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Notation and abbreviations

Sets

Conv(S)

set of the complex nth roots of unity

set of complex numbers

convex hull of elements in S (also written as Conv S)
set of n X n complex Hermitian matrices

set of n x n complex Hermitian PSD matrices

={ac MU : Tigpai <d}

set of integers {1,...,n}

={B C[n] : |B| <k} for integers n and k

set of real numbers

={xeR: x>0}

set of n x n real symmetric matrices

set of n x n real symmetric positive semidefinite matrices

vil



viii NOTATION AND ABBREVIATIONS

Linear algebra

0, or 0 all-zeroes column vector of length n, or of fitting size
1,or1l all-ones column vector of length n, or of fitting size

det(-) determinant of a square matrix

Diag(-) Diag(a) is the diagonal matrix with a as its diagonal
diag(-) adjoint operator of Diag(-)

Ok Hermitian/conjugate transpose

I,orl n X n identity matrix or identity matrix of fitting size
J,ord n X n matrix of ones or matrix of ones of fitting size

A() eigenspectrum of a square matrix

M >0 matrix M is positive semidefinite

M >N matrix M — N is positive semidefinite

(M, N) trace inner product tr(MYN)

| M| Frobenius norm of matrix M, i.e., \/tr(MHM)

M &N Hadamard product of matrices M and N

M&® N Kronecker product of matrices M and N

Pr(-) projection onto set F, i.e., Pr(X) := argminy 7 || X — Y|
rk(-) rank of input matrix

()7 transpose

tr(-) the trace of a square matrix

vech(X) vector of all n(n 4 1)/2 lower triangular entries of X € S

Graph theory

Ac {0,1} adjacency matrix of graph G

a(Q) independence/stability number of graph G

Cn cycle graph on n vertices

deg(i) degree of vertex i, i.e., the number of vertices adjacent to 7
E(G) edge set of graph G

G=(V,E) simple undirected graph with vertex set V and edge set
Gy, set of all simple, undirected, unweighted graphs on n vertices
G complement graph of G

K, complete graph on n vertices

Lq Laplacian matrix of G

N (i) set of vertices adjacent to vertex ¢

n]q :={B C [n] : B is stable in G}, where V(G) = [n]

w(G) clique number of graph G

srg(n,d, A\, u) strongly regular graph
) vertex cover number of graph G
) vertex set of graph G

X(G) chromatic number of graph G
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Polynomials

deg(-)

[Flx]

Flz]q

F(x), F(z)q
<fi7 Ut fm>k
s(d)

vi(r)

xB

degree of polynomial

polynomials with coeffs. in the field F, in commutative variables
polynomials in F[x] of degree at most d, d € N.
noncommutative variants of F[z] and F[z]4

={> it 9ifihi ¢ gi, hi € F(z), deg(gifihi) <k Vi€ [m]}

= (”:d), size of vy4(x), where z consists of n variables

vector of monomials that form a basis of F[x]4, d € N

tor of 1<> for B C (I
vector of monomials Hzeﬁx ses or —(Sk)

Miscellaneous

1g
Arg(-)

[ |
_—

for some 8 C [n], 15 € {0,1}"™, with (15); =1iff. i€
angle in [0, 27) of a complex number, with Arg(0) =0
expectation operator

exponential function

for 8 C [n], I(8) = 1 if |f] = 1, and 0 otherwise
imaginary part of a complex matrix

imaginary unit

real part of a complex matrix

sign of a real number (with sgn(0) =1)

logical disjunction

logical conjunction

symmetric difference, i.e., AAB:=(AUB)\ (AN B)
cardinality of a set, or absolute value: |z| = v zHz
floor function

ceiling function

round to nearest integer function
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Abbreviations

ADMM alternating direction method of multipliers
CNF conjunctive normal form

CSDP complex semidefinite program(ming)
EGF extremal Gram factor

EPR Einstein, Podolsky, Rosen

IPM interior-point method

LP linear program(ming)

MAX-SAT maximum satisfiability

MIMO multiple-input multiple-output

MLE maximum likelihood estimator

POP polynomial optimization problem
PRSM Peaceman-Rachford splitting method
PSD positive semidefinite

QMC quantum max-cut

SAT satisfiability

SDP semidefinite program(ming)

SOS sum of squares

s.t. such that, or, subject to

UGC unique games conjecture

w.l.o.g. without loss of generality



1 Introduction

Mathematical optimization is the study of solution methods for optimization prob-
lems. An optimization problem is to optimize (i.e., minimize or maximize) a given
real-valued objective function, over a given feasible set. Such optimization problems
arise in many fields of science, such as operations research, finance, engineering, and
machine learning. Optimization problems can be divided in classes. For example,
when the feasible set is finite, we speak of discrete optimization. When the objective
function is linear, and the feasible set corresponds to the solutions of a system of
linear equations, we speak of linear programming (LP).

In this thesis, we study a generalization of LP known as semidefinite programming
(SDP). More precisely, we consider SDP approaches for solving the stable set and
max-cut problems, and some variants thereof. The stable set and max-cut problems
are fundamental problems in the field of computer science, and the use of SDP for
solving these problems has been widely studied. We propose and investigate solution
methods for solving the semidefinite programs that arise in these applications, and
provide various theoretical results to better understand these programs. In the rest
of this chapter, we provide a brief introduction to SDP, how SDP can be used to solve
polynomial optimization problems, and the problems that we will apply SDP to.

1.1 An SDP problem and its dual

SDP concerns mathematical optimization problems in which the (real) symmetric
matrix variable is restricted to be positive semidefinite (PSD). A symmetric n x n
matrix X is said to be PSD if v" Xv > 0 for all v € R”, written as X > 0. Another
equivalent condition is that the eigenvalues of X are nonnegative. We write S for
the cone of symmetric PSD matrices of size n x n, and 8™ for the set of symmetric
matrices of size n x n. An SDP problem (or simply, an SDP) can be stated as follows:

p*:= inf (C,X) subject to (4;, X)=b; i1 =1,...,m, (1.1)
Xesn

where C, Ay,..., A, € 8™, b € R™, and the trace inner product (C, X) is defined as

<C,X> = tI‘(CX) - Z CZlej

i,j€[n]
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Every SDP admits a corresponding dual SDP. The dual SDP of (1.1) is given by

d* := sup b'y subject to C' — ZyiAi = 0. (1.2)
yeR™ i=1

It is common to set p* = oo if (1.1)) is infeasible, and p* = —oc if is unbounded.
Similarly, we set d* = —oc if (1.2)) is infeasible, and d* = oo if is unbounded.
We have that d* < p*, which is known as weak duality. Strong duality holds when
d* = p*. It is known that strong duality holds if Slater’s condition [285] is satisfied
by or . Slater’s condition of an optimization problem is that it is bounded
and strictly feasible.

Strict feasibility of and involves the notion of a positive definite matrix.
A symmetric matrix X is said to be positive definite, written as X > 0, if its eigen-
values are positive. Then, the SDP is said to be strictly feasible if its feasible
set contains a positive definite matrix. Similarly, is said to be strictly feasible if
there exists a y € R™ for which C' — 1", y;4; > 0.

Many excellent surveys and textbooks have been written on SDP, see e.g., [13] [29]
178, 188, 212] 240, 296, 300}, [313] and references therein. These references cover the
wide range of applications of SDP, and its rich theory. In the rest of this thesis, we
limit ourselves to a small number of these topics.

1.2 Polynomial optimization

Polynomial optimization concerns optimization problems in which the objective func-
tion is a polynomial, and the constraints are given by polynomial (in)equalities. Poly-
nomial optimization has been popularized by the works of [Shor| [276] and Nesterov,
[235], and further refined by Lasserre [175] and [Parrilo| [249]. These works demonstrate
that SDP is a powerful tool for solving polynomial optimization problems (POPs).
In this thesis, we consider POPs of the following form:

fmin == in}f{f(ac)7 for K :=={z € R" : g(x) =0 for all g € S}, (1.3)
T€

where f € R|x], with R[z] the ring of polynomials in the n variables z1,...,z,, and S
is a finite subset of R[z]. In general, (1.3) is NP-hard, since it includes, for example,

the NP-hard stable set problem (see|Section 1.3.1)).

Let P(K) be the set of polynomials nonnegative over K. It can be observed that

(1.3) is equivalent to
fminzsup{MER : f—,uE]P(K)}, (14)

see e.g., [212 Eq. 2.6]. It follows from that tractable lower bounds on f,i, can
be obtained by replacing P(K) in by a tractable subset of P(K). One class of
tractable subsets of P(K) is based on the notion of sum of squares (SOS) polynomials.
The set of SOS polynomials of degree at most d € N is given by

k
Ya = {p €R[z]lg : p=) pi(x)*, keN,p R[] forallic [k]} :
=1
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where R|[x]4 denotes the set of polynomials of degree at most d. SOS polynomials can

be expressed using PSD matrices. To see this, define v4(x) as the vector of monomials
that form a basis of R[z]4, of size s(d) := ("gd). We have that

pE Yy < Q€ Si(d) satisfying p = vq(z) T Qvqa(z),

see e.g., [178] Prop. 2.1]. Clearly, if p is SOS, then p is nonnegative over R™, but the
converse is not necessarily true [140].

Let Zg be the polynomial ideal generated by the g € S. The ideal Zg and the SOS
polynomials can be used to define a subset of P(K), given by

M(S), = {p e R[z|oq : p=va(x) " Qvy(zr) modIs, Q € Si(d)} )

for some d € N. Indeed, if p € M(S),, then p(z) > 0 for all x € K, and thus,
M(S), € P(K). Since @ > 0, SDP can be used to optimize over M(S),, for fixed
d e N.

If we now replace the constraint f — p € P(K) in (1.4) by the more restrictive
constraint f — p € M(S),, we obtain the following lower bound on fuin:

fao=sup{peR: f—pe M(S),}. (1.5)

Note that the condition f —u € M(S), C Rz]aq in (1.5 requires that the relaxation
order d > [deg f/2]. The SDPs defining f4, for d > [deg f/2], form a hierarchy of
SDP relaxations of the POP . This hierarchy is known as the Lasserre hierar-
chy [175], or Moment-SOS hierarchy [179]. Note that the original presentation of the
Lasserre hierarchy in [175], involves only polynomial inequality constraints. Presenta-
tions of the Lasserre hierarchy with polynomial equality constraints can also be found
in, e.g., [120] [174] [184].

The SDP defining f; is referred to as the dth level of the Lasserre hierarchy.
Higher levels of the hierarchy provide better bounds on f,;, than lower levels of the
hierarchy, since

M(S)y S M(S)yy CP(K) VdeN

implies that f; < fgr1 < fmin- At the same time, the PSD matrix variable of the
dth level of the hierarchy is of size s(d) x s(d), and so ‘the computational cost of its
basic formulation can be quite heavy, even for problems of modest dimension’. [179,
Sect. 8|.

If, for some d € N, M(S), satisfies the Archimedean condition, i.e., R — ||z||* €
M(S), for some R > 0, then limy—,o0 fg = fmin [175, Thm. 4.2.a]. There also exist
additional conditions under which the hierarchy exhibits finite convergence [66 177,
1841 1238, 239], that is, fq = fmin for some finite d € N. Lastly, if the polynomials
g € S form a Grobner basis for Zg, then for fixed d > [deg f/2], the SDP bound
fa is computable in time polynomial in n up to fixed precision [262] Lem. 8]. This
condition is satisfied for the sets S we consider in this thesis. There exist more general
conditions that ensure polynomial time computability of f; up to fixed precision, see
[123] 242 262].
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1.2.1 A dual perspective on polynomial optimization

Instead of using SOS polynomials, the Lasserre hierarchy can also be stated in
terms of truncated moment sequences. This leads to a hierarchy of SDPs that are
dual to , and therefore, provide the same values f;, assuming a mild condition
that ensures strong duality.

Let us write polynomials in R[x] as

p(z) = Z Paz®, where p, € R and 2 := H T (1.6)
aeN”? i€[n]

Given a sequence of real numbers {y, }aene With yo = 1, the associated linear Riesz
functional Ly, : R[z] — R is defined as

Ly(p) = Z PaYa-
aeNn

If P is a matrix with polynomials as entries, we define L, (P) as the matrix satisfying
(Ly(P));; = Ly(Pi;). The moment matrix of order d is then defined as

Ma(y) := Ly(va(z)va(z) ).
Consider the sets of finite sequences, defined for d > max,cgdegg/2,
Vi = { {Yataeng, : o= 1y Maly) =0, } (L.7)
o Ly(z%g(x)) =0Vg € 5, Va € N3 400 ’ .

where S is the set of polynomials defining the feasible set K, see (1.3)). The sequences
in ), are known as truncated moment sequences.
The sets Yy are closely related to K, see (1.3). To see this, let z € K C R"™ and

define, for o € N, the monomial z* as z in (1.6)). Consider the sequence {Ya}aeny,
defined by y, = 2® for all a € N%,. Clearly, yo = 2° = 1. Since Ly(p) = p(z) for any
p € R[z]|24, we have that the moment matrix satisfies

Ma(y) = Ly(va(z)va(z) ") = va(z) va (=)' =0,
Lastly, for any g € S and o € Ngd_deg(g), we have that
Ly(z%g(z)) = 2%g(2) = 2% - 0 =0,

where g(z) = 0 is implied by z € K. Thus, y € ),;. Stated differently, the map
T {Ia}aeNgd defines an injection from K to ))y. Hence, )y can be considered as a

semidefinite relaxation of the lifted feasible set. That is, {{xo‘}aeN;d creK } C Yy
It follows that the values

fa =t {Ly(f) -y € Va}, (1.8)

which are defined for any integer

d = max { (deg 9/2) e s, [deg f/2]} (1.9)
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satisfy f7 < fmin for any such d. It can be shown [I75] Section 4] that the SDPs
defining f; and fg4, see , are dual to each other, so that f; > f; by weak
duality. Condition suffices for ensuring strong duality [217, Cor. 3.2]. Note
that the results from [217] can be applied after transforming our definition of K to
{r eR" : g(x) > 0,—g(x) >0Vg € S}.

1.2.2 Complex and noncommutative polynomial optimization

The ideas presented in [Section 1.2.1| can be adapted for the case of complex poly-

nomials [154] [305], and for the case of noncommutative variables [45] [166] 234] [256].
These adaptations are used in [Sections 3.5|and [4.2| respectively.

Let C(z) be the set of polynomials with complex coefficients, for which the vari-
ables x1,...,2pn,2],...,2) are not assumed to commute. The operator * is an
involution that satisfies (x;)* = zf. A product w = wy---wy of the variables
Ty T, 27, ..., 2 is referred to as a word of degree d € N. We define w* :=
wiwy_,---wi. For some d € N, let Wy be the set of words of degree d or less, and

set W := W,,. For a polynomial

p(x) = Z ppw € Clz), p, €C YweW, (1.10)
weWw
we define p* := >, Dow”. A polynomial p is said to be symmetric, or Her-

mitian, if it satisfies p* = p. Given a polynomial p and a set of square matrices
X = (X1,...,X,) CC¥> we define p(X) € C4*9 as the matrix obtained by replac-
ing all z; by X;, and all } by X1, i.e., the Hermitian transpose of X;. Note that for
symmetric polynomials p, the matrix p(X) is Hermitian.

Given a symmetric polynomial f, and a set S of symmetric polynomials, we are
interested in solving the following noncommutative POP:

min = inf UH X v, for
/ (X, v)EK, J(X) (1.11)
Ky={X=(X1,....,X,) CC"veC :vMv=1g(X)=0 Vge S}.

Note that the dimension ¢ € N is a variable of (1.11). Since f is symmetric, f(X)
is Hermitian, so that v" f(X)v € R, and (1.11) is well-defined. An SDP relaxation

of (1.11)) can be derived in a similar manner as in [Section 1.2.1] Let (yy)wew be

a sequence of complex numbers that satisfies y,, = y,,» for all w € W, and y; = 1.
Define the associated linear functional Ly : C(z) — C as

Ly(p) = Z PwYw,

weWw

for polynomials p as in (1.10). Roughly speaking, the value Ly (p) models v"p(X)v in
the relaxation.

Let B C W, for some d € N, be a set of words that satisfies 1 € B. Define the
associated moment matrix as

Mp(y) = (Ly(vw™)), wen = Vow )y wes - (1.12)
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Note that Mg(y) is Hermitian due to the fact that y,,« = Y. Similar as (1.7), we
define

1=1, M =0, Ly(vg(x)w) =0
e ::{{yw}%%d: y 5(Y) (vg(a)w) }

Vg € S, Vv, w € W s.t. vg(z)w € span(B)

as the set of truncated moment sequences. It can be shown that the value fz :=
inf {L,(f) : y € Vp} satisfies fz < fiin, in @ manner similar as we did for (1.8).

Complex commutative variables on the unit circle

In [Section 3.5 we consider the case where the variables z; commute, i.e., z;x; = x;;
for all 4,j € [n], under the constraints zfx; = 1 for all i € [n]. Since the variables
commute, we may assume without loss of generality that x; € C and z} = 7; for all
i € [n], see e.g., [256] Sect. 3.5.2]. Any word w can thus be written as

xg if a; >0
= H xgt for a € Z", where z;" := ¢ 1 if a; =0
1€[n] (:C_i)_ai if a; < 0.

We then consider B as a set of vectors in Z", by identifying z® with «. The associated
moment matrix, see (1.12)), simplifies as follows, for «, 5 € B C Z™:

Mg(y)ap =Ly (m“(mﬁ)*) =L, (mo‘x_ﬁ) =1L, (:co‘afﬁ) = Ly(z*7") = ya—s.

In particular, the diagonal entries of Mp(y) satisfy (Mg(y))a,a = Ya—a = Yo =
L, (:UO) =1.

1.3 Applications of SDP to selected problems

In this thesis, we are interested in SDP applications for the following problems: the
stable set, graph coloring, max-cut and MAX-SAT problems. We briefly outline these
problems, as well as some generalizations and variants that we later study in greater
detail.

1.3.1 Stable sets and graph colorings

Given a graph G = (V, E), a subset U C V is said to be a stable set in G if all
vertices in U are pairwise non-adjacent. The stable set problem is to find a stable
set in G of maximum cardinality. The corresponding maximum cardinality is known
as the stability number of G, or independence number, and denoted by «a(G), i.e.,
a(G) := max {|U| : U stable set in G}. The decision problem form of the stable set
problem is strongly NP-complete [107].

A (proper) coloring of G is a mapping ¢ : V' — N that satisfies ¢(i) # c(j) if
{i,j} € E. The value c(i) is referred to as the color of vertex i. The chromatic
number of G, denoted by x(G), is defined as the smallest number of colors required
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to color G. Stated differently, x(G) is the smallest value d € N for which there exists a
coloring ¢ : V — [d] :={1,...,d} of G. Like the stability number, also the chromatic
number is NP-hard to compute [158].

The first application of SDP to both of these problems is due to Lovasz| [204], who
introduced the Lovasz theta number. The Lovéasz theta number is a graph parameter,
denoted by ¥(G), that can be defined as the optimal value of an SDP, and satisfies
the so-called sandwich inequality

a(G) <I(G) < x(G). (1.13)
The Lovasz theta number can be seen as the first level of the Lasserre hierarchy for
the stable set problem, see e.g., [120, Sect. 3.1], [184], and [185 Example 8.16|. Let
us make this connection explicit.
We first formulate the stable set problem as a POP, see . A common formu-
lation of a(G) is the following, where n := |V|:

reR" 22 —x; =0 Vi€ [n],

a(G) = max x; o . (1.14)
Z.GX[;] rix; =0V{i,j} e £

Here, the constraints z? — x; = 0 enforce that z; € {0,1}. We interpret z; = 1 as
including vertex 4 in the stable set. The constraints z;z; = 0 for {i,j} € E then
ensure that only one of the adjacent vertices ¢ and j are part of the same stable set.
We present the first level of the Lasserre hierarchy corresponding to , from the
point of view of truncated moment sequences, as in Thus, the feasible
set of the SDP defining f7, see (L.8), is given by V1, see (1.7). For g(z) = 27 —x; =0,
the corresponding constraints in ) read

Mi(gy) = My((z — 3;)y) = Ly (a7 — x;) = y2¢e, — Ye, = 0. (1.15)

Here, ¢; € {0,1}™ is the vector that equals 1 at position i, and 0 elsewhere. It follows
from (1.15) that the sequences in }; depend only on the values y., and Yeite;r 4, J € V.
Let us write these values as simply y; and y;; respectively. Now, the constraints
zix; = 0 for {i,j} € E imply M;((x;x;)y) = yi; = 0. Note additionally that the
moment matrix M;(y), indexed by the elements of {0} U [n], satisfies My(y)gp =
y2.0 = Yo = 1, and Mi(y)i; = Y2e, = ¥i = Mi(y)p;. Lastly, the objective function is
given by Ly (Zie[n] xz) = Zie[n] y;. By writing X = Mj(y), the SDP defining 9¥(G)
can be formulated as

XeSHt X;y=0v{i,j}eFE

J(G) := max Z Xp,i: X = Xy, Vi€ [

1€[n]
The Lovasz theta number has been widely studied, see e.g., [51], 103} 127, 130, 167,
2061, [221].
1.3.1.1 A generalization of a(G) and x(G)

In [Chapter 2| we study, among others, a generalization of ¥(G) that relates to a
generalized stable set problem and the problem of k-multicoloring a graph. Given
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k € N, a k-multicoloring of a graph G is an assignment of k distinct colors to each
v € V such that adjacent vertices are assigned disjoint sets of colors [141] [288]. The
kth chromatic number of G, denoted by xx(G), is defined as the least number of colors
required to k-multicolor G. Similarly, ay(G) is defined as the size of a maximum
subgraph of GG that can be colored with at most k colors. That is,
G) = Ul : x(GIU]) <k
(@) = max {|U] = x (GU]) <k},

where G[U] is the vertex-induced subgraph of G by U. Note that x1(G) = x(G) and
a1(G) = a(@). Narasimhan and Manber| [232] introduce the generalized Lovész theta
number 95 (G), which they show satisfies a generalization of (1.13), namely

ar(G) < 9k(G) < xi(G). (1.16)

We formally define 94 (G) in|Chapter 2| In|Chapter 2| we compute ¥ (G) it in closed
form for various symmetric graphs G. We also derive various properties of 94 (G),
such as that ¥4 (G) is increasing in k.

1.3.2 The max-cut problem

Consider a graph G = (V, E) with edge weights w € RIFI. A cut of G is a partition
of V into two disjoint subsets. An edge {i,j} € FE is said to be cut if i and j belong
to distinct subsets of the partition. The value of a cut is defined as the sum of the
weights w,, e € E, of the cut edges. The NP-hard max-cut problem is to determine a
cut of maximum value, which we denote by MC(G). To model the max-cut problem
as a POP, see , we introduce variables x; € {£1}, i € V, that model a partition
of VaaV ={ieV:z;=1}U{i €V : x; = —1}. The max-cut problem is then
equivalent to computing

LT

1—
MC(G) = max Z Wi ———

5 crERY 27 -1=0VicV
{i,j}eE

The value MC(G) can also be defined as the solution to an optimization problem over
the cut polytope [25], denoted by CUT" and defined as:

CUT" := Conv {xz' : z € {£1}"}. (1.17)
It is not hard to see that
1
MC(G) = Xénc%XTn 1 (Lg, X), (1.18)

where L¢ is the edge-weighted Laplacian matrix of GG, which is the matrix with entries
given by

(La)ij =  —wij if {i,j} € E,
0 else.
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Here, deg(i) denotes the degree of vertex i, i.e., the number of vertices adjacent to 7,
and N (7) denotes the neighborhood of vertex i. Thatis, N(i) :={k €V : {i,k} € E}.
A semidefinite relaxation of the max-cut problem can be derived as follows: consider
the elliptope [186], defined as

E":={X : X € 8}, diag(X) =1,}, (1.19)
and note that CUT™ C ™. Therefore, it follows from (1.18) that the value

1
MCspp(G) = max - (La, X) (1.20)

satisfies MCgpp(G) > MC(G). The relaxation was first derived in |71} [72] in
its dual form, and further studied in various works, see [181] [183] [186] [258].

Relaxation was also used in the famous max-cut approximation algorithm
of (Goemans and Williamson [117], which achieves an approximation ratio of

2

aAGwW ‘— —

~ 0.878. 1.21
s eler[%gr] 1 —cosf 0.878 ( )

Under the Unique Games Conjecture (UGC) [162], it is NP-hard to approximate the
max-cut problem with a ratio greater than agw [163].

Remark 1.1. If a problem is NP-hard under the UGC, the problem is said to be
UG-hard. If it is UG-hard to approximate a problem with a factor greater than some
B € R, any p-approximation algorithm is said to be optimal up to UGC. JAN
1.3.2.1 The complex cut polytope

Given integers n,m > 2, we consider the sets
Uy :={x€C: 2" =1} and U, :={x € C" : x; € Uy, Vi € [n]}.

Note that U, is the set of the mth roots of unity, and in particular, ¢ = {£1}.
Therefore, the complex cut polytope

CUT}, := Conv {zz" : 2z € U},

where (-)!! denotes the Hermitian transpose, is a generalization of the cut polytope

(1.17), since CUTS = CUT". Let
Y = {X c Cnxn . Xij :X_jifor all 7,7 € [n]}

be the set of Hermitian n X n matrices, and let H! be the set of PSD matrices
in H". It can be observed that CUT), C H, which makes CUT}, well-suited for
SDP approximations. Such SDP approximations have been studied in various works
[151], 208, 226, [317].

Our analysis of SDP approximations of CUT}, starts from the following set

& = {X : X e HY, diag(X) =1,, X;; € Conv 1, Vi, j € [n]},
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that satisfies CUT}, C €7 and £ = £", see (1.19). Since for m > 2, £ also contains
matrices with complex entries, we refer to £, as the complex elliptope. In
we study the relation between CUT]. and & in further detail and also consider
tighter semidefinite approximations of CUT} . We also study the case m = oo, with
corresponding sets Us, := {z € C : |z| =1} and CUTY, := Conv {zz™ : z € u}.

The sets CUT],, and &, find applications in the multiple-input multiple-output
detection problem (MIMO) [151] 208, 226 [317], angular synchronization [24], phase
retrieval [303], radar signal processing [209] 287], and CUT% can be used to model the
max-3-cut problem [118] (a variant of max-cut where the vertices can be partitioned in
at most three subsets). For finite m > 3, branch & bound algorithms for optimization
over CUT are proposed in [207,[209], in which the bounds are computed using SDP.
SDP approximation algorithms for the cases m € N and m = oo are studied in
[286], 316]. Complex SDP liftings of CUTL,, in the spirit of the Lasserre hierarchy,
are also studied in [150].

1.3.2.2 The quantum max-cut problem

The quantum max-cut (QMC) problem, and its relation to the max-cut problem, are
best understood by first formulating the max-cut problem on some graph G as an
eigenvalue problem. To do so, we use the Pauli matrices, given by

0 1 0 —i 1 0
x= [0 o v= [} O] maz=]5 O,

where i denotes the imaginary unit. For n := |V(G)| and ® the Kronecker product,
we define the extended Pauli matrices

o; 1= Ig@(i_l) ®Ro® Igi’(”‘“ e H?", foralloc € {X,Y,Z} and i € [n]. (1.22)

Let Amax(-) denote the largest eigenvalue of a given real symmetric or complex Her-
mitian matrix. It can be shown that

Lon — Z;7;
MC(G) = Amax (Hnc(@)), for Huce) == Y. wij— . i
{i.j}eE(G)

see, e.g. [112] App. A] or [293] Eq. 6]. The QMC problem on an edge weighted graph
G = (V,E,w) is to compute Amax (Hqmc(q)), where

HQMC(G) = Z winZ-j, fOI‘ Hij = Ign — )(1)(‘7 — Y;Y} — ZZ'Z]', (123)
{i,j}€E

and the edge weights w., e € E, are restricted to be positive. Note the similarity
between the matrices Hqwmo(g) and Hyic(g)- The matrices H;; in are known
as Hamiltonian terms, that act on 2 qubits. The matrix Hg := Hqumc(g) in (1.23)
is known as a 2-local Hamiltonian. The QMC problem is an instance of a k-local
Hamiltonian problem with k = 2. Moreover, it is QMA-hard [255, Thm. 2|, which is
the quantum analogue of NP-hard.
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The QMC problem can also be considered as a noncommutative POP. The Lasserre
hierarchy from concerns commutative POPs, and is therefore not directly
applicable. Instead, we consider SDP relaxations of the QMC problem arising from
the NPA hierarchy [234] 256]. Similar SDP relaxations of the QMC problem can also
be found in e.g. [112] 164 190} [191] 247]. We briefly outline the construction of these
relaxations, see also

Consider the set of noncommutative variables p” := {z;,y;, z; : i € [n]}, or simply
p if the context is clear, and let C(p) and R(p) be the set of polynomials in the
variables p with complex and real coefficients respectively. The variables in p model
the (extended) Pauli matrices (1.22)), and so they are noncommutative because the
matrix multiplication of Pauli matrices is noncommutative. The (anti)commutation
relations of the Pauli matrices can be encoded by an appropriate ideal of C(p). This
ideal is is defined in terms of the following set of polynomials:

O 2 2 2
Si=A{w; —Ly; — 1,27 — L, 23y; — y;j%s, Tizj — 25T4, YiZj — 2jYi,

TiYi + Yilli, TiZi + 2%, Yizi + 2iyi 1,5 € Vi # )

Now define the two-sided ideal generated by the polynomials in S, and truncated at
degree k for some k € N, as

Ty:= > 97 fhs: gr hy € C(p), deglgs fhy) <k VfES
fes

We define T := Z,,. For f € C(p), define f(P) € H?" as the matrix obtained by
replacing in f the variables by their corresponding Pauli matrices, see (1.22)), and 1
by Isn. Then f(P) = 0 if and only if f € Z. Let w be a product of variables in p.
We define w* as the monomial obtained by reversing the order of products in w. The
involution (+)* is extended to C(p) and R(p) by conjugate linearity.

