that 1 + a1a2δ ∈ {0, 2}, hence, there are two
cases to consider. In the case that 1 + a1a2δ = 2, equation (6.17) reduces to

1− a1Y (i1)− a3Y (i3)− a2a3Y (i2i3) = 0, (6.18)

which is a linear constraint in the entries of matrix Y . In case 1 + a1a2δ = 0, clause
Cj is satisfied when xi1xi2 = Y (i1i2) = δ.

We have shown in (6.17) that for any clause Cj of length three, its corresponding
linear satisfiability constraint (6.16), can be written as gj(δ)fj(Y ) = 0 when rk(Y ) =
2, for polynomials gj and fj . For all j such that gj(δ) ̸= 0, let Bj be the set of the
singletons α ∈ B, |α| ≤ 1, that also appear as Y (α) in the polynomial fj(Y ). Note
that for the particular equation (6.17), we would have Bj = {{i1}, {i3}}. Note also
that (6.18) is the constraint of the semidefinite relaxation of a clause of length two
on the variables xi1 and xi3 .

Let B be the union of all Bj and consider the submatrix of Y indexed by all sets
in B and the set ∅. As Y is feasible for RB(ϕ), Y is automatically feasible for the
GAP relaxation corresponding to some 2-SAT instance on the variables xi, i ∈ B,
which implies satisfiability of the corresponding 2-SAT instance [68, Thm. 5.1]. This
implies that the xi variables have a truth assignment that satisfy the reduced clauses
of length two. This truth assignment to the xi, i ∈ B, variables can be extended to a
truth assignment to the variables xi, i /∈ B, by using the appropriate values of δ and
(6.15). This proves the theorem.

We will return to the basis (6.12) in Section 6.4.1, where we study it for the
purpose of solving MAX-SAT instances.

6.4 Sum of squares and the MAX-SAT problem

In Section 6.4.1 we first provide an overview of the approach of van Maaren et al.
[299] for deriving relaxations for the MAX-SAT problem. Their approach exploits SOS
optimization, which has received much attention in the literature, see e.g., [176, 185,
250, 270]. Relaxations depend on a basis of monomials that is used to compute them.
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We introduce a parametric family of monomial bases with increasing complexity. In
Section 6.4.2 we derive several properties of monomial bases that are later used in our
computations.

6.4.1 General overview
For a given logical proposition ϕ, on n variables and m clauses, the value

Fϕ(x) :=

m∑
j=1

1

2ℓj

∏
i∈Cj

(1− aj,ixi), (6.19)

for aj,i as in (6.3), equals the number of unsatisfied clauses by truth assignment
x ∈ {±1}n. Hence, we are interested in minimizing Fϕ over {±1}n, on which Fϕ is
nonnegative. Let R[x] be the set of real polynomials in x1, . . . , xn. We define

V :=

f : f ≡
k∑

j=1

f2j mod I, fj ∈ R[x] ∀j ∈ [k], k ∈ N

 (6.20)

as the set of SOS polynomials modulo I, where I is the vanishing ideal of {±1}n.
That is

I =
〈
1− x21, 1− x22, . . . , 1− x2n

〉
. (6.21)

By Putinars Positivstellensatz [261], V is the set of nonnegative polynomials on
{±1}n. Generally, optimization over V is intractable due to its size, which is why we
consider

Vx :=
{
f : f ≡ x⊤Mx mod I, M ⪰ 0

}
, (6.22)

where x is some monomial basis. Since M ⪰ 0, it follows that all polynomials of
Vx are nonnegative on {±1}n. Therefore, Vx ⊆ V, and we may approximate the
minimum of Fϕ by

min
x∈{±1}n

Fϕ = sup {µ ∈ R : Fϕ − µ ∈ V} ≥ sup {µ ∈ R : Fϕ − µ ∈ Vx} . (6.23)

The description of Vx shows that the lower bound in (6.23) can be computed via SDP.
It is important to note that in the quotient ring of R[x] modulo I, all terms x2i ≡ 1,

and thus it suffices to consider only monomials in x for which the largest power is at
most 1. Thus, we can write

Fϕ(x) =
∑
α⊆[n]

pαϕx
α, (6.24)

where pαϕ ∈ R for all α ⊆ [n] and xα as in (6.5). For the constant term of Fϕ(x), we
have

p∅ϕ =

m∑
j=1

1

2ℓj
. (6.25)
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We say that monomial basis x represents a logical proposition ϕ if matrix X ≡ xx⊤

mod I contains all monomials xα for which pαϕ ̸= 0. We index this matrix X and the
matrix M from (6.22) with subsets α ⊆ [n] for which xα ∈ x. Note that for such
α, β ⊆ [n], we have

Xα,β ≡ xα△β mod I. (6.26)

For α ⊆ [n], we write xα ∈ X if X has an entry equal to xα (modulo I). van Maaren
et al. [299] propose multiple monomial bases x, among them basis SOSp, given by

SOSp = 1 ∪ {xi : i ∈ [n]} ∪ {xixj : i and j jointly appear in a clause} . (6.27)

It is stated in [299] that SOSp represents 2-SAT and 3-SAT instances. While this
is true, this basis also represents 4-SAT instances (see Lemma 6.3). We additionally
define for Q ∈ {0} ∪ [n], as extension to SOSp, the basis

SOSQ
p := SOSp ∪

{
xixj :

i and j are both in the
top Q appearing variables

}
. (6.28)

Basis SOSQ
p takes basis SOSp and adds all the

(
Q
2

)
quadratic terms of the Q

variables appearing in the largest number of clauses of ϕ. Any basis x is considered
to have duplicate monomials removed, and so, for small values of Q, bases SOSQ

p and
SOSp might coincide.

We also define the basis SOSθ
s , for θ ∈ [0, 1], which is suited for (MAX-)2-SAT

instances. This basis consists of all the monomials of degree one and zero, plus a
percentage θ of all quadratic monomials appearing in SOSp. The included quadratic
monomials are those that appear in SOSp and attain the largest monomial weight w,
which is defined as w(xα) :=

∑
i∈α w(i), where w(i) := | {C ∈ ϕ : i ∈ C} |, for i ∈ [n].

This results in the following chain of inclusions:

{xα : |α| ≤ 1} = SOS0
s ⊆ SOSθ

s ⊆ SOS1
s = SOSp = SOS0

p

⊆ SOSQ
p ⊆ SOSn

p = {xα : |α| ≤ 2} .
(6.29)

We now define for all γ ⊆ [n] such that xγ ∈ X, a set of ordered pairs as follows

xγ :=
{
(α, β) ⊆ [n]2 : α△β = γ, xα ∈ x, xβ ∈ x

}
. (6.30)

Set xγ contains the index pairs (α, β) such that Xα,β ≡ xγ mod I. Therefore,
Fϕ ≡ x⊤Mx if and only if ∑

(α,β)∈xγ

Mα,β = pγϕ, ∀γ ⊆ [n], (6.31)

where we set the summation to 0 if xγ = ∅. Constraints of the form (6.31) are
sometimes referred to as coefficient matching conditions in SOS literature [318]. We
define

Mϕ :=

M ∈ S |x| :
∑

(α,β)∈xγ

Mα,β = pγϕ ∀γ ⊆ [n], γ ̸= ∅

 , (6.32)
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as the set of matrices that satisfy the coefficient matching conditions, for all monomials
except x∅.

Note that M is constrained to be symmetric, which is reflected in the definition
of xγ , since (α, β) ∈ xγ if and only if (β, α) ∈ xγ . Moreover, x∅ contains the index
pairs of the diagonal entries of M , which correspond to zero-degree monomials in X.
Hence,

Fϕ − µ ≡ x⊤Mx =⇒ M ∈ Mϕ and p∅ϕ − µ = ⟨I,M⟩,
see (6.23) and (6.25). To maximize the lower bound on Fϕ, see (6.23), we maximize µ,
which is thus equivalent to minimizing ⟨I,M⟩. We can therefore compute this lower
bound by solving the following SDP:

min ⟨I,M⟩ s.t. M ∈ Mϕ ∩ S+. (Pϕ)

We note that, for the purpose of solving Pϕ through interior-point methods, program
Pϕ is strictly feasible: for any feasible matrix M , matrix M + I is strictly feasible.
The existence of any such feasible matrix M follows from the nonnegativity of Fϕ on
{±1}n. We postpone the derivation of the dual of Pϕ to Section 6.6, where we also
show its strict feasibility in Theorem 6.6.

6.4.2 Properties of SOSQ
p

We provide provide several properties of monomial bases that are exploited within
the PRSM, see Section 6.7.

Denote by |xγ | the cardinality of the set xγ , see (6.30). Due to the symmetry of
X, see (6.26), |xγ | is an even number and greater than or equal to 2. In particular,
when |xγ | = 2, say xγ = {(α, β), (β, α)}, we have

Mα,β +Mβ,α = pγϕ and Mα,β =Mβ,α =⇒ Mα,β =Mβ,α = pγϕ/2. (6.33)

Thus, whenever |xγ | = 2, the constraint involving xγ in Mϕ, see (6.32), simply fixes
two entries of M . van Maaren et al. [299] refer to these constraints arising from
|xγ | = 2 as unit constraints. In [299, Section 7], the authors empirically show that a
large percentage of the constraints of Mϕ are unit constraints. The authors of [299]
propose as future work the development of an SDP solver that is able to exploit the
large number of unit constraints. We propose an algorithm for approximately solving
Pϕ in Section 6.7, which is able to do so.

The following lemma describes the subsets γ that induce unit constraints.

Lemma 6.2. Let ϕ be a (MAX-)SAT instance on n variables and m clauses, and
x its corresponding SOSQ

p basis, see (6.28), for some Q ∈ {0} ∪ [n]. Then, for all
γ ⊆ [n], we have the following implication

|xγ | = 2 =⇒ pγϕ = 0, (6.34)

where xγ is as in (6.30), and pγϕ is a coefficient of Fϕ(x), see (6.24).

Proof. It follows from the definition of Fϕ(x), see (6.19) and (6.24), that for all γ ⊆ [n],

γ ̸⊆ Cj ∀j ∈ [m] =⇒ pγϕ = 0. (6.35)
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We will prove the following implication

γ ⊆ Cj , j ∈ [m] =⇒ |xγ | ≠ 2. (6.36)

Then, the contrapositive of (6.36), combined with (6.35), proves (6.34).
To prove (6.36), let γ ⊆ Cj for some j ∈ [m]. We distinguish four cases based on

the value of |γ|.

Case 1. |γ| ∈ {0, 1, 2}.
We assume without loss of generality that γ ⊆ {i1, i2} ⊆ Cj . Since {i1, i2} ⊆ Cj ,
we have that xβ ∈ x, for all β ∈ S := {∅, i1, i2, {i1, i2}}. We consider all the subsets
obtained by taking pairwise symmetric difference of elements of S in the symmetric
matrix

S△ :=


∅ i1 i2 i1i2
i1 ∅ i1i2 i2
i2 i1i2 ∅ i1
i1i2 i2 i1 ∅

 .
Observe that for all possible γ ⊆ {i1, i2}, we have that |xγ | ≥ 4, and thus, |xγ | ≠ 2.

Case 2. |γ| = 3.
We assume without loss of generality that γ = {i1, i2, i3} ⊆ Cj . By again constructing
S△ for S = {∅, i1, i2, i3, {i1, i2}, {i1, i3}, {i2, i3}} (details omitted), one can show that
|xγ | ≥ 4.

Case 3. |γ| = 4. Proof is similar to the case |γ| = 3.

Case 4. |γ| > 4. By definition of SOSQ
p , see (6.28), |xγ | = 0 whenever |γ| > 4.

Lemma 6.2 implies that, in an implementation which uses the SOSQ
p basis, it is

not required to store the coefficients corresponding to unit constraints (since these
all equal 0), but only the indices restricted by the unit constraints. The converse of
Lemma 6.2 is generally not true. That is, there can exist many subsets γ ⊆ [n] for
which pγϕ = 0, but |xγ | > 2.

Lemma 6.3. Let ϕ be a (MAX-)SAT instance on n variables and x its monomial
basis according to SOSQ

p , see (6.28), for some Q ∈ {0} ∪ [n]. Let γ ⊆ [n]. Then

1. |γ| ∈ {1, 2} =⇒ |xγ | ≤ 2n.

2. |γ| ∈ {3, 4} =⇒ |xγ | ≤ 6.

3. |γ| > 4 =⇒ |xγ | = 0.

Proof. Let B :=
{
β ∈ [n] : xβ ∈ SOSQ

p

}
. The proof follows from enumerating the

pairs of sets in B such that their symmetric difference equals γ. For Item 1 of the
lemma, assume first, without loss of generality, that γ = {1}. Then consider the tuples
(∅, {1}) and ({1, k}, {k}), for k ∈ [n] \ {1}. There are 2n of these tuples (counting the
symmetry of order twice) and their symmetric differences all equal γ. Next, we assume
without loss of generality that γ = {1, 2}. Then the tuples ({1}, {2}), ({1, 2}, ∅) and
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({1, k}, {2, k}), for k ∈ [n] \ {1, 2}, have their pairwise symmetric difference equal to
γ. There are 2n of these tuples, which proves Item 1 of the lemma.

Assuming that γ = {1, 2, 3}, we find the 6 tuples as ({i}, γ \ {i}), i ∈ γ. If instead
|γ| = 4, each tuple corresponds to one of

(
4
2

)
= 6 partitions which proves Item 2.

Lastly, it follows from the definition of SOSQ
p , that any monomial in matrix xx⊤ is

of degree at most four, which proves part Item 3 of the lemma.

Part 3 of Lemma 6.3 shows that the SOSQ
p bases are only suited for the (MAX-

)k-SAT problem when k ≤ 4.

6.5 Resolution and monomial bases

In this section, we consider resolution in combination with the SOS approach to the
MAX-SAT problem. Resolution is a technique from mathematical logic, and widely
employed by MAX-SAT solvers [259]. Resolution takes as inputs two clauses of a
proposition ϕ, and returns a set of new clauses, named the resolvent clauses. The
resolvent clauses transform ϕ into ϕ′, by either replacing the original clauses, or
by adding the resolvent clauses to ϕ (depending on which resolution rule is used).
We show in this section that the MAX-SAT resolution rule might not be beneficial
for the SOS approach applied to the MAX-SAT problem, and can even decrease
its effectiveness. However, in Section 6.8.2 we show how to benefit from the SAT
resolution rule when solving partial MAX-SAT problems.

We show this using an example. For k ≥ 3, we define the following proposition on
k variables

ϕk :=

{
¬x1 ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ x3) ∧ ¬x3 if k = 3,

¬x1 ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ x3) ∧
[∧k−1

j=3 (¬xj ∨ xj+1)
]
∧ ¬xk else.

(6.37)

It is clear that ϕk is unsatisfiable. If one satisfies the initial two unit clauses and
performs unit resolution, more unit clauses appear. Repeating this process will lead
to an all false truth assignment, leaving clause x2 ∨ x3 unsatisfied. Therefore, any
truth assignment leaves at least one clause unsatisfied, and hence,

min
x∈{±1}k

Fϕk
= Fϕk

(−1k) = 1, (6.38)

for Fϕk
as in (6.19).

In the following lemma, we show that the SOSp basis, see (6.27), suffices for
proving optimality of this assignment.

Lemma 6.4. For all k ≥ 3, we have that

max {µ : Fϕk
− µ ∈ Vx} = 1, (6.39)

where x = SOSp(ϕk), and Vx is as in (6.22).

Proof. Since minx∈{±1}k Fϕk
= 1, see (6.38), there does not exist a µ > 1 such that

Fϕk
−µ ∈ V, see (6.20). As Vx ⊆ V, this implies that ∄µ > 1 such that Fϕk

−µ ∈ Vx.
Thus, to prove (6.39) it suffices to show that Fϕk

− 1 ∈ Vx, for all k ≥ 3.
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We prove this by induction. For the base case k = 3, we have

Fϕ3
= (6 + x1 + x3 − x1x2 + x2x3)/4

≡ 1 + (2 + x1 + x3 − x1x2 + x2x3)
2/32

+ (−x1 + 2x2 + x3 + x1x2 + x2x3)
2/32 mod I,

(6.40)

for I as in (6.21). Clearly, the monomials appearing in (6.40) are contained in
SOSp(ϕk). Therefore, Fϕ3

− 1 ∈ Vx. Now for k + 1, we have

Fϕk+1
= Fϕk

+ (1− xk + xk+1 − xkxk+1)/4

≡ 1 + (Fϕk
− 1) + (1− xk + xk+1 − xkxk+1)

2/16 mod I.

By the induction hypothesis, Fϕk
− 1 ∈ Vx, and so it follows that Fϕk+1

− 1 ∈ Vx as
well.

Let us now present the MAX-SAT resolution rule, see e.g., [2]. For clauses C1 and
C2 of some proposition ϕ, on literals x, zi, i ∈ [s] and yi, i ∈ [t] construct the clauses
below the horizontal line:

C1 = [x ∨ z1 ∨ . . . ∨ zs], C2 = [¬x ∨ y1 ∨ . . . ∨ yt]
z1 ∨ . . . ∨ zs ∨ y1 ∨ . . . ∨ yt,

[C1 ∨ ¬y1 ∨ y2 ∨ . . . ∨ yt], [C1 ∨ ¬y2 ∨ y3 ∨ . . . ∨ yt], . . . , [C1 ∨ ¬yt],
[C2 ∨ ¬z1 ∨ z2 ∨ . . . ∨ zs], [C2 ∨ ¬z2 ∨ z3 ∨ . . . ∨ zs], . . . , [C2 ∨ ¬zs].

(6.41)

The MAX-SAT resolution rule states that one may replace clauses C1 and C2 in ϕ
with a subset of the 1 + s + t resolvent clauses below the horizontal line. Namely,
clauses that are trivially satisfied, such as x∨¬x, are not part of this subset. We refer
to the resulting new proposition, obtained after resolution, as ϕ′. In [32, Thm. 4],
it is proven that any truth assignment leaves the same number of clauses unsatisfied
for ϕ and ϕ′. This is referred to as soundness of the MAX-SAT resolution rule. By
soundness and the definition of Fϕ, see (6.19), it follows that Fϕ = Fϕ′ .

For standard MAX-SAT solvers, one of the goals of resolution is to create new
unit clauses, which are used to compute upper bounds on the MAX-SAT solution
[2]. For our SDP approach, assuming a fixed monomial basis, the sets Mϕ and Mϕ′ ,
see (6.32), depend only on the coefficients of Fϕ and Fϕ′ . Since Fϕ = Fϕ′ , these
coefficients are equal, and thus Mϕ = Mϕ′ . Note that the feasible set of Pϕ is defined
in terms of Mϕ. Hence, it follows that, if given the same basis, program Pϕ equals
program Pϕ′ . This equivalence of programs suggests that MAX-SAT resolution does
not change our approach, however, we find that in general SOSp(ϕ) ̸= SOSp(ϕ

′),
see (6.27). We investigate the effect of this difference.

Returning to the example of ϕk in (6.37), let us define Cq = ¬xq ∨ xq+1. Observe
that for 3 ≤ q ≤ k − 1, Cq ∈ ϕk. Let us fix some q, 3 ≤ q ≤ k − 3, and consider the
clauses Cq, Cq+1, Cq+2 ∈ ϕk. We perform resolution as:

Cq = [¬xq ∨ xq+1], Cq+1 = [¬xq+1 ∨ xq+2]
[¬xq ∨ xq+2], [¬xq ∨ xq+1 ∨ ¬xq+2], [xq ∨ ¬xq+1 ∨ xq+2].

(6.42)
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We perform resolution again, on the third new clause obtained in (6.42) and Cq+2, to
obtain:

[xq ∨ ¬xq+1 ∨ xq+2], Cq+2 = [¬xq+2 ∨ xq+3]
[xq ∨ ¬xq+1 ∨ xq+3], [xq ∨ ¬xq+1 ∨ xq+2 ∨ ¬xq+3],

[¬xq ∨ ¬xq+1 ∨ ¬xq+2 ∨ xq+3], [xq+1 ∨ ¬xq+2 ∨ xq+3],

(6.43)

The resolution rule states that one may replace the original clauses C1, C2 and C3

with the 6 new resolvent clauses obtained from (6.42) and (6.43) (the third resolvent
from (6.42) is not counted, since it is replaced in the resolution in (6.43)).