Let R(p)r be the set of polynomials in R(p) with degree at most k, for some
k € N. Define the dual space R(p); as the set of linear functions R(p); — R. Define
the following subset of R(p)%,, for some k € N:

L(1) =1, L(f) =0 Vf € R(p)ax } . (1.24)

Fp={ LeRp):
satisfying f + f* € Zog, My(L) = 0

Here, n is the number of vertices of G, and My (L) refers to the moment matrix
corresponding to L, similar as in[Section 1.2.1] For the sake of conciseness, we do not
discuss some of the technicalities pertaining to F*. A more rigorous presentation is
provided in In particular, proves that any L € FF is symmetric,
ie., L(f) = L(f*) for all f € R(p)ak.

Lastly, let Hg(p) € R(p) be the quadratic polynomial obtained after replacing
the Pauli matrices in Hg, see , by their corresponding variables, and Is» by 1.
We have the following upper bound on An.x(H¢g), parametrized by some k € N:

max L(Hg(p))- (1.25)
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To see that defines an upper bound on Ay.x(Hg), consider the functional
L(f) :== | (F(P) + f*(P)) ) /2, where 9 is a unit length eigenvector of Hg cor-
responding to A\pax(Hg). It can be shown that L€ FF for any k € N, see (1.24),
and that L(Ha(p)) = Amax(He) [190, App. A1]. In we use the SDP
relaxation in three QMC approximation algorithms, for general, triangle-free
and bipartite graphs respectively.

QMC approximation algorithms have been widely studied in the literature [18]
112, [145] [153) 156, [164] 190l 191}, 246, 247]. The current best known QMC approx-
imation ratio for general graphs equals 0.611 [18], which is far from its conjectured
0.956 upper bound [146]. More specifically, assuming a conjecture involving Gaussian
random variables, it is UG-hard to approximate the QMC problem with
a factor larger than 0.956. Recall that the famous max-cut approximation algorithm
by Goemans and Williamson| [117] is optimal up to UGC.

1.3.3 The (maximum-)satisfiability problem

Given a logical proposition ¢ on n boolean variables, the famous satisfiability (SAT)
problem is to decide whether there exists a truth assignment to the variables that
satisfies ¢. The SAT problem was the first problem shown to be NP-complete [60]. It is
a central problem in mathematical logic and computer science with many applications,
see e.g., |19} (109, [160, 216 225].

Without loss of generality, we may assume that ¢ is in conjunctive normal form
(CNF). A proposition ¢ on n boolean variables z; is said to be in CNF if it is written
in the following form

¢ = /\C'], where C; = \/ x; \/ —z; for I;r,Ij C [n]. (1.26)

ZEI+ 16[

Here, the logical operators A, V, — denote the logical and, or, and negation respec-
tively. The propositions C;, j € [m], are referred to as clauses. It follows that a truth
assignment satisfies ¢ if and only if it satisfies all clauses.

The maximum-satisfiability (MAX-SAT) problem is the optimization variant of
the SAT problem. Given a proposition ¢ as in (1.26), the MAX-SAT problem is
to determine a truth assignment that satisfies the maximum number of clauses. To
formulate the MAX-SAT problem as a POP, see , we require some notation.

With slight abuse of notation, we consider C; as both a logical proposition as in
(1.26), and a subset of [n] via C; = [j“ U I; . We refer to £; := |C}| as the length of
clause C;. We associate x; = 1 with setting x; to true, and x; = —1 with setting z;
to false. For each clause C;, we define the associated vector a; € {0,£1}" as the
vector satisfying

aj; =1 ifz’EI]?L, = —1 1f2€[ .+ = 0 otherwise.
We consider the following polynomlal associated to ¢, see also [117, Sect. 7.2.1],

; 1
Z F] ), where I} (x) := 50 H (1—ajx;).

JE€[m] i€C;
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Note that for any z € {+1}", Fj)(x) € {0,1}, with Fj)(x) = 0 if and only if =
corresponds to a truth assignment that satisfies clause C;. Hence, for any truth
assignment z € {£1}", the value F,(z) equals the number of unsatisfied clauses.
Because maximizing the number of satisfied clauses is equivalent to minimizing the
number of unsatisfied ones, it follows that the MAX-SAT problem can be formulated
as

i F . 1.27
L »(T) (1.27)

Since {£1}" = {z € R" : 1 —2? =0Vi € [n]} and F,(z) is a polynomial, de-
fines a POP. In particular, the Lasserre hierarchy can be applied in order to obtain
MAX-SAT SDP relaxations. These SDP relaxations are similar to the SDP relax-
ations we presented for the max-cut problem, see since we modelled
both problems on the same feasible set {+1}".

The first application of SDP to the MAX-SAT problem is due to |Goemans and
Williamson| [117]. For the MAX-2-SAT problem (MAX-k-SAT instances are MAX-
SAT instances that satisfy max;ec[y,) £; = k), their algorithm achieves an approxima-
tion ratio of agw, see . This ratio was subsequently improved in various works
IS8l [192] 220] to the ratio 8 ~ 0.940. It is UG-hard to approximate
the MAX-2-SAT problem with a ratio greater than £ [35] [163] 229]. Similarly, the
MAX-3-SAT problem admits an SDP approximation algorithm with a ratio of 7/8
[157] that is optimal if P # NP [135]. An SDP approach to the SAT problem was first
proposed in [68], and extended in a series of works by [Anjos| [9] 10, [11], 12].

In we consider SDP approaches to the SAT and MAX-SAT problems,
from the perspective of SOS polynomials, as outlined in This approach
was also considered in [298], where the resulting SDP relaxations were solved by
interior-point methods. We instead solve the relaxations using a variant of the al-
ternating direction method of multipliers (see , and consider significantly
larger MAX-SAT instances than those in [298]. We use the SDP relaxations in a
branch & bound scheme to solve MAX-k-SAT instances, k € {2,3}, from the annual
MaxSAT Evaluation, a competition for MAX-SAT solvers.

1.4 The ADMM and its variants

The alternating direction method of multipliers (ADMM) is a first-order method for
solving convex optimization problems. In this thesis (specifically, and @,
we consider the ADMM only for solving SDPs, which are a special case of convex
optimization problems. For a more general treatment of the ADMM, see [34].

Many authors in recent years have proposed the ADMM (or its variants) for solving
SDPs, see [46, [69] 70, 121 [196] 211], 312]. Compared to the interior-point method
(IPM), which is the classical and standard method for solving SDPs, the ADMM
provides less accurate solutions. However, for SDPs with large matrix variables, the
ADMM can be much faster than the IPM. Furthermore, the IPM requires much more
memory than the ADMM, in some cases requiring even more memory than what is
available on the hardware that is used to run these algorithms.
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To apply the ADMM to a general SDP (1.1, we first reformulate (1.1) as the
following optimization problem, where AY := ((A1,Y),..., (A, Y)):

inf (C,Y)
X,Yesn (1.28)
st. XeS,YeF={YeS§": AY =b}, X =Y.

Given a penalty parameter p > 0, the augmented Lagrangian associated to (1.28)),
with respect to the constraint X =Y, is the function

L,(X.Y.2):=(C.Y) +(2,Y = X) + 2|V — X%,
where Z € S" is the dual variable, and the Frobenius norm ||[M|| := /tr(M M) for

a symmetric matrix M € 8™. Given some initial X!, Y! Z! € 8", we con51der the
sequence (X tye ZZ) defined recursively as

LeN’
1

X1 = argmin L, (X, Y¥, ZE) = Pgn (yé + _Ze)

X>0 + p
Z€+% — Z€ + v Yf _X€+1

- ( ) (1.29)

Yt = argmin £, <X€+1,Y, Z“%) =Pr (XZH _ 10 _ 1224—5)

YeF p p

g+ gt + pva (Yé+1 _ X”l),

where v1, 15 € R are stepsize parameters, and 7333_, P£ denote the orthogonal projec-
tion on the sets 8" and F respectively. That is, for some M € 8™,

Psn (M) := argmmHX M]|| and Pr(M) := argmin || X — M]|.
sn XeF

To derive the second and fifth equalities in (1.29)), see e.g., equations (3.4) and (3.5)
in [243]. The scheme encompasses the ADMM and many of its variants, known
under different names in the literature. The original ADMM is the scheme with
v1 = 0. When vy, vy # 0, is known as the Peaceman-Rachford splitting method
(PRSM) [251], or symmetric ADMM. It is worth noting that corresponds to
the unscaled form of the PRSM, which is slightly less efficient than its scaled form,
see [Appendix A.1|on [Page 191}

The matrices X* and Y* converge with rate O(1/¢) (in the ergodic sense) to an
optimal solution to (1.28)) when (v1,1v5) € D, where

lv1] < min{1,1 + vp — 3}, }

O0< < 1+2\/5,V1—|—V2>0

D= { (v1,10) € R?:

see [136, Thm. 6.5].
We briefly elaborate on how to compute the two projections in (1.29). For any

X € 8", with eigendecomposition X =7, 1 Aiw; aui  ulu; = 1 for all i € [n], it is
well known that
Psn(X) = > Nuwu, (1.30)

1€[n]:A; >0
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see e.g., [33, Page 399]. The standard method of computing is to compute
the full eigendecomposition of X. Given such an eigendecomposition, if the num-
ber of negative eigenvalues is sufficiently small, it is more efficient to compute
as Psn (X) = X = >l <0 \iuju; . Regardless, the computation of the eigende-
compositions often forms the bottleneck of . This has motivated research into
(approximately) computing 7351 with methods that avoid computing the full eigen-
decomposition [152] [266].

To compute a projection of a matrix onto F, see , we make the following
observations. Let 7 := n(n + 1)/2. Observe that 8™ is isomorphic to R", since
vech(8™) = R™. Here, vech(:) denotes the half-vectorization of its input matrix,
that is, for X € 8", vech(X) € R"™ is the vector of the fi lower triangular entries
of X. Hence, for X,Y € 8", we have that (X,Y) = vech(X) Dvech(Y). Here,
D is a diagonal matrix with diag(D) € {1,2}", where the values of 2 account for
the off-diagonal elements of X and Y that are counted twice in the product (X,Y).
It follows that F is isomorphic to some affine space in R®. We denote this affine
space by W := {x eR" : WDY2g = b}, where W € R™*" is a matrix such that
AX = WD'2vech(X) for all X € S™. Let us now consider the projection of some
matrix Z onto F, where we write z = vech(Z), and 2/ = D'/?z. This yields

2
min || X — Z| = min (z — 2)' D (z — 2) = min HDl/2 (x — z)H
XeF zeW zeW (131)

= min_y—#|"= min [ly—2|".
D-1/2ycw y:Wy=b
For the third equality, we have substituted y = D'/2z. The last expression in (1.31)
is the problem of projecting 2z’ onto an affine space, which has a well-known solution,
see e.g., [257, Eq. 1], given by

argmin |ly — 2| = 2 — W (WWT)"{(Wz' —b). (1.32)
y:Wy=>b

It is often recommended, for numerical stability, to compute (WW T)~1(W 2’ — b) by
solving the linear system WW "z = Wz’ —b for « instead. Since the ADMM requires
computing at every iteration, it is then efficient to compute, for example, a
Cholesky decomposition of WW T that can be reused at every iteration. Alternatively,
the linear system can be solved by iterative methods |79, 119, 257].

However, in all the cases considered in this thesis, WW T will be a diagonal matrix,
which makes (WW T)~! easy to compute. In these cases, using is the preferred
method for solving . Only in do we consider a PRSM with ad-
ditional variables, in which is not applicable. In particular, for this PRSM,
minimization of the augmented Lagrangian £, over F does not reduce to computing
a projection onto F, as it does in .

1.5 Overview of the thesis

We provide a brief overview of the following self-contained chapters in this thesis.
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|Chapter 2: [The generalized ¥-number and related problems for highly
isymmetric graphs, We study the multichromatic number x;(G) (see [Sect. 1.3.1.1]
for various highly symmetric graphs. The generalized Lovasz theta number 9 can
be computed by solving an SDP, and provides a bound on xx(G), see (1.16). This
chapter provides a closed-form expression for ¥4 (G) for several families of graphs such
as strongly regular graphs, Kneser graphs and Johnson graphs. Several properties of
¥ are provided. In particular, it is shown that for any € > 0, there exists a graph
G and integer k such that 0 < J511(G) — V%(G) < e. Nordhaus-Gaddum [241] type
results on the parameter x(G) are presented, i.e., tight lower and upper bounds on
k(@) xx(G) and x&(G)+xx(G) in terms of k and |V (G)|, where G is the complement
graph of G.

[Chapter 3 [Cuts and semidefinite liftings for the complex cut poly-|
We study the complex cut polytope, a generalization of the well-known real
cut polytope (see . Semidefinite liftings and facet defining inequali-
ties of the complex cut polytope are provided, and these are used to obtain strong
approximations of the complex cut polytope. We investigate the use of these facet
defining inequalities and liftings for solving MIMO and angular synchronization prob-
lems. These two problems arise in wireless communications, and involve retrieving a
signal given noisy observations. Both problems can be modelled using the complex
cut polytope. Numerical results show that the facet defining inequalities and lift-
ings significantly improve the strength of the SDP relaxations of MIMO and angular
synchronization. On the theoretical side, we provide various results on the quality
of these semidefinite approximations. For the set CUTY_, we reconsider some of its
semidefinite liftings that have been proposed in the literature. It is shown that these
liftings can be computed more efficiently by reducing the size of the matrix variable,

without weakening the approximation of CUTL,.

This chapter is based on the paper [283] (see also [Table 1.1). During the com-
pilation of this thesis, we realized that the proofs of [283, Thm. 4, Lem. 11| were
incorrect. We have replaced these results with weaker ones. Specifically, [Lemma 3.33
and [Theorem 3.34| provide weaker versions of [283, Thm. 4], and [Lemma 3.35| provides
a weaker version of [283, Lem. 11].

|[Chapter 4: |Improved approximation ratios for the quantum max-cut|
[problem on general, triangle-free and bipartite graphs. We consider the
QMA-hard QMC problem, see In particular, we consider three QMC
approximation algorithms, for general, triangle-free and bipartite graphs respectively.
We prove that our approximation algorithms for triangle-free and bipartite graphs
attain the current best-known approximation ratios for their respective graph classes.
Our analysis of the QMC algorithm for general graphs has been used in [1§|, to
prove that their QMC algorithm approximation ratio of 0.611, which is the current
best-known approximation ratio for general graphs. All the three approximation
algorithms in use an SDP relaxation of the QMC problem. Because the
variables underlying these relaxations are noncommutative, the Lasserre hierarchy
from is not applicable. Instead, we resort to the noncommutative variant
of the Lasserre hierarchy, known as the NPA hierarchy [234] [256].
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is based on the paper [124] (see also|[Table 1.1)). After posting [124] on

arXiv, the paper [18] improved upon [124] in some aspects. Some of the text in [124]
has been adjusted in [Chapter 4| as a consequence.

|Chapter 5: [SDP bounds on the stability number via ADMM and in-|
itermediate levels of the Lasserre hierarchy, We use the ADMM (see [Sect. 1.4))
to compute bounds from the Lasserre hierarchy for the stable set problem, at levels
intermediate to 1 and 2 (and for some graphs, the full level 2). A method is provided
to construct an appropriate basis of variables to form these intermediate level relax-
ations, based on the Lovasz theta number. For most of the tested graphs, we compute
intermediate levels of the Lasserre hierarchy defined by an SDP wherein the matrix
variable is of size 2500. Solving these SDPs with the classical IPM is intractable due
to the large memory requirement of the IPM. We therefore solve these SDPs with the
ADMM instead. Our approach is shown to be capable of computing strong bounds
on the stability number of graphs on at most 300 vertices and 11427 edges. Extensive
numerical results compare our approach with other SDP based bounds on the stabil-
ity number from the literature.

|Chapter 6; [On solving the MAX-SAT problem using sum of squares|
We use SOS polynomials and the Lasserre hierarchy, see to compute
SDP bounds on the NP-hard MAX-SAT problem, see These bounds
are computed by using levels of the Lasserre hierarchy that are intermediate to levels
1 and 2. The corresponding SDPs are solved with an ADMM variant known as the
Peaceman-Rachford splitting method, see We present a MAX-SAT solver
that utilizes these SDP bounds in a branch & bound scheme. Our solver is bench-
marked on instances from the annual MAX-SAT competition for MAX-SAT solvers,
and shown to be competitive with the other solvers in this competition. We also
reconsider SDP approaches to the SAT problem from the literature. In particular, a
new SDP relaxation of the SAT problem is considered. It is shown that this relaxation
is exact if the rank of the matrix variable is constrained to be at most 2.

This chapter is based on the paper [282] (see also[Table 1.1). During the compila-
tion of this thesis, we realized that the proof of [282) Thm. 1| was incorrect. We have

replaced [282] Thm. 1| with [Theorem 6.1, The statement of [Theorem 6.1|is similar

to [282, Thm. 1|, but uses a different basis of monomials.

1.6 Contributions to the literature

Each chapter of this thesis (except for |[Chapter 1)) is based on a corresponding paper,
see These chapters are mostly identical to their corresponding paper, apart
from the corrections outlined in

The author of this thesis has also co-authored the paper:

A. Ghaffari-Hadigheh, L. Sinjorgo, and R. Sotirov. On convergence of a g-random
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Ch. Corresponding paper cit.

L. Sinjorgo and R. Sotirov. On the generalized ¥-number and related
2 problems for highly symmetric graphs. STAM Journal on Optimiza-  [28]1]
tion, 32(2):1344-1378, 2022

L. Sinjorgo, R. Sotirov, and M. F. Anjos. Cuts and semidefinite
3 liftings for the complex cut polytope. Mathematical Programming, [283]
pages 1-50, 2024

S. Gribling, L. Sinjorgo, and R. Sotirov. Improved approximation
4 ratios for the quantum max-cut problem on general, triangle-free [124]
and bipartite graphs. preprint arXiv:2504.11120, 2025

L. Sinjorgo, R. Sotirov, and J. C. Vera. SDP bounds on the stability
5 number via ADMM and intermediate levels of the Lasserre hierar-  [284]
chy. preprint arXiw:2506.08648, 2025

L. Sinjorgo and R. Sotirov. On solving MAX-SAT using sum of

squares. INFORMS Journal on Computing, 36(2):417-433, 2024 |282]

Table 1.1: Chapters of this thesis and their corresponding paper upon which they are
based

coordinate constrained algorithm for non-convex problems. Journal of Global Opti-
mization, 90(4):843-868, 2024

which is not included in this thesis.



2 The generalized Y-number and
related problems for highly
symmetric graphs

A Ek-multicoloring of a graph is an assignment of k£ distinct colors to each vertex in
the graph such that two adjacent vertices are assigned disjoint sets of colors. The k-
multicoloring is also known as k-fold coloring, k-tuple coloring or simply multicoloring.
We denote by xx(G) the minimum number of colors needed for a k-multicoloring of
a graph G, and refer to it as the kth chromatic number of G or the multichromatic
number of G. Multicoloring seems to have been independently introduced by Hilton
et al.| [141] and [Stahl| [288]. The k-multicoloring is a generalization of the well-known
standard graph coloring. Namely, x(G) := x1(G) is known as the chromatic number
of a graph (G. Not surprisingly, multicoloring finds applications in comparable areas,
such as job scheduling [106, [133], channel assignment in cellular networks [233] and
register allocation in computers [50]. There exist several results on xx(G) for specific
classes of graphs. In particular, Lin [197] and |Lin et al. [198] consider multicoloring
the Mycielskian of graphs, |Ren and Bu| [263] study multicoloring of planar graphs
while Marx| [219] proves that the multicoloring problem is strongly NP-hard in binary
trees. |Cranston and Rabern| [61] show that, for any planar graph G, x2(G) < 9. This
result is implied by the famous four-color theorem [17], but it has a much simpler
proof.

The maximum k-colorable subgraph (MkCS) problem is to find the largest induced
subgraph in a given graph that can be colored with k colors so that no two adjacent
vertices have the same color. When k£ = 1, the MkCS problem reduces to the well
known stable set problem. The MECS problem is one of the NP-complete problems
considered in [193]. We denote by «j(G) the number of vertices in a maximum k-
colorable subgraph of G, and by wy(G) the size of the largest induced subgraph that
can be partitioned into k cliques. When k = 1, the graph parameter w(G) := w1 (G)
is known as the clique number of a graph, and «(G) := a;(G) as the independence
number of a graph. We note that ay(G) = wi(G), where G denotes the comple-
ment graph of G. The MkCS problem has a number of applications such as channel
assignment in spectrum sharing networks [169] 291], VLSI design [215] and human
genetic research [91] [200]. There exist several results on ay(G) for specific classes of
graphs. The size of the maximum k-colorable subgraph for the Kneser graph K (v,2)
is provided by Fiiredi and Frankl [96]. Yannakakis and Gavril [3I5] consider the

19
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MKCS problem for chordal graphs, Addario-Berry et al. [4] study the problem for an
i—triangulated graph, and Narasimhan [231] computes ay(G) for circular-arc graphs
and tolerance graphs.

Narasimhan and Manber| [232] introduce a graph parameter 95 (G) that serves as
a bound on both the minimum number of colors needed for a k-multicoloring of a
graph G and the number of vertices in a maximum k-colorable subgraph of G. The
parameter J;(G) generalizes the concept of the famous ¥-number that was introduced
by Lovasz [204] for bounding the Shannon capacity of a graph [273]. The Lovasz theta
number is a widely studied graph parameter see e.g., |51, 127, 130, 167, 2006}, 221]. The
Lovész theta number provides bounds for both the clique number and the chromatic
number of a graph, both of which are NP-hard to compute. The well-known result that
establishes the relation a;(G) < 91(G) < x1(G), or equivalently wi(G) < 91(G) <
X1(G), is known as the sandwich theorem [206]. The Lovész theta number can be
computed in polynomial time as a semidefinite programming (SDP) problem by using
interior-point methods. Thus, when the clique number and chromatic number of
a graph coincide, i.e., when the graph is weakly perfect, the Lovasz theta number
provides those quantities in polynomial time.

Despite the popularity of the Lovasz theta number, the generalized theta num-
ber ¥ (G) has received little attention in the literature. Narasimhan and Manber
[232] show that ai(G) < 9k(G) < xk(G) or equivalently wi(G) < 9%(G) < xi(G).
These inequalities can be seen as a generalization of the Lovasz sandwich theorem.
Alizadeh| [7] formulates the generalized ¥J-number using semidefinite programming.
Kuryatnikova et al. [I72] introduce the generalized ¥'-number that is obtained by
adding nonnegativity constraints to the SDP formulation of the ¥ -number. The
generalized ¥-number and ¥-number are evaluated numerically as upper bounds for
the MECS problem in [172]. The authors of [172] characterize a family of graphs
for which 95(G) and 9 (G) provide tight bounds for ax(G). Here, we study also a
relation between ¥ (G) and x;(G), and extend many known results for the Lovasz
Y-number to the generalized ¥J-number.

Main results and outline

This chapter provides various theoretical results for ax(G), 9% (G) and xi(G). We
show numerous properties of ¥4 (G) including results on different graph products of
two graphs such as the Cartesian product, strong product and disjunction product.
We show that the sequence (V4(G))x is increasing towards the number of vertices
in GG, and that the increments of the sequence can be arbitrarily small. The latter
result is proven by constructing a particular graph that satisfies the desired property.
We also provide a closed form expression on the generalized ¥-number for several
graph classes including complete graphs, complete multipartite graphs, cycle graphs,
circulant graphs, strongly regular graphs, orthogonality graphs, the Kneser graphs
and some Johnson graphs. Our results show that ¥;(G) = k9(G) for the Kneser
graphs and more general Johnson graphs, strongly regular graphs, cycle graphs and
circulant graphs. This chapter presents lower bounds on the kth chromatic number
for all regular graphs, but also specialized bounds for the Hamming, Johnson and
orthogonality graphs. We also provide bounds on the product and sum of xx(G)
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and x(G), and present graphs for which those bounds are attained. Those results
generalize well known results of Nordhaus and Gaddum [241] for x(G) and x(G).

This chapter is organized as follows. Preliminaries are provided in
In we formally introduce ¥4 (G) and x;(G) and show how those graph
parameters relate. In we study the sequence (94 (G))y. pro-
vides bounds for J;(G) when G is the strong graph product of two graphs and the
disjunction product of two graphs. provides the values of the generalized
Y-number for complete graphs, cycle graphs, circulant graphs and complete multipar-
tite graphs. In we provide a closed form expression for the generalized
Y-number on the Kneser graphs, as well as for the Johnson graphs.
relates 9(KxOG) and 91 (G). We provide a closed form expression for the generalized
Y-number for strongly regular graphs in[Section 2.6] In the same section we also relate
the Schrijver’s number ¢ (K;OG) with ¥4 (G) when G is a strongly regular graph. In
we study a relation between the orthogonality graphs and here consid-
ered graph parameters. provides new lower bounds on the kth chromatic
number for regular graphs and triangular graphs. We present several results for the
multichromatic number of the Hamming graphs in

2.1 Preliminaries

We denote cycle graphs on n vertices by C),, complete graphs on n vertices by K,
and complete multipartite graph by Ky, . m,. Note that K, . m, is a graph on

p

Zp: m,; vertices.

i=1

Definition 2.1 (Graph products). An arbitrary graph product of graphs G; =
(V1, E1) and G2 = (Va, E9) is denoted by G * G2, having as vertex set the Cartesian
product Vi x Va. shows when vertices (vy,v2) and (up,us) are adjacent
in G * G, for the lexicographic, tensor, Cartesian, strong and disjunction [1] graph
products.

Graph prod.  G; x Gy Condition for {(vi,v2), (u1,u2)} € E(Gy * G2)
Lexicographic Gio Gs {vi,u1} € E;y or [v; = uy and {ve,us} € Es]

Tensor G1® Gy  {vi,u1} € By and {vg,us} € Es
. [Ul = uy and {UQ,UQ} € EQ]
Cartesian G1OGy or [vs = s and {vy,u1} € ]
Strong G1X Gy {(vl,vg),(ul,ug)} € E(G1DG2) UE(G1 ®G2)

Disjunction G1V Gy  {vi,u1} € Ey or {vg,us} € Es

Table 2.1: Graph products. Note that each ‘or’ in this table is inclusive.

Graph products are also illustrated on
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Figure 2.1: Illustration of the graph products from [Table 2.1
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In order to define the Hamming graphs, we first provide the definition of the
Hamming distance.

Definition 2.2 (Hamming distance). For two integer valued vectors u and v, the
Hamming distance between them, denoted by d(u,v), is the number of positions in
which their entries differ.

Definition 2.3 (Hamming graph). The Hamming graph H(n,q, F') for n,q € N and
F C N has as vertices all the unique elements in (Z/qZ)™. In the Hamming graph,
vertices u and v are adjacent if their Hamming distance d(u,v) € F.

Many authors define the Hamming graphs only for F' = {1}.

Definition 2.4 (Johnson graph). Let n,m € N, 1 <m <n/2 and f € {0,1,...,m}.
The Johnson graph J(n,m, f) has as vertices all the possible m-sized subsets of [n].
Denote the subset corresponding to a vertex u by s(u). Then |s(u)| = m and vertices
u and v are adjacent if and only if |s(u) N s(v)| = f.

Many authors define the Johnson graph only for f = m — 1. When f = 0, the
Johnson graph is better known as the Kneser graph.

Definition 2.5 (Kneser graph). Let n,m € N and 1 < m < n/2. Then the Kneser
graph K (n,m) is the Johnson graph J(n,m,0).

Definition 2.6 (Strongly regular graph). A d-regular graph G on n vertices is called
strongly regular with parameters (n,d, A, ) if any two adjacent vertices share A com-
mon neighbors and any two non-adjacent vertices share ;1 common neighbors. Alter-
natively, we say that G is an srg(n,d, A, p).

2.2 Yi(G) and xi(G) formulations and their relation

In this section, we formally introduce the multichromatic number and the general-
ized Y-number of a graph. We also show a relationship between these two graph
parameters.

Let G = (V, E) be a simple undirected graph with n vertices. A k-multicoloring
of G that uses R colors is a mapping f : V — 2%, such that | f(i)| = k for all vertices
i € Vand |[f(i) N f(4)] = 0 for all edges {i,j} € E. The multichromatic number
Xk(G) is defined as the smallest R such that a k-multicoloring of G that uses R colors
exists.

Multicoloring can be reduced to standard graph coloring by use of the lexicographic
product of graphs, see [Definition 2.1} Namely, Stahl [288] showed that for any graph
H such that x(H) = k, we have x;(G) = x(G o H). The simplest choice of H is often
K., the complete graph of order k.

For bounds on the chromatic number of (lexicographic) graph products, we refer
readers to [110] [165]. By the lexicographic product, any bound on x(G) can also be
transformed to a bound on xj(G). In particular:

Xk(G) = x(Go Ki) > w(Go Ki) = w(G)w(Kk) = kw(G). (2.1)
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Here we use that w(GoH) = w(G)w(H) for general graphs G and H. We also mention
the following result

a(GoH) =a(G)a(H). (2.2)

Both (2.1) and (2.2) are proven by |Geller and Stahl| [I10]. Let us also state the
following known result:

X(G o H) < x(G)x(H). (2.3)

Inequality can be derived as follows. Denote the vertex sets of G and H by
V(G) and V(H), respectively. For an optimal coloring of G and H, define c¢(u) as the
color of some vertex u. Graph G o H has vertices (g;, h;). Every vertex in G o H can
then be assigned a 2-color combination (¢(g;), c(h;)). Note that, by interpreting these
2-color combinations as simply colors, this constitutes a coloring of G o H by using

X(G)x(H) colors. Combining inequalities (2.1) and (2.3) results in

kw(G) < xk(G) = x(G o Ki) < kx(G). (2.4)
The inequalities in may be strict. An example is the cycle graph with five ver-
tices and k = 2, as x2(C5) = 5 [288]. Note that, by (2.4), any upper bound on x(G)
can be transformed into an upper bound on x;(G). To compute (or approximate)
Xk (G) one can consult the wide range of existing literature on standard graph coloring
by using xx(G) = x(G o Ki). Next to that, more specific literature on multicoloring
can also be examined. Campélo et al. [48] present an integer linear programming
formulation for the k-multicoloring of a graph and study the facial structure of the
corresponding polytope. Malaguti and Toth| [214] use a combination of tabu search
and population management procedures as a metaheuristic to solve (slightly gener-
alized) multicoloring problems. Mehrotra and Trick| [224] apply branch and price to
generate stable sets for solving the multicoloring problem.

Narasimhan and Manber| [232] generalize J(G) by introducing 9% (G), which can
be defined as follows. Define, for a graph G on n vertices, the set of matrices

For any X € 8™, we order its eigenvalues as Apax(X) = M (X) > -+ > N\ (X) =
)\min(X)- Then,

0,(G) == min Z)\ ), k€ n). (2.6)

Narasimhan and Manber| prove that
and thus also wi(G) < 9,(G) < xi(G). Recall that a;(G) is the cardinality of

the largest subset C' C V such that the subgraph induced in G by C, denoted G[C],
satisfies x(G[C]) < k. Inequality (2.7) generalizes the Lovasz’ sandwich theorem [206].
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Alizadeh [7] derived the following SDP formulation of ¥ (G), see also Fan’s theo-
rem [83] and [172]:

U (G) = min  (LY) + uk
HER, XY eS™
st. Xi;=0 V{i,j} ¢ EQ) (95-SDP)

I+ X -J+Y >0, Y >=0.
The dual problem for ¥x-SDP is:

Ik(G) = max{J,Y)

s.t. Y, =0 V{i,j} e EG) (9-SDP2)
(LY)=k 0<Y <L
Note that for ¥ = 1 constraint ¥ =< I is redundant. We now show that 9;(G) <
Xk (@), using arguments that are different from those used in [232]. In an optimal k-
multicoloring of G, define for each of the xj(G) colors used a vector y? € {0, 1, k}" 1,
1 < j < xx(G). For the entries of y’, we have y}, = k and y? = 1 if vertex ¢ has color
7, 0 otherwise. Then

19 @ 17
ﬁ Zl YJ(YJ) :[ 1n %In_’_ 1 X
J:

Xk (G)
for some X € 8" satisfying X;; = 0 for all {7,j} € E(G). By the Schur complement
we find X291 4 X — J - 0. Simply set ¥ = 0 € S”. Then the triple (X9 X V) is
feasible for [9;,-SDP| (for G) with objective value xx(G).
To conclude this section we state the following result:

(@) < k(@) < x(G). (2.8)

Narasimhan and Manber| [232] prove the first inequality in (2.8). To show this, let

~ _ ~ _ _ k ~ ~

A € A(G) such that A\ (A) = ¥(G). Then 9;(G) < > N(A) < kXi(A) and the
i=1

proof follows. The second inequality in follows from 9(G o K}) = kJ(G) and
WG o Ki) < x(Go Ki) = xk(G). The second inequality in also follows from
the following known results 9(G) < x;(G) and kx(G) < xx(G) where x;(G) is the
fractional chromatic number of a graph, see e.g., [47]. In this chapter, we show that

Ik (G) = kY(G) for many highly symmetric graphs.

2.3 The sequence (9;(G))iepm

In this section we consider the sequence ¥ (G), V2(G), ..., 9,(G) where G is a graph
on n vertices. We first prove that this sequence is bounded from above (Proposi-
and increasing (Proposition 2.8)). Then, we prove that the increments of the
sequence i.e., ¥;(G) — 95_1(G) are decreasing in k, see [Theorem 2.10f We also show
that this increment can be arbitrarily small for a particular graph, see [[heorem 2.11}
Let us first establish a relation between ¥ (G) and x(G).
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Proposition 2.7. ForG = (V, E) and k > x(G), we have V;(G) = |V|. Furthermore,
Ui (G) < min{kd(G), |V} for all k < |V].

Proof. Let k > x(G). Then ay(G) = |V|, where we take the k stable sets to be the
color classes in an optimal coloring of G. Thus, it follows from that |V| < 9x(G).

Furthermore, note that for any graph G, matrix J|,,| € A(G) is feasible for (2.6)).
Since matrix J|i,| has eigenvalue [V| with multiplicity one and the other eigenvalues
equal to 0, we have ¥ (G) < |V| for any graph G. Therefore, when k > x(G) we have
U%(G) = |V|. Besides, 9;(G) < k9(G) by (2-8). O

Part of [Proposition 2.7| can be more succinctly stated as U, (q)(G) = |V].
sition 2.7| also shows that the sequence (J5(G))i<|v| is bounded from above by [V|.

The next proposition shows that this sequence is non-decreasing in k.

Proposition 2.8. For any graph G on n vertices, ¥;(G) < 9x11(G) for any integer
k < n, with equality if and only if V;(G) = n.

Proof. Consider a graph G on n vertices and let Y be optimal for with
k< n. Wehave tr(Y) = k and 0 < ¥ < T,,. Define Z := (1= 1)V + 1L, It
follows that Z is feasible for ¥x41-SDP2 and thus

n = Ux(G) > 94 (@),

Vip1(G) > (I, Z) = 9%(G) + — 2

with equality if and only if ¥;(G) = n = |[V(G)]. O

[Proposition 2.8| allows us to further restrict

Proposition 2.9. Let G be an arbitrary graph on n vertices, and (X*,Y™*, u*) be an
optimal solution to for k < n. Then p* > 0. If k = n, then (X,Y,u) =
(0,J,0) is an optimal solution to|9-SDP,

Proof. For k < n, we prove the statement by contradiction. Assume that (X* Y™,
w1*) is optimal for with p* < 0. Note that (X*, Y™, u*) is also feasible for
V11-SDP. Since p* < 0, this would imply that ¥ (G) > ¥x11(G), which contradicts
Proposition 2.8 Thus p* > 0. If & = n, then (X,Y,u) = (0,J,0) is feasible for
J,-SDP|and attains objective value n, which is optimal since 9 (G) = n by
tion 2.71 O

Next, we investigate the increments of the sequence (9%x(G))kepn. For that pur-
pose, we define for any graph G and k > 1 the increment of (J5(G))xepn as follows:

A(G) = 9(G) — 0p_1(G) if k> 1, and AL (G) == 91(G) (2.9)

Theorem 2.10. For any graph G on n vertices and k € [n — 1], Ak(G) > Ap1(G).
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Proof. For k € [n], where n is the number of vertices of G, let the matrices Ay € A(G),

see (2.5)), satisfy
k

5" Xi(Ay) = 94(G). (2.10)

i=1
Stated differently, Ay is an optimal solution to (2.6|) for computing Jx(G). Since (2.6)
is a minimization problem,

k
9e(G) <D Xi(Aw), K € [n). (2.11)
i=1
By substituting (2.10)) and (2.11) in the definition of Ag(G) for k > 2, see (2.9), we
obtain:
k k—1
AR(G) = 0k(G) = D1 (G) ) Xi(Apm1) = > Ni(Ap—1) = Me(Apor). (212)
i=1 i=1
Similarly,
k k—1
AR(G) = 0k(G) = Di—1(G) = D Xi(Ar) = > Ni(Ar) = Ae(Ap). (2.13)
i=1 i=1

Combining (2.12) and (2.13)) yields Ag(G) > A\p(Ak) > Apr1(Ak) > Ak (G), k> 2.
The inequality A1(G) > A2(G) follows from (2.8). O

Let us summarize the implications of [Proposition 2.8| and [Theorem 2.10} [Propo-|

proves that
A(G) =0 <= 9,_1(G) =1|V|, Vke{2,3,...,|V]}. (2.14)

For complete graphs we have Ay (K, ) = 1, see [Theorem 2.15| There exist however
graphs for which Ax(G) < 1. We investigate the limiting behaviour of Ag(G) in
Section 2.3.11

When we consider the sequence induced by 95 (G) as a function of k, we know that
this sequence is increasing towards |V (G)|. [Theorem 2.10|shows that the increments

in this sequence decrease in k. Loosely speaking, one might say the second derivative
of f(k) = 9x(G) is negative.

2.3.1 Limiting behaviour of Ay(G)

In this section we show that, for any real number £ > 0, there exists a graph G
and a number k£ > 1 such that 0 < Ag(G) < e. For this purpose, define graph
Gn = (V(Gn),E(Gy)), n € N, as follows:

V(G,) :=[n] and E(G,) :={{i,j} : 1 <i<j<n—-1}U{{n—1,n}}. (2.15)

Graph G, is thus a complete graph on n — 1 vertices plus one additional vertex. This
additional vertex is connected to the complete graph K, _; by a single edge.
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Theorem 2.11. Forn > 5, we have ¥,—2(Gn) =n — 2+ —251/(n —2)(n — 4).

n

Proof. We prove the result by finding a lower and upper bound on ¥,,_2(G,), both

of which equal n — 2+ —251/(n —2)(n — 4). Let p := ,/%. Define matrix

Y € 8™ as follows:

n—4

=3Ih2 Op_2 pl, o
Y= 0], 1 0
Pl s 0 s

Matrix Y is feasible for ¥,,_2-SDP2 (see|Page 25| if 0 <Y < I. Therefore we derive

nL_‘;))I’I’L—2 On—2 _p]-n—2
I-Y=| 0, 0 0 ,

_perL_Q 0 n—4

and take the Schur complement of the block =1, of I — Y

n—3
[0 0
n—4
0 7=

Thus Y < I. Similarly, by taking the Schur complement of the upper left (n—1) x (n—
1) block matrix of Y, we find that Y > 0. We omit the details of this computation.
This implies that Y is feasible for ¢,,_5-SDP2 and

] (=)L _s [0n_z plo_s] = [8 8] = 0.

In_2(Gn) > (J,Y) :n—2+ni_3\/(n—2)(n—4). (2.16)

Finding the (equal) upper bound on ¥,,_2(G,) is a bit more involved. Set

YWn2o+ (1 =7)I—2 0,2 1, B 5
A= 0, , 1 0 ,forfy::n > /m .
1, 0 1 n—3Vn—4
Note that A € A(G,,), see (2.5). We show that for
3  —(n=3)y+/(n—-3)2—-4(2-n) [n-2
o v 2 _ V-4 (2.17)
—n—=3)y—+v(n—-3 —4(2—n
R ) N NN(C=PIT=

the vectors v; = [1,] ,,0,5;]", i € {1, 2}, are two eigenvectors of matrix A. Consider

(n=3)y+1+8) 12
Av; = 0 . ie{1,2}. (2.18)
(nﬂ—iZ + 1) ﬁz
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By (2.17) we have that 3;, i € {1, 2}, are the roots of the equation 82 + (n — 3)v8 +
(2—n) =0, and so B; + (n — 3)y = (n — 2)/B;. Then, the right-hand side of (2.18])
equals v; scaled by the corresponding eigenvalue, which is given by:

n—2

Bi

In particular, the two corresponding eigenvalues are given by

+ 1.

(n—=3)y+1+p =

n—2 n—2 n—2
+1=1-— .
61 62 n—4

Also [0 ,,1,0]" is an eigenvector of A with corresponding eigenvalue one (and multi-
plicity one). Since A is a real symmetric matrix, its eigenvectors are orthogonal. The
remaining n — 3 eigenvectors are thus w; = [¢;,0,0]T, i € [n — 3], where ¢; € R"~2
is a vector whose entries sum to 0. The eigenvectors w; correspond to eigenvalues of
1 —~. We have provided all eigenvectors and eigenvalues of A, see also (2.19)). The

four unique eigenvalues of A are ordered as follows:

\/(n—2)(n—4)+1>1>1—7>1—,/Z—:i, (2.20)

with corresponding multiplicities 1, 1, n — 3, 1, respectively. The sum of the largest
n — 2 eigenvalues of A serves as upper bound on ¢, _2(G,), see (2.6). Therefore, it

follows by (2.20) that

+1=+/(n—2)(n—4)+1 and (2.19)

Bn-2(Gn) < 3 N(A) = V== D)+ 2+ (n - )y
i=1 (2.21)

:n—2+n%\/(n—2)(n—4).

The upper bound on 9,,_2(G,) given by (2.21) coincides with the lower bound ({2.16)),
which proves the theorem. O

Using[Theorem 2.11|we can show that A,,_1(G,,) (n > 5) converges to zero. Indeed,

B0r(@0) = 0es(Ga) = 020 <2 (1= Lo VD - 1)), (222

where we have also used that 9¥,,_1(G,) < n, as proven by [Proposition 2.7, From
(2.22)) it follows that A, _1(G,) (n > 5) converges to zero as n goes to infinity. To
conclude, strictly positive values of Ag(G) can be arbitrarily small. It is unclear
whether lower bounds exist on Ag(G) for fixed k. One example of such a bound is

simple for k =1 ie., A1(G) = %1(G) > o(G) > 1.

2.4 Graph products and the generalized Y-number

In this section we present bounds for ¥ (G) when G is the strong product of two
graphs (Theorem 2.13|) and the disjunction product of two graphs (Theorem 2.14]).
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In [204], Lovasz proved the following result:
NG W Ga) = H(G1)D(Ga), (2.23)

where G X G4 is the strong product of G; and G, see|Definition 2.1l Since G1 X K,
is isomorphic to Gy o Kj, and ¥(K}j) = 1 we have that

9(G o Ky) = 9(GRKy) = 9(G) < 9u(G),

where the inequality follows from [Proposition 2.8/ and the fact that ¥(G) = 91 (G).
Below, we generalize (2.23)) to 9. For that purpose we need the following well known
result, see, e.g., [143].

Lemma 2.12. For square matrices A and B with eigenvalues \; and p; respec-
tively, the eigenvalues of the Kronecker product A ® B equal \ipj, and tr(A® B) =
tr(A) tr(B).

Theorem 2.13. For any graphs G1 and Gs

1

Eﬁk(Gl)ﬁk(Gz) < U(G1 K Ge) < k9 (G1)I(Ga). (2.24)
Proof. Let X{ and X3 be optimal to for G; and Gg respectively. The
adjacency matrix of G; X G4 is given by

Acrg, = (A, + 1) ® (Ag, +1) — 1,

see e.g., [269]. Consider Y = X} ® X3. From the adjacency matrix of G; X Gy it
can be verified that Y;; = 0, V{4, j} € E(G1XG>). By [Lemma 2.12]and the fact that
0 <X =<1, i€ {1,2}, the eigenvalues of Y lie between 0 and 1 and thus 0 <Y < 1.
Additionally, tr(Y) = (1/k) tr(X7) tr(X5) = k. It follows that matrix Y is feasible
for for G; X G5 and attains the following objective value:

<J7Y> = E<J7X1 ®X2> = E<J7X1><J,X2> = Eﬂk(Gl)ﬁk(GQ)-

This proves the lower bound in (2.24). The upper bound in (2.24) follows from
combining (2.8)) and (2.23). O

The bounds from [Theorem 2.13|are attained, for example, when both G; and G4
are complete graphs (see[Theorem 2.15)). In general, the bounds for 95 (G X G3) from
|Theorem 2.13|are more loose for larger values of k.

We now focus on the disjunction graph product (see[Definition 2.1)). For graphs G
and G of order n; and ny respectively, we consider the adjacency matrix Ag,va, €
{0, 1}mn2xmnz - We partition Ag,vg, in n? square submatrices A%Vt € {0,1}72x"2,
for ui,v; € V(Gy). If {uy,v1} € E(G1), then A¥+¥1 = J,,, by the definition of V. If
{u1,v1} ¢ E(Gy), then A“2"1 = Ag,. It follows that

AG]\/GQ — mln {AGl ® Jn2 + Jnl ® AG2 9 Jnlng} 9

where the minimum is defined to be entrywise. Our next result provides an upper
bound on the generalized ¥-number for the disjunction product of two graphs.
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Theorem 2.14. For graphs G, and G5 of orders ni and no respectively, we have
79]€(G1 V GQ) S min {nlﬁk(Gg),ngﬁk(Gl)} .

Proof. Consider the SDP problem for G V G5. This maximization problem
is least constrained when G; = K,,,. Thus

ﬂk(G1 V Gz) < ﬂk(?nl V Gg) (2.25)
We will show that Uy (K,, V G2) = n191(G2). Let X* be an optimal solution to

V,-SDP2|for Go. Matrix J,,, ® nilX* is a feasible solution to [y -SDP2|for K, V Gs.
The objective value of this solution equals

1 1 1
J. J, — X" = — Jn, @Jny, In, X" = — Jn,Jdny JnQ,X*
@30 © x) = L, @030, 00 = L@, 3@, 0)
= nlﬁk(Gz) — 19]@(?”1 V Gg) > nlﬂk(Gg) (2.26)

Let (Y*, X*, u*) be an optimal solution to [J;-SDP|for G with u* > 0, see
Then J,, ® Y*, J,,, ® X* and nypu* form a feasible solution to for

K, V G3. Namely, by [Lemma 2.12| we have that J,, ® Y* > 0. Also

nmpl+Jd, X" —J+J,, YY" =
p nily, —Jn0) L, +J0, @ (W, + X" —J,, +Y*) =0,

where we have used

that p* > 0. Lastly, this feasible solution to the minimization problem obtains an
objective value of

(I,Jn, @Y") +nqp*k =n1 (LY") + p*k) = n19,(G2)
— 19]9(?”1 V Gg) < nﬂc}k(Gg) (2.27)

Now (2.26)) and (2.27) imply that 94 (K,,, VG2) = n19%(G2). This equality, combined
with (2.25)), proves that

ﬁk(Gl V Gg) < nlﬁk(Gg) (2.28)

From the definition of the disjunction graph product (see [Definition 2.1)), it follows
that the disjunction graph product is commutative and thus

ﬁk(Gl V GQ) = ﬁk(GQ V Gl) < ngﬁk(Gl) (2.29)
Combining equations (2.28) and (2.29)) proves the theorem. O

The proof shows that when either G; or G5 is the complement of a complete
graph, graph G V G5 attains the bound of [Theorem 2.14}
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2.5 Value of ¥, for some graphs

In [204], Lovasz derived an explicit expression for the ¢-number of cycle graphs and the
Kneser graphs. In this section, we derive the generalized ¥-number for those graphs,
as well as for circulant, complete, complete multipartite graphs, and the Johnson
graphs. In [Section 2.5.1| we present bounds for J5(G) when G is a regular graph
and show that the bound is tight for edge-transitive graphs. provides
an analysis of J(K,G), which is an upper bound on the number of vertices in the
maximum k-colorable subgraph of G.

Theorem 2.15. For k <n, ¥;(K,) =k.

Proof. Consider the SDP problem For the complete graph, the only matri-
ces feasible for [V, -SDP2| are diagonal matrices with trace equal to k. Set for instance
Y = %I. Then Y is feasible for |9, -SDP2| and has objective value k. O

For cycle graphs it is known, see [288] Thm. 6|, that xx(Caon+1) = 2k+ 1+ \_%J,
and xx(Ca,) = 2k. The latter equality admits a simple proof, see e.g. (2.77)), unlike
the first. Since C,, is bipartite when n is even, it follows from [Proposition 2.7| that
I, (Cr) = n for all k € {2,3,...,n}. To compute ¥5(C,,) for odd cycle graphs, we
require the following lemma.

Lemma 2.16. For odd n > 5, we have that

mn n ]'
0447~ Y5 < Cn)  9Criz) 1
5 n n+ 2 2
Proof. By 204, Corollary 5] we have, for odd n, that
I(Ch) cos (/x)
= h =
n f(n), where f(z) 1 4 cos (7/x)
For x > 1, the derivative of f is given by
fl(x) _ 7T S1n (E) > 1’

(1 +cos ()72

and so f is increasing on (1,00). In particular, f is increasing on [5,00). Therefore,
for n an odd integer in [5, 00), we have that
) ) 1
£ =f(5) < f(n) < f(n+2) < lim f(n)= 5

5 T—r 00

which proves the result. O

Let us introduce a circulant matrix and an edge-transitive graph. We need both
terms in the proof of the following theorem. Each row of a circulant matrix equals the
preceding row in the matrix rotated one element to the right. Circulant matrices thus
have a constant row sum. This constant row sum is also one of the eigenvalues with
1 as its corresponding eigenvector. A graph is edge transitive if its automorphism
group acts transitively on edges, i.e., if for every two edges there is an automorphism
that maps one to the other.
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Theorem 2.17. Let n be odd and n > 1. Then ¥5(C),) = 29(Cy,) and 95(Cy) = n
for all k > 3.

Proof. For n = 3, C3 = K3 and the result follows from [Theorem 2.15| Thus let
n > 5. Let I' C 8™ be the set of optimal feasible solutions to ¥;-SDP2 for C,, and let
Y €T'. Note I' is convex. Let p(Y') denote an optimal solution to ¥;-SDP2 obtained
by permuting the vertices of C,, by automorphism p. Matrix p(Y) € I'. Denote the
average over all automorphisms p by Y. Then Y € T by convexity of I' and since C,,
is edge transitive, Y is a circulant matrix, like the adjacency matrix of C,,.

AsY €T, we find

(J,Y)=tr(117Y) = tr(17Y1) =1TY1 = 9,(C,). (2.30)

As Y is also circulant, it has eigenvector 1. By , its corresponding eigenvalue
equals A = 9(C,,)/n.

We will prove that the largest eigenvalue of Y equals A\. Assume that the largest
eigenvalue of Y does not equal . Then Y has eigenvalue A, for some A > \. Since ¥
is a symmetric circulant matrix of odd dimension, Y has only one eigenvalue with odd
multiplicity [294]. Thus A or A have multiplicity greater than one. Note that since
Y is feasible for ¥,-SDP2, it has nonnegative eigenvalues that sum to one. However,
both terms A+ 2 and 2\ + \ are strictly greater than one by | and hence,
the assumption that A is not the largest eigenvalue of Y leads to a contrad1ct1on.

The largest eigenvalue of Y is thus smaller than 1/2. Then 2Y < I. Clearly, 2Y
satisfies the other feasibility conditions of ¥5-SDP2. Thus 2Y is feasible for ¥5-SDP2
and ¥5(C,,) > 20(C,,). Combined with (2.8)), it follows that J2(C),) = 209(Ch,).

The proof of ¥3(C,,) = n follows from combining x(C,,) = 3 and |[Proposition 2.7|

O

Graphs for which the adjacency matrix is a circulant matrix are called circu-
lant graphs, like the cycle graphs and some Paley graphs. There has been research
done on computing ¥(G) for circulant graphs [21} [39] [40] [62]. In particular, |Crespi
[62] computes the Lovéasz theta number for the circulant graphs of degree four hav-
ing even displacement, while Brimkov et al. [40] consider ¥(C,, ;), where V(C, ;) =
{0,1,...,n—1} and E(C,, ;) = E(C,) U{{3,7'} : i —i' =3 mod n}.

Let H, be a connected circulant graph on n vertices. Then H,, contains a Hamil-

tonian cycle [31]. Equivalently, the cycle graph C,, is a minor of H,,. Maximization
problem is then more restricted for H,, then it is for C,,. Thus

N3

Consider ¢,-SDP2 for H,,. Graph H,, has a circulant adjacency matrix, meaning we
can restrict optimization of ¥1-SDP2 over the Lee scheme, the association scheme
of symmetric circulant matrices, without loss of generality [108]. As shows,
¥1-SDP2 is now equivalent to maximizing the largest (scaled) eigenvalue over feasible
matrices. Let M be a matrix optimal for ¥1-SDP2 for graph H,,. Then A\pnax(M) =

Y(H,)/n < 1/2. Then 2M is also optimal for ¥5-SDP2 for graph H,,. More generally,
if Kk <n/Y(Hp,), then \pax (kM) <1 and kM is then feasible for attaining
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the objective value min{k¥(H,),n}. In case k > n/V¥(H,), we have V;(H,) = n.
Thus, in general
U (H,) = min {k9(H,),n} . (2.31)

For any k, there exists a circulant graph P on n vertices such that Jx(P) < n.
Specifically, if P is the Paley graph on n vertices, then J(P) = y/n (cf. [129]). For
fixed k and n large enough, ky/n < n.

Theorem 2.18. Form; > mg > ... > my, and k < p,

k
ﬁk(Kml,...,mp) = Z m;.
=1

Proof. Let us write K = K, ,...,m,, with corresponding adjacency matrix Ag. Note
that Ag = J, —Diag(Jy,,,...,Jm,), and that X := Diag(J,,,,...,J,) € A(K), see
(2.5)). Therefore X is feasible for . The eigenvalues of X are the eigenvalues of
the block matrices J,,,,. Then, A\;(X) = m; for i € [p]. Thus, we have that

k

k
Vp(K) < Z Ai(X) =) ma. (2.32)

=1

Note that ap(K) = Zle m;. Then the proof follows from combining (2.7) and
2.39). 0

Recall again the definition of A (G), given in (2.9). We have shown in|Section 2.3.1

that strictly positive values Ag(G) can be arbitrarily small. We show now, by use of
ITheorem 2.18| that the ratio between strictly positive successive values of Ag(G) can
be arbitrarily small. More formally, for any € > 0 and any k > 1, there exists a graph
G such that

Ap+1(G)
0< ———<e= 2.33
Ak(G) (2:33)
We again ignore the case Ap(G) = 0, see (2.14)). In view of [Theorem 2.18| we have
A
2(Kn1) 1 e
Ay (Kpa)

for some integer n sufficiently large. Thus for sufficiently large n, graph K, ; satisfies
2.33) for k = 1. Graph K, , 1 satisfies (2.33) for k¥ = 2. Graph K, ,, 1 satisfies
2.33)) for k = 3, and so on.

2.5.1 Regular graphs

In this section we present an upper bound on the ¥;-number for regular graphs, see
[Theorem 2.20L This result can be seen as a generalization of the Lovasz upper bound
on the ¥-number for regular graphs. We exploit the result of [I'heorem 2.20|to prove
that Jx(G) = k¥(G) when G is the Johnson graph, see [Theorem 2.22| Moreover, we
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derive an explicit expression for the generalized theta number for the Kneser graphs,
see [Corollary 2.24]
Let us first state the following result.

Theorem 2.19 (|204]). For a regular graph G on n vertices, having adjacency matriz
A and eigenvalues M\ (Ag) > A2(Ag) > ... > A\ (Ag), we have that

n)\n(Ag)
NG < M(Ac) — Mi(Ag)

Inequality (2.34) holds with equality if G is also edge-transitive.

(2.34)

For a finite set of real numbers P, we denote by S;(P) the sum of the largest k
elements in P. For any symmetric matrix X, we denote by A(X) the eigenspectrum of
X, i.e., the set of (possibly repeated) eigenvalues of X. The following idea involving
Sk(-) and A(-) is important for the rest of this section: if G is a regular graph on
n vertices, its adjacency matrix Ag has eigenvector 1,,, corresponding to the largest
eigenvalue. Since Aq is symmetric, its other eigenvectors are orthogonal to 1,,. Thus,
the eigenvectors of Ag and J,, coincide. Therefore, if G is a regular graph with
adjacency matrix Ag and \; = A\;(A¢g), @ € [n], we have that

AJ,+xAg) ={n+zxA,x), ..., 2}, M1 > - > N\, x €R. (2.35)
For k € [n] and x € R, we define the continuous function
gk () := S (AT + 2Ag)) = Sk({n + 2 A1, 22, ..., 2\ }), x € R. (2.36)

Let us provide some simple results on g (z). The function gy, is convex (Lemma B.1]
on [Page 204). Note that g;(z) = max{n + zA1,zXs,...,2\,} and g,(z) = n +
Yy - A =n+atr(Ag) =n. For k € {2,3,...,n—1} and x <0, it can be observed
that gr(z) = >0/, 110X + max{n+zA;,zA,_x11}. We have that n + zX; =

TAp_ka1 if and only if x = m Therefore, for k € {2,3,...,n— 1},
p n
x Z Ai if v < —An_kzl—kl’
i=n—k+1
i=n—k+2
k
n+x Z i if x > 0.
\ =1

Now, we state our result, which we prove using the function g as in (2.36)).

Theorem 2.20. For any reqular graph G on n vertices and k € [n], we have that

n(M(Ag) + 200, e Mi(Ag)) n}

N rr1(AG) — M (Ag) (2.38)

where we set the summation equal to 0 when k = 1. Inequality (2.38)) holds with
equality if G is also edge-transitive.

I (G) < min {n -+
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Proof. The proof is an extension of Lovasz’ [204] proof of [Theorem 2.19] Note that
|Theorem 2.19|is equivalent to for k = 1. Indeed, for k = 1, (2.34)) and
are equivalent. For k = n, we have that ¥;(G) = n by |Proposition 2.7} It remains to
prove the result for k € {2,3,...,n — 1}.