Observe that the SOSp basis generates 6 quadratic monomials for the new re-
solvent clauses, while originally, only 3 quadratic monomials are generated for Cq,
Cq+1 and Cq+2. We now define, ϕ′k for k ≥ 6, as the logical proposition, obtained
by taking ϕk, and performing resolution as in (6.42) and (6.43), for each triple of
clauses {Cq, Cq+1, Cq+2}, for each q ∈ {3, 6, 9, . . . , k− 3} (let us assume here that k
is a multiple of 3). Note that proposition ϕ′k constitutes a MAX-4-SAT instance, and
therefore basis SOSp is applicable. Let us compare the sizes of the resulting SOSp

bases, denoted as |SOSp|. We have

|SOSp(ϕk)| = 2k < 3k − 3 = |SOSp(ϕ
′
k)|.

Thus, compared to SOSp(ϕk), basis SOSp(ϕ
′
k) adds approximately k monomials.

None of these monomials strengthen the bound, since SOSp(ϕk) is already sufficient
for proving optimality, by Lemma 6.4. It is clear that having a larger basis without
offering a stronger bound is inefficient, since solving Pϕ requires more time for larger
matrices.

The example of ϕ′k and ϕk shows that not all monomials are (equally) useful in
determining bounds. It also shows that resolution can decrease the effectiveness of
the SOS approach to the MAX-SAT problem, by providing ‘bad’ monomial bases,
or it can occur that the SOSp basis misses ‘good’ monomials. Our proposed basis
SOSQ

p , see (6.28), attempts to solve this issue.

6.6 Relating sum of squares and method of moments

In this section, we show how the SOS-SDP relaxation of van Maaren et al. [298, 299]
and moment relaxations of Anjos [9, 10, 11, 12] are related. The relaxations of Anjos,
as described in Section 6.3, were first introduced in 2004 [9] and can be considered
as extensions of the GAP relaxation via the well-known Lasserre hierarchy [175]. In
2005, van Maaren et al. [298, 299] proposed the SOS approach to the (MAX-)SAT
problem. Subsequently, van Maaren et al. [299] showed that the SOS relaxation,
using monomial basis SOSpt that is larger than SOSp, see (6.27), outperforms the
R3 relaxation of Anjos [10], in deciding on the satisfiability of 3-SAT instances. The
R3 relaxation is known to dominate the R2 relaxation, see (6.11). In 2007, Anjos [12]
strengthened his R3 relaxation further and left it as future work to determine which
SDP relaxation was the strongest.

This chapter completes that work, by showing a simple relation between the two
approaches. In particular, Anjos’ relaxations can be considered as method of moments
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in the Lasserre hierarchy. It is well known that the method of moments is dual to
SOS optimization, see [175], and we provide the details here. Let us first derive the
dual of the SOS program Pϕ, see Theorem 6.6, and then relate it to the here proposed
strengthened version of Anjos’ relaxations.

To this end, we require the following intermediate result on vϕ, see (6.6).

Lemma 6.5. Let ϕ =
∧m

j=1 Cj be a logical proposition, vϕ =
∑

α⊆[n] v
α
ϕx

α, see (6.6),
and Fϕ =

∑
α⊆[n] p

α
ϕx

α, see (6.24). Then, vϕ = m − Fϕ, and vαϕ = −pαϕ for all
nonempty α ⊆ [n].

Proof. Let clause Cj have length ℓj . We have v(Cj) = 1− 2−ℓj
∏

i∈Cj
(1− aj,ixi), see

(6.4). Then

vϕ :=
∑
j∈[m]

v(Cj) = m−
∑
j∈[m]

1

2ℓj

∑
γ⊆Cj

(−1)|γ|aγj x
γ

 = m− Fϕ.

Let x be a given monomial basis, S ⊆ S |x|. Matrix S is indexed by all α ⊆ [n]
for which xα ∈ x. To simplify the comparison between the SOS approach and the
relaxations of Anjos [9], we define the set

Xϕ :=

{
S ∈ S |x| :

diag(S) = 1, Sα,β = Sα′,β′ ∀(α, β, α′, β′) ⊆ [n]
such that α△β = α′△β′

}
, (6.44)

for a proposition ϕ on n variables and m clauses. Note that Xϕ ⊆ ∩j∈[m]∆j , see
(6.10), since ∆j only restricts entries Sα,β whenever α and β are jointly contained in
a single clause. We use Xϕ in the following theorem.

Theorem 6.6. Let ϕ be a logical proposition and x a monomial basis. The SOS
program Pϕ defined by ϕ and x, is equivalent to

max
S

⟨C, S⟩ s.t. S ∈ Xϕ ∩ S+, (6.45)

where Xϕ is given by (6.44) and C ∈ S |x|, indexed by the subsets α ⊆ [n] for which
xα ∈ x, is any matrix that satisfies∑

(α,β)∈xγ

Cα,β = vγϕ, ∀γ ̸= ∅,xγ ̸= ∅

for vγϕ as in (6.6). Moreover, (6.45) is strictly feasible.

Proof. We rewrite program Pϕ by splitting the matrix variable M as follows

v := min
M,Z

⟨I,M⟩ s.t. Z ∈ S+, M ∈ Mϕ, Z =M, (6.46)

where Mϕ is given in (6.32). We dualize the constraint M = Z, and set

g(S) := min
M∈Mϕ, Z⪰0

⟨I,M⟩+ ⟨S,M − Z⟩,
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for some S ∈ S. Clearly, g(S) ≤ v for all S, and we thus look to maximize g(S), i.e.,

max
S

g(S) = max
S

[
min

M∈Mϕ

⟨I+ S,M⟩+min
Z⪰0

⟨S,−Z⟩
]

= max
S⪯ 0

min
M∈Mϕ

⟨I+ S,M⟩ = max
S⪰ 0

min
M∈Mϕ

⟨I− S,M⟩.
(6.47)

We now determine the set Xϕ such that, whenever S ∈ Xϕ, the minimization over
M ∈ Mϕ in (6.47) is bounded. Observe that Mϕ places no restrictions on the
diagonal. To guarantee a bounded minimum, set Xϕ should restrict diag(I− S) = 0.
Each off-diagonal element of a matrix in Mϕ is restricted by a single constraint of the
form (6.31). Therefore, solving (6.47) for M can be done by considering separately
the elements of M restricted by a single constraint. That is,

min
M∈S

∑
γ∈X

∑
(α,β)∈xγ

−Sα,βMα,β s.t.
∑

(α,β)∈xγ

Mα,β = pγϕ,

where xγ and X are defined in (6.30) and (6.26), respectively. This minimization
problem is bounded if and only if

Sα,β = Sα′,β′ , ∀(α, β), (α′, β′) ∈ xγ ∀xγ ∈ X, (6.48)

or equivalently, Sα,β = Sα′,β′ for all possible index pairs (α, β) and (α′, β′) that satisfy
α△β = α′△β′. It follows that Xϕ is given by (6.44). Now, for fixed S ∈ Xϕ ∩S+, any
matrix M ∈ Mϕ obtains the same value in (6.47). Note also that w.l.o.g., we may
fix M = PMϕ

(0), i.e., the projection of the zero matrix onto Mϕ, (see Lemma 6.7)
which has zero diagonal. This yields the equivalent program of the form (6.45), for
C = −M = −PMϕ

(0). Written explicitly,

Cα,β = −
pγϕ
|xγ |

, ∀α, β ⊆ [n] such that α△β = γ (i.e., (α, β) ∈ xγ).

This combined with Lemma 6.5, proves the claim on matrix C. Lastly, observe that
the identity matrix of appropriate size is strictly feasible for (6.45).

We define, for S ∈ Xϕ and each clause Cj , the function vSDP(S,Cj), which is
obtained by taking (6.4), and replacing each xγ by Sα,β , for some (α, β) ∈ xγ . By
(6.48), we are allowed to pick any such (α, β). By Lemma 6.5, for any nonempty
γ ⊆ [n], S ∈ Xϕ and C as in Theorem 6.6, we have

∑
(α,β)∈xγ

Cα,βSα,β =
∑

(α,β)∈xγ

−pγϕ
|xγ |

Sα,β = −pγϕSα,β = vγϕSα,β .

Hence, maximizing ⟨C, S⟩ is equivalent to maximizing the semidefinite relaxation of
vϕ, see (6.6), which equals

∑
j∈[m] v

SDP(S,Cj).
Moreover, in the relaxations of Anjos [9, 10, 11, 12], outlined in Section 6.3, the

matrix variable is restricted to satisfy vSDP(S,Cj) = 1. Now we can easily observe
the difference between the SOS-SDP relaxations and those proposed by Anjos. We



6.7. THE PRSM FOR THE MAX-SAT PROBLEM 165

present the equivalent dual formulation of the SOS approach below on the left-hand
side and the latter (in slightly adapted form) on the right.

v∗ =max
∑
j∈[m]

vSDP(S,Cj)

s.t. S ∈ Xϕ ∩ S+.

(6.49)

max 0

s.t. S ∈ Xϕ ∩ S+

vSDP(S,Cj) = 1, ∀Cj .

(6.50)

Note again the difference between (6.50) and the relaxations described in Sec-
tion 6.3, resulting from using set Xϕ instead of the intersection of the ∆j , see (6.10).
Thus, we compare the SOS approach with a strengthened variant of the relaxation
proposed by Anjos. In Section 6.8.3, we determine the dual of (6.50).

Program (6.49) proves unsatisfiability of ϕ if v∗ < m (with some margin of error,
due to numerical precision), while (6.50) does so whenever the program is infeasible.
The programs are not equivalent in this sense: we have empirically found instances
ϕ for which v∗ ≥ m, while (6.50) is infeasible. Neither program can directly prove
satisfiability. However, solutions to both programs can be used to guide the search
towards satisfying assignments (should they exist), see Section 6.7.3.

If (6.50) admits a feasible matrix S∗, then matrix S∗ is clearly also feasible for
(6.49) and attains an objective value of m. Consequently, in this case, we have
v∗ ≥ m. Thus, if (6.50) does not prove unsatisfiability of ϕ, then neither does (6.49).
In Section 6.10 we show that (6.49) can be computed efficiently by applying the PRSM
to its dual1. It is currently unclear whether a good algorithm for solving (6.50) exists,
and if so, how efficient it would be. Previous numerical experiments on (6.50) have
used general purpose SDP solvers. An immediate improvement might be to use an
SDP feasibility problem solver, see [77, 138].

Lastly, the objective value of (6.49) is more useful for the MAX-SAT problems: if
the underlying instance is infeasible, v∗ provides an upper bound to the number of
satisfiable clauses, which is useful in a B&B scheme. Program (6.50) might also show
unsatisfiability of the same instance, but its infeasibility offers no additional value, as
to how unsatisfiable the instance is.

6.7 The Peaceman-Rachford splitting method for the
MAX-SAT problem

In this section, we introduce the Peaceman-Rachford splitting method [251] for solving
SDPs and apply it to the MAX-SAT SOS program Pϕ. Conventionally, interior-point
methods are used to solve SDPs. However, for medium and large size instances,
interior-point methods suffer from a large computation time and memory demand,
which has recently motivated researchers to consider first-order methods, such as the
PRSM. For recent applications of PRSM to SDP, see e.g., [69, 121].

Sections 6.7.2 and 6.7.3 provide details on obtaining valid upper and lower bounds,
from the output of the PRSM algorithm.

1Program (6.49) can also be directly solved with the PRSM, as projecting onto Xϕ is computa-
tionally cheap.
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6.7.1 The PRSM for SOS relaxations of the MAX-SAT prob-
lem

We start from the reformulation of Pϕ given in (6.46). The augmented Lagrangian
function of (6.46) w.r.t. the constraint M = Z for a penalty parameter ρ > 0 is:

Lρ(Z,M,S) = ⟨I,M⟩+ ⟨S,M − Z⟩+ ρ

2
∥M − Z∥2 .

Here, S ∈ S is the Lagrange multiplier and ∥·∥ denotes the Frobenius matrix norm,
i.e., ∥X∥ :=

√
⟨X,X⟩ for X ∈ S.

The PRSM now entails iteratively optimizing over the variables Z and M sepa-
rately, and updating S twice per cycle. We write superscript k to denote the value of
the variable at iteration k.

Zk+1 = argmin
Z⪰0

Lρ

(
Z,Mk, Sk

)
= PS+

(
Mk +

1

ρ
Sk

)
Sk+ 1

2 = Sk + ν1ρ(M
k − Zk+1)

Mk+1 = argmin
M∈Mϕ

Lρ

(
Zk+1,M, Sk+ 1

2

)
= PMϕ

(
Zk+1 − 1

ρ

[
I+ Sk+ 1

2

])
Sk+1 = Sk+ 1

2 + ν2ρ(M
k+1 − Zk+1).

(6.51)

Here, Mϕ is as in (6.32), and P is the orthogonal projection operator. That is, for a
closed and convex set F ⊆ S, and some X ∈ S,

PF (X) := argmin
Y ∈F

∥X − Y ∥ .

For the second equality in (6.51), we have used that

argmin
Z⪰0

Lρ(Z,M,S) = argmin
Z⪰0

⟨I,M⟩ − 1

2ρ
∥S∥2 + ρ

2

∥∥∥∥Z −
(
M +

1

ρ
S

)∥∥∥∥2
= argmin

Z⪰0

ρ

2

∥∥∥∥Z −
(
M +

1

ρ
S

)∥∥∥∥2 ,
see e.g., [243]. In an implementation of (6.51), one should not store matrix Sk directly,
but rather, the matrix 1

ρS
k, see Appendix A.1.

When a symmetric matrix X ∈ S has eigenvalues λi, and corresponding orthonor-
mal eigenvectors vi, it is well known that the projection onto the positive semidefinite
cone is given by

PS+(X) =
∑

i:λi>0

λiviv
⊤
i = X −

∑
i:λi<0

λiviv
⊤
i . (6.52)

Depending on the number of positive eigenvalues of X, one of the expressions in (6.52)
will be cheaper to compute. The next lemma shows how to compute a projection onto
Mϕ. A similar result is also provided by [254, Prop. 7].
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Lemma 6.7. Let M ∈ S, indexed by a collection of subsets of [n]. Consider M̂ :=

PMϕ
(M). We have that diag(M̂) = diag(M) and

M̂δ,µ =Mδ,µ − 1

|xγ |

 ∑
(α,β)∈xγ

Mα,β − pγϕ

 , (6.53)

for (δ, µ) ∈ xγ , see (6.30), with γ ̸= ∅. In particular, when |xγ | = 2, (6.53) reduces to

M̂δ,µ = M̂µ,δ = pγϕ/2. (6.54)

Proof. Let M ∈ S. To find M̂ = PMϕ
(M), note that in Mϕ, each off-diagonal

entry is restricted by exactly one constraint. This follows from (6.32). Since Mϕ

does not restrict the diagonal, it is easily seen that diag(M̂) = diag(M). Now for
the off-diagonal entries, we fix a nonempty γ ⊆ [n] and define m as the vector that
contains upper triangular entries of M , Mα,β , such that (α, β) ∈ xγ . Similarly, we
define m̂ as the vector containing the same entries of matrix M̂ , rather than M . Note
that 1⊤m̂ = pγϕ/2. Minimizing the Frobenius norm of M̂ −M is now equivalent to
minimizing the norm of m̂−m. Thus, we solve

m̂ = argmin
1⊤v=pγ

ϕ/2

∥v −m∥2,

which can be done analytically and leads to (6.53). The simplification of (6.53) to
(6.54) follows from the equality

∑
(α,β)∈xγ Mα,β = 2Mδ,µ, whenever |xγ | = 2 and

(δ, µ) ∈ xγ .

Due to the presence of many unit constraints, see (6.33), these projections are
computationally cheap to compute, and hence, the PRSM is well suited to exploit
this. Lastly, it is proven [136] that (6.51) converges for (ν1, ν2) ∈ D, where

D :=

{
(ν1, ν2) ∈ R2 :

|ν1| < min{1, 1 + ν2 − ν22},

0 < ν2 <
1+

√
5

2 , ν1 + ν2 > 0

}
,

The values that we choose for (ν1, ν2), and other parameters, are given in Section 6.10.

6.7.2 Upper bounds, lower bounds and early stopping

After each PRSM iteration k we obtain a triple (Zk,Mk, Sk) and the value ⟨I,Mk⟩.
Although this value converges to the optimal objective value of the SDP Pϕ, the
convergence is typically not monotonic and therefore this value does not necessarily
provide a valid upper bound for the problem. In this section we describe how to
obtain a valid upper bound from the output of the PRSM.

Observe that the feasible set of Pϕ depends on the chosen monomial x through
Vx, see (6.22). Hence, by (6.23), we have

p∅ϕ − min
M∈Mϕ∩S+

⟨I,M⟩ = sup
µ∈R

{µ : Fϕ − µ ∈ Vx} ≤ min
x∈{±1}n

Fϕ, (6.55)
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for p∅ϕ as in (6.25). From (6.55) it follows that the maximum number of satisfiable
clauses of ϕ is bounded from above by

m− p∅ϕ + min
M∈Mϕ∩S+

⟨I,M⟩, (6.56)

for m equal to the number of clauses in ϕ. Since the number of satisfied clauses is an
integer, the bound (6.56) can be improved by rounding down the result.

Ideally, the PRSM algorithm (6.51) computes the upper bound (6.56) by finding
an optimal M in the set Mϕ ∩ S+. However, in practice one terminates the PRSM
algorithm before such an optimal M has been found. Let matrix Mk then be defined
as in (6.51) and let λmin

(
Mk
)

be its smallest eigenvalue. Note that

M̃k =Mk − λmin

(
Mk
)
I ∈ Mϕ ∩ S+, (6.57)

and so, M̃k is feasible for Pϕ. Thus, a valid upper bound at iteration k is obtained as
follows: ⌊

m− p∅ϕ + ⟨I, M̃k⟩
⌋
. (6.58)

6.7.3 Lower bounds and rounding
In order to obtain a truth assignment of the variables from the output of the PRSM
one needs a rounding procedure. We describe here the rounding procedure proposed
by van Maaren et al. [299] and a modification of the procedure that is implemented
in our solver.

Let matrix M∗ be the optimal solution to the SOS program Pϕ, induced by a
logical proposition ϕ on n variables. Let x be its monomial basis of size s, and
µ∗ such that Fϕ(x) − µ∗ ≡ x⊤M∗x mod I. It is clear that, by optimality of M∗,
λmin(M

∗) = 0. Let N be the multiplicity of the zero eigenvalue, and vi, i ∈ [N ] the
corresponding eigenvectors. If y ∈ {±1}n is an optimal MAX-SAT truth assignment
of ϕ, then y minimizes Fϕ. Let y′ be the monomial basis vector x, evaluated with
the entries of y. Then (y′)⊤M∗y′ = Fϕ(y) − µ∗. If the SOS relaxation Pϕ computes
the optimal bound, we have µ∗ = Fϕ(y), which implies that (y′)⊤M∗y′ = 0. As the
eigenvectors vi satisfy the same relation, i.e. (vi)

⊤M∗vi = 0, they can be considered
as approximations of maximally satisfying assignments.

Let V ∈ Rs×N be the matrix having the vectors vi, i ∈ [N ] as columns. Each row
of V corresponds to a monomial of x. For p the number of monomials in x of degree
two or more, matrix B ∈ Rp×N is the submatrix of V obtained by taking the rows
of V corresponding to these p monomials. We define U ∈ RN×N as the matrix with
columns the eigenvectors of B⊤B.

The rounding procedure proposed by van Maaren et al. is to compute xλ ∈ {±1}n
as

xλ = sgn(P1)
[
0n×1 In 0n×(s−n−1)

]
sgn(P ),

for P = V Uλ̃ and λ̃i = ξiλi ∀i ∈ [N ].
(6.59)

Here, λ ∈ RN is a vector generated uniformly at random on the unit sphere (which
allows us to perform multiple roundings by generating multiple λ). Observe that P1,
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the first entry of vector P , corresponds to the monomial x∅. The vector ξ ∈ RN is a
parameter to be chosen. We refer to [299] for the details.

The optimal matrix M∗ is a low rank matrix, which ensures that N , the multiplic-
ity of eigenvalue 0, satisfies N > 1. In practice however, we do not find M∗, but its
approximation M̃k at some iteration, see (6.57). Due to early stopping, matrix M̃k

often has eigenvalue 0 with multiplicity 1. Then λ is a scalar, which does not affect
(6.59). Thus, when N = 1, we can only perform one rounding. To solve this issue,
we propose constructing V with the columns of q eigenvectors corresponding to the
q smallest eigenvalues of M̃k (only in case N < q). Thus, whenever N < q, we add
q − N eigenvectors corresponding to nonzero eigenvalues to the matrix V , in order
to perform multiple roundings. In [299], it is observed that the rounding procedure
works better when N is small. We use this information by setting q = 4, so that we
take at least four vectors for the rounding procedure.

6.8 The weighted partial MAX-SAT problem

In this section, we extend the SOS approach to the MAX-SAT problem, to the
weighted partial MAX-SAT problem. We also show that the dual formulation of
the SOS program for certain partial MAX-SAT instances, equals the relaxations by
Anjos [10].

In the weighted MAX-SAT problem, each clause is given a weight, and the ob-
jective is to maximize the sum of the weights of the satisfied clauses. In the partial
MAX-SAT problem, clauses are divided in soft and hard clauses. The aim is to max-
imize the number of satisfied soft clauses, while satisfying all the hard clauses. The
combination of the weighted and partial MAX-SAT problems is clear, and referred to
as the weighted partial MAX-SAT problem [195].

Consider again a logical proposition ϕ. Let wj ∈ R be the weight associated to
clause Cj . The generalization of (6.19) for the (unweighted) MAX-SAT problem, to
the weighted MAX-SAT problem follows by setting

FW
ϕ (x) =

m∑
j=1

wj

2ℓj

∏
i∈Cj

(1− aj,ixi), (6.60)

and then minimizing FW
ϕ for x ∈ {±1}n. This minimization can be approximated by

SOS optimization, using directly the SDP Pϕ.

For the weighted partial MAX-SAT problem, consider a logical proposition ϕ, on
n variables, m soft clauses Cj and q hard clauses CH

p . To each hard clause CH
p ,

p ∈ [q], we associate the polynomial fp =
∏

i∈[n](1− ap,ixi), similar to (6.60). Note
that fp vanishes for all truth assignments that satisfy clause CH

p . Similar to (6.20)
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and (6.22), we define the sets

Hx :=

∑
p∈[q]

cpfp mod I : cp ∈ R ∀p ∈ [q]


⊆ H :=

∑
p∈[q]

gpfp mod I : gp ∈ R[x] ∀p ∈ [q]

 .

(6.61)

Let SAT ⊆ {±1}n be the set of all truth assignments that satisfy the hard clauses
(which we assume to be nonempty). From [261] it follows that

min
x∈SAT

FW
ϕ (x) = sup

{
µ : FW

ϕ − µ ∈ V +H
}

≥ sup
{
µ : FW

ϕ − µ ∈ Vx +Hx

}
,

(6.62)

where V is as in (6.20), and ‘+’ denotes the Minkowski sum of sets. We proceed
by writing the lower bound in (6.62) as an explicit SDP, for which we introduce the
following sets

Hγ :=
{
p ∈ [q] : γ ⊆ CH

p

}
γ ⊆ [n].

Set Hγ contains all p for which fp, when expanded, contains the term ±xγ . The
sign here is determined by the parity of |γ ∩ I+p |, see (6.2). Additionally, we define
as analogue to Mϕ, see (6.32), the set MH

ϕ . This set contains all matrices M and
vectors c such that FW

ϕ −µ ≡ x⊤Mx+
∑

p∈[q] cpfp mod I. It is therefore defined as

MH
ϕ :=

 (M, c) ∈ S × Rq :
∀γ ̸= ∅ s.t. xγ ∈ X,

∑
(α,β)∈xγ

Mα,β

+
∑

p∈Hγ (−1)|γ∩I+
p |cp = pγϕ

 . (6.63)

This allows us to adapt Pϕ to the weighted partial MAX-SAT problem as follows:

min
M,c

⟨I,M⟩+
∑
p∈[q]

cp s.t. (M, c) ∈ MH
ϕ , M ∈ S+. (6.64)

We approximately solve (6.64) by the PRSM, see Section 6.8.1.
Let us elaborate on how to adapt the monomial bases to the (weighted) partial

MAX-SAT problem. We make no distinction between soft and hard clauses for the
SOSp basis, see (6.27). For basis SOSθ

s , see (6.29), we determine the variable weights
as w(i) :=

∑
{j : i∈Cj} wj +

∑
{p : i∈CH

p } w, for w the mean of all soft clause weights

wj . For basis SOSQ
p , we add all

(
Q
2

)
quadratic terms of the Q variables that attain

the largest value of w(i). For unweighted partial MAX-SAT instances, we consider
all wj to equal 1.
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6.8.1 The PRSM for SOS of the weighted partial MAX-SAT
problem

We show here how to solve (6.64) by the PRSM. We first rewrite (6.64) by introducing
the matrix variable Z, see also (6.46),

min ⟨I,M⟩+
∑
p∈[q]

cp

s.t. Z ∈ S+, (M, c) ∈ MH
ϕ , Z =M.

(6.65)

Then, the augmented Lagrangian function of (6.65) w.r.t. Z = M and for a penalty
parameter ρ > 0 is:

Lρ(Z,M,S, c) = ⟨I,M⟩+ 1⊤c+ ⟨S,M − Z⟩+ ρ

2
∥M − Z∥2 ,

where S is the dual variable. The PRSM is iteratively and separately optimizing
over (M, c) ∈ MH

ϕ and Z ∈ S+, and updating S twice per cycle, similarly to (6.51).
However, in this case, the M -subproblem in the third line of (6.51) is replaced by the
(M, c)-subproblem.

We now show that minimization over (M, c) ∈ MH
ϕ can be performed efficiently.

By derivations similar to, e.g., [243, Eq. 3.4], we have:

argmin
(M,c)∈MH

ϕ

Lρ(Z,M,S, c) = argmin
(M,c)∈MH

ϕ

∥∥∥M − Z̃
∥∥∥2 + 2

ρ
1⊤c, (6.66)

where Z̃ := Z − (S + I) /ρ. This is a convex quadratic program (QP) that we solve
in two steps. Firstly, consider the matrix-entries Mα,β , with (α, β) ∈ xγ , see (6.30),
and Hγ = ∅. Since Hγ = ∅, these entries are unaffected by the cp variables. This
implies that these Mα,β variables are not coupled with the other entries of M , and
one can minimize separately over such Mα,β . This separate minimization problem
can be solved by applying Lemma 6.7.

Secondly, the remaining QP

min
∑

γ:Hγ ̸=∅

∑
(α,β)∈xγ

(
Mα,β − Z̃α,β

)2
+

2

ρ
1⊤c, (6.67)

can be simplified by the following observation. If M∗ is an optimal solution to (6.66),
then

(α, β), (α′, β′) ∈ xγ =⇒ M∗
α,β − Z̃α,β =M∗

α′,β′ − Z̃α′,β′ .

Hence, (6.67) can be simplified by substituting each term
∑

(α,β)∈xγ (Mα,β − Z̃α,β)
2

with a single squared variable. We solve the resulting QP either by solving the lin-
ear KKT conditions using the LU decomposition, or via MOSEK [228]. The solving
method depends on the underlying QP. Note that the KKT conditions define a linear
system in which the associated matrix is indefinite, so that the Cholesky decomposi-
tion cannot be used.
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6.8.2 Strengthening the bounds
We demonstrate a simple technique for improving the upper bounds given by program
(6.64). This technique is based on the SAT resolution rule, which is given as follows.
For two hard clauses of some proposition ϕ, on literals x, zi, i ∈ [s] and yi, i ∈ [t],
construct the clause below the horizontal line:

[x ∨ z1 ∨ . . . ∨ zs], [¬x ∨ y1 ∨ . . . ∨ yt]
z1 ∨ . . . ∨ zs ∨ y1 ∨ . . . ∨ yt.

(6.68)

In contrast to the MAX-SAT resolution rule (6.41), the SAT resolution rule states
that one may add the clause below the horizontal line to ϕ, without changing its
(un)satisfiability (we say that the new clause is implied by the original two clauses).
We may apply this SAT resolution rule to the hard clauses of a partial MAX-SAT
instance to generate more hard clauses. As each new clause induces a new variable cp,
the bound of program (6.64) can only improve. One may also regard SAT resolution
as extending the set Hx, see (6.61), by including terms of the form cpx

αfp, for some
α ⊆ [n] where cp ∈ R.

Additionally, SAT resolution can generate hard unit clauses. This is advantageous,
since hard unit clauses reduce the number of variables in the MAX-SAT problem as
explained in Section 6.1.1.

6.8.3 Duality in the partial MAX-SAT problem
Now we consider partial MAX-SAT problems with only hard clauses. Solving such
instances is thus equivalent to determining the satisfiability of the given hard clauses.
We show that by taking the dual of the resulting SOS program, one obtains (a stronger
version of) the relaxations of Anjos [9], given by (6.50).

We define, for A ∈ Sn, vec(A) ∈ Rn2

the vector whose entries are the columns of
A stacked together. We start from program (6.64) and perform variable splitting on
M , similar to (6.46). We take the dual g(S) of this formulation, similar to (6.47), and
consider the problem

max
S

g(S) = max
S∈Xϕ∩S+

min
(M,c)∈MH

ϕ

⟨S,−M⟩+ 1⊤c, (6.69)

for Xϕ as in (6.44). The steps that show that S ∈ Xϕ ∩ S+ is necessary for (6.69) to
be finite are provided in the proof of Theorem 6.6. We rewrite the inner minimization
problem in (6.69) as

min
(M,c)∈MH

ϕ

[
vec(S)

1

]⊤ [vec(−M)
c

]
, (6.70)

and proceed to show under which conditions this value is bounded. Observe that the
coefficients pγϕ = 0, see (6.63), since there are no soft clauses. Moreover, the set MH

ϕ

places only linear constraints on the entries of M and c. Therefore, there exists a
matrix D that satisfies

(M, c) ∈ MH
ϕ ⇐⇒ D

[
vec(−M)

c

]
= 0.
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Hence, (6.70) is bounded if and only if
[
vec(S)⊤ 1⊤] is contained in the row space

of D. This is precisely the requirement that vSDP(S,CH
p ) = 1, ∀p ∈ [q], as in (6.50).

We provide one example of this claim.

Example 6.8. Consider the monomial basis x = (x∅, x1, x2). Let CH
1 = x1 ∨ x2, so

that f1 = 1− x1 − x2 + x1x2. Now

(M, c) ∈ MH
ϕ =⇒ Du = 0, for D =

−1 −1 0 0 0 0 −1
0 0 −1 −1 0 0 −1
0 0 0 0 −1 −1 1

 ,
and u =

[
−M1,∅ −M∅,1 −M2,∅ −M∅,2 −M1,2 −M2,1 c1

]⊤
.

For S ∈ Xϕ, and by definition of Xϕ (6.44), we have S1,∅ = S∅,1, and similar equalities
hold for all other related entries of matrix S. Thus, we may remove duplicate columns
in D. We have

[
S1,∅ S2,∅ S1,2 1

]
∈ row

−1 0 0 −1
0 −1 0 −1
0 0 −1 1


=⇒ S1,∅ + S2,∅ − S1,2 = 1 =⇒ vSDP(S,CH

1 ) = 1.

△

Thus, (6.70) is bounded if
[
vec(S)⊤ 1⊤] ∈ row(D), in which case, the objective

value equals zero. Hence, program (6.69) is equivalent to (6.50).

6.9 SOS-MS: Algorithm description

In this section, we elaborate on the algorithm behind our complete SOS-SDP based
MAX-SAT solver, named SOS-MS. In particular, we outline the main parts of SOS-
MS and provide a pseudocode, see Algorithm 4.

Consider a given MAX-k-SAT instance, k ≤ 3, and corresponding logical proposi-
tion ϕ. SOS-MS uses the PRSM, see (6.51), to obtain an approximate solution M̃ , see
(6.57), to Pϕ. Then, using (6.58), SOS-MS determines an upper bound UB and a lower
bound on the optimal value, by applying the rounding procedure from Section 6.7.3.
The solver calls once, at the beginning, the CCLS2 algorithm [210] for the MAX-SAT
problem, to compute another lower bound. CCLS is a local search algorithm whose
performance was one of the best among tested heuristic algorithms in the MSE-2016.
We set LB as the maximum value among these two lower bounds.

In case LB = UB, we have proven optimality and the algorithm terminates. In
case LB < UB, we branch on some variable xi, i ∈ [n], by assigning it either true or
false. This resembles to performing unit resolution, see Section 6.1.1. We write
ϕ′ = unitRes(ϕ, i) to indicate that ϕ′ is the logical proposition obtained from ϕ by
setting xi = 1 (equivalently, xi = true). We use the same notation to indicate the
logical proposition obtained from ϕ by setting xi = −1 (equivalently, xi = false), i.e.,

2The CCLS algorithm is publicly available at http://lcs.ios.ac.cn/~caisw/MaxSAT.html.

http://lcs.ios.ac.cn/~caisw/MaxSAT.html
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ϕ′ = unitRes(ϕ,−i). To emphasize the difference between ϕ and ϕ′, in this section,
we write nϕ and mϕ for the number of variables and clauses of ϕ.

If we branch on xi, we remove from the monomial basis x all monomials xα that
satisfy i ∈ α. We remove from matrices Zk, Mk and Sk, that were obtained in the
last relevant call of the PRSM, all rows and columns corresponding to such subsets α.
The resulting matrices are then used as the new Z0, M0 and S0 in the next PRSM
call, i.e., those are used as a warm start.

We determine the order of variables for branching as follows. First, we consider
for b ∈ {−n, . . . , n} \ {0}, the values

ub = mϕ′ − p∅ϕ′ + ⟨I, M̃⟩ −
∑
|b|∈α

M̃α,α, for ϕ′ = unitRes(ϕ, b), (6.71)

similar to (6.56). Here, M̃ is the approximate solution to Pϕ. We remark that (6.71)
can be quickly computed without explicitly performing the unit resolution. Observe
that ⟨I, M̃⟩ −

∑
|b|∈α M̃α,α equals the trace of the new matrix M0, which is used as

warm start for Pϕ′ . The value ub is an estimate of the upper bound for the MAX-SAT
problem corresponding to ϕ′.

Second, we perform the rounding procedure to M̃ as described in Section 6.7.3.
That is, we randomly generate a set Λ of vectors drawn uniformly at random on the
unit sphere, and compute the corresponding rounded truth assignments xλ ∈ {±1}nϕ ,
λ ∈ Λ, by (6.59). We update LB if a better truth assignment is found. Let Λ∗ ⊆ Λ
contain all the vectors λ that satisfy Fϕ(xλ) = mϕ − LB, and, assuming Λ∗ ̸= ∅, set
v := 1

|Λ∗|
∑

λ∈Λ∗ xλ. Note that −1 ≤ vi ≤ 1 ∀i ∈ [n] with equality if and only if xi is
assigned the same truth value for all xλ, λ ∈ Λ∗. We define

B :=
{
b ∈ Z : 0 < |b| ≤ nϕ, b ∈ Z, v|b| = − sgn(b)

}
,

and explain its purpose by an example. If −3 ∈ B, then x3 is assigned true by all
xλ, λ ∈ Λ∗. Heuristically, branching by setting x3 = −1 would then hopefully lead
to low upper bounds in the resulting search tree. This is advantageous because low
upper bounds lead to faster pruning. In case Λ∗ = ∅, we set B = {−nϕ, . . . , nϕ}\{0}.

Lastly, for all b ∈ B, we sort them in increasing order of ub, see (6.71), and store
this order in vector σ. Thus, the entries of σ satisfy

uσj
≤ uσj+1

and σj ∈ B. (6.72)

Vector σ determines the variable selection in the branching process of SOS-MS, which
we describe in more detail in the sequel.

Consider a node in the SOS-MS search tree, in which we consider the proposi-
tion ϕ. We initialize b∗ := 0. For increasing values of j ∈ [bmax], where bmax > 1
is some integer (see (6.73)), we compute the SDP upper bound corresponding to
unitRes(ϕ, σj), denoted UB. In case ⌊UB⌋ ≤ LB, we repeat this process with the next
value of σj , and update b∗ := b∗ + 1. In case ⌊UB⌋ > LB, we terminate the process.

In case b∗ > 0, we find that for all j ≤ b∗, the propositions unitRes(ϕ, σj) can-
not improve on LB. Thus, we may limit the search for better truth assignments to
unitRes(ϕ,−σ1, . . . ,−σb∗). In case b∗ = 0, we add both propositions unitRes(ϕ, σ1)
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and unitRes(ϕ,−σ1) to the search tree, as we cannot exclude either one from attain-
ing a value strictly greater than LB.

We take the previously mentioned bmax as

bmax = min {max {3; ⌊6 GAP+ 1/2⌋} ; 6} ,

for GAP = mϕ′ − p∅ϕ′ + ⟨I, M̃⟩ − LB− 1,
(6.73)

where M̃ is an approximate solution to Pϕ.
A pseudocode of SOS-MS is given by Algorithm 4. In particular, the branching

process is described in Lines 15 to 20. Note the two PRSM calls in Line 8 and 16. In
Line 8, the main purpose of the PRSM is to find an upper bound which equals the
best known lower bound. When this does not occur, we use the approximate solutions
as warm start for the PRSM call in Line 16. In Line 16, the purpose of the PRSM
is to prune the node corresponding to ϕ′. We use the LOBPCG algorithm [168] to
efficiently approximate λmin

(
Mk
)
, which allows us to compute approximate upper

bounds during the PRSM iterates, see (6.56) and (6.57). In case the approximate
upper bound indicates that the node can be pruned, we recompute λmin

(
Mk
)

with
the more accurate MATLAB eig function.

The algorithm can then stop iterating as soon as the condition in Line 17 is
satisfied, or when it is clear that this condition cannot be satisfied in reasonable time.

Remark 6.9. Most of the running time of SOS-MS is spent on computing projec-
tions of matrices onto S+, as required by the PRSM. We found that computing the
full eigenspectra of the matrices to be projected (in single-precision, rather than stan-
dard double-precision) using MATLAB’s eig command was the fastest method of
computing PS+

(·), even though only the positive eigenpairs, or negative eigenpairs
are required. For a variant of the PRSM, the authors of [266] propose using the
LOBPCG algorithm [168] to compute only positive/negative eigenpairs (when this
number is deemed small enough) of matrices to be projected. We were unable to
obtain a speedup over eig through this method in the PRSM framework. △

6.9.1 Parsing sum of squares programs
We cover here the problem of initializing an SOS semidefinite program. Methods
for achieving this are built in most SOS packages, such as SOSTOOLS [245] and
GlobtiPoly [139]. In our application, we are interested in SOS modulo a vanishing
ideal, which is not natively implemented in most SOS software, but rather, by restric-
tion of the support set of the variables to a semialgebraic set (such as x2 = 1), which
incurs additional variables in the SDP.