Let G be a regular graph on n vertices and k € {2,3,...,n — 1}. Note that
J, + 2Aq € A(G), see (2.5)), for any = € R. Therefore, it follows from the definition
of 9, see , that 9 (G) < minger gi(x), for gx as in (2.36). To minimize g, we
use and the fact that gy is convex (see [Lemma B.1|on [Page 204)).

Let Ay > .-+ > A\, be the eigenvalues of Ag. Since the \; sum to tr(Ag) = 0, it
follows that the term » . L1 Aiin is negative. It can similarly be shown

that the term Zle A; in (2.37)) is positive. Thus, lim,_, _ gi(x) = lim,; o gx(x) =
0o. By the convexity of g, its minimum must then be attained at one of the two

breakpoints of g, that is either z = ﬁ or x = 0. Hence,

9(G) < min gy (z) = min {gk (ﬁ) : gk(())} . (2.39)

zeR n—k+1

Inequality (2.39)) is equivalent to (2.38).

We now prove that that (2.38) holds with equality when G is edge-transitive.
It is known that the sum of the k largest eigenvalues of a matrix, as in (2.6)), is
a convex function [244]. Thus the average over all optimal solutions to all
automorphisms of G is also optimal. Since G is edge-transitive, this average is of the
form J + xAqg, which proves the equality claim. Il

We remark that [heorem 2.17| can also be proven by applying [I'heorem 2.20]

Corollary 2.21. Let G be a regular, edge-transitive graph on n wvertices, and let
k € [n]. If the smallest eigenvalue of its adjacency matriz has multiplicity k or

greater, then Ui(G) = min{k¥(G),n}.

Proof. Let us write A\ > Ay > --- > \,, for the eigenvalues of Ag. Since the multi-
plicity of A\, is at least k, it follows that

> A= (k= 1A, and Ay_py1 = A (2.40)
i=n—k+2

As G is regular and edge-transitive, (2.38) holds with equality. Substituting (2.40) in
(2.38) yields that ¥4 (G) = min{#, n}, where

ooy "M T ) O+ (= D)
An—k+1 — A1 An — M (2.41)
Cnt M 0(@) = M k- 1)9(6) = k()
B )\n - )\1 N )\n — )\1 B )

For the third and fourth equalities in (2.41]), we have used that 9(G) = n\,, /(A — A1)
by [Theorem 2.19|

O
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We apply [Corollary 2.21{to the Johnson graphs (Definition 2.4)). Note that Johnson
graphs are edge-transitive (see e.g., [53]) and regular.

Theorem 2.22. Let integers n, m satisfy 1 <m < 4 and let f € {0,1,...,m}. For
the Johnson graph J(n,m, f), we have that

9%(J(n,m, f)) = min {W(J(n, m, f)), (Z) } . keln—1]. (2.42)
Proof. Let A be the adjacency matrix of J(n,m, f). Note that that n here does not
refer to the number of vertices of J(n,m, f), but to a parameter of the graph. The
number of vertices is given by ().

Since the Johnson graphs are edge-transitive and regular, we may apply
lary 2.21, Hence, follows by showing that the smallest eigenvalue of A has
multiplicity n — 1 or greater. It is known that the multiplicities of the eigenvalues of
A are given by 1 (corresponding to the largest eigenvalue) and (?) — (jfl) for j € [m],
cf. e.g. [43] or [73]. The multiplicity of the smallest eigenvalue is unknown for general
n, m and f. It is clear however, that this multiplicity is at least

:= min u,, for _‘_(n>_( " )
T e TG ) TG -1

We continue the proof by considering two cases based on the value of n.

Case 1. n > 2 and n # 4.
If n # 4, then p = 3 = n — 1 [272 Thm. 1|. Since k < u, (2.42) follows from
|Corollary 2.21}

Case 2. n =4.

We check the finite number of Johnson graphs J(4,m, f), with 1 <m <n/2 =2 and
f€{0,1,...,m}. Note that for any Johnson graph, the eigenvalues of its adjacency
matrix, and their corresponding multiplicities, have closed form expressions, see e.g.,
[44]. Thus, the ¥-number of Johnson graphs can also be expressed in closed form,
using [Theorem 2.19}

J(4,1,0) = J(4,1,1) = K.

J :=J(4,2,0) is a bipartite graph, which implies that x(J) = 2, and so ¥5(J) =
(5) = 6 by [Proposition 2.7 Moreover, ¥1(J) = 9(J) = 3. Lastly, 93(J) = () =
6 by [Proposition 2.8|

3. J :=J(4,2,1). The smallest eigenvalue of A has multiplicity 2. Then
lary 2.21| proves that ¥2(J) = 29(J) = 4. Since x(J) = 3, 93(J) = 6.
4. J(4,2,2) = Kg. O

1.
2.

The ¥-number of Johnson graphs has also been studied in [199]. When the Johnson
graph parameters n, m and f satisfy certain conditions, the smallest eigenvalue of
its adjacency matrix can be expressed in closed form. In that case, we can slightly
strengthen [Theorem 2.22|
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Lemma 2.23. Let integers n, m and f € {0,1,...,m — 1} satisfy

m(m — 1)

1<m< —and0< f< (2.43)

|3

n—1

For the Johnson graph J(n,m, f), we have that

9% (J(n,m, f)) = min {k(Z) H (Z) } L k< (Z) (2.44)

Proof. We write Ay > Ao > --- > )\, for the eigenvalues of the adjacency matrix of
J = J(n,m, f), where v := (:fl) equals the number of vertices of J. Since J is a
regular graph, A1 equals the degree of any of its vertices. When n, m and f satisfy
the conditions of the lemma, see , a closed form expression for A, is known [44]
Thm. 3.10], and its multiplicity equals n — 1 [73]. In particular,

m\ [n—m fn —m?
A = 0, \y =\ —— <0. 2.45
= (7)) =0 = < (249)
Substituting the expressions for A\; and A, in (2.34)) yields that
n\ fn—m?
9 = - 2.4
= (p) i (2.46)

Note that n in (2.34)) refers to the number of vertices, which equals v = (::l) for graph
J. Substituting (2.46]) in (2.42) proves (12.44)) for the case k <n — 1.
Let now k = n. [Theorem 2.20|states that ¥4 (J) = min{6, (")}, where

A>T Ai
0= vt o QRPPHELY) . (2.47)
>\U—7’L+1 - )\1

We consider the term A; 4+ 77 ., A; in (2.47)). Since the multiplicity of A, equals

n — 1, it follows that >0 .o A; = (n—1)\,. Hence,

A1+ Z /\i:A1+(n—1)/\U:>\1<1+(n—1)M>. (2.48)

1=v—n-+2 m(n - m)

We have used (2.45) for the second equality in (2.48). By using the condition f <

%, we find that

— m?2 v
L+ n—1)LP 2™ o a4 3 )\i§0:>92v:<">.
m(n —m) i=v—n+2 m
Thus, ¥, (J) = min{, (")} = (). Then also J;(J) = () for all k > n by
0 8 U

Since the Kneser graph K (n,m) is isomorphic to J(n, m,0), we can easily extend

Lemma 2.23|to Kneser graphs.
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Corollary 2.24. Let 1 < m < n/2 for integers m and n. For the Kneser graph
K(n,m) and k < (), we have that

9%(K (n,m)) = min {k (:1__ D <::1> } . (2.49)

Proof. We have that K(n,m) = J(n,m, f), for f = 0. Then the parameters n, m and
f satisfy the conditions of [Lemma 2.23| see (2.43). Note also that for f = 0, it holds

that (:@)j.::—n"i = (M = (:1__11) Thus, expressions and coincide for
f=o. O

2.5.2 Relation between J(K;0G) and 9,(G)

Gvozdenovi¢ and Laurent| [130] show how to exploit an upper bound on the indepen-
dence number of a graph to obtain a lower bound on the chromatic number of its
complement graph. They do not consider the generalized ¥-number in the bounding
procedure. Kuryatnikova et al. [172] exploit the generalized ¥-number to compute
bounds on the chromatic number of a graph. For some graphs, the lower bounds on
X(G) from [172] coincide with the bounds obtained by using the theta number as sug-
gested by [130]. Here we explain that finding by analyzing ¥(K;G) for symmetric
graphs. We also show that the gap between 95 (G) and J(K;OG) can be arbitrarily
large.
Chvatal| [58] noted that

ap(G) = [V(G)] <= x(G) < k.

Stated differently, x(G) = min{k : k € N, ax(G) = |V(G)|}, or in words, the k stable
sets giving o (G) correspond to the color classes of G in an optimal coloring. Analogue
to xx(G) = x(G o K}), it is known (cf. [172]) that

Oék(G) = Oé(Kk-DG), (250)

where K [JG is the Cartesian graph product, see [Definition 2.1} For a graph param-
eter B(G) that satisfies

@) < B(G) < x(G),
Gvozdenovi¢ and Laurent| [130] define Wz (G) as follows:

Us(G) :=min{k : ke N, 8(K;0G) = |V(G)|}.

Then ¥, (G) = x(G). The operator Wa(-) can be applied to a variety of graph pa-
rameters 5(G) and enables obtaining a hierarchy of bounds for x(G) from a hierarchy
of bounds for «(G). For example, when B(G) = ¥(G) |Gvozdenovi¢ and Laurent
[130] show that Uy(G) = [9(G)]. It follows from that parameters J;(G) and
Y(KOG) both provide upper bounds on «ay(G). Therefore, it is natural to compare
Uy (G) with the similar parameter

®y, (G) :==min{k : ke N, 9(G) =|V(G)|}.

This comparison boils down to the comparison of ¥(K;OG) and 9 (G). Numerical
results in [172] suggest the following conjecture.
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Conjecture 2.25. For any graph G and any natural number k, 9(K,0G) < 95 (G).

We have numerically verified |Conjecture 2.25|for all graphs on at most 7 vertices,
and all valid values of k.

We show in [Proposition 2.27| that the gap between ¥(K;OG) and 9¥4(G) can be
arbitrarily large. We first state the following lemma that is needed in the rest of this
section.

Lemma 2.26 ([130]). Given A,B € 8" and Y = I, @ A+ (Jr — Ix) ® B, then
Y = 0if and only if A— B = 0 and A+ (k—1)B = 0. Furthermore, A(Y) =
AA+ (k—1)B)UA(A — B)F=1

Now, we are ready to present our result.

Proposition 2.27. For any real number M, there exists a graph G and integer k
such that
I (G) — (K OG) > M.

Proof. Consider again graph G,,, as defined in (2.15)) for even n and set k = n/2. We
will show that 19, /2(G,) — YU(K,, /200G, ) is increasing in n. Let p = 1/(2y/n —2) and
consider first .
§In72 0n72 p1n72
X=1]0l, 1 0
1, , 0 3
Taking the Schur complement of the bottom right 2 x 2 block of X shows that 0 <
X =<1 (see the proof of [Theorem 2.11|for more details). Combined with the fact that

(I, X) =k, it follows that X is feasible for [J;-SDP2| Hence,

O s2(Gn) > (3, X) = g +op(n —2) = g 2. (2.51)

As for 9(K,, ,200G), let

_kJn—l + (k + 1)In—1 ]-n—l Jn—l ]-n—l
A = y = y
L 1 L, —k

and set Y := I A+(J-I)®B. Then matrix Y € A(K,,/200G), see (2.5). Furthermore,
matrix Y is of the form described in Then the largest eigenvalue of Y
satisfies A\1(Y) = max{\1 (A — B), \Mi(A+ (k—1)B)}. Similar to the methods used in
the proof of [Theorem 2.11} it can be shown that A\;(Y) = k + 1. Thus,

n

Combining (2.51)) and (2.52) for fixed M and large enough (even) n, gives 9,,/2(Gn) —
V(K 20G,) > vVn—2—-1> M. O

We prove [Conjecture 2.25| only for a particular class of graphs. Let us first show
the following result.
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Theorem 2.28. Let G be graph on n vertices that is both edge-transitive and vertex-
transitive. Then

V(KROG) = min{kd(G),n} = 9%(G).

Proof. For notational convenience we denote A = Ag. Because G is regular, edge-
transitive and vertex-transitive, we may assume without loss of generality that the
set A(K;OG), see (2.5)), contains only matrices of the form X = I, ® (J,, + zA) +
(Jr — Ix) ® (J, + yI,). In order to minimize the largest eigenvalue of X we apply
and find

AM(X) = fx,y) = max {1 (xA — yI,), \ (kT + zA+ (kK — 1)yL,)}
fi=zM\ —y,
f2 - x)\n -y,
f3 - k?’L—l—ZE)\l + (k - 1)y7
f4 = ZU)\n + (k - l)ya

— Imax

where A\; and )\, are the greatest and smallest eigenvalue of A respectively. We
have used that A(kJ, + zA + (k— 1)yL,) can be expressed similarly to (2.35). We
minimize A\1(X) by considering different intervals of x. In case x > 0, we have
f(x,y) = max{f1, f3}, which is minimized when z = 0 and f; = f3. Solving f; = f3
for y, when = = 0, yields y = —n. Thus, when x > 0, we find that f(0,—n) = n is
the minimum. Furthermore,

kn
An — M1

S xT S 0 = f(mvy) - maX{fg,fg}.
The minimum here is attained when

An — A 1
f2=f3:>y=$<T1>—n:>f2:n+E((l<:—1))\n+)\1)x
Depending on the sign of (k — 1)\, + A1 we find either f(0, —n) = n or f(+22-,0) =

Am— A1’
]{;_A:i@q = kY(G), by [Theorem 2.19| For the case z < %, note that

kn
An — M

x < — f(mvy) :max{f2,f4},
which is minimized when x = kn/(\, — A1) and fo = f4. Solving fo = f4 for y, when
x =kn/(A, — A1), yields y = 0 and thus f()\nk_"/\1 ,0) = k¥(G). The minimum value
of A\1(X), equivalently, the value ¥(K;OG), thus equals min{k9(G), n}.

Lastly, by edge-transitivity and vertex-transitivity of GG, matrices optimal to
for G have a constant row sum. Thus, as shows, is then
equivalent to maximizing the largest (scaled) eigenvalue over feasible matrices. Hence,

I, (G) = min{kd(G),n}, as can be shown by derivations similar to those used for
(2.31]). U

A graph that is both edge-transitive and vertex-transitive is also known as a
symmetric graph. Many Johnson graphs (Definition 2.4) are symmetric.
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Kuryatnikova et al. [172] compute ¥ (G) for several highly symmetric graphs
(Table 13 in the online supplement to [172]). They remark that for those graphs,
®y, (G) = [9(G)]. We explain this result for all the graphs present in Table 13 except
for the graph H(12,2,{i : 1 <i < 7}) (see for the notation). All the
other graphs evaluated by Kuryatnikova et al. in Table 13 satisfy the assumptions of
ITheorem 2.28| hence, ¥4 (G) = J(KOG) for those graphs. Therefore,

D0,(G) = Wy(G) = [9(@)]. (2.53)

Note that the Johnson graph J(n, m, m —1) is regular, vertex-transitive and edge-
transitive. Therefore, equation (2.53) holds and [ﬁ(J(n, m,m — 1))} =n—m+ 1.

2.6 Strongly regular graphs

In the previous section we showed that certain classes of graphs allow an analytical
computation of ¥ (G). This section expands on the considered classes with strongly
regular graphs, see |Definition 2.6 We also derive an analogue of [I'heorem 2.28| for
strongly regular graphs and the generalized ¥'-number, see [Theorem 2.32|

Let G be an srg(n,d, A\, ), and Ag its adjacency matrix. Since G is regular with
valency d, we have that d is an eigenvalue of Ag with eigenvector 1. The matrix
A has exactly two distinct eigenvalues associated with eigenvectors orthogonal to 1.
These two eigenvalues are known as restricted eigenvalues and are usually denoted
by r and s, where r > 0 and s < —1. We consider here connected, non-complete,
strongly regular graphs. For those graphs we have that s < —1. Thus, we exclude
trivial cases.

Strongly regular graphs attain Lovasz’ bound of [Theorem 2.19| see e.g., [131]. In
particular, for a strongly regular graph G we have

n)\n(Ag)
M(Ac) — M (Ag)’

The following theorem provides an explicit expression for ¥y (G) for strongly regular
graphs.

9(G) =

Theorem 2.29. For ansrg(n,d, \, u) G with restricted eigenvaluesr > 0 and s < —1,
we have

n)\n(Ag) }
ST

M(Ag) — M (Ag)

Proof. We prove the result by showing that the lower and upper bound on ¥4 (G)
coincide. Consider |}, -SDP2| and set Y = %I +xAz. When 0 X Y =< I, the matrix
Y is feasible for [i};.-SDP2|l These PSD constraints on Y can be rewritten in terms of
x. As is a maximization problem we may assume w.l.o.g. x > 0. Thus, for
all 1 <n,

U%(G) = min{k¥(G),n} = min {k

Since Ag has eigenvalues d > r > s, it follows that

AMAg)=AJ -A¢-T)={n—-d—-1,—-s—1,—r —1}. (2.55)
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Substituting (2.55) in (2.54) and exploiting the fact that n—d—1 > —(s+1) > —(1+7)

we have:

kE/n+xz(—1—1)>0

k/n+zxz(n—d—1) <1, (2.56)

0=XY<I <<= 0< (V) <1 <= {

The last two inequalities in (2.56)) provide upper bounds on z, i.e.,

= mm{nui 5 n(nn—_dk— ) } (257)

When z satisfies (2.57)), Y is thus feasible for [}, -SDP2|and (J,Y") will provide a lower
bound on ¥ (G). In particular, with (2.57) at equality,

3,Y)=k+n(n—d-— 1)x:min{k (%U n} (2.58)

Equation ([2.58)) implies that

91(G) > min {k; (%) n} .

By (2.8) and [Proposition 2.7, we have ¥4(G) < min{k9¥(G),n}. It remains only to

show that p
r+n—
- = . 2.
k< T ) kY (G) (2.59)

The eigenvalues of Ag can be written in terms of the parameters of G, i.e.,
rs=p—d, r+s=\—p. (2.60)
Furthermore, the parameters of any strongly regular graph satisfy
n—d—-1Dp=dd—-X-1), (2.61)
see e.g., [42] Thm. 9.1.3]. Let us now rewrite the term:

r+n—d  ns (r+n-—d)(s—d)
1+r  s—d ns(l+r)
ns ns+nrs+[d?> —nd— (n —1)sr —d(r + s)]

(2.62)

s—d ns +nrs

We evaluate the expression between the square brackets in (2.62)) by using (2.60) and
(2.61)), which yields

d> —nd — (n—1)rs —d(r + s)
=d\+d+(n—d—1Dpu—nd—(n—1)(p—d) —d\—p)=0.

Thus (2.62) equals ns/(s — d) = ¥(G), which proves the theorem. O



44 CHAPTER 2. THE GENERALIZED 9¥-NUMBER

Recall that in [Section 2.5.2| we consider symmetric graphs (graphs that are both
edge-transitive and vertex-transitive). Although there exist graphs that are both

symmetric and strongly regular, note that neither one set of graphs is a subset of
the other. The cycle graph C§ is an example of a graph that is symmetric, but not
strongly regular. The strongly regular Chang graphs [52] provide an example of a
strongly regular graph which is not symmetric.

In we have proved that 9(K;OG) = min{kd(G),n} = 9x(G) holds
for symmetric graphs, see [Theorem 2.28f We show below that a similar relation
holds for strongly regular graphs. In fact we prove a result for the generalized ¢'-
number, denoted by 9, (G), that is the optimal value of the SDP relaxation
strengthened by adding nonnegativity constraints on the matrix variable. The
generalized ¥'-number for k£ = 1 is also known as the Schrijver’s number [271].

To prove our result, we first present an SDP relaxation that relates ¥ (G) and
¥ (KROG). Kuryatnikova et al.| [I72] introduce the following SDP relaxation

03(G) = max(LY)

Yesn
st. Yi; =0 V{i,j} € B(G)
Yii <1 Vieln] (2.63)
k diag(Y) "
diag(Y") Y =0, ¥ 20,

that provides an upper bound on «a(G), the optimal value for the MACS problem.
The relaxation can be simplified when G is a highly symmetric graph. In
particular, if G is a strongly regular graph one can restrict optimization of the SDP
relaxation to feasible points in the coherent algebra spanned by {I, A,J—I—A}.
By applying symmetry reduction, reduces to the following convex optimization
problem:

03(G) :=max ny, (2.64a)
sty (n—d— 1)y — Tyt >0 (2.64D)

Y1 — (7” + 1)y2 Z 0 (2640)

y1 —(s+1)y2 >0 (2.64d)

y1 <1 (2.64e)

y1,y2 2 0. (2.64f)

For details on symmetry reduction see e.g., [108, [I72] and references therein.
In [172] the authors conjecture that 63 (G) < ¥, (G) for any graph G. Here we
show that 62(G) = 9/,(G) for any (non-trivial) strongly regular graph G.

Lemma 2.30. Let G be an srg(n,d, \, u) with restricted eigenvalues r > 0 and s <

—1. Then

63(G) = min {k: (%) n} _ 94(G) = 9.(G).

Proof. Note that for s < —1 constraint (2.64d) is trivially satisfied. Points in which
constraints (2.64b) and (2.64c) intersect are (0,0) and (k(&t iz)d), ké’gjfi?) The
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first equality follows by combining the latter point and constramt 2.64€). The second
equality follows from ¥(G) = (7“ +n—d)/(1+47r), see , and Theorem 2. 29 The

third equality follows from and the fact that > 0 and —

<1+ ) = ST >

It is known that ¢/ (KyOG) < 03(G), see [172] Section 5.1]. We show below that
equality holds when & < n(r+1)/(r+n—d) and G is a (non-trivial) strongly regular
graph by proving an equivalence between the SDP relaxations that give ' (K;OG)
and 67 (G). The SDP relaxation for ¢'(K;0G), see also is invariant under
permutations of k£ colors when the graph under the consideration is Kx[JG. This was
exploited in [172] to derive the following symmetry reduced relaxation:

V(KR OG) = A (I, X)
€S
st. Xy =0 V{ij}eEQG)
X>0,2>20 X-2>0
1 diag(X)"
diag(X) X+ (k-1)Z

(2.65)

Relaxation (2.65)) can be further simplified when G is a strongly regular graph. One
can restrict optimization to the corresponding coherent algebra. By applying symme-
try reduction, (2.65|) reduces to the following optimization problem:

V(K OG) :=max nxy

st. x4+ (n—d—1Daxy—(dz1+(n—d—1)22) >0 (2.66a)
—(r4+1Dxze—(rzg —(r+1)22) >0 (2.66b)
—(s+1)ze —(s21 —(s+1)z3) >0 (2.66¢)

1+ (n—d—1)zo+
(k—1)(dzy + (n —d —1)z3) —na? >0 (2.66d)
1 —(r+1Dze+(k—1)(rz1 — (r+1)z2) >0 (2.66¢)
r1—(s+1)za+(k—1)(sz1 —(s+1)z2) >0 (2.66f)

r1 <1

T1,T2, 21,22 Z 0.
Our next result relates optimization problems (2.64) and ( -

Proposition 2.31. Let G be an srg(n,d, A\, u) with restricted eigenvalues r >0 and

s < —1, and k < %. Then the optimization problems (2.64) and ( - are
equivalent.

Proof. Let (x1, 2, 21, 22) be feasible for (2.66). We show that (y1,y2) where y; := 1
and vy := x9 is feasible for (2.64)).

From (2.66al) and (2.66d)) we have

1+ (n—d— 1)z Z(d21+(n—d_1)22)
>n

z1+ (n—d—1)z2 —(k=1)(dz1 + (n —d = 1)22),
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from where it follows

$1+(n—d—1)l’2—%l’%2

max {(dzl Y (n—d—1)z) - %az%, (k — 1)(%:@ —(dz 4+ (n—d— 1)22))} .

To verify that the lower bound above is nonnegative, note that either dz; + (n —d —

1)zo > %af or dzy + (n —d — 1)z < Zaf. Therefore 21 + (n —d — 1)zg — %2 > 0

and constraint (2.64b) is satisfied.
Similarly, from (2.66b)) and (2.66¢€) it follows that constraint (2.64c) is satisfied.
Constraint (2.64d)) is trivially satisfied by 12.660’ and (2.66{]).

Conversely, let (y1,y2) be feasible for (2.64). Define x; := y; and x5 := yo. Let z
and zy be the solutions of the following system of equations:

rz1=(r+1)ze, dzy+(n—d—1)z = %x%
Thus, z; = %aﬁ, z2 = 21;747. Therefore, constraint (2.66al) follows from
(2.64b) and the construction of z; and z5. Similar arguments applied to (2.64c) can
be used to verify that (2.66b]) and (2.66e) are satisfied. To verify (2.66d) we rewrite

the constraint as follows
14+ n—d—1zo+ (k—1)(dzy + (n —d — 1)2) — na? =

acl—l—(n—d—l)xz—%x%—i-(k‘—l) (dzl—l—(n—d—l)z'g— %x%) > 0.
To verify constraint (2.66c) we exploit the construction of z; and z as well as r > 0

and s < —1 to obtain: —(sz1 — (s + 1)z2) = 77521 > 0. It remains to show that

constraint (2.66f) is redundant for k < Y Tet us rewrite the constraint as

follows e
21— (s+ Dao+ (E—1)(sz1 — (s + 1)29)
n(k—1)(r—s) , (2.67)

=z —(s+1)xg —

> 0.
k(d+r(n— 1))361 =
n(k—1)(r—s .
mm% =0and z; = (r + 1)xg is

) , and a point of intersection of 21+ (n—d—1)zo — 21 =0

A point of intersection of z1 — (s + 1)z —
(k(d—l—r(n—l)) k(d+r(n—1))
n(k—1)(r+1)’ n(k—1)(r+1)2
k(r+n—d) k(r4+n—d)
n(r+1) * n(r+1)2

z1+ (n—d—1)zs — 2% = 0 and the z;-axis is (£,0), and a point of intersection of

x1— (s+1)zy — %x% = 0 and the z-axis is (%, 0). Note that the

common intersection point of both parabolas, z; = (r+ 1)x2 and the z-axis is (0, 0).
Let us find & for which

k(ir+n—d) k(d+r(n—1)) n(r+1)
n(r+1) < n(k—1)(r+1) = k< r+n-—d

and 1 = (r + 1)zo is ( ) Furthermore, an intersection point of

and

n — <d+rn—s
n(k—1)(r — s) r—s
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By using (2.62), one can verify that n(r+l) - dirn—s from where it follows that

r+n—d r—s
the constraint (2.67)) is redundant when % < 1. It follows trivially that the
objective values coincide for feasible solutions of two models that are related as de-
scribed. U

The next result follows from the previous discussion.

Theorem 2.32. Let G be an srg(n,d, \, u) with restricted eigenvalues v > 0 and

s<—1,and k < ;Lfrr;_lc)i We have that ¥'(K;OG) = 9}.(G).

Proof. The proof follows from |[Lemma 2.30| and [Proposition 2.31] 0

2.7 Orthogonality graphs

In this section we compute the generalized -number for the orthogonality graphs.

We motivate the study of orthogonality graphs by a scenario taken from [105].
Let n = 2" for some r > 1. Consider a game where two players, Alice and Bob, each
receive an n-dimensional binary vector as input. These two vectors are either equal or
their Hamming distance (see |Definition 2.2)) equals n/2, that is, they differ in exactly
27~1 positions. Given these inputs, Alice and Bob must each return a r-dimensional
binary vector as output. To win the game, Alice and Bob must return equal outputs if
and only if their inputs were equal. Alice and Bob are not permitted to communicate
once they receive their inputs. The players are, however, allowed to coordinate a
strategy beforehand. One such strategy results in the definition of an orthogonality
graph.

Vertices of the orthogonality graph €,, are represented by the unique n-dimensional
binary vectors. Vertices (equivalently vectors) are adjacent if their Hamming distance
equals /2 and thus, Q,, = H(n,2,{n/2}). Here H(n,2,{n/2}) denotes the Hamming
graph, see[Definition 2.3| The strategy of Alice and Bob is to agree on a graph coloring
of ,, before the game starts. After being given their input vector, Alice and Bob
should then return the color of their vector, encoded as an r-dimensional binary
vector. With this r-dimensional vector, Alice and Bob can indicate 2" = n distinct
colors. Disregarding any luck in guessing, the game can always be won if and only if
X(€n) < n.

The orthogonality graph gets its name from another description of the graph, that
is, when the vectors have {£1} entries. The Hamming distance between two binary
vectors of n/2 then corresponds to those {41} vectors being orthogonal to each other.

Godsil and Newman [115] prove that x(22-) = 2" for r € {1,2,3} and x(Q2r) > 27
otherwise. This means that the game can only be won for » < 3. Clearly, for odd
n, 2, is edgeless. We therefore restrict the analysis of €2,, to the case when n is a
multiple of 4. When that is the case, €2, consists of two isomorphic components, for
vectors of even and odd Hamming weights respectively.