For most SDP applications, it is implicitly assumed that the program parameters
are either already given, or require a negligible time to compute, in comparison to the
time required for solving the resulting SDP. For most SOS programs however, this
is decidedly not the case. The authors of SOSTOOLS [245], a third-party MATLAB
package for formulating and solving SOS programs, confirm this observation. In
chapter one of the user’s manual to SOSTOOLS [245], it is stated that defining the
semidefinite program, rather than solving it, is often the limiting factor for tractable
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Algorithm 4: SOS-SDP MAX-SAT solver
1 Input: A MAX-k-SAT instance ϕ (k ≤ 3), on nϕ variables and mϕ clauses.
2 Output: Optimal truth assignment x ∈ {±1}n.
3 Set UB := mϕ.
4 Use the CCLS algorithm on ϕ to obtain a value for current best lower bound

LB and corresponding truth assignment x ∈ {±1}n.
5 Initialize the stack Q := (ϕ, UB).
6 while Q ̸= ∅ do
7 Take (ϕ, UB) as the first element of Q.
8 Use the PRSM, see (6.51), to obtain an approximate solution M̃ , see

(6.57), to Pϕ.
9 Apply the rounding procedure from Sect. 6.7.3 to M̃ and obtain a lower

bound LB. Update LB and x if a better truth assignment has been found.
10 Set UB := min{UB, ⌊mϕ − p∅ϕ + ⟨I, M̃⟩⌋}, see (6.56).
11 Remove (ϕ, UB) from the stack Q.
12 if LB ≥ UB then

/* The current node (ϕ, UB) can be pruned, so return to Line
6, and check if Q is empty. */

13 continue
14 Determine σ, see (6.72), and bmax, see (6.73). Set b∗ := 0.
15 for j = 1 to bmax do
16 Set ϕ′ := unitRes(ϕ, σj), use the PRSM to obtain an approximate

solution M̃ to Pϕ′ .
/* Use as warm start the matrices obtained from Pϕ in Line

8. */
17 if LB ≥ ⌊mϕ′ − p∅ϕ′ + ⟨I, M̃⟩⌋ then
18 b∗ := b∗ + 1.
19 else
20 break

21 if b∗ > 0 then
22 Set ϕ := unitRes(ϕ,−σ1,−σ2, . . . ,−σb∗), and Q := Q ∪ (ϕ, UB).

/* Q is nonempty, so return to Line 6. */
23 else
24 Set ϕ1 := unitRes(ϕ, σ1), ϕ2 := unitRes(ϕ,−σ1) and

Q := Q ∪ {(ϕ1, UB), (ϕ2, UB)}.
/* Q is nonempty, so return to Line 6. */

25 return Optimal truth assignment x.

problem size. In accordance with [245], we thus consider the problem of parsing
an SOS program as defining it by its program parameters. This definition of parsing
includes the problem of choosing the monomial basis x such that the given polynomial
can be accurately described. Many theoretical results can guide the choice of x, such
as the Newton polytope [290], see also [264], or facial reduction [252]. For our purposes
however, choosing x can be done with a simple fixed procedure, see e.g., (6.27). We
therefore consider parsing as only the purely numerical problem of finding, rather
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than choosing, x.

In this section, we provide a short overview of our parsing method. We exploit
the fact that our variables are {±1}n, which allows us to achieve fast parsing times,
compared to general purpose SOS software. For example, due to the properties of
computation modulo I, see (6.21), monomials can be stored in two ways: either we
store some α ⊆ [n], corresponding to xα as in (6.5), (subset format) or we store
monomials as a vector v ∈ {0, 1}n, corresponding to xv = xv11 . . . xvnn (vector format).
The vectors v can be saved as boolean vectors. It is trivial to switch between these
two formats, which is what we use in our parsing algorithm: we implement each step
using the best suited format. Also note that for monomial basis x given by (6.27),
monomials in X ≡ xx⊤ mod I, see (6.26), will have degree at most 4, which ensures
that the subset format requires little storage.

Let ϕ be the considered proposition, on n variables and m clauses. Initially, to
compute x according to (6.27), we consider the unique clauses Cj of ϕ, j ∈ [m].
Recall that we define a clause Cj as a subset of [n], see Section 6.1. To compute the
monomials in X, we need to compute the cross products of all monomials in x. This is
best done in vector format, by using the entrywise exclusive or operation on boolean
vectors, denoted ⊕. That is, xvxu ≡ xv⊕u mod I, which is computationally cheaper
than the symmetric difference operator as in (6.26).

Next, to construct the sets of indices xγ , as in (6.30), we need to find the sets
of equal monomials in the strictly upper triangular part of X. We first divide the
monomials in the upper triangular part of X in four groups, based on their degree.
The degrees are trivially computed in vector format as 1⊤

nv ∈ {1, 2, 3, 4}. For each
group, we switch to subset format. In particular, we store the monomial xγ , of degree
d ∈ {1, 2, 3, 4}, as a sorted vector g ∈ Nd. Given these sorted vectors g, we use the
MATLAB unique function to find the subgroups of equal monomials. We save their
corresponding indices in X to construct the sets xγ .

We compute the coefficients pγϕ, see (6.24), iteratively per clause. If ϕ induces a
MAX-k-SAT problem, we create k + 1 matrices As, s ∈ {0, 1, . . . , k}, where matrix
As is an s-dimensional matrix. Then, for γ = {γ1, . . . , γs}, we store pγϕ at position
(As)γ1,...,γs

. Note that matrix A0 is a number storing p∅ϕ, see (6.25). For MAX-3-SAT
instances, matrices A1 and A2 will be generally be dense and matrix A3 will generally
be sparse. We have also tested the recently developed dpvar structure of SOSTOOLS
[149] to compute the pγϕ symbolically, but found that it compared unfavourably to
our procedure, in terms of computation time.

The last step is to match the coefficients pγϕ to the monomial xγ of X. Clearly, we
need only to consider those coefficients pγϕ for which pγϕ ̸= 0. Thus, for some nonzero
pγϕ stored in As, we know that |γ| = s. As the monomials in X have already been
divided into groups based on their degree, we search only the monomials of degree s,
to find xγ . In case we use the SOSp basis, then by Lemma 6.2, we need only check
those monomials xα for which |xα| > 2, see (6.30). Now to find xγ in this subgroup
of monomials (of which one equals xγ), we use the vector format.

By exploiting properties of the ideal I, see (6.21), and SOSp, we are able to obtain
high parsing speeds. For example, instance s3v70c1500-1.cnf (70 variables and 1500
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clauses of length 3) from the MSE-20163, induces an SOSp basis of size 2107. Matrix
X, see (6.26), then contains 4,439,449 monomials. Our algorithm parses this basis
in (approximately) 1 second. This completes the summary of our parsing algorithm.
For more details, interested readers are referred to the code available on github4.

6.10 Numerical results

In this section, we test SOS-MS, described in Section 6.9, on MAX-3-SAT, weighted
partial MAX-2-SAT, and weighted MAX-3-SAT instances from the MSE-2016. We
also compute SDP bounds on some partial MAX-3-SAT instances from the same
source. We choose the year 2016, because later years of the MSE offer no MAX-2-
SAT or MAX-3-SAT instances. In particular, the instances in this section are taken
from the MSE-20165 random track.

Experiments are carried out on a 16 GB RAM laptop, with an Intel i7-1165G7
CPU (2.8 GHz) and four cores, running Windows 10 Enterprise. We set the PRSM
parameters, see (6.51), as

(ν1, ν2, ρ) =

(
1

2
,
9

10

1 +
√
5

2
,
2s

5

)
,

where s is the order of the matrix variable. Our MATLAB implementation of the
PRSM is available at https://github.com/LMSinjorgo/SOS-SDP_MAXSAT.

6.10.1 MAX-3-SAT problems
We compare MAX-3-SAT upper bounds obtained by solving Pϕ on Page 158, for
various instances and monomial bases. We also demonstrate the performance of SOS-
MS on MAX-3-SAT instances.

Table 6.1 presents a comparison of the bounds obtained by solving the SOS
program Pϕ using the SOSp basis (6.27) and the SOSQ

p bases (6.28) where Q ∈
{40, 50, 60, 70, 110}. We use for several instances from the MSE-2016 MAX-3-SAT
category on 70, 90 and 110 variables. The first column reports the name of the corre-
sponding instance, on v variables and c clauses. Column LB provides the best found
lower bound, obtained by running the CCLS algorithm [210] for five seconds. Column
UB reports the computed upper bounds. Column Iter. gives the number of PRSM it-
erations, divided by 102. For each instance and monomial basis, we run 200 iterations.
Then, if the observed value of UB satisfies UB ≤ LB + 1.5, we perform 200 additional
iterations. We stop early if ⌊UB⌋ = LB. The results show the strength of the SOSp

basis for instances with with 70 variables. In particular, that basis is sufficiently large
for closing gaps of several instances. The results also show that the SOSQ

p basis can
be used to further improve bounds for instances with 70, 90 and 110 variables.

In Table 6.2, we present more details on the best upper bounds attained on the
same instances as in Table 6.1. The columns of Table 6.2 follow the same definitions

3All instances are available at http://www.maxsat.udl.cat/16/benchmarks/index.html.
4Code available at https://github.com/LMSinjorgo/SOS-SDP_MAXSAT.
5For more information on the MSE-2016, see http://www.maxsat.udl.cat/16/index.html.

https://github.com/LMSinjorgo/SOS-SDP_MAXSAT
http://www.maxsat.udl.cat/16/benchmarks/index.html
https://github.com/LMSinjorgo/SOS-SDP_MAXSAT
http://www.maxsat.udl.cat/16/index.html
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as the previous table. Additionally, column Q relates to the SOSQ
p basis used and

column |x| reports the number of monomials in that basis (equivalently, the order
of the matrix variable of program Pϕ). Here, we refer to SOSp as SOS0

p . Column
T. (s) reports the computation time in seconds. The results show that we closed
the optimality gap for all instances with 70 and 90 variables in less than 9 minutes.
Table 6.2 also shows that the computational time increases w.r.t. the size of the
basis. Furthermore, Table 6.2 shows that uniform random MAX-SAT instances on
the same number of variables and clauses can differ in difficulty to solve. For example,
instances s3v70c800-1.cnf and s3v70c800-3.cnf have the same number of variables
and clauses. However, proving optimality of the lower bound of the former requires
almost three times the computation time as for the latter.

In Figure 6.1, we show the performance of SOS-MS, using the SOS50
p basis, on all

the MAX-3-SAT instances on 70 variables from the MSE-2016. For detailed running
times see Appendix A.2 on Page 191. We compare the running times of SOS-MS with
the corresponding running times of the best results of the MSE-2016. That is, for
each instance, we compare SOS-MS with the participant of the MSE-2016 that was
able to solve that specific instance in the least time. All solvers at the MSE-2016 were
tested on an Intel Xeon E5-2620 processor with 2.0 GHz and 3.5 GB RAM6. It is hard
to compare the running times of algorithms on different machines, since it depends on
many factors such as the processor, RAM, the operating system, et cetera. We choose
to consider the difference in clock speeds, i.e., 2.8 GHz vs. 2.0 GHz, as well as wall
time. Therefore, in Figure 6.1 and part of Table A.1 in the appendix on Page 191, we
have multiplied all the original running times of SOS-MS with 1.4. Additionally, as
the solvers in the MSE-2016 were given a maximum time of 30 minutes per instance,
we provided SOS-MS with a maximum of 30/1.4(≈ 21.4) minutes.

Under these constraints, SOS-MS is able to solve all 45 MAX-3-SAT instances
on 70 variables. The participants from the MSE-2016 could solve at most 42 in-
stances. Specifically, they were unable to solve s3v70c1500-1, s3v70c1500-4 and
s3v70c1500-5. For instances with a lower number of clauses (around 800) however,
the best times per instance of the MSE-2016 are much lower than for SOS-MS. SOS-
MS takes on average 309.10 seconds per solved instance, compared to 367.7 seconds
per solved instance for the best MSE-2016 solvers. We have also tested SOS-MS using
the SOSp basis, on the same instances. With this different basis, SOS-MS was also
able to solve all 45 instances, taking on average 316.7 seconds per instance.

We also investigate the performance of SOS-MS on MAX-3-SAT problems with
80 booleans, from the MSE-2016 database. These instances were not tested in the
MSE-2016, and thus, it is not known what the best solver per instance is. On these
instances, we compare SOS-MS to the CCLS2akms MAX-SAT algorithm7. This al-
gorithm first runs CCLS [210] to find a good starting lower bound for the MAX-SAT
solution. It then passes this lower bound to the akmaxsat algorithm [170], which
solves the instance to optimality. Out of all the publicly available solvers, CCLS2akms

6The full specifications of this machine are available at
http://www.maxsat.udl.cat/16/machinespecifications/index.html.

7The CCLS2akms algorithm is available under the name CCLS_to_akmaxsat at
http://www.maxsat.udl.cat/16/solvers/index.html.

http://www.maxsat.udl.cat/16/machinespecifications/index.html
http://www.maxsat.udl.cat/16/solvers/index.html
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placed highest in the random MAX-SAT category of MSE-20168.
Results for the MAX-3-SAT instances on 80 variables from MSE-2016 are given

in Figure 6.2. The running times per tested MAX-3-SAT instance are provided in
Appendix A.2, Table A.1. Both SOS-MS and CCLS2akms are provided a maximum
of 30 minutes per instance and are tested on the same hardware (our 16 GB RAM
laptop), and thus not scaled. For SOS-MS, we used the SOSp basis, as SOSQ

p for
Q = 40 and Q = 55 provided worse results. CCLS2akms is able to solve 40 of the 48
instances within the time limit, while SOS-MS solves 43. SOS-MS is however slower:
it requires on average 772.53 seconds per solved instance, compared to 370.48 per
instance. Again, SOS-MS performs well for instances with a large number of clauses,
but requires more time for those with a low number of clauses.

6.10.2 Weighted partial MAX-2-SAT problems

We investigate the performance of our solver SOS-MS on (weighted) partial MAX-
2-SAT instances from MSE-2016. For this purpose, we adjust SOS-MS by using the
theory outlined in Section 6.8.

In particular, we perform a B&B search, using (6.65) to compute upper bounds.
However, we first preprocess an instance by using the SAT resolution rule (6.68) on
the hard clauses until we find all implied hard clauses of length two or less. Note that
this preprocessing may result in improved upper bounds, as described in Section 6.8.2.
If hard unit clauses are found this way, we perform unit resolution and continue with
the reduced problem. As initial lower bound for our solver, we take the best known
lower bound reported in MSE-2016.

Note that in case of a (weighted) partial MAX-SAT instance, truth values assigned
during branching might create hard unit clauses, which leads to more forced truth
assignments. Additionally, if a node contains few unassigned variables, determining
good upper bounds can be done with a small monomial basis, such as SOSθ

s (6.29) for
small values of θ. Let us describe the choice of θ through the B&B tree. We initialize
θstart = 0. At a node in which we compute bounds, we compute an upper bound
UB to the (weighted) partial MAX-SAT solution by first using the basis SOSθstart

s . If
⌊UB⌋ ≤ LB, we prune the current node. If not, we consider the value GAP = UB−LB > 0.
When GAP < 10, we set θ = 0.5 and recompute a stronger upper bound. For GAP ≥ 10,
we recompute an upper bound with θ = 1 instead. In both cases, we use the PRSM
variables corresponding to θstart as warm starts for the next PRSM. If the upper bound
obtained using θ ∈ {0.5, 1} is not equal LB, we set θstart = 0.1 for the remainder of
the algorithm, and continue with the B&B.

We determine our branching variable in the following way. Let n′, n′ ≤ n, be the
number of remaining variables at the current node. We consider the five truth assign-
ments that create the largest number of hard unit clauses. For each of these five truth
assignments σi, i ∈ [5], σi ∈ {−n′, . . . , n′}\{0}, we compute ϕi = unitRes(ϕ, σi), see
Section 6.9. Then, we select the truth assignment σi for which the polynomial ϕi
has the largest constant term, see (6.25). The branching variable is then given by
|σi|, and the two children nodes correspond to the propositions unitRes(ϕ, σi) and

8The MSE-2016 results are available at http://www.maxsat.udl.cat/16/solvers/index.html.

http://www.maxsat.udl.cat/16/solvers/index.html
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unitRes(ϕ,−σi). This branching rule aims to create nodes with few remaining vari-
ables, due to the presence of many hard unit clauses. This allows for setting θstart to
small values, while still providing strong bounds, see also Appendix A.4.

The computation of SOS-SDP based upper bounds is expensive, compared to
bounding methods used in other MAX-SAT solvers. Therefore, we only compute
bounds at selected nodes (see also [310]). A method for determining at which nodes
to compute bounds is described in detail in Appendix A.3 on Page 193. Appendix A.3
also provides a pseudocode of SOS-MS on weighted partial MAX-2-SAT problems.

We test the described procedures on the 60 unweighted partial MAX-2-SAT in-
stances, and the 90 weighted partial MAX-2-SAT instances from the MSE-2016,
setting a maximum time of 30 minutes per instance. Each instance contains 150
variables and 150 hard clauses. The number of total clauses (both soft and hard)
ranges from 1000 to 5000, and all of them have length two. In the weighted variant,
soft clause weights range from 1 up to and including 10. Tables 6.3 and 6.4 re-
port the running times per instance (rounded to the nearest second), for unweighted
and weighted partial MAX-2-SAT, respectively. Here we provide original runtimes,
thus not multiplied by some factor. A ‘-’ value indicates a time-out of 30 minutes.
Variable m denotes the number of total clauses. The Instance row corresponds to
the instance file name, as taken from the MSE-2016. For example, m = 2500 and
Instance = 1 refer to file_rpms_wcnf_L2_V150_C2500_H150_1.wcnf in Table 6.3,
and file_rwpms_wcnf_L2_V150_C2500_H150_1.wcnf in Table 6.4.

The table shows that we are able to solve many instances within the 30-minute
time limit. This shows the strength of SDP applied also to the (weighted) partial
MAX-SAT problem. Since we are first to solve the (weighted) partial MAX-SAT
problem by using SDP approaches, this chapter opens new perspectives on solving
variants of the MAX-SAT problem.

In Appendix A.4 on Page 195 we provide the full search tree for three partial
MAX-2-SAT instances.

6.10.3 Partial MAX-3-SAT problems

We show the quality of the SDP bounds for the partial MAX-3-SAT problem, based
on 10 instances from the MSE-2016.

We compute an upper bound for each instance ϕ (on n variables, having hard
clauses CH

p ) in the following way. We first perform SAT resolution (6.68) on the hard
clauses to find all implied hard clauses of length 4 or less. Then, for Q ∈ [n], we
consider the Q variables that appear in the largest number of (soft and hard) clauses.
Let V ⊆ [n] be the subset indicating those variables. We construct additional hard
clauses of the form CH

p ∨ xi, for all i ∈ V and CH
p ⊆ V , with

∣∣CH
p

∣∣ ≤ 3. Note that
these additional hard clauses do not change the set of satisfying assignments. On the
instance generated in this way, we compute an upper bound using the SOSQ

p basis,
see (6.28). Note that, as the newly generated clauses CH

p ∨xi are contained in V , they
create no additional monomials in the SOSQ

p . This ensures that the size of the matrix
variable remains manageable. Moreover, these additional hard clauses strengthen the
bound, see Section 6.8.2.

We perform this procedure for each instance and Q ∈ {70, 75, 80, 85, 90}, for a
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time limit of 30 minutes. These values of Q are chosen with the goal of computing
the tightest bound at the 30-minute mark. We report results in Table 6.6. Column
id reports the instance identifier, according to the naming scheme

file_rpms_wcnf_L3_V100_C600_H100_[id].wcnf.

Each instance has 600 clauses, of which 100 are hard, all of length three, on 100
variables. Column LB reports the optimal lower bound, as verified by solvers in
the MSE-2016. Column Q refers to the SOSQ

p basis used, of which the number of
monomials is reported in column |x|. Column |CH| reports the number of hard clauses
used. The next 6 columns (GAP at X minutes) report the value of the GAP (i.e., UB -
LB) at different time points. To compute the values of UB, we compute the smallest
eigenvalue of M using the LOBPCG algorithm [168], see (6.57). Lastly, as a measure
of convergence, the final column reports the (absolute) value of the smallest eigenvalue
of the matrix variable at the final iteration, multiplied by the size of this matrix. This
column thus reports the difference in trace between M̃ and M , see (6.57).

Considering the bound at 30 minutes, the SOS85
p basis performs best. A larger

basis is unable to converge in 30 minutes, while smaller bases result in weaker bounds.
Since differences in bounds for different Q are small, smaller bases might be more
useful in combination with a B&B scheme.

6.10.4 Weighted MAX-3-SAT problems

Lastly, we test SOS-MS on some weighted MAX-3-SAT instances. We consider 10
weighted MAX-3-SAT instances from the MSE-2016. Each instance contains 70 vari-
ables, and either 1400 or 1500 weighted soft clauses. The clause weights range between
1 and 10. There are no hard clauses.

For the weighted MAX-3-SAT problem, we compare the running times of SOS-
MS with CCLS2akms, on the same hardware. For SOS-MS, we attempted multiple
monomial bases, and found that the SOSp basis required the least time to solve the
weighted MAX-3-SAT instances.