Next to x(€2,), the independence number «(€2,,) has also been studied in multiple
papers. The two graph parameters are related by |V| < x(G)a(G), for any graph
G = (V,E), see (2.73)). Frankl [92] and Galliard [104] constructed a stable set of €2,
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of size a(n) for n =0 mod 4. In particular,

n/4—1

a() >aln) =4 ) (n; 1)-

=0

On the other hand, |de Klerk and Pasechnik [67] used an SDP relaxation to find
a(Q16) = a(16) = 2306. It is also known that a(Q94) = a(24) = 178208, see [147].
Ihringer and Tanaka [147] proved that a(Q9r) = a(2") for r > 2. |Godsil and Newman
[115] (see also [93]) conjecture that

a(Qym) = a(4m) for all m > 1. (2.68)

The smallest value for which (2.68)) has not been proved is m = 10. We now proceed
by computing ¥ (£2,) when n is a multiple of four. From [237], the (unordered)
eigenvalues of €2,, are then given by

27’1,/2 n/2
r=——112i—=1—-7r), 1<r<mn,
|
/2y 11
and \g = (n%) (since €, is regular with degree \p). The smallest eigenvalue is

obtained for r = 2 and thus

Az = 1in<n72)

Since €2, is isomorphic to a binary Hamming graph, €2,, is a symmetric graph. The
bound of [Theorem 2.20| thus holds with equality. The multiplicity of Ay equals n? —n
[237]. This multiplicity exceeds n since n is a multiple of 4. Then it is not hard to
show (by a method comparable to the one used in the proof of [Theorem 2.22)) that

V() = k2—, k <n.
n
When k = 1, 94(2,,) coincides here with the so called ratio bound. This bound refers
to for regular graphs and was also computed for 2,, in [237].

Let S be a stable set of size a(n) that contains no vectors that have their Hamming
weight contained in W := {n/4+ 1, n/4+3, ..., 3n/4 — 1}. Furthermore, note that
the Johnson graphs (see [Definition 2.4) appear as vertex induced subgraphs of €,,.
Let w € W and consider a subgraph of €2,, that is isomorphic to J(n,w,w — n/4).
This subgraph contains no vertices in S and thus

az(Q,) > a(n) + 41run€av>[§ {a(J(n,w,w —mn/4))}.

We may multiply the independence number of J(n,w,w — n/4) by 4 since we can
take bitwise complements and find an isomorphic stable set in the isomorphic second
component of €2,,.

In [Section 2.8.1| we prove that xx(Q4n42) = 2k.
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2.8 New bounds on y;(G)

In this section we first we derive bounds on the product and sum of x(G) and xx(G).
Then, we provide graphs for which the bounds are sharp. Lastly, we derive spectral
lower bounds on the multichromatic number of a graph.

A famous result by Nordhaus and Gaddum|[241] states that

p<xion@ < (")

2vn < x(G) + x(G) <n—+1.

Various papers have been published on Nordhaus-Gaddum type results for other graph
parameters, such as the independence and edge-independence number (see [16] for
a survey). We provide Nordhaus-Gaddum type results for k-multicoloring in the
following theorem.

Theorem 2.33. For any graph G = (V,E), |V| =n, and k € N, we have

(2.69)

_ 1\?
k*n < xk(G)xi(G) < k? (n; ) ;

2kv/n < xi(G) + xx(G) < k(n+1).

(2.70)

Proof. We follow the original proof as given in [241], extended to the k-multicoloring

case. Let us fix some k € N, and write y = xx(G) and ¥ = xx(G). Consider an

optimal k-multicoloring of G, using x colors. Then for i = 1,2, ..., x, define n; as the
set of vertices that are colored with color . We have that
X kn

> fnil = kn = max|n;| > —. (2.71)
i€[x] X

1=1

Consider a set n; of maximum cardinality. Since the vertices in this set share a color,
they form a stable set in G. Thus they form a clique in G. Accordingly,

X > kw(G) > k:m?:x]; |74 (2.72)
te(x

Combining (2.71)) and (2.72) proves that xx > k?n.

The lower bound on Yy + X can be proven by algebraic manipulation:
(X=X)?>0 = X’ +X°+2xx = X = x+X >2V/xX > 2kv/n.
The two upper bounds in (2.70) follow directly from combining (2.4) and (2.69). O

The second upper bound in can also be found in [38] (in a slightly generalized
form). We now present graphs for which the bounds in [Theorem 2.33| are attained.
For that purpose we define the graph sum of two graphs. The graph sum of graphs
G1 and G5 is the graph, denoted by G + G2, whose vertices and edges are defined
as follows:

V(G1 + Gg) = V(Gl) U V(Gg), E(G1 + GQ) = E(Gl) U E(Gg)
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Nordhaus and Gaddum [241] show that the upper bounds in their theorem are attained
by graph G = K, + K,_1. Graph G has n = 2p — 1 vertices. It is clear that x(G) =
X(G)=p= ”T“ Thus G attains both upper bounds simultaneously. As both G and
G are weakly perfect graphs, we can apply to find x%(G) = xx(G) = kp = k:”TJrl
This implies that graph G also attains the upper bounds in [T'heorem 2.33| Nordhaus
and Gaddum [241] also provide an example of a graph which attains the lower bounds
in their theorem. This example extends to the multichromatic variant as well. Let
m; = mg = ... = m, = p and consider the complete multipartite graph G =
Komn,.,....m,- Then x1(G) = xx(G) = kp = ky/n. Thus, this graph G attains the lower
bounds in [Theorem 2.33| In fact, for any graph G such that x(G)x(G) = |V (G)|, we
have k2|V(G)| < xx(G)xx(G) by [Theorem 2.33] and x%(G)xx(G) < k2x(G)x(G) =
k?|V(G)| by (2.4). Since the upper and lower bound coincide, we have x(G)xx(G) =
k2|V(G)|. The set of vertex-transitive graphs provides a number of examples for
which this bound is attained, such as the Johnson graph J(n,2,1) when n is even.
The chromatic number of a graph is bounded by the spectrum of matrices related

to its adjacency matrix. This well-known result is given below.

Theorem 2.34 ([142]). If G has at least one edge, then x(G) > 1 — ii%’zg))

Since each color class has size at most a(G), we have that

n

X(G) > a(G) ]

(2.73)

where n is the number of vertices in G. Therefore one can use upper bounds for a(G)
to derive lower bounds for x(G). From (2.2) it follows that a(G o K}) = a(G). Thus
we can establish the multicoloring variant of (2.73):

V(G o Ky)| _ kn
a(GoKy)  a(G)

Note that (2.74)) also follows from (2.71)) (since a(G) > max|n;| > kn/xk(G)). The
bound (2.74) is also given in [47], where the authors show that the lower bound is tight
for webs and antiwebs. Note that for a graph G such that o (G) = k9(G) we have

that ai(G) = ka(G), see [172, Lem. 5], and thus xx(G) > % This inequality is
satisfied by, for example, the Johnson graphs J(n,2,1) when n is even, and J(n, 3,2)
when n = 1 or 3 mod 6, see [I72] Table 1.

Let us now present known upper bounds for the independence number of a graph.

xk(G) = x(G o Ky) > (2.74)

Theorem 2.35 ([142]). For any d-regular graph G on n vertices, we have a(G) <
An(Ag)
o (Ac)—d-

The result of [Theorem 2.35|applies only to regular graphs with no loops. Haemers
[132] generalizes the Hoffman bound as follows.

Theorem 2.36 ([132]). Let G have minimum vertex degree §. Then

M (Ag) A (Ag)
G) = T (Ag) — 02

(2.75)



2.8. NEW BOUNDS ON 1 (G) 51

If G is regular, then the result of [Theorem 2.36| reduces to Hoffman’s bound.
Another extension of the bound of Hoffman is given by Godsil and Newman [116].

Theorem 2.37 ([116]). Let G be a loopless graph and L¢ its Laplacian matriz. Then

L) —
cﬂG)Sni%f%gfé, (2.76)
where dg denotes the average degree of the vertices of G.
Now we are ready to present our results.
Lemma 2.38. Let G have minimum vertex degree 6. Then
2
) 2 ey
Proof. The result follows by combining and . O
Lemma 2.39. For any loopless graph G, we have
(@) = putka)l_
M(Le) —dg

where d¢; denotes the average degree of its vertices, and L¢ the Laplacian matriz of

G.

Proof. The result follows by combining (2.74)) and (2.76]). O

When G is a regular graph, (2.76]) is equivalent to the result of [Theorem 2.35| and
therefore the result of [Lemma 2.39|is equivalent to:

Al(AG)>
)‘n (AG) .

It is not difficult to verify that complete graphs attain the bounds of and
Lemma 2.39

We end this section by presenting bounds on the multichromatic number of John-
son graphs, see [Definition 2.41 We study the simple case J(n,2,1), n > 4. Graph
J(n,2,1) is sometimes referred to as the triangular graph. The graph J(n,2,1) is the
complement graph of the Kneser graph K(n,2), and both are known to be strongly
regular. Every vertex of J(n,2,1) corresponds to a set of two elements. These two
elements can be thought of as two vertices of the complete graph K,,, with the vertex
in J(n,2,1) representing the edge between these two vertices of K,,. Graph J(n,2,1)
is thus the line graph of the complete graph K,,. For any graph G, its line graph is
denoted L(G).

XMG)zk<1—

Proposition 2.40. For the triangular graph J(n,2,1), n > 4, we have

k(n—1) < xx (J(n,2,1)) gk<2v;1J +1>.
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Proof. As J(n,2,1) is isomorphic to L(K,,), a coloring of J(n, 2, 1) is equivalent to an
edge coloring of K,. It is not hard to see that w(L(G)) equals the maximum degree
of a vertex of G. Thus w(L(K,)) =n — 1. For even n, x(L(K,)) = n — 1, see [27].
Therefore, for even n we have

X(L(Ky)) = w(L(Ky,)) = xk(L(Ky,)) = kx(L(K,)) = k(n — 1),

where the implication follows from (2.4). For odd n, x(L(K,)) = n, see [301]. By
(2.4), the proposition follows. O

Note that in the proof of the previous proposition we could also exploit the fol-
lowing well-known result: a(K(n,2)) =n — 1.

2.8.1 Hamming graphs

In this section we present results for the (multi)chromatic number of Hamming graphs
(Definition 2.3)). We also provide sufficient and necessary conditions for the Hamming
graph to be perfect.

In the Hamming graph H(n,q, F'), the vertex set is the set of n-tuples of letters
from an alphabet of size ¢, and vertices u and v are adjacent if their Hamming distance
satisfies d(u,v) € F. Note that |V (H(n,q, F))| = ¢". By slight abuse of notation,
we will use the terms vectors and vertices interchangeably, as they permit a one-to-
one correspondence in Hamming graphs. Many authors refer to H(n,q,{1}) as the
Hamming graph. The graph Q,, := H(n,2,{1}) is also known as the binary Hamming
graph or hypercube graph.

We first list several known results for H(n,q,{1}). Graph H(n,q,{1}) equals
the Cartesian product of n copies of K,. Thus H(n,q,{1}) = O"K,, see
Furthermore, it holds x(G10G2) = max{x(G1), x(G2)}, see |267]. There-
fore, the chromatic number x(H (n,q,{1})) = q. To derive the independence number
of H(n,q,{1}), we proceed as follows. Let S C V be a stable set of H(n,q,{1}).
Then min d(u,v) > 2. From coding theory, the Singleton bound [279] is an up-

u,VES, uFv
per bound on;éthe maximum number of codes of length n, using an alphabet of size ¢,
such that a Hamming distance between any two codes is at least two. In particular,
from the Singleton bound we have a(H (n,q,{1})) < ¢"~ .

To show that a(H(n,q,{1})) > ¢"~ !, we construct a stable set in the Hamming
graph of size ¢" !, by a construction employed in [279]. Consider all the vectors in
(Z/qZ)™ for which the coordinates sum to some x € Z/qZ. By symmetry, there exist
q" ! vectors satisfying this condition. Note that any two different vectors satisfying
this condition must differ in at least two positions, which implies they are not adjacent.
Thus, a(H(n,q,{1})) > ¢"~' and combined with the Singleton bound, this gives
a(H(n,q,{1})) = ¢"".

To the best of our knowledge, the following results are not known in the literature.

Lemma 2.41. For k < q", xx(H(n,q,{1})) = kq.

Proof. Let us denote H = H(n,q,{1}). Consider the vectors in H for which the first
entry ranges from 0 up to and including ¢ — 1, while the other entries equal 0. This
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gives a clique of size ¢ and since w(H) < x(H) = ¢, we have w(H) = ¢. From (2.4),
it follows the result. O

The proof of |[Lemma 2.41| relies on the fact that w(H) = x(H), or equivalently,

that H(n,q,{1}) is a weakly perfect graph. In general, for any weakly perfect graph
G

w(@) = x(G) = x&(G) = kx(G). (2.77)

This gives rise to the question for which values of ¢ and n the graph H(n,q,{1})
is perfect. The strong perfect graph theorem [57] states that a graph is perfect if and
only if it does not contain Cy, 41 or Ca,4+1 as induced subgraphs, for all n > 1.

Proposition 2.42. The Hamming graph H(n,q,{1}) is a perfect graph if and only
ifn<2orq<?2.

Proof. Denote H(n,q) = H(n,q,{1}). Graph H(1,q) is K,, which is clearly a perfect
graph. Graph H(2,q) is a lattice graph, or Rook’s graph, which is also a perfect
graph. Graph H(n,1) is a single vertex and thus also perfect. Lastly, graph H(n,2)
is bipartite and thus perfect. For ¢ > 3, the following vectors from H (3, q) form C7:

ol,lol, 1], [1],]|t]|,]o],]o]. (2.78)

Then by the strong perfect graph theorem, H(3,q) is not perfect. An odd cycle in
H(n,q) for general n,q > 3, is obtained by simply adjoining zeros to the vectors in
(2.78) such that they become n-dimensional. O

As H(n,q,{f}) is edgeless for f > n, we consider the extremal case H(n,q,{n})
for n > 1. Note that H(1,q,{1}) = K,. Graph H(n,q,{n}) can be described by
use of the tensor product of graphs (see [Definition 2.1). In particular, we have that
H(n,q, {n}) = &" K,

Since all the edges of G; ® G also appear in G 0 Gy, it follows that x(G1 ® G3) <
X(G1 o G2). Moreover, by [137], we have

X(G1 ® G2) < min{x(G1), x(G2)}. (2.79)

Hedetniemi’s conjecture [137] states that holds with equality. The conjecture
was recently disproved by Shitov [275]. Inequality implies that x(®"K,) < q.

The vectors i -1 for 0 < i < ¢ — 1 form a clique of size ¢ in graph H(n,q,{n}).
Thus ¢ < w(H(n,q,{n})). Now, from this inequality and x(®"K,) < ¢ it follows
that x(H(n,q,{n})) = q. Using or (2.77), we find xx(H(n,q,{n})) = kq.
The coloring of these tensor products of graphs has been previously considered by
Greenwell and Lovasz [122], where they also proved this result.

Let us now define f* := {i e N: f <4}. The Hamming graph H(n,q, f1) has
been studied by El Rouayheb et al. [82] among others. They show that, under some
condition on the parameters n, ¢ and f, x(H(n,q, f1)) = ¢"~/*1. We extend this
result to multicoloring in the following proposition.
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Proposition 2.43. Forq>n—f+2 and 1 < f < n, we have that xx(H(n,q, f7)) =
kgn— i1,

Proof. For parameters n, ¢ and f satisfying the conditions of the proposition, it is

known (cf. [94]) that a(H(n,q, f*)) = ¢/~!. By (2.4) and (2.74), the proposition
follows. O

Binary Hamming graphs H(n,2,{f}), f < n form another interesting case. Recall
that the Hamming weight of a vector is its Hamming distance to the zero vector, and
that the Hamming graphs are vertex-transitive.

Theorem 2.44. For alln € N, f odd and f <n, xi(H(n,2,{f})) = 2k.

Proof. Let n,f € N, f odd and f < n. Consider the zero vector in H(n,2,{f}).
Note that every vector adjacent (orthogonal) to the zero vector has an odd Hamming
weight. By vertex transitivity, all vectors of even Hamming weight only have vectors
of odd Hamming weight as neighbors. Similarly, vectors of odd Hamming weight
only have vectors of even Hamming weight as neighbors. Graph H(n,2,{f}) is thus
bipartite, which, combined with , proves the theorem. O

We can use [Theorem 2.44| to compute the multichromatic number of certain or-

thogonality graphs, defined in
Corollary 2.45. Let Q4,12 (n € N) be the orthogonality graph. Then,

Xk (Q4n+2) = 2]{3

Proof. Graph 4,12 is isomorphic to H(4n + 2,2, {2n + 1}). This corollary is thus a
special case of [I'heorem 2.44] O

2.9 Conclusions

In this chapter, we study the generalized ¥-number for highly symmetric graphs and
beyond. The parameter ¥ (G) generalizes the concept of the famous ¥-number that
was introduced by Lovész [204]. Since ¥4 (G) is sandwiched between oy, (G) and xx (G),
it serves as a bound for both graph parameters.

Several results in this chapter are not restricted to highly symmetric graphs. In

particular, the results in to[2.4] In we present in an elegant way

a known result that J;(G) is a lower bound on x(G). Another lower bound on y(G)
is k¥(G), see . The inequality is rather counter-intuitive since it is more
difficult to compute ¥ (G) than ¢(G), while k9¥(G) provides a better bound on the kth
chromatic number. However, the generalized ¥-number can also be used to compute
lower bounds for the (classical) chromatic number of a graph, see

In we show that the sequence (Jx(G))x is increasing and bounded
above by the order of G (Proposition 2.8|and [Theorem 2.10|), and that the increments
of the sequence can be arbitrarily small (Theorem 2.11)). [Section 2.4| provides bounds
for ¥4 (G) where G is the strong graph product of two graphs (Theorem 2.13)) and the
disjunction product of two graphs (Theorem 2.14)).
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to consider highly symmetric graphs. We derive closed form
expressions for the generalized ¥-number on cycles (Theorem 2.17), Johnson (The-

forem 2.22)), Kneser (Corollary 2.24), and strongly regular graphs (Theorem 2.29),
among other results. It is known that ¥(K;OG) and J5(G) provide upper bounds on
a(G). However, it is more computationally demanding to compute ¢(K;OG) than
I, (G). We show that for graphs that are both edge-transitive and vertex-transitive
it suffices to solve ¥ (G), see [Theorem 2.28 However, the gap between ¥4 (G) and
9(KxOG) can be arbitrarily large (Proposition 2.27). We also prove that ¢/ (K,0G)
equals ¥ (G) for any (non-trivial) strongly regular graph G and k < n(r+1)/(r+n—d),
see [Theorem 2.32| [Section 2.7| presents results for ¥ (G) and xx(G) on orthogonality
graphs.

Bounds on the kth chromatic number of various graphs are given in
In particular, bounds on the product and sum of yx(G) and x.(G) are presented
in [Theorem 2.33] [Lemma 2.41| |Proposition 2.43| and [Theorem 2.44| provide the
multichromatic number for several Hamming graphs, while |[Proposition 2.40| provides
bounds for the multichromatic number on triangular graphs.

We list two open problems. The first one is to prove |Conjecture 2.25|for any graph.
Recall that we prove [Conjecture 2.25| only for symmetric graphs, see [Theorem 2.28|
It would be interesting to prove the conjecture by Godsil, Newman and Frankl (2.68)
for the first open case §249. The second open problem is to generalize the well-known
inequality J(G)9(G) > |V|, see [204], for ¥4 (G), k > 2.




3 Cuts and semidefinite liftings for
the complex cut polytope

The max-cut problem on a graph is to find a partition of its vertices in two disjoint
subsets, that maximizes the number of edges that cross the partition (see also
[tion 1.3.2)). The max-cut problem finds applications in VLSI design and physics [26],
data science [75], and is NP-hard. The convex hull of the rank 1 matrices represent-
ing all partitions is known as the cut polytope. This polytope admits an exponential
number (in n) of extreme points, and it cannot be efficiently described, in contrast to
its positive semidefinite (PSD) approximation, the elliptope [186].

We consider here complex generalizations of the cut polytope and elliptope, namely
the complex cut polytope, denoted CUT) , and the complex elliptope, denoted E&.
For fixed integers m and n, CUT), is defined as the convex hull of Hermitian rank
1 matrices xa', where the elements of the vectors x € C" are mth unit roots. For
m = 2, CUT corresponds to the cut polytope. The set CUT, finds applications in
the multiple-input multiple-output detection problem (MIMO) [I511 208, 226 [317],
angular synchronization [24], phase retrieval [303], radar signal processing [209] [287],
and for m = 3, it can be used to model the max-3-cut problem [118]. For finite m > 3,
algorithms for optimization over CUT],, are proposed in [207,[209], and approximation
ratios are studied in [286, [316].

In this chapter, we derive novel cuts in the complex plane that separate £ from
CUT,,. In particular, we derive all facets of CUT% to obtain an exact description.
We define a function str, that provides the approximation ratio of maximization over
&Y and maximization over CUT} , for given problem instances. This function is used
for numerically evaluating the effect of adding valid cutting planes to &,. We prove
that the cuts introduced here are invariant under rotations and taking the complex
conjugate. We also investigate the effect of adding cuts to &}, for various optimization
problems.

Optimization over &£ can be done in polynomial time (for fixed precision), by
solving a complex semidefinite program (CSDP). CSDPs have recently received much
attention in the literature [154] 213 304 [305] 306, [319]. CSDPs with matrix variables
of order n are solved by SDP solvers as real SDPs with matrix variables of order 2n.
In [76] Corollary 2.5.2] and [306], conditions are provided under which this doubling of
the size can be avoided. In this chapter, we extend these conditions. Specifically, we
show that CSDPs can be reformulated as real SDPs of same size, when the objective
function contains only real coefficients. In particular, we show that the facet defining

26
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inequalities of £ can be equivalently reformulated to real facet defining inequalities.

The set CUTY, is studied in [I50]. The first semidefinite lifting of CUTL,, denoted
&L, is also known as the set of correlation matrices [126] [194]. Here, we extend the
results of [150]. In particular, we consider second semidefinite Lasserre-type liftings
of CUTL,. Such liftings are defined in terms of moment matrices, and we study
second liftings with smaller moment matrices than those proposed in the literature
[150, [154]. Despite this decrease in size, we show that here considered liftings are
equivalent to those proposed in the literature. Moreover, for n = 4 (the smallest n for
which CUTL, C £"), we prove that the second semidefinite lifting of CUTL, excludes
all rank 2 extreme points present in £2 | and that matrices in this set satisfy a certain
valid cut for CUTZ,.

We also show, via a constructive proof, that £, contains rank 2 extreme points for
all integer n,m > 3. This shows the strict inclusion of CUT},, in £” for these values
of n and m. For n = 3, we provide necessary and sufficient conditions for matrices to
be rank 2 extreme points of £3,.

This chapter is organized as follows. provides preliminaries. [Sec-
introduces a framework for finding valid inequalities for CUT}, and provide
some valid cuts. In we provide an exact description of CUT3, and use
the derived facets of CUTj3 to strengthen £ for general n > 3. In we
provide an efficient reformulation of CSDPs whose convex feasible sets are closed un-
der complex conjugation. In [Section 3.5| we investigate the sets CUTL, and second
semidefinite liftings of CUT_. In[Section 3.6 we study rank 2 extreme points of £,
for integer m > 2. In we numerically investigate the effect of adding cuts
to &, for various optimization problems from the literature. Lastly, in [Section 3.8 we
draw conclusions, and propose future research directions.

3.1 Preliminaries

We restate the definitions from [Section 1.3.2.11 We define, for fixed integer m > 2,
the set

Uy, = {eei 10 = %, ke [m]} CcC, (3.1)
m

where i := v/—1 denotes the imaginary unit. Note that 7, is the set of the complex
mth roots of unity. We define U, as the set containing m”™ vectors of length n, in
which each entry is restricted to be an element of U,,.

In this chapter, we consider a generalization of the well-known cut polytope [74],
which we refer to as the complex cut polytope. For integers n,m > 2, the complex cut
polytope is defined as

CUT}, = Conv {zz" : 2 € U}, (3.2)

where (-)! is the Hermitian transpose, also known as conjugate transpose. As Uy =
{#1}, the set CUTY coincides with the well-known cut polytope, which is a feasible
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set for the max-cut problem [117] [186]. Optimization problems over CUT] , m > 2,
are NP-hard, as they include the NP-hard max-cut problem.

A matrix X € C™*" is said to be Hermitian if XH = X. Let H™ C C™*" be the
set of n x n Hermitian matrices. For X € H", if v Xv > 0 for all v € C", we say
that X is (Hermitian) PSD. Let H" be the set of n x n Hermitian PSD matrices. We
define the complex elliptope as follows:

Er={X e H} : diag(X) =1, X;; € Conv(Uy,) Vi,j € [n]}. (3.3)

Note that for m = 2, the constraints X;; € Conv(Usz) = [—1, 1] are redundant, as they
are implied by X = 0 and diag(X) = 1. Thus, the complex elliptope £ corresponds
to the elliptope that is defined by |Laurent and Poljak| [186]. For m = 3, the complex
elliptope &£ corresponds to the feasible set of the CSDP relaxation for the max-3-cut
problem by |Goemans and Williamson| [118]. It is clear that CUT;, C &.

Here, we derive strong approximations of CUT], by using CSDP. Besides con-
sidering second semidefinite liftings, we also derive cuts in the complex plane that

separate &£ from CUT; . Cuts in the complex plane have recently been studied by
Jarre et al.| [150], for the set CUTL,, defined as

CUTL, = Conv {zz" : 2 € C",|z;| = 1 Vi € [n]}, (3.4)

where | - | denotes the absolute value of a complex number. That is, for z € C, |z| :=
V' Zz, where Z is the complex conjugate of z. We also define U, := {exp (0i) : 6 € R},
for exp (-) the exponential function, as a natural extension of (3.1)), and the complex
elliptope

L ={X eH} : diag(X)=1,}.

Note that for X € £, we have X;; € Conv(Uy) = {x € C : || <1}. The complex
elliptope £ can be considered as the first semidefinite lifting of CUT,. Addition-
ally, one can define a second semidefinite lifting of CUT.,, following [175], and also
proposed by [Jarre et al.| [I50] for n = 4.

For any z € C, Re(z) € R and Im(z) € R denote the real and imaginary part of
z, respectively. Additionally, by slight abuse of notation, for sets U C C™, we define
Re(U) := {Re(u) : w € U} CR"™. The boundary of a set U is denoted by oU.

Remark 3.1. The set CUT], can be equivalently stated as
CUT;, = Conv {zzH Dz = Lﬂ , T E ‘llﬁl_l} . (3.5)

. T
Indeed, we may write any x € U, as x = [:Cl yT} € U for some xz € U, and

-
y € U '. Define 2z 1= Tz = [1 x_lyT} and note that z € «4?, and 22% =
(z12)(T1o)Y = |21 222" = 22™. The set CUT, can also be rewritten in a manner

similar to (3.5]). AN
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3.1.1 Basic CSDP relaxations

In this section, we present the basic semidefinite program whose feasible set is the
complex elliptope & for integer m > 2, see . The basic SDP relaxation for
m = 2 was introduced by |Goemans and Williamson| [117], for m = 3 by |Goemans and
Williamson| [118], and for general m > 3 by |Lu et al.| [207]. In the sections that follow,
we will derive cuts that strengthen the basic SDP. Let n,m > 2 and C' € H™. From
the definitions of CUT}, and £, we have that maxgcqn 27 Cz = maxxccurr (C, X),
and that this value upper bounded by

max (C, X). (CSDP-P)
Xeén

The program (for complex semidefinite program in primal form) can be
solved in polynomial time up to desired accuracy by the interior-point method. Note
that is strictly feasible since £ contains positive definite matrices, e.g., the
identity.

For X € &, we require that X;; € Conv(y), see (3.1). One way to enforce this
is to set

m . m 2 k
X5 =3 M, with Y A =1,A>0, A € R" and §; = %
k=1

k=1

ie., exp (0xi) € U,. Alternatively, X;; can be restricted to lie in the intersection
of certain half-spaces. This perspective follows from the well-known fact that C is
isomorphic to R? via the bijective mapping

g:R? = C, g(a) = a1 + asi,
and that, for a,b € R, a'b = Re(g(a)g(b)). Now, it is easy to see that the set
Conv(U,,) is given by an m-sided regular convex polygon in C. For the edge connecting
exp (0ri) and exp (fx_1i), its normal vector (complex number) is given by vy =
exp [(0 + 0k—-1)i/2] = exp [(2k — 1)7i/m] for k € [m]. Thus,

Xi; € Conv(U,) <= Re(r,X;;) < cos (%) VEk € [m], (3.6)

see also [207].

Remark 3.2. The set Conv(,,) is the regular m-sided polygon in C, and as
shows, this set can be described by its m facets. A more efficient encoding can be
derived by viewing Conv(U,,) as the projection of a higher dimensional polytope with
possibly fewer facets. The earliest result in this direction is due to |Ben-Tal and
Nemirovski| [28]. They showed that, for m a power of two, Conv(,,) is equivalent to
the projection of a polytope with O(log m) number of facets. Later results extended
this to general m [89, Thm. 2|, and projections of higher dimensional spectrahedra
[86l [87]. Since m is small in our numerical experiments, we do not use such liftings
of the regular polygon in our CSDP relaxations. A
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To state (3.6)) in terms of matrix inner products, we define, for k € [m], i,j € [n],
1 < 7 the Hermitian matrices

1
Wzlj = 5 (Vk:Eij + ﬁk:Eji) .

Here, E;; is the matrix that is zero everywhere, except for entry (7,7), which has
value 1. Matrix Ej; is defined similarly. It follows that Re(7yX;;) = (W[, X). Now,

from SDP duality theory, it follows that the corresponding dual problem of
is given by

. T T k
min 1 p + cos <E> Z Wy
ij€[n]?,i<j,k€[m]
s.t. Diag(p) + > wEkWh —C =0 (CSDP-D)
1j€[n]?,i<j,kE[m]

! ,wi) T ERT, Vi, j€[n],i<j.

l’l' € Rn,w” — (wij’.. .