The running times per instance are reported in Table 6.5. Column m reports
the number of clauses, and Inst. reports the instance, according to the scheme
s3v70c[m]-[Inst.].wcnf. SOS-MS is able to solve three instances in less time than
CCLS2akms and can solve 9 of the 10 instances in less than 30 minutes. This demon-
strates that SOS-MS is well suited for solving weighted MAX-3-SAT instances with
a large number of clauses.

6.11 Conclusions

In this chapter we have considered SOS optimization for solving the MAX-SAT and
weighted partial MAX-SAT problems. We design an SOS-SDP based exact MAX-
SAT solver, called SOS-MS. Our solver is competitive with the best-known solvers on
solving various (weighted partial) MAX-SAT instances. We are also first to compute
SDP bounds for the weighted partial MAX-SAT problem.
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In Section 6.3 we propose a family of semidefinite feasibility problems RB(ϕ) and
show that one member of this family provides the rank two guarantee, see Theo-
rem 6.1. That is, the existence of a feasible rank two matrix implies satisfiability of
the corresponding SAT instance. In Section 6.4, we outline the SOS approach to the
MAX-SAT problem, due to van Maaren et al. [299] and propose new bases. We intro-
duce the SOSθ

s and SOSQ
p bases, see (6.29), and provide several theoretical results

related to these bases, see Lemmas 6.2 and 6.3. Clearly, the strength of the SOS-SDP
based relaxations and the required time to compute them depend on the chosen mono-
mial basis. The SOS-SDP relaxation for the MAX-SAT problem is denoted by Pϕ.
We consider MAX-SAT resolution in Section 6.5 and show that resolution might not
be beneficial for the SOS approach applied to the MAX-SAT problem.

In Section 6.6, we elegantly show a connection between the SOS approach to the
MAX-SAT problem and the family of semidefinite feasibility problems RB(ϕ). This is
done by deriving the dual problem to Pϕ, see Theorem 6.6. In Section 6.7, we propose
the PRSM for solving Pϕ. We show that the PRSM is well suited for exploiting the
structure of Pϕ, in particular, the unit constraints, see (6.33). We thus provide an
affirmative answer to the key question posed by van Maaren et al. [299]: “Whether
SDP software can be developed dealing with unit constraints efficiently?”.

We extend the SOS approach for the MAX-SAT problem to the weighted partial
MAX-SAT problem in Section 6.8. Here, the variables are restricted to satisfy a set
of hard clauses. We show that such hard clauses can be incorporated in the SOS
program Pϕ by adding scalar variables. We show in Section 6.8.1 that the resulting
program (6.64) is also well suited for the PRSM.

In Section 6.9, we provide implementation details of our SOS-SDP based exact
MAX-SAT solver, whose pseudocode is given in Algorithm 4. SOS-MS is a B&B
algorithm and has two crucial components. The first one is the use of warm starts for
program Pϕ, in order to quickly obtain strong bounds. The second one is its ability
to quickly parse Pϕ, as outlined in Section 6.9.1. Our algorithm parses a basis that
contains 4,439,449 monomials in (approximately) one second (!).

In Section 6.10 we provide extensive numerical results that verify efficiency of our
exact solver SOS-MS and quality of SOS upper bounds. We show that SOS-MS can
solve a variety of MAX-SAT instances in reasonable time, while solving some instances
faster than the best solvers in the MSE-2016. We show that the SOSQ

p bases (6.28)
are able to prove optimality of some MAX-SAT instances, and that the parameter
Q provides the option to adjust the trade-off between quality of the bounds and
computation time. We also test our B&B algorithm for (weighted) partial MAX-SAT
instances in Sections 6.10.2 and 6.10.4. Our solver is able to solve many (weighted)
partial MAX-SAT instances in a reasonable time.

This chapter has demonstrated the strong performance of SOS-MS on (weighted
partial) MAX-SAT instances from the MSE random track. In the future, we hope
to also solve instances with SOS-MS from the so-called industrial and crafted tracks.
These tracks currently impose two challenges on SOS-MS. Firstly, these instances in-
duce prohibitively large SOSp bases, which hinders the computation of strong bounds.
To solve this, we require a more sophisticated method for choosing a smaller, man-
ageable, basis, like SOSθ

s . Secondly, these instances can possess clauses of length k,
where k ≥ 4. This is problematic in the current settings, since Fϕ, see (6.19), is a
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kth degree polynomial, which requires a large basis to be represented. One possible
way to overcome these challenges is through exploiting the structure present in these
instances. For example, function Fϕ might have few nonzero coefficients, which allows
for finding SOS decompositions with small monomial bases, using methods proposed
in [307], see also [5].
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Figure 6.1: SOS-MS on 70 variable MAX-3-SAT (basis SOS50
p )

0 15 30 45
0

500

1,000

1,500

Instances solved

Time (s)

Best MSE-2016
SOS-MS

Instance LB UB T. (s) Q |x| Iter.
s3v70c800-1 769 769.99 243.0 60 2181 3.9
s3v70c800-3 770 770.996 85.0 0 1603 3.0
s3v70c800-4 772 772.99 80.7 0 1588 2.8
s3v70c900-4 861 861.99 168.4 50 2022 3.3
s3v70c1000-1 953 953.999 236.6 60 2244 3.5
s3v70c1000-2 957 957.99 102.4 0 1810 2.7
s3v70c1000-5 958 958.996 83.6 0 1798 2.2
s3v70c1100-4 1048 1048.997 164.4 40 2014 3.2
s3v70c1500-2 1411 1411.998 165.7 0 2130 2.8
s3v90c900-5 875 875.99 218.4 40 2366 2.9
s3v90c900-7 873 873.995 519.9 70 3185 2.7
s3v110c1000-7 969 974.49 3089.3 110 6106 2.0
s3v110c1100-10 1064 1068.32 3232.5 110 6106 2.0

Table 6.2: Best upper bounds for the MAX-3-SAT problem per instance

id Q |x| |CH| GAP at X minutes |x|λmin

(×10−2)5 10 15 20 25 30

0

70 3288 5188 4.65 3.55 3.16 2.95 2.82 2.72 4.01
75 3507 6124 4.81 3.51 3.07 2.82 2.67 2.56 5.82
80 3754 7140 5.35 3.61 3.03 2.72 2.53 2.40 9.64
85 4035 7908 6.31 4.08 3.20 2.78 2.52 2.34 18.54
90 4340 8629 7.54 4.76 3.70 3.14 2.78 2.53 41.27
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id Q |x| |CH| GAP at X minutes |x|λmin

(×10−2)5 10 15 20 25 30

1

70 3334 4412 4.37 3.48 3.16 2.97 2.84 2.75 2.80
75 3548 5509 5.03 3.58 3.13 2.88 2.72 2.60 4.49
80 3780 6331 5.56 3.66 3.11 2.81 2.63 2.50 6.95
85 4054 7377 5.84 3.60 2.97 2.65 2.44 2.30 9.41
90 4352 8329 7.77 4.44 3.46 2.97 2.67 2.46 25.62

2

70 3324 5067 4.09 2.99 2.58 2.35 2.20 2.10 5.29
75 3536 5993 4.47 3.05 2.56 2.29 2.11 1.98 9.78
80 3776 7076 4.92 3.18 2.60 2.27 2.06 1.91 15.80
85 4046 7839 5.05 3.25 2.51 2.16 1.93 1.77 23.72
90 4346 8729 7.02 4.12 3.18 2.67 2.34 2.10 52.53

3

70 3296 4964 5.33 4.42 4.04 3.82 3.68 3.58 1.58
75 3528 5741 5.33 4.26 3.84 3.60 3.44 3.33 2.24
80 3773 6501 5.79 4.26 3.76 3.49 3.31 3.18 3.47
85 4038 7475 5.94 4.15 3.62 3.33 3.14 3.00 4.56
90 4343 8345 8.18 4.92 4.02 3.58 3.31 3.12 10.29

4

70 3304 4832 4.10 3.14 2.74 2.52 2.38 2.28 3.24
75 3529 5815 4.54 3.17 2.70 2.44 2.26 2.13 5.41
80 3775 6811 4.62 3.06 2.55 2.27 2.08 1.95 7.06
85 4052 7641 5.23 3.17 2.55 2.21 1.99 1.84 11.19
90 4352 8695 7.53 4.16 3.11 2.60 2.28 2.05 25.95

5

70 3287 5207 3.96 3.15 2.82 2.64 2.52 2.44 1.80
75 3506 6071 4.06 3.15 2.74 2.52 2.37 2.27 2.82
80 3760 6851 4.40 3.11 2.66 2.40 2.24 2.12 4.29
85 4037 7927 4.99 3.29 2.76 2.46 2.26 2.12 7.77
90 4347 8648 6.70 4.05 3.25 2.83 2.54 2.34 22.01

6

70 3298 4633 3.70 2.84 2.49 2.29 2.16 2.07 3.60
75 3508 5745 3.94 2.82 2.42 2.19 2.03 1.93 5.45
80 3744 6659 4.27 2.82 2.38 2.13 1.97 1.84 9.95
85 4018 7643 4.87 3.11 2.38 2.06 1.86 1.71 15.91
90 4332 8523 7.29 3.97 3.03 2.55 2.25 2.02 40.32

7

70 3345 4980 5.38 4.44 4.05 3.83 3.68 3.58 1.26
75 3562 6117 5.48 4.42 3.97 3.72 3.55 3.43 1.75
80 3803 7056 5.89 4.42 3.92 3.62 3.43 3.30 2.50
85 4062 7901 5.88 4.25 3.73 3.43 3.23 3.09 3.02
90 4359 8709 7.50 4.68 3.93 3.56 3.31 3.12 8.27

8

70 3258 5155 3.83 2.65 2.23 1.99 1.84 1.72 9.72
75 3484 5803 4.09 2.65 2.17 1.90 1.72 1.59 15.76
80 3735 6722 4.85 3.02 2.29 1.96 1.75 1.59 27.59
85 4008 7547 5.11 3.08 2.37 1.90 1.66 1.50 39.49
90 4324 8770 7.55 4.18 3.09 2.52 2.17 1.92 76.63
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id Q |x| |CH| GAP at X minutes |x|λmin

(×10−2)5 10 15 20 25 30

9

70 3341 5206 5.33 4.39 4.00 3.78 3.63 3.53 1.93
75 3569 5926 5.43 4.31 3.85 3.59 3.42 3.31 2.59
80 3811 7158 5.78 4.27 3.75 3.46 3.27 3.14 3.60
85 4078 8254 5.92 4.17 3.63 3.32 3.11 2.97 4.55
90 4367 9169 7.57 4.80 4.00 3.56 3.28 3.08 11.35

Table 6.6: Bounds for partial MAX-3-SAT instances
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Figure 6.2: SOS-MS on 80 variable MAX-3-SAT (basis SOSp)
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1,000
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Instances solved

Time (s)

CCLS2akms
SOS-MS

Instance
0 1 2 3 4 5 6 7 8 9

m

2500 59 177 237 536 75 45 400 361 320 61
3000 327 329 96 244 103 554 675 86 339 221
3500 322 223 112 134 188 620 23 469 144 252
4000 85 5 107 127 347 662 762 320 - 289
4500 679 334 592 251 732 470 145 223 318 135
5000 159 116 663 1258 975 226 473 598 200 105

Table 6.3: Unweighted 150 variable partial MAX-2-SAT running times (seconds)

Instance
0 1 2 3 4 5 6 7 8 9

m

1000 116 164 61 40 54 85 55 196 344 68
1500 608 144 447 164 529 190 105 269 349 370
2000 325 495 326 222 134 233 124 156 178 631
2500 103 544 282 1029 318 315 575 926 619 118
3000 - 1341 446 - 249 - 1220 422 1624 618
3500 1667 1195 1022 450 1327 1351 130 771 196 229
4000 91 5 208 1108 930 - - 1048 - 338
4500 - - 1601 1220 - 732 518 1347 799 965
5000 338 980 - 686 - - - - 222 294

Table 6.4: Weighted 150 variable partial MAX-2-SAT running times (seconds)
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Running time (s)
m Inst. SOS-MS CCLS2akms

1400

1 438.71 322.62
2 795.71 278.78
3 696.16 752.95
4 852.51 592.82
5 1250.02 1054.16

1500

1 499.26 885.66
2 653.51 1011.90
3 399.28 292.60
4 791.08 748.03
5 > 1800.00 1323.78

Table 6.5: Weighted 70 variable MAX-3-SAT on m clauses



A Supplementary data

A.1 Scaled form of the ADMM

Consider the unscaled ADMM scheme (1.29) on Page 14. Define Z̃ℓ := 1
ρZ

ℓ and
C̃ := 1

ρC. Note that (1.29) can be equivalently stated in terms of Z̃ℓ and C̃ as:

Xℓ+1 = PSn
+

(
Y ℓ + Z̃ℓ

)
Z̃ℓ+ 1

2 = Z̃ℓ + ν1
(
Y ℓ −Xℓ+1

)
Y ℓ+1 = PF

(
Xℓ+1 − C̃ − Z̃ℓ+ 1

2

)
Z̃ℓ+1 = Z̃ℓ+ 1

2 + ν2
(
Y ℓ+1 −Xℓ+1

)
,

(A.1)

Compared to (1.29), (A.1) does not require the computation of 1
ρZ

ℓ twice per itera-
tion. The scheme (A.1) is known as the scaled ADMM, see e.g., [34, Sect. 3.1.1].

A.2 Runtimes per MAX-3-SAT instance

We provide the running times of SOS-MS on each MAX-3-SAT instance from the
MSE-2016, on 70 and 80 variables. The instances correspond to Figures 6.1 and 6.2
respectively, see Page 186.

The runtimes are reported in Table A.1. Column m reports the number of clauses
in the corresponding instance. Column id reports the instance identifier, via the
following scheme: the instance id, on n ∈ {70, 80} variables, with m clauses, has
as full name s3v[n]c[m]-id.cnf. Column SOS-MS provides the runtimes in sec-
onds of the SOS-MS algorithm per instance. Column MSE from the 70 variable
instances also provides the running times of the solver from the MSE that solved
the corresponding instance in lowest time. Since the solvers from the MSE ran on
slower hardware than SOS-MS, we report the runtimes of SOS-MS on the 70 variable
instances after multiplying them by 1.4. Column CCLS2akms reports the runtimes
of the CCLS2akms algorithm on the 80 variable instances. This algorithm ran on
the same hardware as SOS-MS, and thus we report the original runtimes of both
the SOS-MS and CCLS2akms algorithms for the 80 variable instances. Note that 80
variable instances were not tested in the MSE-2016, so we are unable to infer what
the best MSE runtimes are.

191
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In Table A.1, table entries N/A indicate that the corresponding instance does not
exist with 70 or 80 variables. For example, the 70 variable s3v70c700-6.cnf does
not exist, but the 80 variable s3v80c700-6.cnf does.

The instances s3v70c1500-1.cnf, s3v70c1500-4.cnf and s3v70c1500-5.cnf re-
mained unsolved in the MSE-2016. Using SOS-MS, we compute that their optimal
values are 1410, 1409 and 1406, respectively.

Running time per instance (seconds)
70 variables 80 variables

m id SOS-MS MSE SOS-MS CCLS2akms

700

1 179.74 5.00 441.66 6.98
2 145.49 7.06 638.47 13.29
3 298.63 14.14 489.35 4.95
4 381.82 13.83 144.89 1.52
5 145.19 4.61 799.49 18.21
6 N/A 402.94 5.16

800

1 281.03 27.20 923.21 44.68
2 378.84 81.33 >1800.00 197.40
3 125.14 16.76 1174.15 43.04
4 129.03 15.14 557.18 25.93
5 118.23 26.16 388.10 35.73
6 N/A 1123.17 39.26

900

1 280.31 67.52 585.08 81.99
2 235.61 59.97 >1800.00 181.21
3 132.43 53.09 730.48 99.57
4 219.21 54.46 305.24 67.33
5 321.44 87.16 423.89 67.35
6 N/A 298.67 35.94

1000

1 312.57 123.08 1316.13 355.26
2 193.14 56.66 1307.67 273.86
3 122.33 78.94 327.52 93.09
4 100.70 122.22 1559.63 483.51
5 143.14 47.84 405.84 151.73
6 N/A 366.26 168.22

1100

1 531.20 331.47 1624.88 937.81
2 244.50 227.34 >1800.00 1393.08
3 122.36 136.06 279.54 344.01
4 230.81 169.47 1716.55 806.55
5 176.46 184.75 587.51 264.34
6 N/A 1660.14 425.80
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Running time per instance (seconds)
70 variables 80 variables

m id SOS-MS MSE SOS-MS CCLS2akms

1200

1 756.47 752.93 542.94 790.99
2 161.94 322.68 201.26 333.18
3 645.56 608.15 592.83 522.42
4 739.14 1011.74 641.53 486.97
5 473.66 544.98 1030.56 868.28
6 N/A 1729.55 1131.22

1300

1 520.31 1139.98 330.12 668.63
2 541.27 946.71 614.47 1314.20
3 367.58 708.07 >1800.00 >1800.00
4 153.01 316.19 428.29 992.42
5 278.93 650.70 >1800.00 >1800.00
6 N/A 1665.65 >1800.00

1400

1 129.06 705.64 443.53 >1800.00
2 854.36 1309.01 872.60 >1800.00
3 249.01 990.89 695.00 >1800.00
4 184.05 284.52 646.95 1044.26
5 299.69 1062.63 987.23 >1800.00
6 N/A 1433.79 >1800.00

1500

1 466.85 >1800.00

N/A
2 270.72 1182.99
3 191.68 893.82
4 642.74 >1800.00
5 433.93 >1800.00

Table A.1: 70 and 80 variable MAX-3-SAT instances

A.3 Branching process for the partial MAX-2-SAT
problem

During the B&B search for the optimal solution to partial MAX-2-SAT problems, we
do not compute SOS-SDP based upper bounds at each node. We describe here the
process which decides in which nodes the algorithm computes an upper bound.

Recall that our branching rule, described in Section 6.10.2 on Page 180, selects the
variable i ∈ [n] for which either unitRes(ϕ, i) or unitRes(ϕ,−i) contains many hard
unit clauses, and therefore many truth assignments. Each branching step creates two
child nodes. We refer to the node which corresponds to the proposition with most
truth assignments in the two child nodes as a bad node. The forced assignments
resulting from the hard unit clauses in that proposition are often sub optimal, which
explains the name.

The algorithm for the B&B search operates in two phases, named phase I and
phase II. In phase I, we only compute upper bounds for bad nodes. We exit phase
I when the algorithm fails to prune a bad node, or when the number of remaining
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variables is smaller than some fixed value nmin. This process is given in pseudocode
in Algorithm 5.

After exiting phase I, the algorithm enter phase II, see Algorithm 6. In phase II,
before we compute an upper bound in a node, we first attempt to remove variables
from the proposition, by pruning bad nodes. This is described in Lines 6 to 12. The
main difference with phase I is that, when we fail to prune a bad node in these lines,
we do not recompute a stronger upper bound with a larger monomial basis. The extra
effort in phase I is justified since pruning a node in phase I equates to removing one
unassigned variable from the rest of the search tree.

After Lines 6 to 12 of Algorithm 6, we consider the remaining proposition ϕ, and
compute the basis SOS1

s . If this basis is too large, we branch immediately. Otherwise,
we compute an SDP upper bound using this basis. We set the parameters as θstart = 0
in phase I, θstart = 0.1 in phase II, and (bmax, nmin, smax) = (15, 70, 1750).

Algorithm 5: B&B search for the (weighted) partial MAX-2-SAT problem,
phase I
1 Input: Lower bound LB, proposition ϕ, parameters

(θstart, nmin) ∈ [0, 0.5)× N.
2 Set θ = θstart.
3 while nϕ ≥ nmin do
4 Determine the truth assignment σ according to the branching rule from

Section 6.10.2.
5 Compute ϕ′ = unitRes(ϕ, σ).

/* Proposition ϕ′ corresponds to a bad node. */
6 Solve Pϕ′ , using basis SOSθ

s , to obtain UB.
7 if ⌊UB⌋ ≤ LB then
8 Update ϕ := unitRes(ϕ,−σ), and reset θ by θ := θstart.