One can strengthen (CSDP-P|and [CSDP-D| (D for dual) via the moment and sum of
squares hierarchies by [Lasserre| [I75]. We consider this in more detail in [Section 3.5
where we consider a second semidefinite lifting of CUTZ_. In|Section 3.2|we strengthen
by adding valid cuts to £, which can be considered as the first semidefinite
lifting of CUT,,.

3.2 Framework for finding valid inequalities for
CUT’,

In this section we introduce a general framework to derive valid inequalities for CUT},, ,
see . These inequalities can be then used to strengthen We show that
these inequalities can be classified in equivalence classes, which we derive from the
group structure of CUT,,.

Similar to the classical result by [Rockafellar| [265, Thm. 18.8|, stating that any
real closed convex set is the intersection of all its half-spaces containing it, the set
CUT,, has an equivalent description as follows.

Proposition 3.3.

CUT,, = {X eH" : (Q,X) < max 2 Qx, VQ € 7—["} : (3.7)

The proof of |[Proposition 3.3|is similar to the proof of Rockafellar| [265, Thm. 18.8]
and therefore omitted. Observe that, since @) is Hermitian, the values (@, X) and
maxgeqn 28 Qux are real. Therefore, the inequalities in are well-defined.

Let us exploit the formulation of CUT}, given by for deriving cuts that can
be added to in order to improve that relaxation. We define the function
str: H™\ {0} x N — [1,00) (str for strength), as follows:

maxxegn <Q7 X>

maxxecurr (@, X) (3.8)

str(Q,m) =
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We assume w.l.o.g. that both the numerator and denominator in fraction are
strictly positive. This is the case for all here considered matrices ). Clearly, for a
matrix () for which max yecuTr, (Q, X) <0, one can appropriately adjust its diagonal.

Observe that str returns the approximation ratio of maximization over £, and
maximization over CUT] | for a specific problem instance given by @ (see also [186]
Section 4]). Since maxxcen (@, X) is an upper bound on maxxecur» (@, X) (both
these values are assumed to be strictly positive), we have that str(@Q,m) > 1. To
improve the quality of this upper bound, one can find valid inequalities for CUT;,,
that are violated by argmaxycgn (@, X). Thus, if str(Q, m) > 1, then by adding the
cut

to one may strengthen that relaxation. Note that it is, in general, NP-
hard to compute str(Q,m). However, for some () we can find optimal solutions of
both maximization problems in (3.8) analytically, and thus evaluate str(Q,m), see

Remark 3.4. For any ¢ € R}, 1 < str(Q + Diag(c),m) < str(Q,m). In order to
fairly compare cuts, we consider matrices @) that satisfy (Q,I) = 0. JAN

3.2.1 Symmetries of CUT},

In this section, we formally specify symmetries of the set CUT;, , for finite m, that
follow from the underlying group structure of U,,. These symmetries will be exploited
later in [Sections 3.2.2] and [3.3]

As starting point, consider the set U, defined in . With the usual multipli-
cation of complex numbers, U, forms a cyclic group of order m with identity element
1. The set U, with the Hadamard product forms a finite abelian group, with identity
element 1,,. Indeed, if x € U, its inverse element is given by 7, since 7 © x = 1,,.

We define, for v € U, the linear group action of f, : H" — H" as fo(Z) =
(aa!) ® Z = Diag(a) Z Diag(@). To see that f, defines a group action, let Z € H"
and note that f1 (7)) =J, ® Z = Z, and

falf5(2)) = (aa™) 0 (B8M) 0 Z = (a0 B) (@ © B)" @ Z = faws(Z). (3.10)

Since f, defines a group action, f, is also invertible, with inverse f;! = fs, which

follows from (3.10)) by taking 8 = @. That is, fo(fa(Z)) = faea(Z) = f1,(Z) = Z.
Note that for Z, Z’ € H™, we have

<fa(Z)7fa(Z/)> = <ZvZ/>' (3'11)

Informally, function f,, can be considered as acting on H" by applying some rotation to
the elements of its input matrix. The number of such rotations is equal to the number
of different functions f,. This number is given by m"~!, and not by |u?| = m",
because f, = frq for any x € U, and o € U)},. Therefore, in the context of f,, one
element of o can be assumed fixed, say a; = 1.
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The sets CUT,, and &" are closed under the group action f,. To see this for
CUTY},, note that f,(zz™) € CUT}, for x € U”. Therefore, the action f, on a
convex combination of rank one matrices in CUT), returns a convex combination
of (possibly different) rank one matrices in CUT},,. To see that £ is also closed
under f,, note that the Hadamard product of PSD matrices is again PSD, due to
the well-known Schur product theorem. Moreover, the elements of f,(X), X € 7,
are contained in Conv(U,,), since Conv(U,,) itself is also closed under the Hadamard
product. Specifically, (fo(X))i; = Xijaia; € Conv(Uy,).

The sets CUT],, admit two additional symmetries. These symmetries are induced
permutation of rows and columns, and by complex conjugation. For the permutation
symmetry, we define, for any X € H™ and permutation o : [n] — [n], the matrix

X, = (Xa(i)fa(j))i,je[n] , for a permutation o : [n] — [n], and X € H". (3.12)

Note that X, is the matrix obtained after permuting the rows and columns of X
according to 0. We have that X € CUT], if and only if X, € CUT], for any
permutation o.

For complex conjugation, we have that X € CUT}, if and only if X € CUTJ,.
More generally, X — X defines a reflection symmetry of CUT?,. Complex conjugation
also defines one of the reflection symmetries of U,,. In|Appendix A.5| on [Page 200]
we show that all reflection symmetries o of U, can be extended to CUT],, but that
o(X) = X for all reflections 0 and X € CUT?,. Stated differently, any reflection
symmetry of U,,, reduces to complex conjugation when extended to CUT? .

Remark 3.5. We have not explicitly covered the symmetries of CUTY,, see (3.4).
However, the group structures of U, and U2, are similar to those of U, and U}, for
m finite, and therefore do not warrant special consideration. In particular, @7, with
the Hadamard product is abelian like U, although its order is infinite, in contrast
to U,. Also the group action f, for a € U, is defined similarly as f, for a € U,
and there is an infinite number of such group actions.

In addition, CUTL, is also closed under complex conjugation and permutation of

rows and columns. A\

3.2.2 Classes of valid inequalities

We show here that the strength of a valid inequality, generated by @ € H,,, is invariant
under rotation of elements in @, i.e., fo(Q), and taking the complex conjugate of Q.
Thus, each @ in (3.9) induces a class of valid inequalities.

Consider, for CUTY, the triangle inequalities [180], given by
ClXZ'j + o Xk + C3Xjk >—1, ce {:l:l}g, cicocs = 1. (313)

There are four ways to choose the vector ¢, and we say that triangle inequalities
induced by different ¢ are equivalent under rotation of coefficients (ROC equivalent).
We generalize the notion of ROC equivalence to CUT}, m > 2, see also [150], by

m?

using the symmetries of CUT], , as outlined in [Section 3.2.1
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Lemma 3.6. Let m,n > 2 be integer numbers, Q € H", and o € U]},. Then
str(Q,m) = str((aaH) ® Q,m),

see . We say that the cuts induced by Q and (aa™) © Q are ROC equivalent.

Proof. 1t follows from that

max (Q,X) = max (fo(Q),fa(X)) = max (fa(Q),X), (3.14)

XeCUT?, XeCUT™, XeCUT?,

where the last inequality is due to the fact that CUT], is closed under the action

of f,. Likewise, £ is also closed under the action of f,, as shown in [Section 3.2.1
Therefore, (3.14) also holds when replacing CUT;,, by £ . Thus, by definition of the

function str, see (3.8)), the lemma follows. O

We provide an explicit example of such an ROC transformation. Let () and X be
Hermitian matrices of order n, with diag(Q) = 0. Then,

(@, X) =2 Z RG(Q_UXU>. (3.15)

ij€[n]?,i<y

Using ((aa) ® Q)ij = Qijaiaj for a € U, it is easy to see how the Hadamard
product transforms . However, we simplify notation by considering the vector

(g, a1, .., o] T € ‘ll”, and B = ag[l,ai,...,a,_1]" € U?. Note that the first
column of 8" is given by [1 oy ... an,l}T, so that
1 o __
5 (BBM)©Q,X) =Re|Y Qua; 1 X1+ Y Quai—ia; 1X;|(3.16)
j=2 ij€[N]?,1<i<j

We exploit the equality above to derive the ROC equivalent inequalities in the next
section. The following lemma shows that one can also consider the complex conjugate
of matrix @, and @, as in (3.12), without changing the strength of the correspond-
ing valid inequality. This results in complexr conjugate equivalent and permutation
equivalent inequalities respectively.

Lemma 3.7. Let m,n > 2 be integers and Q € H"™. For any permutation o : [n] —

[n], and Q, as in (3.12), we have that
str(Q,m) = str(Q,m) = str(Q,, m). (3.17)

Proof. We prove only the first equality . The second equality in can
be proven in a similar manner. For Z € H", the complex conjugation function
7 — 7 is conjugate-linear, invertible, and satisfies an equation similar to , ie.,
(Z,7"y = (Z,7"). Thus, is also valid when f, is replaced with the complex
conjugation function. Hence, the same arguments that prove |Lemma 3.6|also the first

equality in (3.17). O
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We provide an example of inequalities that are equivalent under permutation sym-
metry of the corresponding matrix (). Consider the inequalities on the right-hand side
of (3.6). In particular, for fixed k € [m] and distinct ¢,,¢,¢ € [n], consider the two
inequalities

— ™ _ ™
Re(7,Xij) < cos (E)’ Re(Tr X¢r) < cos (E) (3.18)
The two inequalities in (3.18)) are equivalent under the permutation symmetry. More-

over, there is no combination of rotation symmetries and complex conjugation that
transform the first inequality in (3.18) into the second.

Example 3.8 (max-3-cut). The max-3-cut problem is to partition the vertex set of a
graph into 3 disjoint subsets such that the total weight of edges joining different sets
is maximized. This problem can be modeled using CUT% as noted by (Goemans and
Williamson| [118]. The same authors also derived a CSDP relaxation for the max-3-cut
problem whose feasible set is £3', see (3.3).

To model the max-3-cut problem on some graph G = (V, E), |V| = n, we may
associate to each vertex ¢ € V a variable z; € Us, see . The objective value of any
variable assignment (i.e., cut) equals the number of edges {7, j} € E for which z; # ;.
Note that, if x; # z;, then T;z; € Uz \ {1}. Since {Re(z) : z € U3 \ {1}} = —1/2, we
have

1, if Ty 75 Xj
0, else.

2 _
gRG(l — ZBrL'[L‘j) = {
Thus, for a graph G, the objective value of the cut induced by x € U3 is given by

v(G,x) = % Z Re(1 — @x;). (3.19)

For the complete graph of order 4, denoted by K4, it is not difficult to verify that
v(Ky,x) € {0,3,4,5} for all z € Uj. That is, any 3-cut of K4 cuts either 0, 3, 4 or 5
edges. By rewriting (3.19) for G = K4, we find that

ZRe(q:_ixj) =6— ;v(K4,x) € {O,ig,G}.
i<j

Therefore, the inequality Re(X;; + Xix + Xie + X + Xjo + X)) > —3/2 is valid for

CUTY, along with its ROC equivalent inequalities. We show in the next section that

this inequality is not implied by &3, by proving that the strength, see , of the

inequality is strictly greater than 1. A

3.2.3 Generalized complex triangle and quadrangle inequali-
ties

In this section, we first generalize the gap inequalities [187] from CUTY to CUT};,,, with
m > 2 integer. Then, we derive some valid inequalities for CUT},, for different values
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of m by exploiting (3.9), and compute their strength. In particular, we show that
the generalized complex triangle and complex quadrangle inequalities may strengthen
CUT;, for finite m > 2.

To derive the gap inequalities from [187], we set

- : H - .
Yo (b) := Jnin bz and  o(b) =) by, (3.20)
1€[n]
for b € C", and B = bb™ — Diag (|b1]?, ... ,|bn|?). The gap inequality, corresponding
to some b € R™, is then defined as
(B,X)>2 > bibj+v2(b)*—0(b)* VX € CUT}. (3.21)
1<i<j<n

Note that Laurent and Poljak [187] define the gap inequality in terms of {0, 1} vari-
ables, rather than {£1}, which explains the discrepancy between (3.21) and the gap
inequality presented in [187]. We generalize (3.21)) to C in the following lemma.

Lemma 3.9. Let b € C", and set B = bb" — Diag (|b1[?,...,|bn|?). Then, for ym
and o as in (3.20)), we have that

1 — ,_A 2_
Xenclng%<B,X>—2Re 1<;<nb2bj +Ym(b)? — o(b)o(b).

Proof. The result follows from the fact that

2 : H _ : 2
Ym(0)" =  min, (00", X) = (g, (B X) + |0,

and [|b]|2 = o(b)o(b) — 2 Re (219@5” bizj). O
We now consider the gap inequalities corresponding to b = 13 and b = 14.

Proposition 3.10. Let m > 2, n € {3,4}, Q, =1, —J,,. We have that

max (Qn, X) =n,

XeEn
and
Xg(ll%)f(rgn<Qn’X>
—4 cos W) — 2cos % if n =3 and ged(n,m) =1, (3.22)
=94 —2—8cos (%) — 2cos (%) if n =4 and ged(n,m) =1,
n else.

Proof. For any Y € £, the value (Q,,Y) provides a lower bound on nax (Qn, X).
eén
Specifically for Y = (nL, — J,)/(n — 1), we have maxxeen (Qn, X) > (Qn,Y) = n.
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Moreover, we have for all X € 7, (Qn, X) = (I,, X) — (Jn, X) =n — (J,, X) < n,
since J,, and X are PSD. Thus maxycgn (@, X) = n.
For optimization over CUTY,, note that (—@Q,,) = 1,1 — Diag(1,,), and we may

m»
apply for b =1,,. Consequently, o(1,) = n, and
ny X) = — i —Qn, X
x 88, (O X0 =7 2, O X

= 2@ = Ym(1n)® == ym(1n)” 29

It remains to determine yy,(1,) = mingeqn 17| It is clear that when n = 3 and m
a multiple of 3, or n = 4 and m even, v,,(1) = 0 (since then there exist n mth roots
of unity that sum to 0).

For n = 3 and m not a multiple of 3, geometric arguments from [230] show that

the optimal value is attained for z* = (1, 2,2) ", where z = exp (%1) Then,

Y (13)? = [182*|? = (1 + 2 cos (M»Q

m

ot (2T g (ALY

m

(3.24)

and the result follows from substituting (3.24) in (3.23).
For n = 4 and m odd, similar geometric arguments from [230] show that the

%i) . Using

minimizer of v,,(14) is given by z* = (1,1,2,2) ", where z = exp (
this to compute v,,(14)?, and substituting the result in (3.23)) yields the proof. [

The coefficients of the valid inequalities (3.22) can be multiplied by elements from
Uy, without altering their strength, see !;emma 3.6} Let us present these ROC equiv-
alent inequalities explicitly in the following corollary.

Corollary 3.11. Let m > 2, n € {3,4}, Q, = 1, — J,,. For n = 3, the ROC
equivalent inequalities of the inequality induced by |Proposition 3.10 read

-2 Re(aleg + as X135 + Of_langg) < max <Q3, X>, (325)
XeCUT?,

where o € U2,. For n = 4, we have the following ROC equivalent inequalities

— 2 Re(a1 X109 + a0 X13 + a3 X114 + a1ae Xos + anas Xog + 023 X34)

S max <Q47X>7 (326)
XeCUTE,

where o € U3,. Lastly, str(Qn,m) > 1, see (38), if and only if ged(n,m) = 1.

Proof. The inequalities (3.25) and (3.26) are obtained from (3.9) and (3.16) where
Q=1,—-J,.

To show that str is strictly greater than 1 whenever ged(n,m) = 1, we consider
again separate cases. Let first n = 3 and m =1 mod 3, which implies that |[m/3] =
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(m—1)/3. Substituting this in (3.22) for n = 3, and using that cos (2z) = 2 cos? (2)—1,
we find that

2(m — 1)
X)=2-4 m) — 4cos? (z,) := L for 2y, 1= —— T
XGII(IJ%)%%<Q3, ) cos (zm,) cos” (zp) = g(m), for z 3

and m = 1 mod 3. Observe that g(m) is a concave quadratic function in cos (z,)
that is maximized for

1 2 4
cos(zm)=—§ — zng-l—%w\/zm:%—i—%w, keZ.

The maximum of g(m) equals 3, which is not attained for any m > 1, since

2(m— 1) 2mw

>1 = 0<2z, = <
m= =7 3m 3

Hence, the maximum value of 3 is not attained for finite m > 1 in case m =1 mod 3.
Thus,

=1 d3 = X)<3= X). 3.27
m mo XGH(IJ%)’(F?,L<Q3, ) )gé%é(@s, ) (3.27)

The equality in (3.27)) follows from [Proposition 3.10] It follows from (3.27)) that the
strength of the corresponding inequality is strictly greater than 1. The proof for other
values of n and m follows similarly. O

Thus, the inequalities given by |Corollary 3.11|separate & from CUT}, only when
ged(n,m) = 1. The strength of these inequalities is greater for smaller values of m,
as in the limit to infinity, the optimal value of the discrete programming problem in
[Proposition 3.10[ equals n. For numerical evaluation of the strength of these inequal-
ities, see[Table 3.2[in |Section 3.7.1l Note that the inequalities from can
be also derived from [Proposition 3.10|for n = 4 and m = 3.

Let us highlight [Proposition 3.10| for the real case, i.e., for m = 2. Considering
n = 3, the expressions in |Proposition 3.10| then provide

max (@3, X) = 2,
XeCUTS

and since Uy = {£1}, the inequalities then reduce to the well-known triangle
inequalities (after appropriate scaling). Hence, the inequalities may be
considered as generalized complex triangle inequalities.

Similarly, the inequalities for n = 4 can be considered as complex quadrangle
inequalities. For the real case, m = 2, we have that ged(n,m) = ged(4,2) =2 > 1.
Therefore, by [Corollary 3.11] the strength of these inequalities equals 1 for m = 2.
Thus, the quadrangle inequalities are implied by £5. This clarifies why in the real case,
the triangle, pentagonal, heptagonal (etc.) inequalities are well known, in contrast
to real quadrangle inequalities. Note that real triangle, pentagonal, heptagonal, etc.,
inequalities belong to the family of hypermetric inequalities that are considered as a

special case of the gap inequalities (3.21)).
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The inequalities derived in [Corollary 3.11| are valid for n € {3,4}, and therefore
can be applied to the principal submatrices of matrices in 5;2 for n > 4. Thus, the
complex triangle and quadrangle inequalities apply to all n. We present this idea
more formally in the next section, see , and exploit it in

In particular, the inequalities derived in |Corollary 3.11| are also valid for n =
m = 3, but already satisfied by matrices in £ (since their strength equals 1). This
contrasts the real case, as the inequality from [Proposition 3.10(for n = 3 and m = 2 is
not satisfied by all matrices in £5. In the next section, we determine all facet defining
inequalities of CUT%, and show that some of them are violated by matrices in &3.

3.3 An exact description of CUT}

We study CUT% by studying the set

1 1 T2
V(CUT3):=qxeC?®: |77 1 ax3| €CUTS ;. (3.28)
T2 73 1

We define the sets V(CUT],), in the remainder of the chapter, analogously. It is clear
that there exists a bijection between the sets V(CUT%) and CUT3. Since V(CUT3) is
small, we can tractably compute its facets. We first require some intermediate results.

Proposition 3.12. The inequality

; 3
Re (ixl + e /6y + ixg) < %, (3.29)

1s facet defining for V(CUT%). Additionally, the three linear inequalities that ensure
x; € Conv(Us) fori € [3], see (3.6)), are also facet defining.

Proof. We consider V(CUT3) as a real space of dimension 6. Consider the six vectors
zg = (eP1i €021 e(02=00NT "where § = (A, 6,) and

< fon (50) (5. (). (52 (5 )}

These six vectors satisfy the following properties: each zy corresponds to the upper
triangular entries of

1 1 1"

Ze = 6—91i e_gli € CUT%,

e—@gi e—@gi

as in (3.28)), and therefore, zg € V(CUT%). Moreover, since Zy is an extreme point of
CUTS, 2 is an extreme point of V(CUT%). Additionally, all the six vectors zy satisfy
(3.29) with equality.
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Let us now consider the six real vectors Zg := [Re(zg)" Im(zg)'] T RS, It is
not difficult to verify that the zy are affinely independent. This fact, together with
the fact that all extreme points of V(CUT%) satisfy the inequality , implies that
(3.29) is facet defining. The proof that x; € Conv(Us) induces three facets follows
similarly. U

Remark 3.13. Using similar arguments, one can also show that the cut from [Propo
for n = 3 and m = 4, is facet defining for V(CUT}). A

We also compute the strength, see (3.8), of the inequality (3.29). To do so, note
that the unique Hermitian matrix corresponding to (13.29)) is given by

0 i emi/6
—i 0 i . (3.30)
e~ /6 _j 0

1
Q=
That is, inequality (3.29) is equivalent to (@, X) < v/3/2 for X € CUT3.
Lemma 3.14. For Q as in (3.30), we have that
V'3 cos (177—8)

cos (%)

str(Q,3) = ~ 1.81521.

Proof. See [Page 204]in |Appendix B.2| O

Remark 3.15. Inequality (3.29)) is not a gap inequality, see Indeed,
(3-29) is a gap inequality if and only if its corresponding matrix @, see (3.30)), satisfies
Q = bb™ — Diag(|b1]?,|b2|?, |b3|?) for some b € C?. This equality implies that

— — 1 — 1
b1by = bobs = ~i and bibs = €™/,
2 2
which is inconsistent: note that by |by|*bs = (i/2)? = —1/4, which implies that by1bs €
R. This contradicts the fact that bib3 = e™/6/2 ¢ R. A

Lemma 3.16. The ROC equivalent inequalities (see[Lemma 3.6) and the complex
conjugate equivalent inequalities (see |Lemma 3.7) of facet defining inequalities of
V(CUTY), are again facet defining.

Proof. Let g(z) < ¢, c € R, be a facet defining inequality for V(CUT},) C C(%). Then
there exist vectors y/ € V(CUTY},), j € [2(5)], that satisfy g(y7) = ¢ and are affinely
independent over the reals. That is,

Lo 2(2) v=0,veR” <<= v=0. (3.31)
y y . e y 2

Additionally, for each such 37, there exists a Y7 € CUT], such that the vector y
corresponds to the upper triangular entries of Y7. Let us slightly abuse the notation of
(3.28)), and write this relation as V(Y7) = y7, where the linear function V : CUT},, —
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@(Z) returns the upper triangular entries of its input matrix. We can write g(z) < cin
terms of matrices as (G, X) < ¢ for some G € H", and X € CUT},. By construction,

(G,Y7) =c. (3.32)

Recall now the symmetries of CUT},, (and therefore also V(CUT},)), as outlined in

Section 3.2.1} In particular, recall the group action f,(Z) = (aa!!) ® Z for some a €

U . Denote by g(z) < ¢ the inequality that is ROC equivalent with g(x) < ¢, follow-
ing a rotation with some o € U),. This inequality may be written as (f,(G), X) < ¢

for X € CUT},. From (3.11) and (3.32), we have (f.(G), fa (Y7?)) =c.
Therefore, the vectors g7 := V(fo(Y7)) € V(CUT;,) satisfy g(37) = c. Note that

7 = Diag(aian, agas, . . ., an_lan)yj. (3.33)

Using (3.31)) and (3.33), it follows that the vectors g’ are also affinely independent,

since

1 ... 1 . B B B 1 ... 1
[gl @2(2) v = Diag(1, a1ae, a1 @s, . .., ap_10p) [yl o y2(g)] v =0,
if and only if v = 0. Hence, the result follows. The proof for complex conjugate
equivalent inequalities is similar. [

Let F denote the number of facets of V(CUT3). Note that the facet defining
inequality has 9 ROC equivalent inequalities (counting itself), see , and
its complex conjugate equivalent inequality also has 9 ROC equivalent inequalities
(counting itself). Moreover, the three linear inequalities that ensure z; € Conv(Us)
for i € [3] are also facet defining (and ROC equivalent). Thus,

F>18+9=27. (3.34)

We are now ready to show that these 27 inequalities fully describe the set V(CUT%).
Theorem 3.17. The set V(CUT3) admits the following linear description:

x € Conv(U3), Re(nx <£,Re_$ <ﬁ,
V(CUT%):{:EE(C?): (), Re(nz) < 5, Re(1z) < %5 . (3.35)

_ . i/6 — s 2
n= (0411, 04267”/ ,alagl) , v € U3,

Proof. The Upper-bound theorem for convex polytopes [223] states the following: for
any convex d-dimensional polytope P with v vertices, the number of j-dimensional
faces (see [Definition B.3|on [Page 205 in [Appendix B.2) is upper bounded by some
explicit number f;(v,d). For our purposes, we consider V(CUT3) as 6-dimensional
real polytope. As its facets are 5-dimensional faces, the number of facets F satisfies
F < f5(9,6) = 30, see, e.g., [10I} Sect. 1, Thm. 4]. Combined with (3.34), this implies
27 < F < 30. We prove now, by contradiction, that F = 27. Thus, assume that
27 < F < 30. If that is the case, then there must exist some facet defining inequality
Re(Byx1 + Baxa + B3x3) < ¢, which is missing from the right hand side of . Note
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that the vector 8 € C? contains at least two nonzero entries: if 3 were to contain only
a single nonzero entry, the inequality concerns only a single variable, say x;. But the
restriction z; € Conv(Us) is already included in (3.35), and clearly cannot be made
tighter.

Thus, (8 contains two or three nonzero entries. Now there must exist at least 8
other ROC equivalent inequalities, that are also facet defining. This contradicts the
result F < 30, which completes the proof. O

On [Page 201| in |[Appendix A.6] we verify [Proposition 3.12| and [Theorem 3.17| by
listing all 27 facet defining inequalities found using the SageMath software [295].

We refer to the inequalities in , induced by 7, as the triangle facets (of
CUT3). One can strengthen the CSDP relaxation |CSDP—P| on |Page 59| by adding the
triangle facets to the complex elliptope £5'. Let us denote the resulting feasible set
by:

T(EY) ={X €&} : X; € CUT3, VJ C[n], |J| =3}. (3.36)

Here, X; denotes the |J| x |J| principal submatrix of X, with rows and columns
indicated by J.

3.4 Efficiently reformulating a class of CSDPs

It is well known that the max-3-cut problem can be modeled using CUTY, as demon-
strated in and first shown by Goemans and Williamson| [118]. To ap-
proximate the max-3-cut problem, one can solve a CSDP over £3'. On the other hand,
Frieze and Jerrum)| [95] approximate the max-3-cut problem by a real SDP having ma-
trix variables of order n, that is equivalent to the CSDP over £3'. Here we specify a
class of CSDPs that can be efficiently reformulated as real SDPs.
Modern SDP solvers solve CSDPs by representing n x n Hermitian matrices as
2n x 2n symmetric matrices, via
> Re(X Im(X
XeH <— X = _IHE()g) ReEX; €S, (3.37)
see also [114]. Consequently, CSDPs with matrix order n, require doubling the order
to 2n, and are therefore computationally more challenging to solve than real SDPs
with matrix order n.

Remark 3.18. To the best of our knowledge, the only SDP solvers that handle
CSDPs directly, rather than reformulating them to equivalent real SDPs, are SeDuMi
[289], SDOlab [113] and Hypatia [59]. Despite this theoretical advantage, we observed
that these solvers were still slower than MOSEK [228] for solving CSDPs. This was
also observed in [304]. A

Wang and Magron| [306] introduce a real moment-Hermitian-SOS hierarchy for
complex polynomial optimization problems with real coefficients, without doubling
the order. Moreover, Wang and Magron show that their real hierarchy is equivalent to
the complex hierarchy from the literature. Here, we provide another class of problems
for which a CSDP can be equivalently formulated as a real SDP of the same size.
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Proposition 3.19. Let U C H'! be a non-empty compact convex set, and W € S™.
Then

max (W, X) = max (W, X).
XeU X€eRe(U)

If in addition Re(U) C U, then argmax x cgeqp)(W, X) C argmax y (W, X).

Proof. Since W is a real matrix, (W, X) = (W, Re(X)). Therefore, maxxcy (W, X
maxxey (W, Re(X)) = maxycrew) (W, X). The inclusion arg max ycge) (W, X
arg max y 7 (W, X) follows trivially from Re(U) C U.

~ ~—

Chin

A sufficient condition for Re(U) C U to hold, is that U is closed under complex
conjugation and convex. Indeed, if U is closed under complex conjugation, then
X €U <= X € U, and by convexity of U, Re(X) = (X + X)/2 € U. Note that
the sets &£, see , are closed under complex conjugation and convex.

3.4.1 The case max-3-cut

We investigate the implications of [Proposition 3.19] for the case that the underlying
(C)SDP corresponds to a max-3-cut relaxation, see

Let us first formulate the max-3-cut problem as a real program. Without loss of
generality, we assume that the given graph is the complete graph on n vertices, with
edge weights w;; € R, 4, j € [n], i < j. Following [95], let a’, a? and a® be a set of
unit length vectors in R? satisfying

' ' 1 i
(az)Taj :{ ’1 =7, (3.38)
—5, else.