/* Note that we did not compute an upper bound for the old
ϕ. */

9 else
10 if θ = θstart then
11 Set θ = 0.5 if UB− LB < 10, set θ = 1 otherwise.

/* Recompute a stronger upper bound with a larger θ. */
12 else

/* Stronger upper bound was unable to prune the node.
*/

13 Compute ϕ′′ = unitRes(ϕ,−σ).
14 Add two nodes corresponding to ϕ′ and ϕ′′ to the search tree.
15 break

/* Move to phase II of the algorithm (see Algorithm 6).
*/
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Algorithm 6: B&B search for the (weighted) partial MAX-2-SAT problem,
phase II
1 Input: Lower bound LB, parameters

(θstart, bmax, nmin, smax) ∈ [0, 1)× N× N× N.
2 while The search tree contains a node which is neither branched nor pruned

do
3 Consider an unbranched and unpruned node in the search tree, with

proposition ϕ.
4 Set b = 0.
5 while b < bmax & nϕ > nmin do
6 Determine the truth assignment σ according to the branching rule

from Section 6.10.2.
7 Compute ϕ′ = unitRes(ϕ, σ).

/* Proposition ϕ′ corresponds to a bad node. */
8 Solve Pϕ′ , using basis SOSθstart

s , to obtain UB.
9 if ⌊UB⌋ ≤ LB then

10 Update ϕ := unitRes(ϕ,−σ), and b := b+ 1.
/* Note that we did not compute an upper bound for the

old ϕ. */
11 else
12 break

13 Compute the monomial basis SOS1
s for ϕ.

14 if |SOS1
s | > smax then

15 Branch the node corresponding to ϕ, add its two children to the search
tree and continue with B&B search.
/* For efficiency reasons, compute upper bounds only when

the basis is small enough. */
16 else
17 Solve Pϕ, using basis SOS1

s , to obtain UB.
18 if ⌊UB⌋ ≤ LB then
19 Prune the node corresponding to ϕ, and continue with the B&B

search.
20 else
21 Perform Line 15.

A.4 Search tree for the partial MAX-2-SAT problem

We provide the search trees of our SOS-SDP based algorithm for solving various
partial MAX-2-SAT instances, as described in Section 6.10.2 on Page 180. These
instances are also reported in Tables 6.3 and 6.4.

For the search trees in Figures A.1 to A.3, each node is given a numeric value
between zero and one, or the value B. Numeric values indicate the largest value of
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θ for which basis SOSθ
s was used to compute an upper bound in that node. The

value B (B for branch) indicates that no upper bound was computed in this node,
but instead immediately a variable was chosen to branch.

The figures show the strength of the SDP bounds, implying that many nodes can
be pruned immediately. This also demonstrates the effectiveness of the branching
rule, which is able to find many nodes that can be pruned immediately.
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A.5 Reflection symmetries of Um and CUTn
m

In this section, we prove a claim relating to the extension of reflection symmetries of
Um to CUTn

m. This claim was made in Section 3.2.1, Page 61.
Let n,m ∈ N, and let σ : C → C be a reflection symmetry of Um, see (3.1) on

Page 57. That is, σ is a reflection that satisfies σ(Um) = Um. We extend σ to Cn by
defining, for u ∈ Cn, σ(u) via entrywise evaluation of σ to the entries of u. To extend
σ to CUTn

m, note that any X ∈ CUTn
m can be written as X = GHG, for some matrix

G ∈ Cn×n, since X ⪰ 0. We then extend σ to CUTn
m by defining

σ(X) := σ(G)Hσ(G), for σ(G) = (σ(Gij))i,j∈[n], and X = GHG. (A.2)

Lemma A.1. Let n,m ∈ N, and let σ : C → C be a reflection symmetry of Um. For
any X ∈ CUTn

m, define σ(X) as in (A.2). We have that σ(X) is well-defined, and
σ(X) = X.

Proof. Any reflection symmetry of Um can be written as σ(reϕi) = re(2θ−ϕ)i, where
θ ∈ R is the angle between the line of reflection and the axis Im(x) = 0. Therefore,
for x1, x2 ∈ C, with xj = rje

ϕj i and rj , ϕj ∈ R, j ∈ [2], we have that

σ(x1)σ(x2) = r1r2 e(2θ−ϕ1)ie(2θ−ϕ2)i = r1r2e
(ϕ1−ϕ2)i = x1x2. (A.3)

For vectors u, v ∈ Cn, (A.3) immediately shows that

σ(u)Hσ(v) =
∑
i∈[n]

σ(ui)σ(vi) =
∑
i∈[n]

uivi = vHu. (A.4)

To show that σ(X) is well-defined, note that the matrix G satisfying X = GHG
is unique up to multiplication on the left by an orthogonal matrix Q ∈ Cn×n, i.e.,
G→ QG. Therefore, as X = GHG = (QG)H(QG), it must hold that

σ(G)Hσ(G) = σ(QG)Hσ(QG). (A.5)

To verify (A.5), let vectors e1, . . . , en ∈ {0, 1}n form the canonical basis of unit vectors
of Rn. Then, using (A.4), we find that

(σ(G)Hσ(G))ij = σ(Gei)
Hσ(Gej) = e⊤j G

HGei = Xji. (A.6)

For Q an orthogonal matrix, i.e., QHQ = I, we again use (A.4) to derive

(σ(QG)Hσ(QG))ij = σ(QGei)
Hσ(QGej) = e⊤j G

HQHQGei = Xji. (A.7)

The combination of (A.6) and (A.7) proves (A.5), so that σ(X) is well-defined.
Equation (A.6) also shows that σ(X)ij = Xji. Since X is Hermitian, Xji = Xij ,

so that σ(X) = X, which completes the proof.
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A.6 Facet enumeration of V(CUT3
3)

Table A.2 provides a complete enumeration of the 27 facet defining inequalities of
V(CUT3

3), see (3.28). These inequalities are given implicitly in Theorem 3.17 on
Page 70, and one inequality is given explicitly in Proposition 3.12 on Page 68. The
facet defining inequalities in Table A.2 were verified using the SageMath software
[295]. The corresponding SageMath code is provided in Listing A.1.

In Table A.2, inequalities 1 up to and including 18 are the triangle facets, using the
terminology of Section 3.3. Inequalities 19 up to and including 27 are the inequalities
that ensure xi ∈ Conv(B3) for all i ∈ [3], see (3.6).

# Create the field extension to symbolically evaluate sqrt(3)
x = polygen(ZZ, 'x')
K.<sqrt3> = NumberField(x^2 - 3, embedding=AA(3)**(1/2))
r = sqrt3/2

# Create the polyhedron with points of the cut polytope.
# Points are given as (Re(x), Im(x)).
P = Polyhedron([(1,1,1,0,0,0),(1,-0.5,-0.5,0,-r,-r),
(1,-0.5,-0.5,0,r,r),(-0.5,1,-0.5,-r,0,r),
(-0.5,-0.5,1,-r,-r,0),(-0.5,-0.5,-0.5,-r,r,-r),
(-0.5,1,-0.5,r,0,-r),(-0.5,-0.5,-0.5,r,-r,r),
(-0.5,-0.5,1,r,r,0)])

# Compute the facet defining inequalities (i.e.,
# half-space representation) of the cut polytope P
P.Hrepresentation()

Listing A.1: SageMath code for computing the facets of V(CUT3
3).

A.7 Computational details of proof of Lemma 4.17

We provide computational details on the proof of Lemma 4.17 on Page 107. Specif-
ically, the verification of c(G, s) ≤ ⌊s/2⌋ for all G ∈ Gs for s ∈ {5, 7, 9, 11, 13}. We
performed the following steps on a laptop (16 GB RAM and Intel i7-1165G7 CPU),
which required approximately 16 hours to run. Our code is available at

https://github.com/LMSinjorgo/QMC_proofVerification.

We first use the software package nauty [222] to generate the graphs in Gs that
satisfy the properties 1 to 3 of Lem. 4.16. Then, for the case s ∈ {5, 7, 9}, we verify
that c(G, 2) ≤ ⌊s/2⌋ for these graphs in Gs using SDP. Computing c(G, 2) can be
done using the Pauli-based SDPk, but, in fact, solving a relaxation of SDPk based
on the SWAP operators already suffices to establish the desired upper bound. (More
precisely, we compute the first level of the QMC SDP relaxation based on the SWAP
operators, see [293, 311] and in particular the discussion in [293, Sect. 5.1.2].)

For s = 11, we consider the 26360 (see Table 4.3 on Page 107) remaining graphs
Gj = ([11], Ej), j ∈ [26360] in the sequence as returned by nauty. We construct the

https://github.com/LMSinjorgo/QMC_proofVerification
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η1 η2 η3

1. i eπi/6 i
2. e5πi/6 e−πi/6 eπi/6

4. eπi/6 e−πi/6 e5πi/6

5. i −i e−πi/6

5. eπi/6 e−5πi/6 eπi/6

6. e−πi/6 −i i
7. e−5πi/6 eπi/6 e−πi/6

8. −i i eπi/6

9. eπi/6 i −i
10. e−πi/6 eπi/6 e−5πi/6

11. e−πi/6 e5πi/6 e−πi/6

12. −i e−πi/6 −i
13. e5πi/6 i e5πi/6

14. e−5πi/6 e5πi/6 i
15. i e5πi/6 e−5πi/6

16. e5πi/6 e−5πi/6 −i
17. e−5πi/6 −i e−5πi/6

18. −i e−5πi/6 e5πi/6

19.
√
3eπi/3 0 0

20.
√
3e−πi/3 0 0

21. −
√
3 0 0

22. 0
√
3e−πi/3 0

23. 0
√
3eπi/3 0

24. 0 −
√
3 0

25. 0 0
√
3eπi/3

26. 0 0
√
3e−πi/3

27. 0 0 −
√
3

Table A.2: Coefficients η of the facet defining inequalities Re

(
3∑

i=1

ηixi

)
≤

√
3

2
for

V(CUT3
3).
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corresponding Hamiltonians recursively as

HGj+1
= HGj

+
∑

e∈Ej+1\Ej

He −
∑

e∈Ej\Ej+1

He. (A.8)

Constructing HGj+1
using (A.8) is efficient since nauty returns a sequence of graphs

where Ej ≈ Ej+1. Additionally, (A.8) shows that

λmax

(
HGj+1

)
≤ λmax

(
HGj

)
+ λmax

 ∑
e∈Ej+1\Ej

He

. (A.9)

Here, we have used that He = (1/4)H2
e ⪰ 0. Generally, λmax

(∑
e∈Ej+1\Ej

He

)
≤ 4 |Ej+1 \ Ej |, and tighter bounds are possible if, for example, the edges Ej+1 \ Ej

form a star graph. If (A.9) already proves that c(Gj+1, s) = λmax

(
HGj+1

)
/2−|Ej+1| ≤

⌊s/2⌋, we do not carry out the computation of λmax

(
HGj+1

)
, nor the construc-

tion of HGj+1
. If the bound (A.9) does not prove c(Gj+1, s) ≤ ⌊s/2⌋, we compute

λmax

(
HGj+1

)
with MATLABs eigs function.

The case s = 13 proceeds similarly as the case s = 11, except we first discard
some of the 9035088 graphs in G13 that satisfy properties 1 to 3 of Lem. 4.16, by
arguing as follows: of these 9035088 graphs, 959842 of them do not satisfy property
4 with |S| = 2, and so we may discard those. We verify that these 959842 graphs
do not satisfy property 4 in approximately 5 seconds. Of the now remaining 8075246
graphs, 1622184 of them satisfy τ(G) ≤ 6. We verify that these 1622184 graphs satisfy
τ(G) ≤ 6 in approximately 20 seconds. By Item 2 of Lem. 4.15, these graphs satisfy
c(G, 13) ≤ τ(G) ≤ 6, so we may discard them as well. For the remaining 6453062
graphs G, we compute upper bounds on λmax(HG) in the manner described for the
case s = 11.



B Technical lemmas and proofs

B.1 Proofs from Chapter 2

The following known result (cf. e.g. [297]) is used in the proofs of Theorem 2.20
and Lemma 2.23, on Pages 35 and 38 respectively. We provide a proof for the sake
of completeness.

Lemma B.1. Let g1, . . . , gn, n ∈ N, be convex functions from Rd to R, for some
d ∈ N. For some k ∈ [n], define g(x) := Sk({g1(x), . . . , gn(x)}) as the function that
returns the sum of the k largest values in {g1(x), . . . , gn(x)}, x ∈ Rd. Function g is
convex.

Proof. Let x, x′ ∈ Rd and w ∈ [0, 1]. We have

wg(x)+(1− w)g(x′) = wSk({g1(x), . . . , gn(x)}) + (1− w)Sk({g1(x′), . . . , gn(x′)})
= Sk({wg1(x), . . . , wgn(x)}) + Sk({(1− w)g1(x

′), . . . , (1− w)gn(x
′)})

≥ Sk({wg1(x) + (1− w)g1(x
′), . . . , wgn(x) + (1− w)gn(x

′)})
≥ Sk({g1(wx+ (1− w)x′), . . . , gn(wx+ (1− w)x′)})
= g(wx+ (1− w)x′).

B.2 Proofs from Chapter 3

We require the following result to prove Lemma 3.14 on Page 69.

Lemma B.2. Let r :=
(
2 cos π

9

)−1 ≈ 0.53 and y = e2πi/9. We have that

Y :=

 1 ry2 ry
ry2 1 ry2

ry ry2 1

 ∈ E3
3 . (B.1)

Proof. It is easily verified that the values ry2, ry, and their complex conjugates, are
contained in Conv(U3). It remains to show that Y ⪰ 0, which we do by showing that
the principal submatrices of Y have nonnegative determinants.

All 1 × 1 principal submatrices of Y have determinant 1. All 2 × 2 principal
submatrices of Y have determinant 1 − r2 ≈ 0.72. To compute these determinants,

204
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we have used that |y| = 1. Lastly,

det(Y ) = r3
(
y3 + y3

)
− 3r2 + 1 = 2r3 cos

(
6π

9

)
− 3r2 + 1

=
cos
(
6π
9

)
− 3 cos

(
π
9

)
+ 4 cos3

(
π
9

)
4 cos3

(
π
9

) . (B.2)

Substituting the triple angle identity 4 cos3(x) = 3 cos (x) + cos (3x) in (B.2) shows
that the numerator of (B.2) equals cos

(
6π
9

)
+ cos

(
3π
9

)
= 0, so that det(Y ) = 0.

Proof of Lemma 3.14, Page 69. Since inequality (3.29) is facet defining, the inequal-
ity is tight. It therefore follows that maxX∈CUT3

3
⟨Q,X⟩ =

√
3
2 . We now claim that

Q∗ := max
X∈E3

3

⟨Q,X⟩ =
3 cos

(
π
18

)
2 cos

(
π
9

) ≈ 1.57, (B.3)

which would prove that str(Q, 3) = Q∗/maxX∈CUT3
3
⟨Q,X⟩ =

√
3 cos( π

18 )
cos(π

9 )
.

We now prove (B.3). For any Y ∈ E3
3 , the value ⟨Q,Y ⟩ provides a lower bound on

Q∗. In particular, for Y as in (B.1), we have that

max
X∈E3

3

⟨Q,X⟩ ≥ ⟨Q,Y ⟩ = Q∗. (B.4)

We now derive the matching upper bound. For any X ∈ E3
3 , the inner product ⟨Q,X⟩

can be rewritten as follows, for r :=
(
2 cos π

9

)−1 ≈ 0.53 and q := (4 sin (2π/9))−1 ≈
0.39:

⟨Q,X⟩ = Q∗ −
(√

3− 2q

r

) ∑
1≤i<j≤3

Re

(
1

2
− eπi/3Xij

)

− q

〈 1 e−4πi/9 e−8πi/9

e4πi/9 1 e−4πi/9

e8πi/9 e4πi/9 1

 , X〉 ≤ Q∗ ∀X ∈ E3
3 ,

(B.5)

The inequality in (B.5) is due to the following facts: q > 0, the matrix 1 e−4πi/9 e−8πi/9

e4πi/9 1 e−4πi/9

e8πi/9 e4πi/9 1

 =

 1
e4πi/9

e8πi/9

 1
e4πi/9

e8πi/9

H

⪰ 0,

the term Re
(
1
2 − eπi/3Xij

)
≥ 0 (since Xij ∈ Conv U3) and

√
3− 2q

r ≥ 0. Claim (B.3)
follows from combining (B.4) and (B.5), which completes the proof.

The following definition is used in the proof of Theorem 3.17 on Page 70.

Definition B.3. A convex subset F of a convex set C is said to be a face of C if it
satisfies the following: if x, y ∈ C and t ∈ (0, 1) are such that tx+ (1− t)y ∈ F , then
x, y ∈ F .
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Proof of Lemma 3.33, Page 83. Proof by induction: the statement is trivially true for
r = 1, since rank one matrices in En

∞ are extreme points of En
∞ themselves. Assume

the result holds up to r−1, for some r ≥ 2. It remains to prove the result for A ∈ En
∞

with rk(A) = r. If A is an extreme point of En
∞, we are done, since then A ∈ Conv{A},

and rk(A) ≤ rk(A).
Suppose that A is not an extreme point of En

∞. Let A1 be an extreme point of En
∞

for which the value

t∗ := max {t : (1− t)A1 + tA ∈ En
∞}

satisfies t∗ > 1. Such a matrix A1 exists because A is not an extreme point of En
∞.

Set A2 := (1− t∗)A1 + t∗A and note that A2 ̸= A. Matrix A lies on the line segment
with endpoints A1 and A2, i.e., A ∈ Conv{A1, A2}.

Let us now write A = GHG for some G ∈ Cr×n with rk(G) = r. Consider the
perturbation B = GHRG, R ∈ Hr, of A that satisfies A+ tiB = Ai, for all i ∈ {1, 2},
and for some real numbers t1 > 0 and t2 < 0. Then

Ai = GH(Ir + tiR)G, i ∈ {1, 2}. (B.6)

Matrix A1 is an extreme point of En
∞, and therefore lies on the boundary of En

∞.
By optimality of t∗, matrix A2 also lies on the boundary En

∞. Hence, the matrices Ai,
i ∈ {1, 2}, are both PSD, but not positive definite. Therefore, as G is full rank and
the Ai satisfy (B.6), it follows that the matrices Ir + tiR, i ∈ {1, 2} are also PSD, but
not positive definite. In particular, this implies that rk(Ir + tiR) ≤ r − 1, so that

rk(Ai) = rk
(
GH(Ir + tiR)G

)
≤ rk(Ir + tiR) ≤ r − 1 < rk(A).

We have shown that A ∈ Conv{A1, A2}, where A1 is an extreme point of En
∞, and

both matrices A1, A2, have rank strictly smaller than rk(A) = r. By the induction
hypothesis, matrix A2 is the convex combination of at most r − 1 extreme points of
En
∞. That is, there exist extreme points Ã1, . . . , Ãr−1 of rank at most r−1, such that
A2 ∈ Conv{Ã1, . . . , Ãr−1}. This completes the proof, since

A ∈ Conv{A1, A2} ⊆ Conv{A1, Ã1, . . . , Ãr−1},

and the ranks of the matrices A1, Ã1, . . . , Ãr−1 are strictly smaller than rk(A).

Proof of Lemma 3.35, Page 83. The case r = 2 follows from Theorem 3.34. We as-
sume that r ∈ {3, 4} and write

A = BHB, for some B =
[
b1 b2 b3 b4

]
, bi ∈ Cr, ∥bi∥ = 1 ∀i ∈ [4]. (B.7)

Note that, given A, the matrix B is unique up to unitary multiplication, i.e., B → QB,
for Q a unitary matrix in Cr×r. We claim that there exists a unitary Q ∈ Cr×r such
that

QB =

[ √
wqH

√
1− wG

]
, for w ∈ (0, 1), q ∈ U4

∞, G ∈ C(r−1)×4, QHQ = I4. (B.8)
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If so, (B.8) implies that

A = (QB)H(QB) = wqqH + (1− w)GHG =⇒ A ∈ Conv{qqH, GHG}, (B.9)

where qqH is a rank 1 extreme point of CUT4
∞, and GHG ∈ E4

∞ with rk
(
GHG

)
=

r − 1. Note that GHG ∈ E4
∞ follows from the fact that GHG ⪰ 0 and diag(GHG) =

1
1−wdiag(A− wqqH) = 14.

We now prove the existence of a unitary Q satisfying (B.8). Consider the following
system of equations in a Hermitian matrix variable X:〈

b1b
H
1 − b2b

H
2 , X

〉
=
〈
b1b

H
1 − b3b

H
3 , X

〉
=
〈
b1b

H
1 − b4b

H
4 , X

〉
= 0. (B.10)

Since ∥bi∥ = 1, see (B.7), X = Ir is a solution to (B.10). Then, [6, Thm. 2.2] states
that there exists a nonzero vector x ∈ Cr such that X = xxH solves (B.10). As the
set of solutions to (B.10) is closed under scalar multiplication, we may assume that
∥x∥ = 1.

Let Q be a unitary matrix with xH as its first row. Then the first row of QB
consists of the values xHbi, i ∈ [4]. Since X = xxH satisfies (B.10), it follows that
|xHbi| = |xHbj | for all i, j ∈ [4]. Thus, Q satisfies (B.8) and our claim is proven.

It follows, considering (B.9), that A ∈ Conv{qqH, GHG}. If r = rk(A) = 3 and
GHG is an extreme point of E4

∞ we are done. If r = 3 and GHG is not an extreme
point of E4

∞, then GHG itself is the convex combination of two rank 1 extreme points
of E4

∞ by Theorem 3.34. This proves the case r = 3, which we inductively use to proof
the case r = 4.

If r = 4, then rk
(
GHG

)
= 3, and so GHG is not an extreme point of E4

∞
by Lemma 3.21. Then, using Lemma 3.35 for r = 3, there exist extreme points
A1, . . . , Ak, k ≤ 3, satisfyingGHG ∈ Conv{A1, . . . , Ak} and

∑
i∈[k] rk(Ai) = 3. Hence,

A ∈ Conv{qqH, A1, . . . , Ak}, which proves the result for r = 4.

We require the following result to prove Lemma 3.38 on Page 84.

Lemma B.4. For the matrix H as in (3.68), we have that −I4 ⪯ 1√
3
H ⪯ I4.

Proof. Since H2 = 3 I4, the eigenvalues of H are contained in
{
±
√
3
}
.

Proof of Lemma 3.38, Page 84. Let m ≥ 3 be an integer or m = ∞. To prove Item
1 of Lemma 3.38, we derive first

max
X∈E4

m

⟨H,X⟩ = max
X∈E4

m

4
√
3−

〈√
3I4 −H,X

〉
≤ 4

√
3. (B.11)

The equality in (B.11) follows from the fact that ⟨
√
3I4, X⟩ = 4

√
3. The inequality

in (B.11) follows from the fact that
√
3I4 −H ⪰ 0 by Lemma B.4, and X ⪰ 0 since

X ∈ E4
∞. To prove that maxX∈E4

m
⟨H,X⟩ ≥ 4

√
3, we consider the matrix

Y := rH + I4, for r :=
1√
3
≈ 0.58.
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We claim that Y ∈ E4
m, which implies that maxX∈E4

m
⟨H,X⟩ ≥ ⟨H,Y ⟩ = r⟨H,H⟩ =

4
√
3. Combined with (B.11), this would prove Item 1.
We have that Y ⪰ 0 by Lemma B.4. Thus, to prove that Y ∈ E4

m, it remains to
show that the entries of Y are contained in Conv(Um). Note that the entries of Y
are contained in the set {1, r,±ri}. Clearly, 1 and r are contained in Conv(Um). For
m = 3, ri ∈ Conv

{
1, e2πi/3

}
⊆ Conv(U3) and −ri ∈ Conv

{
1, e4πi/3

}
⊆ Conv(U3). For

m = 4, note that the polytope Conv(U4) contains an inscribed circle of radius

min
x∈∂Conv(U4)

|x| =
∣∣∣∣1 + i

2

∣∣∣∣ = 1√
2
. (B.12)

Since

|±ri| = r =
1√
3
<

1√
2
, (B.13)

it follows that ±ri ∈ Conv(U4). Now for the case m > 4: let Rm denote the radius of
the inscribed circle of Conv(Um) (by (B.12), R4 = 1/

√
2). Note that Rm is increasing

in m. Therefore, following (B.13), we have

| ± ri| < R4 ≤ Rm ⇒ {±ri} ⊆ Conv Um ∀m ≥ 4.

Thus, we have shown that all elements of Y are contained in Conv(Um) for all valid
m. Therefore, Y ∈ E4

m.
To prove Item 2 of Lemma 3.38, we use that CUT4

m ⊆ CUT4
∞ ⊆ L(B1), see (3.48),

which implies that

max
X∈CUT4

m

⟨H,X⟩ ≤ max
X∈CUT4

∞

⟨H,X⟩ ≤ max
X∈L(B1)

⟨H,X⟩. (B.14)

It follows from (B.14) that we may prove Item 2 of Lemma 3.38 by proving the
following two inequalities: maxX∈CUT4

m
⟨H,X⟩ ≥ 6 and maxX∈L(B1)⟨H,X⟩ ≤ 6.

For the first inequality, we use that J4 ∈ CUT4
m, which implies that

max
X∈CUT4

m

⟨H,X⟩ ≥ ⟨H,J4⟩ = 6.

For the second inequality, let X ∈ L(B1), and let Z ∈ F(B1) be a matrix satisfying
Z1:4,1:4 = X, see (3.44). We have that ⟨H,X⟩ = 6− ⟨Q,Z⟩, where

Q =
1

2


4 0 −2i −2 2i −2
0 0 0 0 0 0
2i 0 2 −1− i −1− i 0
−2 0 −1 + i 2 0 1− i
−2i 0 −1 + i 0 2 −1 + i
−2 0 0 1 + i −1− i 2

 .

We claim that Q ⪰ 0. Then, since also Z ⪰ 0, we have ⟨H,X⟩ = 6 − ⟨Q,Z⟩ ≤ 6 for
any X ∈ L(B1). To show that Q ⪰ 0, we compute the Schur complement of Q with
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respect to Q11 = 2. The resulting matrix is given by

1

2


0 0 0 0 0
0 1 −1 −i i
0 −1 1 i −i
0 i −i 1 −1
0 −i i −1 1

 =
1

2


0
i
−i
−1
1




0
i
−i
−1
1


H

⪰ 0.

Proof of Lemma 3.41, Page 85. We fix some n ≥ 2. For notational convenience, we
omit the superscript n in sets Ã n and A n. It suffices to show that Ã |= A , see
Definition 3.23. Define the sets

D0 := Ã , and Di := D0 ∪ {2e1, 2e2, . . . , 2ei} for i ∈ [n− 1],

where the vectors ei ∈ {0, 1}n−1, i ∈ [n − 1], are the columns of In−1. Note that
Dn−1 = A . It suffices to show that Di |= Di+1 for all i ∈ {0, 1, . . . , n−2}. Indeed, by
the transitivity of |=, see Definition 3.23, it then follows that Ã = D0 |= Dn−1 = A .

To prove that Di |= Di+1, we use again PSD completion theory [125]. Specifically,
we show that any X ′ ∈ F(Di) can be extended to an X ∈ F(Di+1) that satisfies
X1:|Di|,1:|Di| = X ′. To do so, let X ′ ∈ F(Di) and let X be the associated partially
specified matrix, similar as to (3.49). We show that the PSD completion problem
corresponding to X is always feasible, i.e., X can always be completed to a PSD
matrix in F(Di+1) that satisfies X1:|Di|,1:|Di| = X ′.

We denote the graph associated to this PSD completion problem by G, with as
vertices the elements of Di+1, and edge set E = {{γ, β} : Xγ,β ̸= ⋆}. Note that E
can be rewritten as

E = {{γ, β} : γ, β ∈ Di+1, γ − β ∈ Di − Di} ,

where Di − Di := {γ − β : γ, β ∈ Di}. Since Di ⊆ Di+1 and |Di| = |Di+1| − 1, it
follows that G contains a clique of size |Di|. It is then easily checked that G is a
chordal graph.

Since G is chordal, we can apply [125, Thm. 7], which states that X can be
completed to a PSD matrix if and only if every fully specified submatrix of X is PSD.
Using similar arguments as in the proof of Lemma 3.25, it follows that every fully
specified submatrix of X is PSD if and only if XJ is PSD. Recall that XJ denotes
the fully specified principal submatrix of X, indicated by the elements of

J :=
{
γ ∈ Di+1 : X2ei+1,γ ̸= ⋆

}
= {γ ∈ Di+1 : 2ei+1 − γ ∈ Di − Di}
= {ei+1 + ek : k ∈ [n− 1]} ∪ {ei+1}.

Note that the linear function f(γ) := γ − ei+1 defines a bijection from J to a subset
of Di. Since γ − β = f(γ) − f(β), we have that (XJ )γ,β = X ′

f(γ),f(β). This implies
that XJ is permutation-similar to a submatrix of X ′. Since X ′ ⪰ 0, also XJ ⪰ 0,
which completes the proof.
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Proof of Lemma 3.46, Page 88. We show that N = GHG satisfies Items 1 and 2 of
Proposition 3.45. Denote by e, u, v ∈ C2 the first three columns of G (in that order).
Observe that u1 is a convex combination of 1 and exp(2πi/m), both m-roots of unity,
and therefore

N12 = eHu = u1 = cos (π/m)eπi/m ∈ ∂Conv(Um) \ Um.

Hence, N satisfies Item 1 of Proposition 3.45. Let us now verify Item 2 by computing
a possible perturbation of N . Considering (3.72) on Page 86, a perturbation is defined
by some α ∈ C and c ∈ R. Since a perturbation (of N) remains a perturbation after
scaling by a real number, we may assume without loss of generality that c = 1. We
determine α by solving the linear system (3.71) with c = 1. The entries of the matrix
in this system are given by

u1u2 = v1v2 =
sin( 2πm )

2
eπi/m, |u2|2 = sin2

( π
m

)
and |v2|2 = cos2

( π
m

)
. (B.15)

Substituting (B.15) in (3.71) yields

sin
(
2π
m

)
2

[
eπi/m e−πi/m

e−πi/m eπi/m

] [
α
α

]
=

[
− sin2

(
π
m

)
− cos2

(
π
m

)] =

[ cos(2π/m)−1
2

− cos(2π/m)−1
2

]
. (B.16)

Solving (B.16) for the vector
[
α α

]⊤ yields[
α
α

]
=

1

sin(2π/m)

[
eπi/m e−πi/m

e−πi/m eπi/m

]−1 [
cos(2π/m)− 1
− cos(2π/m)− 1

]
=

1

2 sin2(2π/m)i

[
eπi/m −e−πi/m

−e−πi/m eπi/m

] [
cos(2π/m)− 1
− cos(2π/m)− 1

]
. (B.17)

By computing the matrix vector product in (B.17), we obtain

α =
−i

2 sin2
(
2π
m

) ( cos

(
2π

m

)[
e

π i
m + e−

π i
m

]
+ e−

π i
m − e

π i
m

)
=

−1

sin2
(
2π
m

) (cos(2π

m

)
cos
( π
m

)
i+ sin

( π
m

))
.

Accordingly, b12, see (3.72) on Page 86, is computed as follows (using c = 1):

b12 = eH
[
0 α
α 1

]
u = u2α.

It remains to show that Re(νb12) ̸= 0, for ν = exp(πi/m). To do so, note that
u2 = sin (π/m) ∈ R, and thus,

Re(νb12) =
−u2

sin2
(
2π
m

)Re(e−πi/m

[
sin
( π
m

)
− i cos

( π
m

)
cos

(
2π

m

)])
=

−u2
sin2

(
2π
m

) cos( π
m

)
sin
( π
m

)[
1− cos

(
2π

m

)]
̸= 0, since m > 2.

(B.18)
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For the second equality in (B.18), we have used that Re
(
ie−πi/m

)
= sin (π/m). Since

b12 is uniquely determined (up to real scaling), it follows from (B.18) that there
does not exist a perturbation satisfying Re(νb12) = 0. Hence, N satisfies Item 2 of
Proposition 3.45. Thus N is a rank 2 extreme point of E3

m.

B.3 Proofs from Chapter 4

The following result is used in the proof of Lemma 4.6 on Page 101. This result is
also stated in [253], without proof.

Lemma B.5. Let n ∈ N and PΠ := {
⊗n

i=1 σi : σi ∈ {I2, X, Y, Z} ∀i ∈ [n]}, where
X, Y , Z are the 2×2 Pauli matrices as in (4.2) on Page 98. Define PΠ

R := PΠ∩R2n×2n

as the set of real matrices in PΠ. The matrices in PΠ
R form a basis of S2n over R.

Proof. Let A = σ1 ⊗ · · · ⊗ σn and A′ = σ′
1 ⊗ · · · ⊗ σ′

n be distinct matrices in PΠ, with
σi, σ

′
i ∈ {I2, X, Y, Z} for all i ∈ [n]. We have that

⟨A,A′⟩ =
n∏

i=1

⟨σi, σ′
i⟩ = 0,

since the matrices in {I2, X, Y, Z} are orthogonal with respect to the trace inner
product. It follows that the matrices in PΠ are linearly independent. Therefore
also all matrices in PΠ

R are linearly independent. Because the Kronecker product of
Hermitian matrices is Hermitian, it follows that all matrices in PΠ are Hermitian.
Therefore, all matrices in PΠ

R are real symmetric.
We have thus shown that all matrices in PΠ

R are linearly independent and real
symmetric. It remains to show that the cardinality

∣∣PΠ
R
∣∣ equals the dimension of S2n ,

given by dim
(
S2n

)
= 1

2 (4
n + 2n). To compute

∣∣PΠ
R
∣∣, note that the Kronecker product

of matrices in {I2, X, Y, Z} is real if and only if the number of Y matrices appearing
in the product, is even. If k denotes the number of Y matrices appearing in such a
Kronecker product, then there are

(
n
k

)
ways to choose the k positions of Y . Each of

the remaining n − k positions consists of one of the three matrices in {I2, X, Z}. It
follows that

∣∣PΠ
R
∣∣ = n∑

k=0:k even

(
n

k

)
3n−k =

1

2

(
n∑

k=0

(
n

k

)
3n−k +

n∑
k=0

(
n

k

)
3n−k(−1)k

)

=
1

2
((3 + 1)n + (3− 1)n) = dim

(
S2n

)
.

(B.19)

The third equality in (B.19) follows from the binomial theorem.

We require (a part of) [247, Lem. 1], to prove Lemma B.7, which in turn helps to
prove Lemma 4.16 on Page 106.

Lemma B.6 ([247]). Let L ∈ F k
n with k ≥ 2 and n ≥ 3. Let i, j, ℓ ∈ [n], and

consider the values hij, hiℓ, hjℓ associated to L as in Definition 4.8. We have that
hij + hiℓ + hjℓ ≤ 0.
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To compare Lemma B.6 with [247, Lem. 1], note that the variables sij in [247] satisfy
sij = −hij .

Lemma B.7. Let G ∈ Gs with s ≥ 3, and let k ≥ 2. There exists a triangle-free
graph G′ ∈ Gs, satisfying c(G, k) ≤ c(G′, k), see (4.15).

Proof. If G = (V,E) is triangle-free, the result follows directly by taking G′ = G.
If G is not triangle-free, we may assume without loss of generality that the edges
e1, e2, e3 ∈ E form a triangle in G. Consider an optimal solution of the SDP defining
c(G, k), with values (he)e∈E as in Definition 4.8. By Lemma B.6,

∑3
i=1 hei ≤ 0.

Thus, there is some e ∈ {e1, e2, e3} for which he ≤ 0. Consider the graph obtained
after removing from G this edge e, which is given by G[E \ e]. Observe that G[E \ e]
contains strictly less triangles than G, and satisfies c(G, k) ≤ c(G[E\e], k). Repeating
the procedure if necessary, this concludes the proof.

Proof of Lemma 4.16, Page 106. The direction ⇒ is trivial, since G ⊆ Gs. For the
reverse direction, observe first that maxG∈Gs

c(G, k) ≥ ⌊s/2⌋ (it is straightforward to
verify that the graph on ⌊s/2⌋ disjoint edges, denoted byG′, satisfies c(G′, k) = ⌊s/2⌋).
Thus, it remains to prove that all G ∈ Gs \ G satisfy c(G, k) ≤ ⌊s/2⌋. Due to
Lemma B.7 it suffices to consider G ∈ Gs \G that are triangle-free. We distinguish
the following cases, corresponding to which of the four properties of Lemma 4.16 are
not satisfied by G.

Case 1. If G is disconnected, let graphs (Gi = (V i, Ei))i∈[p] form the connected
components of G for some p ∈ N. Item 1 from Lemma 4.15 on Page 105 yields

c(G, k) ≤
p∑

i=1

c
(
G[Ei], k

)
≤

p∑
i=1

⌊
|V i|
2

⌋
≤
⌊∑p

i=1 |V i|
2

⌋
=
⌊s
2

⌋
.

If G is connected but not biconnected, there exists a partition {E1, E2} of E(G) such
that G[Ei], i ∈ {1, 2}, is a graph on si vertices, with s1 + s2 = s + 1. Since s + 1 is
even, the numbers si are either both even or both odd. If they are both odd, we find

c(G, k) ≤
2∑

i=1

c
(
G
[
Ei
]
, k
)
≤
⌊s1
2

⌋
+
⌊s2
2

⌋
=
s1 − 1

2
+
s2 − 1

2
=
⌊s
2

⌋
.

If the numbers si are both even, we proceed as follows: Since G is connected but not
biconnected, the graphs G

[
Ei
]
, i ∈ {1, 2}, must have precisely one common vertex

v ∈ V (G). Let Ev ⊆ E(G) be the set of edges adjacent to v, and consider the
partition

{
E1 \ Ev, E

2 \ Ev, Ev

}
of E(G). Observe that G[Ei \ Ev] is a graph on at

most si − 1 vertices. Also note that G[Ev] is a star graph, which implies by (4.17)
that c(G[Ev], k) ≤ 1. We have

c(G, k) ≤ c
(
G[E1 \ Ev], k

)
+ c
(
G[E2 \ Ev], k

)
+ c(G[Ev], k) ≤

⌊s
2

⌋
,

where c
(
G[Ei \ Ev], k

)
= 0, i ∈ {1, 2}, if Ei \ Ev = ∅. If G is bipartite, then

its vertex cover number satisfies τ(G) ≤ ⌊s/2⌋. Hence, by Item 2 of Lemma 4.15,
c(G, k) ≤ ⌊s/2⌋.



B.3. PROOFS FROM CHAPTER 4 213

Case 2. If G contains a vertex of degree 1, then G is not biconnected and the proof
follows as in case 1. If G has a vertex i satisfying deg(i) > (s − 1)/2 (equivalently,
deg(i) ≥ (s+ 1)/2), note that the vertices in N(i) are pairwise non-adjacent since G
is triangle-free. This implies that V (G) \ N(i) is a vertex cover of G. Then, Item 2
from Lemma 4.15 implies that

c(G, k) ≤ τ(G) ≤ |V (G) \N(i)| = |V (G)| − |N(i)| = s− deg(i)

≤ s− (s+ 1)/2 = (s− 1)/2 = ⌊s/2⌋.

Case 3. If |E(G)| < s, G is either disconnected or a tree (and thus bipartite). In
both cases, c(G, k) ≤ ⌊s/2⌋ (as proven in case 1).

Case 4. If G = (V,E) has a nonempty stable set S ⊆ V for which N(S) := ∪i∈SN(i)
satisfies |N(S)| ≤ |S|, we proceed as follows: let EN(S) be the set of edges adjacent
to at least one vertex in N(S). The set N(S) is a vertex cover of G

[
EN(S)

]
, so that

c
(
G
[
EN(S)

]
, k
)
≤ τ

(
G
[
EN(S)

])
≤ |N(S)| (Item 2 from Lemma 4.15). Observe that

G
[
E \ EN(S)

]
is a graph on at most s− |N(S)| − |S| vertices. We find

c(G, k) ≤ c
(
G
[
EN(S)

]
, k
)
+ c
(
G
[
E \ EN(S)

]
, k
)

≤ |N(S)|+
⌊
s− |N(S)| − |S|

2

⌋
≤ |N(S)|+

⌊
s− 2|N(S)|

2

⌋
= |N(S)|+ s− 2|N(S)| − 1

2
=
s− 1

2
=
⌊s
2

⌋
.