Frieze and Jerrum [95] model the max-3-cut problem as

max —wa —yly;) sty €{a' a’ a’l Vien.
1<J

We investigate the feasible set of this program in terms of matrices. This set is given
by

Re(CUTY) :={Re(Y) : Y € CUTY}
= Conv {Y €Sy :3yi,...,yn € {al, a?, a3} st. Y = yiTyj Vi, j € [n]}

To understand the second equality above, note that the objective in the |Frieze and
Jerrum| model and (3.19) are similar. That is, Re(Z;x;) is equal to the right-hand

side of " for x;, r; € Us.
As CUTY satisfies the conditions for U in|Proposition 3.19] we have, for W € 8™,

max (W, X)=  max (W)Y).
XeCuT? Y EeRe(CUT?)
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Thus, Re(CUTY) is strictly smaller than CUTY, but attains the same maxima of real
linear forms, which we maximize for the max-3-cut problem. The same relation holds
for the sets

1
Re(&3) :={Re(X) : X €&} = {X € 8« diag(X) = 1,, X;; > —5 Vi, j € [n]},

and &£F, as it was already observed by |Goemans and Williamson| [118]. Note that
Re(&%) corresponds to the feasible set of the max-3-cut SDP relaxation by |Frieze and
Jerrum| [95]. However, if the objective matrix W satisfies Im(W) # 0, then the CSDP
cannot be reformulated to a real SDP with same size.

Let us now study a relation between T(£3), see (3.36)), and

Re(T(&3)) :=={Re(X) : X € T(&3)}.
To do so, we determine the facets of Re (V(CUT%)) in the following lemma.

Lemma 3.20. The set Re(V(CUT3)) := {Re(z) : x € V(CUT3)}, see (3:35), is
given by

l‘iz—l Vié[g],$1+$2—$3§1,
Re(V(CUTS)) =< z € R?: 2 . (3.39)
1 —r2+23<1, —x1+z2+a3<1

Proof. Starting from , we consider the following three vectors: n = (i, e™/6. i),
m = (e4wi/3i’ €7Ti/6,€_47ri/3i) and Ny = (_6271'i/3i7 e_ﬂi/6,—6_27ri/3i>. Note that m
can be obtained from 7 by performing a rotation of coefficients with (a1, as) =
(exp (47mi/3),1). Similarly, 7o can be obtained by taking 77, and then performing
the rotation of coefficients with (a1, as) = (exp (27i/3),1).

Thus Re(mz) < v3/2, and Re(nex) < +/3/2 are both valid inequalities for
V(CUTS), see Consequently, also the sum of these inequalities is valid
for V(CUTS). That is,

Re((n1 +m2)x) = Re(\/g(xl + 0 — :L’3)> < V3 <= Re(r; + x5 —x3) <1, (3.40)

which corresponds to one of the inequalities given in (3.39). Inequality (3.40) describes

a facet of Re(V(CUT})), since the vectors [1,1,1]7, [1, -2, —%}T, and [—1,1, —%]T
are affinely independent, contained in Re (V(CUT%)), and satisfy with equality.
The other inequalities in (3.39) can be found in a similar manner.

Lastly, it can be shown that contains all facet defining inequalities via a

similar argument as the one used in the proof of [I'heorem 3.17| on |[Page 70} U

The facets provided in are also given in [55] Equation 1.3| (they are
stated in terms of {0,1} variables rather than {—3,1} as in (3.38)). However, our
derivation from complex space is new. Using facets from , one can optimize over
Re(T(€F)). Note also that T(EL) satisfies the conditions for U in [Proposition 3.19|
Hence, it is beneficial to optimize over Re(T(£)) instead of T(EF) if the matrix W
is real.
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investigates the difference in solving times for optimization over the
feasible sets Re(T(€3)) and T(EY). For various values of n, we generate uniformly at
random a real symmetric matrix C € {—5,—4,...,4,5}"*"™ and solve the problem
of maximizing (C, X') over X € Re(T(£F)), and over X € T(EF). This maximization
is repeated 5 times per value of n, and the average running time of those 5 runs is
reported in As solver, we used MOSEK [228|. Note that optimization
over Re(T(€F)) and T(EY) returns the same objective value since C' is real, see
IProposition 3.19| [Table 3.1|clearly demonstrates that optimization over Re(T(£})) is
more efficient compared to optimization over T(€). The first reason for this is that
solving real SDPs is computationally cheaper than solving CSDPs, see . The
other reason is that Re(T(£F)) contains less inequalities than T(EF); compare (3.35))

with (3.39).

The CSDP reformulation approach by [Wang and Magron| [306] mentioned in
does not apply to CSDPs over T(EF), as the facets provided in have
non-real coefficients. Our generalization, [Proposition 3.19| shows that a real reformu-
lation of same size is possible when only the objective is real, and the feasible set is
closed under complex conjugation (as is the case for T(£3)).

Time (seconds)

T(EF) Re(T(&3))

20 0.22 0.03
30 0.80 0.10
40 3.02 0.33
50 6.98 0.84
60  15.22 1.83
70 33.17 3.67
80  59.34 6.73
90 114.07 12.73
100 199.72 22.74

Table 3.1: Comparison of solving times of optimization over T(£5) and Re(T(EF)).

3.5 Second semidefinite lifting of CUT’,

In this section we study approximations of CUT.,_, see . The approximation of
CUT?>O obtained from the second semidefinite lifting as proposed by |Jarre et al.| [150]
is denoted here by L(Bs). The matrices in the set L(B3) are obtained as projections
of certain Hermitian PSD matrices of order seven. We propose an approximation of
CUT?Z, denoted by L(B;), whose elements are the projections of certain Hermitian
PSD matrices of order six. Despite this difference in size of the lifted space, we show
that L(B1) = L(B,) (Lemma 3.25). Additionally, we show that L(B;) is also equiva-
lent to the second semidefinite lifting of the complex Lasserre hierarchy proposed in
[154] (Theorem 3.26)), whose elements are the projections of certain Hermitian PSD

matrices of order ten.
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The results from this section imply that one may appropriately decrease the size
of matrices in a CSDP relaxation of CUTL_, while preserving the strength of the
relaxation, see[Lemma 3.41] We also show that L(B;) excludes all the rank 2 extreme
points of £ (Theorem 3.31)). Lastly, we show that all elements of L(B;) satisfy a
valid inequality for CUTL_, derived in [150] .

We begin our analysis with the following result on the rank of extreme points
of &L = {X € H : diag(X) =1, }. The extreme points of £ have been widely

studied, see e.g., [56, [126] [194], 201].

Lemma 3.21 ([201]). The extreme points of E have rank at most \/n. Moreover,
for every positive integer v < \/n, the set £ contains rank r extreme points.

In case n < 3, the extreme points of £ have rank 1, and thus £ = CUTL, for
n < 3. Therefore, in the sequel, we consider the smallest non-trivial case, that is
n = 4. In this case, &L contains rank 2 extreme points (see (3.58) on [Page 80), unlike
CUTZ,, which shows that CUTZ is strictly contained in £%. This motivates the
authors of [150] to investigate a second semidefinite lifting approximation to CUTiO.
To present their lifting, we first require some notation and definitions.

For some p € N, let B C ZP be a finite set satisfying 0, € B. Consider a complex
(truncated pseudo-moment) sequence (yo)acB—g, satisfying yo = 1 and y, = y_,
where B— B := {a— 3 : «a, € B}. We define the complex moment matriz Mp(y),

indexed by the elements of B, as the matrix

MB(Y) = (Ya—ﬁ)a,gelg- (3-41)

By the properties of y, Mg(y) € /5! and diag(Mp(y)) = 15 Let C[z] be the set of
polynomials defined by

Clz] := { > far® i fa €CVac ZP} (3.42)

aEZP

for

 — H x;" where x7" =

{a:f” if o; >0,
i€[p]

(.Qf_i)*ai if a; < 0.
Note that Re(z;) = (z; + 7;)/2 € Clz]. We set
F(B):={Mg(y) :yo=1landy,=y_,} N Hfl. (3.43)
In this section, we study the sets
L(BZ) = {X - gélo A7 € f(Bl) S&tleylng Z1:4’1;4 = X} 7 € [6], (344)

which are defined in terms of the (ordered) bases

o] 171 [o] [o] [-1] [-1 0
Br=< (o], o], |1, (o], | 1|,]0|%, B:=BrU{|=1|%, (3.45)
ol |o| [o] |1 0 1 1
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and B3 up to Bg, which will be given later.

Observe that By and By do not contain monomial squares, i.e., for k € {1,2},
we have that o € By = |a;| < 2 for all i € [3]. [Theorem 3.26| shows that adding
monomial squares to By does not lead to a tighter approximation of CUT io. A similar
result follows for Bs, see|Corollary 3.27 An example that will be used throughout is
the following: (Mg, (y)), 5 = Ly (Xa,p), for

1 1 ZT9 T3 T1To T1T3 T3
J— J— [ — 2 J—
T 1 T17To 173 TiTo TiT3  T1T273
To Ty 1 ToT3 T1  T122T3 2373
X — | w3 T123 Tox3 1 T1T2T3 T x2 , (3.46)
_ — — — — = 2
TiTy — TiT2 T1 T1T2T3 1 T2z  X1X5T3
xT1T3 :E%.Tg T1X2X3 T1 XToT3 1 19
e -3 - ) —
T2y AT1T2X3 ToX3 X9 T1X5T3 T1T2 1

where L, : C[z] — C is the linear Riesz functional, defined by

LY(f) = Z fa)/aa (347)

aEZLP

see (3.42)). Observe also that Mg, (y) is the upper left 6 x 6 block of Mg, (y).
We refer to the sets L(B;) as semidefinite liftings of CUTZ | since

CUTL CL(By) CL(B) C &L. (3.48)

Jarre et al.| [I50] propose L(B;) as a tighter approximation of CUT?_ than £% .

Remark 3.22. |Jarre et al.| originally present their relaxation as L(B3), see (3.44)),
for

1 1 1 0 0 0
—1 0 0 1 1 0
83 = 047 0ol |=11]" 01’ |=1]" 0|’ 1
0 0 -1 0 —1 -1
The bijection g : By — Bs, given by
1 1 1
-1 0 0
g(l’) = 0 -1 0 xz,



3.5. SECOND SEMIDEFINITE LIFTING OF CUTL, 7

preserves equalities in Mp(y), i€, Ya;—as = Yas—as implies that yga,)—g(a,) =
Yg(as)—g(as)- Hence, L(Bz) = L(Bz). In the sequel, we will use L(Bz) in favor of
L(B3), due to its more compact representation. The equivalence L(Bs) = L(B2) can

also be understood as a consequence of [Remark 3.1 JAN

We show now that, despite the smaller size of F(B;) compared to F(B2), see (3.43)),
their induced approximations of CUTio are equally strong. To do so, we define the
following partial order.

Definition 3.23. Let B C ZP, and let B’ C B, with k := |B’|. We say that B extends
B’, denoted B’ = B, if and only if, for all X’ € F(B’), there exists an X € F(B)
satisfying Xi.x1.x = X’. Here, it is implicitly assumed that bases B’ and B are
ordered, and that the first k elements of B are the elements of ', in the same order.

For a given X’ € F(B’), the problem of deciding whether there exists a X € F(B)
that satisfies X1.51.x = X’ can be formulated as follows. Let (y,)aen—p be the
sequence that satisfies X’ = Mp (y), see ([3.41)). Define the partially specified matrix
X, with rows and columns indexed by the elements of B, and entries given by

Xop = {y“—ﬁ fa=peb =5 scp (3.49)

*a—p else.

The PSD completion problem [125] is to find values for {xo—_g}a,gep that make X
Hermitian PSD. If such values exist, the resulting fully specified X satisfies X € F(B)
and Xi.5 1.4 = X', and we say that X is an extension of X".

Remark 3.24. There is a small difference between the PSD completion problem
presented here and the PSD completion problem from [125]. In our definition, it can
occur that some unspecified entries of X are restricted to be equal. For example, in
our definition, consider the case that a,(,v,0 € B are such that « — 8 =y — 9§ ¢
B’ — B’. Then both X, 3 and X, ; are unspecified, and we are interested only in
PSD completions that assign these two entries the same value X, 3 = X, s = *q—3.
In [125], none of the unspecified entries are restricted to be equal to one another.
Whenever we use results from [125] in the sequel, this difference does not occur. In
particular, this difference does not occur when |B'| = |B| — 1. A

It is not difficult to show the following implication
Bl ‘: 82 — L(Bl) = L(Bg), (350)

see (3.44). We will use (3.50)), in combination with PSD completion theory, to prove
that the sets L(B;) define equivalent relaxations of £% .

Lemma 3.25. For By and By as in (3.45) and L(B;) as in (3.44), we have that
L(B;) = L(Bs).

Proof. By (3.50), it suffices to show that B; = By. Thus, we need to verify that for
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all X’ € F(B;), the corresponding partially specified matrix

X34

X6

, *
X = X X5, | €N, (3.51)
*

X3,

(X3 Xez * Xiz + Xjg 1

can be completed to a Hermitian PSD matrix, by finding (possibly distinct) values
for x. To derive the pattern of equalities in , we have used .

Note that the only unspecified entries of X are at position (3,7) and (5, 7) (ignoring
the lower triangular part of X). We associate to this pattern of unspecified entries a
graph G of order 7, defined as

G=(V,E),V =17] and
E={i,j}:i,jeV, Xy £+ ={{i,j} : 1<i<ji<T}\({3,7FU{57})

Observe that G is chordal. Then, by [125] Thm. 7], X can be completed to a PSD
matrix if every fully specified principal submatrix of X (i.e., a principal submatrix
that does not contain any x values) is PSD. To investigate this condition, we write
Xy, J C [7], for the principal submatrix of X, indexed by rows and columns in J.

Before we consider all such fully specified submatrices X 7, we consider first Z 7, for
J :={1,2,4,6,7}. Note that X 7 is fully specified, and given by

(3.52)

-1 T T3 x1T3  ToT3 ]
T 1 T1T3 T3T3 T1T07T3
(Xj)ij = Ly(Zij), for Z = xr3 13 1 I ) ,
13 riT3 1 1 T1X9
| Tox3 X1X2X3 T2 XT3y I

and L, as in (3.47). Note that PTX;P = X ; for the permutation matrix P =
FE14 + Eos + E31 + Ego + Es3 and J' = {1,2,3,4,6}. Thus, matrix X7 is similar to
X ;. Now, since Xy is a fully specified submatrix of X’, and since X’ > 0, it follows
that X ; > 0. This implies that X ;» > 0, which in turn implies that X ; > 0.

Let us now show that for any J C [7] such that X is fully specified, X ; = 0. We
distinguish two cases:

1. JC J. Then X is a submatrix of X 7, and therefore X ; > 0 since X 7 > 0.

2. J¢Z J. Since J £ J,3 € JorbdeJ. Asboth X37 and X5 are unspecified,
and X is fully specified, it follows that 7 ¢ J. Thus J C [6]. Consequently,
X is a submatrix of X', and X’ € F(B;) implies X’ > 0, which shows that
X; = 0.
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To conclude, every fully specified principal submatrix of X is PSD, and the associated
graph G is chordal. By [125, Thm. 7|, any X’ € F(B;) can be extended to a fully

specified matrix in X € F(By) as in (3.51), which implies that B; = Ba. By (3.50),
this completes the proof. O

We now relate L(B;), see (3.44)), to the second semidefinite lifting proposed in
[154]. This lifting is given by L(By), for

Bii={ae{0,1,2}°: Y a; <25, (3.53)
1€[3]

Note that |B4] = 10 > |By| = 6. Despite this difference, the induced relaxations of
CUTio are equivalent, as shown in the following result.

Theorem 3.26. For By as in (3.53), we have that L(B,) = L(By), see (3.44).

Proof. We start by considering the proof of more abstractly. Let B’ C
B C 7P, where k := |B'| = |B| — 1 (Note that this is the case for By and Bs, see
[Lemma 3.25). Consider the problem of extending some X' € F(B') to some X €
F(B). This X should be thought of as in (3.49)), possibly containing unspecified *
values. Let

j:{ZEN : Xi7k+17é*},

so that matrix X7, the submatrix of X indicated by the elements of 7, is fully
specified by X’. Note that the associated graph G, see , is chordal and we may
apply again [125] Thm. 7|. By similar reasoning as in the condition that
X 7 is similar to a submatrix of X', is sufficient (although not necessary) for B’ = B
to hold.

Following these steps for specific sets B’ and B, we are able to prove the following
relations, where we write B |=---U 1 = -+ - U B2 as shorthand for B = BU {51} =
BU {51, 52}. Starting from

1 2 0 0
BsE=---U |0l E---U |0l F---U|2| E---U|0]| =By, (3.54)
1 0 0 2
[—1 -1
BsE=---U|0|E---U| 1] :=8, (3.55)
1 0
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and starting from B; as in (3.45)), we have

1
BiE---U|l|l E---U
0

= Bg. (3.56)

—_ = O

Combining the implication (3.50)) (which holds more generally for B; and B;), with

equations (3.55) and (3.56) yields that L(B;) = L(Bs). Since L(Bs) = L(B4) by
(3.54])), the result follows. O

By combining results of |[Lemma 3.25(and [Theorem 3.26] we obtain the following.

Corollary 3.27. For alli,j € [6], L(B;) = L(B;).

In the sequel, we will only refer to L(B;) for compactness, as |B;| = min;cg) |B;].
Next, we show that L(B;) does not contain any of the rank 2 extreme points of £2 .
Let us first characterize the set of rank 2 extreme points of £2.. For this, we require
the following definition, see matrix F' from [194] Section 2.2].

Definition 3.28. We say that

1 up wr M
G = c C2><4
T2 Uz W2 V2

is an Extremal Gram Factor (EGF) if and only if its columns x, u, w, v have norm
1, and the matrix

21> 11T Tiwae |zl
lui > wiuz wus |usf?
lw1]?  wiWs Wiwy  |wal?
12 vt v |uol?

F = (3.57)

is non-singular. Equivalently, det(F) # 0.

4

(o op

Now P, the set of rank 2 extreme points of £
That is,

is given by the product of EGFs.

P := {rank 2 extreme points of £} = {G"'G : G is an EGF}, (3.58)

as proven in [194] (note that EGFs are defined for general matrix sizes in [194]). Thus,
if A is a rank 2 extreme point of £2 , it must be of the form A = GHG, where G is
an EGF. Given such A, the corresponding matrix G is unique up to unitary transfor-
mation of its columns. We will use MATLAB like notation for indexing submatrices
of G, i.e., for some J C [4], G. j € C2¥I7l denotes the submatrix obtained by taking
all rows of GG, and columns of GG indexed by J.

Let us prove several results related to EGFs.

Lemma 3.29. Let G € C?>** be an EGF. Then for any J C [4], |J| = 2, the 2 x 2
submatriz G. j is invertible.
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Proof. Proof by contradiction: assume that G is an EGF, and that for some J C [n],
|J| = 2, matrix G. ; € C**? is singular. A 2 x 2 matrix is singular if and only if its
second column equals its first column multiplied by some r € C. Since the columns
of G have norm 1, we find that |r| = 1. But this implies that matrix F, see (3.57),
has two identical rows, and is thus singular. This contradicts the assumption that G
is an EGF. U

Lemma 3.30. For any matriz A € P, see (3.58)), there exists an EGF G € C**%, see
|Definition 3.28, that satisfies

A=GUG and G = ll v Ul] =le u w v, (3.59)

0 U W2 V2

where uz, wo, and vo are nonzero and e = [1,0]T.

Proof. Since A € P, there exists an EGF G such that A = GHG. Let 2 := é:,l e C?,
Z1 22

and consider the matrix @ := [
—Z9 21

] . It is easy to see that @) is unitary, and

@z = e. Then G := QCNT' is an EGF satisfying the properties of the lemma. Note
that the entries us, wo and vy are nonzero, because each 2 by 2 submatrix of G is

invertible (Lemma 3.29). [

In the sequel, we will thus only consider EGFs of the form (3.59). Note that this
simplifies matrix F' from (3.57)). We are now ready to prove the following.

Theorem 3.31. For P as in (3.58), we have that L(By) NP = 0.

Proof. Let A € P. Then, without loss of generality, A = GHG, where G is an EGF of
the form (3.59). Proof by contradiction: suppose that A € L(8;). Then 3Z € F(B),
see , satisfying Z1.41.4 = A. Let ¢ € {5,6} and denote by Z, the 5 x 5 principal
submatrix of Z, with rows and columns indexed by [4] U £. Since Z; = 0, there exists
a matrix Gy such that Z, = G?Gg. We may assume that G, is of the form

Gy = [0% ;ﬂ € C3*5, with 2z, € C%, oy € C and 2z + |ag[> = 1. (3.60)

Note that the last column of Z, is then given by [z};{G 1]H Moreover, for each

¢ € {5,6}, precisely two of the entries in Gz, are determined by A. For example, if
¢ =15, then we have

H

u-w . H 1 0

The equations (3.61)) follow from the pattern of equalities in (3.46). In particular,
(GHZ5)1 = Ly(xlx_g) = A273 = (GHG)Q’?, = un.
By |Lemma 3.29| G:H{1 3} is invertible, and hence z5 is uniquely determined by

(3.61)). Specifically,

»= (Gil{l’?’})_l BHQ - [(ﬂl —wﬁ;})‘w)/wg} ’ (3:62)
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We now claim that ||z5]] = 1, in which case oz = 0, by (3.60)). To verify this claim,
we compute first

Re(ulmlun) = |u1\2|w1\2 + Re(ulwlﬂgwg), (363)

which is a term appearing in the computation of ||25]|?> = zilz5. Then, by combining

(3.62) and (3.63)), we find

w1 |? + w2 |[uw|? = 2 Re(uiw uflw
z?Z5:|un’2+|1| |wa|*fu"w] : (w1 w1 u”w)
|wa|
g P A+ Juftw]? = 2 Re(uywyutlw)

w2

B lup |2 + |ug|?|w1]? + |ua)?|wa|? + 2 Re(uywiusws) — 2 Re(uiwutlw)

|wo|?
_ P = Pws 2+ (1= Jua ) (1 = un]?)

|ws?

=1,

where we have also used that |u1|? + |ua|? = |w1|? + |we]? = 1.
Vector zg satisfies the system
H
H u-v . H H 1 0
G 1ay%6 = [uHe] , with Gy gy = [ 0] = [‘ v ] '

V1 V2
which is similar to (3.61)). It is therefore also straightforward to show that the vector
—1 [, H H
. H u-v| u-v
%6 = (G:7{174}> lUHG] - [(ﬂl — 71 ’LLHU) /Ug] (364)
satisfies ||zg|| = 1. This implies that Z is of the form
Z=VHY, for V := e v w v z z]e€C?O (3.65)

Now Z € F(B1) = Zsg = Zza = w'lv, see (3.46), and (3.65) implies that
Zse = 2826. Therefore,

det(F
wy = z?zG = wv + #,
waV2

for F' as in (3.57)). The second equality in follows from substituting and
(3.64), and has been verified by a computer algebra system.

Equation (3.66]) implies that det(F) = 0, which contradicts the fact that G is an
EGF (Definition 3.28]). O

(3.66)

We now show that CUT], contains all rank 2 points of £Z, if these are not
extreme. To prove this result, we require an intermediate result and the notion of a
perturbation, see [194]. We say that a nonzero Hermitian matrix B is a perturbation
of some A € &7, if there exists some ¢ > 0 such that A+t¢B € £ . Thus, if A admits
some perturbation B, it is not an extreme point of £7. Additionally, if A = GG,
then any perturbation is of the form B = GYRG [194, Thm. 1(a)], with diag(B) = 0

and R Hermitian.
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Remark 3.32. The notion of a perturbation can be generalized to sets of the form
{X e H} : (A, X) =b;,i € [m], (A}, X) <b},ie[m]},

for Ay, ..., Am, AL, AL, €EHY, b e R™ and b € R™. See e.g., [74, Thm. 31.5.3]
or [189, Thm. 2.1]. A

The following result, which is proven using perturbations, is a generalization of
the sufficiency part of [194, Cor. 4]. We suspect that this result is known, although
we were unable to find a reference.

Lemma 3.33. Let A € &7, with tk(A) = r. Then, there exist extreme points
A1, ..., A, of E, such that A € Conv{Ay,..., A}, andrk(A;) < 1k(A) for alli € [r].

If A is not an extreme point of E, then we have that rk(A;) < rk(A) for all i € [r].

Proof. See [Page 206|in |[Appendix B.2| O

Lemma 3.33|leads directly to the following similar result regarding CUTL, .

Theorem 3.34. Let A € &% and r = rk(A). Ifn > 2, r = 2, and A is not
an extreme point of EY, then A is the convex combination of two extreme points of
CUTL.. Ifn € {2,3} and 1 <r < n, then A is the convex combination of r extreme
points of CUTL, .

Proof. For the first case, it follows from [Lemma 3.33|that A € Conv{A;, A5}, where
the matrices A4;, i € [2], are extreme points of £}, with rk(4;) < rk(A4). Since

rk(A) = 2, we have that rk(A;) = 1, which implies that the matrices A; are also
extreme points of CUT?,. The second case also follows from [Lemma 3.33] and the

fact that &2 = CUTL, for n € {2, 3}, see [Lemma 3.21 O

It is known that any A € CUT?,_ can be written as a convex combination of at most
n? —n+ 1 extreme points of CUTZ [150, Lem. 3|, which follows from Carathéodory’s
theorem. It is stated in [150] that ‘a smaller bound would help in reducing the size of
the problem for finding a nearest matrix in CUT,’. [Theorem 3.34 offers some help
in reducing this bound, but only for restricted values of n and r. When n = 4, we
can slightly strengthen [Theorem 3.34}

Lemma 3.35. Let A be a non-extreme point of EL of rank r > 1. There exist k, k <
r, extreme points Ay, ..., Ay of EL | such that A € Conv{Ay,..., Ax}, Zle rk(A;)

o7

r and at least one of the A;, i € [k|, satisfies rk(A;) = 1.

Proof. See [Page 206|in [Appendix B.2|

O

Let us now return to the case n = 4, specifically the relation between CUTio and
L(B1) (the set L(B;) is defined in (3.44)) on [Page 75|). We have that

{X e L(By) : tk(X) € {1,2}} C CUTL C L(B,). (3.67)

The first inclusion in (3.67) follows from|Theorems 3.31{and 3.34] The second inclusion
follows from (3.48]). Numerical tests, see also [150], and (3.67)) lead us to the following
conjecture:
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Conjecture 3.36. The second semidefinite lifting is exact for CUTZ | ie., L(B;) =
CUTZ..

Remark 3.37. |Conjecture 3.36| can be connected to the notion of a flat extension
from the literature, see e.g., [64]. The term extension is related to the definition
of extension as given in [Definition 3.23| In |Definition 3.23] the larger matrix X is
considered an extension of the smaller matrix X’. Matrix X is said to be a flat
extension of X’ if, along with the properties outlined in [Definition 3.23 we also have
rk(X) = rk(X’). In [154], there are several results related to such flat extensions,
specifically for the bases N2 := {a € NP : Y* «; <r}. Now [I54, Thm. 5.2| leads
to an equivalent reformulation of [Conjecture 3.36l Namely, |[Conjecture 3.36|is true if
and only if all X’ € L(B;) C €% admit a flat extension X € F(N3), for F(-) as in
(3.43)). A

We show now that all X € L(B;) satisfy a valid inequality for CUT%_, found by
the authors of [I50]. This inequality is given as follows:

0O —i 1 1

(H,X)<6 VX eCUT., where H := | ', 0 1l (3.68)
o0 —1 1 0 1
1 1 1 0

In [I50, Section 4.4], it is also shown that maxxegs (H, X) > 6.9282.... Both this
inequality and inequality are proven numerically in [150]. We provide analytical
proofs of both inequalities in the following lemma. We also extend the results from
m = oo to integer m, and we prove that maxxcy,(,)(H, X) = 6, for L(B;) defined in
(3.44). This proves that the matrices in L(B;) also satisfy inequality .

Lemma 3.38. Let H be as in (3.68). For all integers m > 3 or m = oo, we have
that

1. maxyegs (H, X) =43 ~ 6.928.
2. maxxccurs, (H, X) = maxxers,)(H, X) = 6.

Proof. See[Page 207|in [Appendix B.2| O
Additionally, the matrices in L(B;) also satisfy all the infinite cuts that are ROC

equivalent to the inequality (H, X) < 6, see Using [Lemma 3.38 we can

easily compute the strength, see (3.8]), of this inequality.

Corollary 3.39. Let H be as in (3.68)). Then, for all integers m > 3 or m = oo, we
have that str(H,m) = % ~ 1.155.

V3
Remark 3.40. Inequality (3.68) is not a gap inequality, see[Lemma 3.9 This can be
shown by using methods similar to those used in [Remark 3.15] JAN

To conclude this section, we provide a generalization of [Iheorem 3.26| for any
n > 2. We define, for n > 2, the bases

n—1 n—1
A" = {oz e {0,1}" . Zai < 2} C A" = {a c{0,1,2}" 1 : Zai < 2},
‘ i=1
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where the first n elements of both @™ and &/™ are {0,,—1} and the n— 1 unit vectors,
i.e., the columns of I,,_;. Sets F(&/™) and F(&/™) are defined analogously to (3.43).

Note that &/* = By, for By as in (3.53). The bases @™ and &/™ can be used to
approximate CUT?, . If we define the sets

L"() = {X €& ;37 € F(A") satistying Zim 1m = X} L n>2, (3.69)
and similarly L™ (<), then CUT.,, C L" (/) C L”(@?j C &Z. We are now ready to
present the following result.