(B.20)

For the third inequality in (B.20), we used that |N(S)| ≤ |S|. For the first equality,
we have used that s− 2|N(S)| is odd, since s is odd.

We have considered all possible cases of G ̸∈ G, which finishes the proof.

The following lemma provides two implications of property 4 from Lemma 4.16,
Page 106.

Lemma B.8. Let G = (V,E) be a graph on n vertices, such that for any stable set
S in G, it holds that |∪i∈SN(i)| ≥ |S|+ 1. Then deg(i) ≥ 2 for any vertex i, and the
vertex cover number τ(G) ≥ (n+ 1)/2.

Proof. Let i ∈ V . Since {i} is a stable set in G, it holds that |N(i)| = deg(i) ≥
|{i}| + 1 = 2. To prove that τ(G) ≥ (n + 1)/2, let S be a stable set of maximum
cardinality, i.e., |S| = α(G). As S is a maximum cardinality stable set, it follows that
| ∪i∈S N(i)| = n− |S| = n−α(G). Then, by the property of G, n−α(G) ≥ α(G)+ 1.
Substituting the classical result α(G) + τ(G) = n [102] completes the proof.

The following lemma is used in the proof of Theorem 4.27, Page 114.

Lemma B.9. Let the function f be defined as in (4.46), h as in (4.47) and r =
0.61392. We have that

max
p∈[ 2r−1

q(0)−1
,1]
f(h(r, p), p) < r. (B.21)
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Proof. To simplify notation, we write ℓ := 2r−1
q(0)−1 and g(p) := f(h(r, p), p). We first

show that g is concave. Using concavity, we determine a small interval in which the
function g attains its maximum. We then apply the mean value theorem to this
interval, to prove (B.21). For intuition, Figure B.1 provides a plot of g.

We now prove that g is concave by showing that g′′(p) ≤ 0. Recall from the
proof of Theorem 4.27, the expressions of the positive numbers µ = 14/15, C1 =
(4 + µ(π − 2))/(2π) and C2 = (1 + 3µ/2). The function g′(p) can be computed by
using the multivariate chain rule. To this end, denote by Dif the partial derivative
of f , see (4.46), with respect its ith argument, i ∈ {1, 2}. For ease of notation, we
write h(p) = h(r, p), for h as in (4.47) and r = 0.61392. We have, for p ∈ (ℓ, 1],

g′(p) = h′(p)D1f (h(p), p) +D2f(h(p), p)

=
(2r − 1)q(1/2)

6pq(0)
√

2(p+2r−1)
pq(0) − 1

(
C1(1− 2h(p))√
h(p) (1− h(p))

− 1

)

+
1

3

[
q(1/2)

(
1− h(p)

2
+ C1

√
h(p)(1− h(p))

)
− C2

]
.

Observe that g is not differentiable for p = ℓ, since h(ℓ) = 0. However, it can be
verified using a computer that r > g(ℓ) ≈ 0.587, so that it suffices to consider only
p ∈ (ℓ, 1]. The function g′′(p) is given by

g′′(p) = −1

3

(
2 r − 1

q(0)

)2

q(1/2)C1
k1(p)

k2(p)
,

where

k1(p) := −6u(p) +
2

C1

(√
u(p)− u(p)

)3/2
+ 3

√
u(p) + 4 (u(p))

3/2
,

k2(p) := 4 p3
(√

u(p)− u(p)
)3/2

(u(p))
3/2
,

and u(p) := 2−q(0)
q(0) + 4r−2

pq(0) . Since u(p) is decreasing in p for p ∈ (ℓ, 1] (and u(1) ≈ 0.909,
as can be verified using a computer), we have

0 < u(1) ≤ u(p) < u(ℓ) = 1 (B.22)

for all p ∈ (ℓ, 1], which implies that
√
u(p)− u(p) > 0 for p ∈ (ℓ, 1]. Thus, k1(p) and

k2(p) are well-defined for all p ∈ (ℓ, 1]. Furthermore, (B.22) shows that k2(p) > 0 for
p ∈ (ℓ, 1].

For k1(p), we find k1(p) ≥ −6u(p) + 3
√
u(p) + 4 (u(p))

3/2 ≥ 0. For the first

inequality, we have used that 2
C1

(√
u(p)− u(p)

)3/2
≥ 0. The second inequality

follows from the fact that minz∈[0,1]

(
−6z + 3

√
z + 4z3/2

)
= 0, since −6z+3

√
z+4z3/2

is an increasing function, as can be shown by evaluating the derivative.

Hence, k1(p) ≥ 0 and k2(p) > 0 for all p ∈ (ℓ, 1]. Since −1
3

(
2r−1
q(0)

)2
q(1/2)C1

< 0, it follows that g′′(p) ≤ 0, which proves that g is concave on p ∈ (ℓ, 1]. We will
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Figure B.1: Plot of the function g(p) = f(h(r, p), p), see (B.21), for p ∈ [ℓ, 1], where
ℓ = (2r − 1)/ (q(0)− 1) ≈ 0.7961.

use concavity of g, in combination with the mean value theorem, to prove (B.21).
Let p1 = 0.897 and p2 = 0.898. It can be verified (by computer) that g′(p1) > 0
and g′(p2) < 0. By concavity of g, it follows that maxp∈[ℓ,1] g(p) = g(p∗), for some
p∗ ∈ (p1, p2). Observe that g is continuous and continuously differentiable on (p1, p2).
By the mean value theorem, we have

max
p∈[ℓ,1]

g(p) = g(p∗) = g′(z)(p∗ − p1) + g(p1) ≤ g′(p1)(p2 − p1) + g(p1) < r,

for some z ∈ (p1, p2). For the first inequality, we have used that g is concave, so that
g′(p) is a decreasing function. The second inequality can be verified by computing
the number g′(p1)(p2 − p1) + g(p1) (≈ 0.61391).

Lemma B.10. The system of inequalities (4.77) is inconsistent for r := 0.8339.

Proof. Define

A1 :=
{
z ∈ [0, 1]2 : 2r − 1 ≤ (1− z1)(1− z2), 0 ≤ z1 ≤ z2 ≤ 2(1− r)

}
A2 :=

{
z ∈ [0, 1]2 : 2

√
z1(1− z2)− z2 ≥ c2, 0 ≤ z1 ≤ z2 ≤ 2(1− r)

}
A3 :=

{
z ∈ [0, 1]2 : 2

√
z2(1− z1)− z1 ≥ c3, 0 ≤ z1 ≤ z2 ≤ 2(1− r)

}
,

where c2 :=
(
4−

√
3
)
r − 2 ≈ −0.109, and c3 :=

(
2 +

√
3
)
r − 2 ≈ 1.112. If z is a

solution to (4.77), then z ∈ A := A1∩A2∩A3. We will show that A = ∅, which implies
that (4.77) is inconsistent. Proving A = ∅ directly is difficult, due to the nonlinearity
of A. To circumvent this difficulty, we will define half-planes Hi, i ∈ {1, 2, 3}, that
satisfy Ai ⊆ Hi. Therefore, the intersection H := H1 ∩H2 ∩H3 ∩

{
z ∈ R2 : z ≥ 0

}
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satisfies A ⊆ H, so that A = ∅ follows from H = ∅. Since H is a polytope, H = ∅ can
be proven via Farkas’ lemma [85].

Let us now define the half-planes Hi for i ∈ {1, 2, 3}. We also define corresponding
functions fi, that we use to prove the inclusions Ai ⊆ Hi. Consider

H1 :=
{
z ∈ R2 : 0.69z1 + z2 ≤ 0.333

}
, f1(x) := 0.69x+

2r + x− 2

x− 1
,

H2 :=
{
z ∈ R2 : z1 − 0.183z2 ≥ −0.0423

}
, f2(x) :=

max {c2 + x, 0}2

4(1− x)
− 0.183x,

H3 :=
{
z ∈ R2 : −0.9z1 + z2 ≥ 0.3088

}
, f3(x) := −0.9x+

(c3 + x)
2

4 (1− x)
.

To prove that A1 ⊆ H1, observe first that z ∈ A1 =⇒ z2 ≤ 2r+z1−2
z1−1 and z1 ∈

[0, 2(1− r)]. For z ∈ A1, we have

0.69z1 + z2 ≤ 0.69z1 +
2r + z1 − 2

z1 − 1
≤ max

x∈[0,2(1−r)]
f1(x) = f1(x

∗) < 0.333,

where x∗(≈ 0.016) is the stationary point of f1 in the interval [0, 2(1 − r)] (we omit
the computation of x∗), and f1(x∗) ≈ 0.332. Thus, A1 ⊆ H1.

For A2 ⊆ H2, we use that z ∈ A2 =⇒ z1 ≥ max{c2+z2,0}2

4(1−z2)
and z2 ∈ [0, 2(1 − r)].

Then

z1 − 0.183z2 ≥ max {c2 + z2, 0}2

4(1− z2)
− 0.183z2 ≥ min

x∈[0,2(1−r)]
f2(x). (B.23)

To solve the minimization problem in (B.23), note that f2(x) = −0.183x for x ∈
[0,−c2]. Thus, minx∈[0,−c2] f2(x) = 0.183c2 ≈ −0.020. For x ∈ [−c2, 2(1 − r)], we
have minx∈[−c2,2(1−r)] f2(x) = f2(x

∗) ≈ −0.0422. Here, x∗(≈ 0.323) is the stationary
point of f2 in [−c2, 2(1 − r)] (we omit the computation of x∗). We conclude that
minx∈[0,2(1−r)] f2(x) = f2(x

∗) > −0.0423, which implies by (B.23) that A2 ⊆ H2.
The proof of A3 ⊆ H3 is similar to the proof of A2 ⊆ H2. We have z ∈ A3 =⇒

z2 ≥ (c3+z1)
2

4(1−z1)
and z1 ∈ [0, 2(1− r)]. Then

−0.9z1 + z2 ≥ −0.9z1 +
(c3 + z1)

2

4 (1− z1)
≥ min

x∈[0,2(1−r)]
f3(x) = f3(x

∗) > 0.3088,

where x∗(≈ 0.015) is the stationary point of f3 in [0, 2(1 − r)], and f3(x
∗) ≈ 0.309.

Thus, Ai ⊆ Hi for all i ∈ {1, 2, 3}.
Using slack variables s, we can write the intersection H = H1∩H2∩H3 as follows:

H consists of all the z ∈ R2, z ≥ 0, for which there exists an s ∈ R3, s ≥ 0, such that
M
[
z⊤, s⊤

]⊤
= u, where

M :=

0.69 1 1 0 0
1 −0.183 0 −1 0

−0.9 1 0 0 −1

 and u :=

 0.333
−0.0423
0.3088

 .
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By Farkas’ lemma [85], H is empty if and only if there exists a vector y ∈ R3 satisfying
M⊤y ≥ 0 and u⊤y < 0. Since y := [0.824,−1.447,−1.087]⊤ satisfies these conditions,
H = ∅, which implies that A = ∅ because A ⊆ H. Since any solution to (4.77) is
contained in A, it follows that (4.77) is inconsistent.



Academic summary

A mathematical optimization problem, also referred to as a program, is defined by an
objective function and a set of constraint functions. Solving such a program consists
of assigning values to the variables of these functions, in such a way that the objective
function is maximized, or minimized, and the constraints are satisfied. Mathematical
optimization is widely used in many fields of science, in business and in engineering.
For example, mathematical optimization can be used to determine an asset portfolio
that maximizes the expected return, while also respecting constraints involving risk
measures.

Arguably, the simplest programs are those in which the objective and constraint
functions are linear functions. Such linear programs (LPs) are well understood, and
widely used in practice. A slightly more general program is known as a semidefinite
program (SDP). SDPs are programs with a linear objective function, and constraints
that require that certain matrix-valued variables are positive semidefinite. Both SDPs
and LPs can be solved efficiently. Roughly speaking, the number of steps required to
solve LPs and SDPs is polynomial in the input size of the program.

This thesis studies SDPs, methods for solving them, and their use for solving
stable set and max-cut problems. The stable set and max-cut problems are funda-
mental problems from computer science, with many applications. These two problems
generally cannot be solved efficiently, unlike LPs and SDPs. As large scale problem
instances of the stable set and max-cut problems are thus practically unsolvable, one
often resorts to so-called relaxations of these problems that can be solved efficiently.
These relaxations provide approximate solutions to the original problem. Relaxations
based on SDP, i.e., SDP relaxations, are more accurate than those based on LP, but
also require more computation time.

This thesis considers SDP relaxations for (variants of) the stable set and max-cut
problems. These relaxations are usually solved by computers and do not admit closed
form solutions. However, we also consider certain problem instances for which the
SDP relaxations provide closed form solutions. Another point of study in this thesis is
which SDP relaxation to use: there exist hierarchies of SDP relaxations of increasing
accuracy, and increasing difficulty in solving them. The goal is to select the relaxation
that is easiest to solve, while also being sufficiently accurate. To do so, it is important
to understand how the levels of the hierarchy differ.

SDP relaxations are often used in so-called approximation algorithms. These
are efficient algorithms that provide an approximate solution to some problem, with
provable performance guarantees on the accuracy of the approximate solution. This
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performance guarantee is referred to as the approximation ratio of the approxima-
tion algorithm. For a variant of the max-cut problem known as the quantum max-cut
(QMC) problem, it is unclear what the best possible approximation ratio is. This the-
sis studies approximation algorithms for the QMC problem that use SDP relaxations.
In particular, this thesis provides improved approximation ratios and approximation
algorithms on certain QMC problem classes.

The previously discussed topics concern theoretical properties of (algorithms that
involve) SDPs. In this thesis we also investigate computation methods for solving
SDPs. There exist various computation methods for solving SDPs, each well suited
to different purposes. In this thesis, we solve large stable set problems using SDP
relaxations that we solve with a particular computation method. We show that this
computation method works well via extensive numerical benchmarks. In particular,
it is shown that this method requires significantly less computer memory than other
methods. This ensures that the large scale relaxations can be solved on modest
computer hardware, without running out of memory.

We use a similar computation method for solving SDP relaxations of the MAX-
SAT problem, which is similar to the max-cut problem. We provide a MAX-SAT
solver that uses these SDP relaxations. This algorithm is compared to other MAX-
SAT solvers from the literature. This comparison highlights the strength of SDP
relaxations for solving certain MAX-SAT problems.



Academische samenvatting

Een wiskundig optimalisatieprobleem, ook wel een programma genoemd, bestaat uit
een doelfunctie en een verzameling van randvoorwaarden. Het oplossen van een
dergelijk programma bestaat uit het toekennen van waarden aan de variabelen van
deze functies, zodanig dat de doelfunctie wordt gemaximaliseerd of geminimaliseerd
en aan de randvoorwaarden wordt voldaan. Wiskundige optimalisatie wordt op grote
schaal toegepast in vele wetenschapsgebieden, in het bedrijfsleven en in de tech-
niek. Zo kan wiskundige optimalisatie worden gebruikt om een beleggingsportefeuille
te bepalen die het verwachte rendement maximaliseert, terwijl tegelijkertijd wordt
voldaan aan randvoorwaarden die betrekking hebben op risicomaten.

De eenvoudigste programma’s zijn waarschijnlijk die waarbij de doel- en rand-
voorwaarden lineaire functies zijn. Dergelijke lineaire programma’s (LP’s) zijn goed
begrepen en worden in de praktijk veelvuldig gebruikt. Een iets algemener programma
staat bekend als een semidefiniet programma (SDP). SDP’s zijn programma’s met een
lineaire doelfunctie en randvoorwaarden die vereisen dat bepaalde matrix variabelen
positief semidefiniet zijn. Zowel SDP’s als LP’s kunnen efficiënt worden opgelost:
grofweg gesteld is het aantal stappen dat nodig is om LP’s en SDP’s op te lossen
polynomiaal in de grootte van het programma.

Dit proefschrift bestudeert SDP’s, methoden om deze op te lossen, en hun toepass-
ing bij het oplossen van het stabiele verzameling probleem en het max-cut probleem.
Het stabiele verzameling probleem en het max-cut probleem zijn fundamentele prob-
lemen uit de informatica, met vele toepassingen. Deze twee problemen kunnen in het
algemeen niet efficiënt worden opgelost, in tegenstelling tot LP’s en SDP’s. Omdat
grootschalige probleeminstanties van het stabiele verzameling en max-cut probleem
daardoor in de praktijk onoplosbaar zijn, wordt vaak gebruikgemaakt van zogenoemde
relaxaties van deze problemen die wel efficiënt kunnen worden opgelost. Deze relax-
aties leveren benaderende oplossingen voor het oorspronkelijke probleem. Op SDP
gebaseerde relaxaties, dat wil zeggen SDP relaxaties, zijn nauwkeuriger dan relaxaties
gebaseerd op LP, maar vereisen ook meer rekentijd.

Dit proefschrift beschouwt SDP relaxaties voor (varianten van) het stabiele verza-
meling en het max-cut probleem. Deze relaxaties worden doorgaans door computers
opgelost en laten geen gesloten-vormoplossingen toe. We beschouwen ook bepaalde
probleeminstanties waarvoor de SDP relaxaties wel gesloten-vormoplossingen oplev-
eren. Een ander aandachtspunt in dit proefschrift is de keuze van de SDP relaxatie: er
bestaan hiërarchieën van SDP relaxaties met toenemende nauwkeurigheid en toene-
mende moeilijkheidsgraad om ze op te lossen. Het doel is om de relaxatie te selecteren
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die het eenvoudigst op te lossen is en tegelijkertijd voldoende nauwkeurig is. Om dit
te kunnen doen, is het belangrijk te begrijpen waarin de niveaus van de hiërarchie
van elkaar verschillen.

SDP relaxaties worden vaak gebruikt in zogenoemde benaderingsalgoritmen. Dit
zijn efficiënte algoritmen die een benaderende oplossing voor een probleem leveren,
met bewijsbare prestatiegaranties voor de nauwkeurigheid van die oplossing. Deze
prestatiegarantie wordt de benaderingsratio van het benaderingsalgoritme genoemd.
Voor een variant van het max-cut probleem, bekend als het quantum max-cut prob-
leem (QMC), is het onduidelijk wat de best mogelijke benaderingsratio is. Dit proef-
schrift bestudeert benaderingsalgoritmen voor het QMC probleem die gebruikmaken
van SDP relaxaties. In het bijzonder presenteert dit proefschrift verbeterde benader-
ingsratio’s en benaderingsalgoritmen voor bepaalde klassen van QMC problemen.

De eerder besproken onderwerpen betreffen theoretische eigenschappen van (al-
goritmen die gebruikmaken van) SDP’s. In dit proefschrift onderzoeken we ook nu-
merieke methoden voor het oplossen van SDP’s. Er bestaan verschillende numerieke
methoden voor het oplossen van SDP’s, die elk geschikt zijn voor verschillende doelein-
den. In dit proefschrift lossen we grote stabiele verzameling problemen op met behulp
van SDP relaxaties, die we oplossen met een specifieke numerieke methode. Aan de
hand van uitgebreide numerieke experimenten tonen we aan dat deze methode goed
werkt. In het bijzonder wordt aangetoond dat deze methode aanzienlijk minder com-
putergeheugen vereist dan andere methoden. Dit maakt het mogelijk om grootschalige
relaxaties op bescheiden computerhardware op te lossen zonder dat het geheugen uit-
geput raakt.

We gebruiken een vergelijkbare numerieke methode voor het oplossen van SDP
relaxaties van het MAX-SAT probleem, dat vergelijkbaar is met het max-cut prob-
leem. We presenteren een MAX-SAT algoritme die gebruikmaakt van deze SDP re-
laxaties. Dit algoritme wordt vergeleken met andere MAX-SAT algoritmes uit de lit-
eratuur. Deze vergelijking benadrukt de kracht van SDP relaxaties voor het oplossen
van bepaalde MAX-SAT problemen.
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