Lemma 3.41. Forn > 2, we have that L™ (/) = L" (7).
Proof. See [Page 209|in [Appendix B.2| O

Remark 3.42. allows us to choose a smaller monomial basis, namely a
basis without squared variables, without weakening the corresponding CSDP relax-
ation. There are several results in the literature on choosing a (smaller) monomial
basis, though they are limited to real variables. For unconstrained polynomial opti-
mization, the Newton polytope (see e.g., [203 Section III.A]) offers a monomial basis
which is guaranteed to find sum of squares decompositions of sum of squares polyno-
mials. Another, more broadly applicable, method is proposed in [307, Algorithm 4.1].
In contrast to this chapter, it is not proven in [307] that the basis returned by that
algorithm offers the same relaxation strength as the standard basis of monomials. A

3.6 Extreme points of £3

In this section we derive necessary and sufficient conditions for a matrix to be an
extreme rank 2 point of £, m > 2 finite. For any such m, we provide an explicit

m?

rank 2 extreme point of &3 (Lemma 3.46). Further, we extend this result for any
finite n and m, which proves the strict inclusion of CUT},, in &7 (Corollary 3.47).

For m > 2, we consider a general rank 2 matrix, parameterized as

1 Nig Nig 1w v
N=|Ni; 1 Ny|=G"Ge&) forG=[e u v|= [0 ul vll , (3.70)
Nig Nag 1 S
where [Jul| = |jv]| = 1. We assume that at least one of uy and vy is nonzero to

ensure that rk(N) = 2. Note that the parametrization always exists, see
e.g., and [194]. We investigate under what conditions N is an extreme
point of £3.
A perturbation of N € &3 (with respect to £3)) is a nonzero Hermitian matrix
B = GHRG, satisfying diag(B) = 03, R € H?, and for which there exists a t > 0
such that N & tB € &3, see [194] and also The constraint diag(B) = 03
implies e"Re = Ry; = 0, and v Ru = v Rv = 0. The system of these 3 equalities
may be written in the following form:
R— lO a] , [ulﬂg a1U2 |U2|2
a ¢

o
o o |@| =0 foraeC,ceR. (3.71)
V1V2 V102 ’U2’ c
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Note the similarity with (3.57). Any possible perturbation B of N is of the following
form

0 bz big 0
B=|bia 0 by =G"RG=G" [a C] G,acC,ccR. (3.72)
b1z b2z O

Recall that N is not an extreme point of £3 if and only if it admits a perturbation.
There exist however simple sufficient conditions that show that a matrix N is not an
extreme point. These conditions involve the interior of Conv(U,,) and the boundary
of Conv(U,,). We denote the boundary by

0Conv(U,y,) = {tu + (1 —t)e?V/ My te0,1], ue ‘Zlm} :

We also require the related set

0Conv(Up) \ Uy, = {u € 0Conv(Uy,) : u ¢ Uynt. (3.73)

Lemma 3.43. Let m > 2 be finite, and N € &3, with tk(N) = 2. If all the off-
diagonal elements of N are interior points of Conv(Uy,), or any off-diagonal element
of N is contained in Uy, then N is not an extreme point of £3..

Proof. By [Lemma 3.21] N is not an extreme point of £3.. Thus, N admits some

perturbation matrix B with respect to £3, i.e., there exists some t* > 0 such that
N +tB € &2 for all t € [0,t*]. If all off-diagonal elements of N are interior points
of Conv(4,,), then there exists some t € [0,¢*] small enough such that N +£¢B € &3,
and the result follows.
Let us now assume that N has at least one upper-triangular off-diagonal element
contained in U,,. Then, without loss of generality, we have
N =GHG, for G = [(1) ’S Zj

where k € U,,. The off-diagonal elements of N are given by k, u;, and Ku; and their
complex conjugates. We distinguish three cases, based on the complex number w;:

1. u; € Uy,. Since |jul]| = 1, we have that |uz]? = 1 — |uq]?> = 0, so that uy = 0.
Then rk(N) = 1, which is not possible since we assumed that rk(N) = 2.

2. wy is an interior point of Conv(U,,). Again, there exists a perturbation matrix
B and t* > 0 such that N £tB € &3 for all t € [0,t*]. Note that, since
Nis = Kk € Uy, B12 = 0. Note that the other off-diagonal elements of N are
all interior points of Conv(U,,). Thus, there exists some small enough ¢ € [0, t*]
such that N £¢B € €3, and hence, N is not an extreme point of £3 .



3.6. EXTREME POINTS OF &3, 87

3. uy € 0Conv(Un)\ U, see (3.73)). Then u; can be written as u; = wd+(1—w)n,
where w € (0,1) and 4, n are distinct m-roots of unity.

1 K wé + (1 —w)n
N = R 1 wko + (1 — w)Rn
wd + (1 —w)y  wké + (1 —w)ky 1
17 1" 17 1"
=w |&| || +0-w)|&| |R| ,
5] 1o 7| |7

so that clearly, N is not an extreme point of &3 .

0

It follows from |[Lemma 3.43| that any rank 2 extreme point of £3, must have at
least one element which is contained in the set (3.73), and its off-diagonal elements

cannot be contained in U,,. This allows us to characterize rank 2 extreme points of
&3 . We first require the following preparatory lemma.

Lemma 3.44. Let m > 2 be finite and N € £3, be a rank 2 matriz with entries N;j.
Let

K :={{i,j} € [3] x [3] : N;; € 0Conv(Uy) \ Un}
and f: K — [m] be the function that satisfies Re(V(;jyN;) = cos (m/m), for v as in

(3.6). If K # 0, then any possible perturbation B of N must satisfy Re(T ;) Bij) =0
for all {i,j} € K.

Proof. Suppose that B is a perturbation of N (with respect to £3) and {i,j} € K.
Then by definition of a perturbation, we must have N +tB € &3, for some t > 0. In
particular, (N £ tB);; € Conv(U,,). Considering (3.6)), this implies that

_ 0 0 _ 0
Re(z/f(ij)(N j:tB)ij) < cos <E> = oS <E> itRe(l/f(ij)Bij) < cos <E)

— =+t Re(ﬁf(ij)Bij) <0 = Re(ﬁf(ij)Bij) =0. [
We now present the characterization of rank 2 extreme points of £3,.

Proposition 3.45. Let m, N, K and f be as in |Lemma 3.44. Matrix N is an

extreme point of 3, if and only if the following two conditions hold:
1. K #0;

2. There does not exist a perturbation B of N satisfying Re(V ;) Bi;) = 0 for all
{i,j} € K.

Proof. (=) Let N be a rank 2 extreme point of £3. By [Lemma 3.43| not all off-

diagonal elements of N can be in the interior of Conv(?,,), and none of the off-
diagonal elements can be contained in ¥U,,. Thus K # (), satisfying[ltem 1] Since N is
an extreme point, it does not admit a perturbation. In particular, it does not admit
a perturbation that satisfies Re(v¢(;;)Bi;) = 0 V{i,j} € K, so is satisfied.
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(<) Let N € &2 be a rank 2 matrix and K # 0. states that any
possible perturbation of a rank 2 matrix must satisfy Re(7;;Bi;) = 0 V{i,j} € K
when K # (). Because N satisfies [Item 2| such a perturbation cannot exist. Thus, N
admits no perturbation, and hence, is an extreme point. O

Using [Proposition 3.45] we determine a rank 2 extreme point of £3,, for any
2 <m < oo.

Lemma 3.46. Fix some integer 2 < m < 0o, and set

1 1+ Lexp(2ni/m) sin (7/m)

. H o
Ni=G7G, Jor G = 0 sin (7/m) 1 4 L exp(27i/m)

(3.74)

Then N is a rank 2 extreme point of 3.
Proof. See [Page 210|in [Appendix B.2| O
Using [Lemma 3.46] we can directly show the following.

Corollary 3.47. For finite m and n, m > 2 and n > 3, we have CUT, C E".

m

Proof. For the case m = 2 and n = 3, consider the matrix N = %13 — %Jg. Since N is
real and PSD, N € &5. Since N does not satisfy the triangle inequality Nis + Ni3 +
Nz > —1, see (3.13), N ¢ CUT;.

Lemma 3.46| proves that CUT, C & for all finite m > 2 and n = 3. The case
m > 2 and n > 3 follows by considering

N N 03 (n—3)
Omn-3)x3  In-s

for N as in (3.74). The same extension as (3.75) for N = %Ig — %Jg shows that
CUTY C &F for n > 3. O

€ £"\ CUT™, (3.75)

3.7 Numerical results

In this section, we provide some computational results related to the previous sections.
All CSDPs are first reformulated to equivalent real SDPs using YALMIP [202]. These
real SDPs are then solved using MOSEK [228| with default settings on a server with
Intel Xeon Gold 6126 CPU, running at 2.60GHz, with 512 GB RAM and using 8

cores.

3.7.1 Strength of cuts

We provide the numerical values of str for the valid inequalities stated in
tions 3.10| and [3.12] and To provide a fair comparison, we have ensured that
each matrix @ satisfies (@, I) = 0, see also

Results are provided in [Table 3.2] Strength values that have not been analytically
computed in the previous sections, have now been computed using MOSEK [22§].
The strength of the cuts in [Proposition 3.10| tend to 1 as m — oo. For m = 3, the
strongest cut is given by the facet defining inequalities from [Proposition 3.12}
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str of the cut as in:

) 2 R} 5%
4 4 7 4
o \ \ N\
QA Q- j
S S 5 5

n kS a o Sx

2 1.500 1 1 1

3 1 1.333 1.815 1.155

4 1.500 1 1.169 1.155

) 1.146 1.038 1.077 1.155

6 1 1 1.075 1.155

7 1.114 1.010 1.011 1.155

8 1.061 1 1 1.155

9 1 1.004 1 1.155

oo 1 1 1 1.155

Table 3.2: Numerical values of the strength str of various cuts.

3.7.2 Random objective functions

We consider the following optimization problem

Jnax (@, X), (3.76)
for K, = &) or K,,, = T(E)},), and m € {3,4}. Here Q € H", Diag(Q) = 0, and
Im(Q) # 0. The complex elliptope &, is defined in (3.3)), and T(EY) in (3.36). The
set T(E}) is defined as the set of matrices in £} for which each 3 x 3 submatrix satisfies
(3.25), the 16 (ROC equivalent) facet defining inequalities from [Proposition 3.10} see
Remark 3.13|

We set n = 100, and generate 250 matrices () per value of m in the following way.
Upper triangular entries of a matrix () are of the form a + bi, where a and b are inde-
pendent random integer variables, drawn uniformly from the set {—10,-9,...,9,10}.
For each such @, we solve for K,, = 99 and K, = T(E1%°). We perform a
simple rounding procedure (see e.g., [316]) on the optimal value of the corresponding
optimization problem to obtain a lower bound on , denoted LB. The resulting
upper and lower bounds for fixed m are averaged over the 250 runs and presented in
The columns ‘Avg. time (s)’ report the average computation time per re-
laxation in seconds. We observe that optimization over T(E199) provides significantly
stronger bounds than optimization over £'9° for both values of m. Thus, T(E")
approximates CUT), better than the complex elliptope & . To compute bounds over
T(E99), m € {3,4} we add all triangle facets to £199 at once.

also reports the total number of (in)equality constraints in the corre-
sponding CSDP in the columns ‘#(in)eq. cons.’. These numbers can be computed as
follows. For £ , we have n equality constraints for the unit diagonal, and m inequal-
ities for each of the n(n — 1)/2 upper triangular entries, to ensure X;; € Conv(Uy,).
For T(&)}) we have again n unit diagonal constraints, and m constraints for each of
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the n(n —1)/2 upper triangular entries. Moreover, for each of the (%) principal 3 x 3
submatrices, we require an additional number of facet defining inequalities. In case
m = 3, we need 18 additional facets that define CUT3, according to [Theorem 3.17|
(note that the other 9 facets are already included to ensure X;; € Conv(Us)). In case
m = 4, we add the 16 ROC equivalent inequalities given by |Proposition 3.10 see
for each of the (g) principal 3 x 3 submatrices.

Avg. time (s) | #(in)eq. cons.
S}I’LOO T(g’l%’l(,)o) LB 8100 T(glOO) 5100 T(glOO)
3| 14337.7 | 13290.2 | 9939.7 | 35.4 173.0 | 14950 2925550
4| 14849.3 | 14018.0 | 11509.3 | 40.5 169.4 | 19900 2607100

m

Table 3.3: Bounds, computation times and number of (in)equality constraints for
(3.76), where K,, = E1%° or K,,, = T(E!Y), and m € {3,4}. Results are averaged
over 250 runs.

3.7.3 MIMO

The multiple-input multiple-output detection problem (MIMO) is a fundamental
problem in digital communications. A multiple-input multiple-output channel can
be modelled as follows: given a complex channel matrix D € C**™, we observe the
vector of received signals

r:= Dc+ ov,

where 0 > 0, ¢ € U}, is the unobserved sent signal and v is an unobserved vector of
noise. The parameter o governs the so-called signal to noise ratio, see [151]. Observing
only D and r, MIMO is to retrieve the original signal c. We refer to e.g., [151} 208} [314]
for more details on MIMO. The maximum likelihood estimator (MLE) of ¢ is

argmin || Dz — r||?. (3.77)

reuy,

The MLE (3.77) can be approximated by solving instead

. riy  —rHD
XEKnm < [—DHr DHD} ’X> ’ (3.78)
for K, = EX* or K,,, = T(E7T1). The complex elliptope 77! is defined in (3.3)),

T(E4) in (3.36), and T(E7) in [Section 3.7.2

We investigate tightness of our new relaxations numerically. We consider m €
{3,4} and solve for different choices of K,,. Specifically, we set n = 99, and let
o € {1,2,3}. For each combination of m and o, we generate 600 matrices D € C'09xn
and vectors v € C'%?; these are generated by drawing independent standard complex
Gaussiansﬂ For each such instance, we solve for the different choices of K,,,
and track the rate at which these CSDP relaxations return a (numerical) rank 1

1The random variable a+ bi is said to be a standard complex Gaussian if a and b are independent,
normally distributed random variables with mean 0 and variance 1/2 [173] Definition 24.2.1].
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solution. A returned solution matrix is deemed numerically rank 1 if its second
largest eigenvalue is strictly smaller than 107°. If a CSDP relaxation returns a rank
1 solution, the CSDP is said to be tight, since the optimal rank 1 solution can be
used to obtain a provably optimal solution to (3.77]). Recall that contains
the number of (in)equality constraints for each K,,.

The results are presented in for m = 3, and for m = 4.

Both tables report the average computation time in seconds, for each relaxation and
each 0. We see that adding the facet defining inequalities of CUT%, see , for
m = 3 ensures that the CSDP relaxation is tight at a reasonable rate. A similar
observation can be made for m = 4, see As expected, for increasing values
of o, the CSDP with facet defining inequalities is tight less often. However, without
the facet defining inequalities, the CSDP is observed to be tight only once out of
the 1200 trials. The computation times for T (8717100) are significantly longer than for
EL00 " Additionally, we observe that the computation times depend on the rank 1
rates. Indeed, for £1%° m € {3,4}, both the rank 1 rates and the computation times
are approximately constant for varying o. In contrast, for T(EL?), m € {3,4}, the
computation times differ for varying o. In particular, T(Eioo), o = 3, attains the
lowest rank 1 rate, and highest average computation time.

% o Avg. time (s) per o
m 1 2 3 1 2 3

£300 02%  0.0% 00% | 56.8 52.7 51.0

T(£3°) | 50.8% 54.5% 51.3% | 331.7 320.1 310.5

Table 3.4: Average rate and computation time (over 600 runs) at which (3.78)), the
CSDP relaxation of MIMO for m = 3 returns a rank 1 solution.

% o Avg. time (s) per o
" 1 2 3 1 2 3

£4% 0.0% 0.0% 0.0% | 650 60.0 59.3

T(E;%) | 49.7% 38.7% 2.5% | 271.6  290.5 3424

Table 3.5: Average rate and computation time (over 600 runs) at which (3.78)), the
CSDP relaxation of MIMO for m = 4 returns a rank 1 solution.

3.7.4 Angular synchronization

In the angular synchronization problem [24] 278], one is given a matrix C := cctt +
oW € C™*" where ¢ € U is an unobserved signal, ¢ > 0, and W € H"™ models
noise in receiving the signal ¢, which one attempts to retrieve. The MLE of c is given
by ¢ := argmax,¢n 2HCx [24] Sect. 2|, and éé!' can be approximated by

arg max (C, X) , (3.79)
XeK
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for K = &£, or some second lifting of CUT., such as .

We investigate, for various values of o, the rate at which the CSDP returns
a rank 1 solution for different choices of K. Specifically, we investigate the strength
of a parametrized relaxation of CUT}_, induced by basis €,, for p € [0,1]. This
basis contains all n vectors o € {0,1}"~1 satisfying Z?:_ll a; < 1, plus a fraction p
of vectors from the set {a € {0,1}"1: 2?2—11 a; = 2}, chosen uniformly at random
(and rounded to nearest integer). The number of elements in this basis can therefore

be computed as
-1
€, = n + F(”Q ﬂ (3.80)

The induced relaxation of CUTY is denoted by L"(%,), and defined analogously to

(3.69). This relaxation is closely related to the relaxations considered in

note that
CUT", C L(¢) = L*(«/) C L"(%,) CL"(%) = £, VYpe[0,1],neN.
We fix n = 25, ¢ = 1,,, and vary the level of the noise parameter

o€ {(2/3)Vn,V/n, (4/3)Vn } . (3.81)
The chosen levels of o are in line with [24] Fig. 2|, where it is empirically shown that
for o0 = (1/3)y/n and K = &2, very often admits an optimal rank 1 solution.
Since we test stronger relaxations than £ , we have therefore chosen larger values of
o. We generate 100 instances of Hermitian matrices W € ‘H™, with diag(W) = 0,
and for which the off-diagonal entries are independently drawn standard complex
Gaussians. We track the rate at which the different relaxations, for various values of
o, return rank 1 solutions (with the same zero precision of 1076 as in .
Results are presented in There, ‘#cons.” denotes the number of (complex)
equality constraints appearing in the CSDP, and ‘Avg. T. (s)’ stands for the average
computation time per relaxation in seconds. Note also that |%),|, see , denotes
the size of the corresponding CSDP, which is equivalent to a real SDP of size 2|%,|.
At the tested levels of o, see , it can be observed that increasing the re-
laxation size (i.e., p — 1) provides significantly more accurate solutions. For p = 1,
the CSDP is always observed to return a rank 1 solution, and already p = 0.75 of-
fers near-perfect rank 1 rates. The drawback is that the running times significantly
increase. However, in practice, if one is interested in computing the MLE of the un-
observed signal ¢, one should not start by solving the L™ (%) or L™ (%(.75) relaxation;
it is more efficient to solve a smaller relaxation first, say L"(%.25), and inspect the
optimal solution. If the optimal solution is rank 1, it provides the MLE of c. If it is
not rank 1, one can increase the value of p and solve the stronger CSDP, continuing
so until an optimal rank 1 matrix is observed.

3.8 Conclusions

In this chapter we study the complex cut polytope CUT},, and its approximations
by semidefinite liftings. The considered approximations of CUT], are in general not
exact, but we investigate under what conditions they are, see [I'heorem 3.17]
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p  |€p| #cons. Avg. T.(s) 2/3 J/\/? 4/3
0 25 25 0.01 | 18% 4% 1%
0.25 94 612 043 | 61% 34% 2™%
0.5 163 1947 3.82 9%6% 8%  80%
0.75 232 4063 1849 | 99%  98%  99%
1 301 6925 71.09 | 100% 100% 100%

Table 3.6: Rate over 100 runs at which the CSDP relaxation of the angular syn-
chronization problem (3.79)), over feasible sets L"(%,) with n = 25, returns a rank 1
solution.

Our first approximation of CUT;, is the complex elliptope & . This approxima-
tion can be strengthened by adding valid inequalities. In we introduce a
framework for numerically comparing valid inequalities, and derive a number of cuts.
In we determine some facet defining inequalities of CUT%, and prove that
these facets lead to an exact description of CUT3 (Theorem 3.17)). In[Section 3.4| we
show that a CSDP whose objective function contains only real coefficients, can be
equivalently reformulated as a real SDP of the same size (Proposition 3.19)).

In we consider the complex cut polytope CUTL, . We derive several
new results for n = 4, the smallest value for which £Z is not exact (Theorems 3.26|
and . For general n we provide a method for reducing the size of a second
semidefinite lifting without weakening the approximation of CUT,, (Lemma 3.41]).
In we investigate the extreme points of £” (finite m). We find an infinite
family of rank 2 extreme points, which proves that the first semidefinite lifting of
CUT;, is never exact (Corollary 3.47).

In we investigate numerically the value of adding the valid inequalities
introduced in to &, m € {3,4} for CSDPs with randomly generated
objectives and the MIMO detection problem. The numerical results show that adding
our cuts significantly improves the bounds as well as greatly increases the rate at which
the CSDPs return rank 1 solutions. We also test second semidefinite liftings for the
angular synchronization problem, and observe that those induce much tighter CSDP
relaxations as the size of a basis increases, at the cost of greater computational effort.

For future work, it would be interesting to have |Conjecture 3.36| resolved. We
are also interested in finding faster methods for solving large CSDPs arising from
L"(%,). shows clearly that larger values of p greatly improve the strength
of relaxations, although the required computational effort (both time and memory)
to solve them with off-the-shelf interior-point method solvers increases significantly.
A tailored solver might be able to handle much larger values of n than 25. Many
approaches for improving the scalability of real SDP have been proposed in the lit-
erature, most of them via exploiting some form of sparsity in the objective function
and /or constraints, see e.g., [302] 307, [308] [309] (note that our numerical experiments
involved only dense matrices). The authors of [306] remark that some of those ap-
proaches can be also applied to CSDPs with only real coefficients. Future research
is to investigate how these methods translate for the case of CSDPs over relaxations




94 CHAPTER 3. THE COMPLEX CUT POLYTOPE

of CUTY;,,.



4 Improved approximation ratios for
the quantum max-cut problem on
general, triangle-free and bipartite
graphs

The quantum max-cut (QMC) problem is to determine the largest energy eigenvalue
and corresponding eigenstate of the Hamiltonian

Hg:= Y wijHy, for Hy =1-X;X; - Y;Y; — Z;Z;j and wy; >0 (4.1)
{t,j}€eE
where E denotes the edge set of a positive edge-weighted graph G = (V, E,w) on

n vertices, and X, := I;@“‘” RKX® I;‘@(”‘”. Here X is one of the well-known Pauli
matrices and I the identity matrix of order two. The matrices Y; and Z; are similarly
defined. We provide further details in

The QMC problem is an example of a k-local Hamiltonian problem with k = 2,
since each local Hamiltonian H;; acts on 2 qubits. The QMC problem is one of the
simplest QMA-hard k-local Hamiltonian problems [255, Thm. 2|, as the general k-
local Hamiltonian problem is QMA-hard if and only if k£ > 2 [161]. This motivates the
search for polynomial-time (in the number of qubits n) approximation algorithms.
The QMC problem is the k-local Hamiltonian problem that has received the most
attention when it comes to developing such approximation algorithms, see [112] [145]
153, 156l 164 190, 191, [246), 247]. This interest is partially due to the fact that the
QMC problem is equivalent to the anti-ferromagnetic Heisenberg model from physics.

The study of QMC approximation algorithms is also motivated by the similarities
and differences between the QMC problem and the classical NP-hard max-cut problem
(see |Section 1.3.2[). Indeed, taking as local Hamiltonian H;; = I — Z;Z; reduces
problem (4.1) to the max-cut problem. Famously, the max-cut problem admits a
polynomial-time 0.878-approximation algorithm [117], which was later shown to be
optimal [163] under the Unique Games Conjecture (UGC) [162]. In contrast, the
current best-known approximation ratio for the QMC problem is far from its upper
bound: the current best-known ratio equals 0.611 [18], while the upper bound equals
0.956 (under UGC and a related conjecture, see [146]). [Table 4.1] provides an overview
of QMC approximation algorithms for different graph classes, and their approximation
ratios. Note that these algorithms are designed to run on classical computers.

95
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A natural question is whether one can design better approximation algorithms
if we allow quantum algorithms. Quantum algorithms, based on the well-known
Quantum Approximate Optimization Algorithm [84], have recently been proposed in
[156] 218]. While these algorithms are empirically shown to achieve strong approx-
imation ratios on some unweighted QMC instances, their approximation ratios are
currently unknown. Instead, several asymptotic results have been established when
restricting the QMC problem to certain graph classes. For example, let |v,) be the
output state of the algorithm from [I56], with circuit depth p € N. On unweighted
bipartite graphs G, the state |v,) converges to an eigenvector corresponding to the
largest eigenvalue of H¢, as p — oo (the convergence rate is currently not known).

Most QMC approximation algorithms use a semidefinite programming (SDP) re-
laxation of the QMC problem. SDP relaxations of the QMC problem belong to the
field of noncommutative polynomial optimization, and are based on the NPA hierar-
chy [234] 256], which is the noncommutative variant of the Lasserre hierarchy [175].
The connection to noncommutative polynomials follows from considering the local
Hamiltonians in as degree-2 polynomials in noncommutative variables x;, y; and
z; that represent the Pauli matrices (we provide further details in [Section 4.2)). SDP
relaxations of the QMC problem, based on the variables x;, y; and z;, were first consid-
ered in [112]. Later research [293][311] investigated SDP relaxations of the QMC prob-
lem based on the noncommutative SWAP operators S;; := (I+X,X;+Y;Y;+Z,Z;) /2.

Contributions. In this chapter, we improve the analysis of the QMC approximation
algorithm [191 Alg. 5| for general graphs, and propose two new QMC approxima-
tion algorithms, one for triangle-free graphs, and the other for bipartite graphs. We
prove that our approximation algorithms for triangle-free and bipartite graphs attain
the current best-known approximation ratios for their respective graph classes. Our
improved analysis of [191, Alg. 5] has been used in [18], to prove that their QMC al-
gorithm approximation ratio of 0.611, which is the current best-known approximation
ratio for the QMC problem on general graphs.

The improved analysis of [191], Alg. 5| follows by showing that a particular vector
induced by an SDP relaxation of the QMC problem is contained in the matching
polytope. To prove the containment, we compute a bound on the optimal QMC
value for all (up to isomorphism) unweighted graphs on < 13 vertices. We derive
properties of the used SDP relaxation that reduce the required computation time to
approximately 16 hours.

Our QMC approximation algorithm for triangle-free graphs is inspired by [164]
Alg. 17|, which achieves an approximation ratio of 0.582. Our improvements here
are due to the use of the matching-based QMC approximation algorithm from [191],
and improved parameters. One such parameter is a real-valued function © that is
required to satisfy non-trivial constraints, which we capture using a set of functions
A. Despite these non-trivial constraints, we prove that our choice of © € A yields an
approximation ratio that is at most 0.00009 below the ratio obtained by an optimal
O c A

Our QMC approximation algorithm for bipartite graphs is inspired by [190] Alg. 1],
which is suited for general graphs and achieves an approximation ratio of 0.562. One
step of [190, Alg. 1] is rounding the used SDP relaxation of the QMC to a cut of the
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input graph. For bipartite graphs, we instead take the cut as the bipartition. The
resulting algorithm requires a real-valued function © € A as parameter, similar to our
algorithm for triangle-free graphs. The function ©® maps an optimal solution of the
used QMC SDP relaxation, to angles 6, € [0, 7/2] used in the outputted state, for all
edges e of the bipartite input graph. To further improve the algorithm, we carefully
adjust the value of . when the SDP relaxation assigns a sufficiently large objective
value to edge e.

Outline. This chapter is organized as follows. provides preliminaries. In
we state the SDP relaxation that is used for the approximation algorithms,
and consider some simple properties of it. provides the improved analysis
of the QMC approximation algorithm from [191]. In we provide our

QMC approximation algorithm for triangle-free graphs, and prove that it achieves
an approximation ratio of 0.61383. In we provide our approximation
algorithm for the QMC problem on bipartite graphs, and prove that it achieves an
approximation ratio of 0.8162. Concluding remarks and future research directions
are given in Some of our results are based on computations; our code is
available in an online repository available at

https://github.com/LMSinjorgo/QMC_proofVerification.

Reference | Ratio Remark

[112] 0.498 General graphs, outputs product state
[247] 1/2 General graphs, outputs product state
[145] 0.526 General graphs, uses SOC instead of SDP
[15] 0.531 General graphs

[246] 0.533 General graphs

[190] 0.562 General graphs

[191] 0.595 General graphs

153 0.599 General graphs, improved analysis of [191]
0.603 General graphs, improved analysis of [191]

General graphs, uses [Theorem 4.18
Triangle-free graphs
Triangle-free graphs
Bipartite graphs
[153] 0.72 Bipartite graphs
1

18, [155 +v5 ~0.809 | Bipartite graphs

Thm. 4.33| | 0.8162 Bipartite graphs
Table 4.1: Lower bounds on the approximation ratios of classical QMC approximation
algorithms.
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4.1 Preliminaries

The 2 x 2 Pauli matrices are given by
0 1 0 —i 10
e v oz O

where i is the imaginary unit. Recall that the matrix X; is defined as X; := Igz)(i_l) ®

X® I? ("=9) Where n € N. Matrices Y; and Z; are similarly defined. The 3n matrices
in P :={X,,Y;,Z; : i €[n]}, where [n] := {1,...,n}, are referred to as extended
Pauli matrices, or simply Pauli matrices.

In this chapter we use noncommutative polynomials in the 3n variables x4, ..., z,,
Yy s Yny Z15---,2n. We denote the set of variables by p” := {z;,y;, 2 : i € [n]},
and often omit the superscript n for brevity. A product of noncommutative variables
is referred to as a word, or monomial. The length, or degree, of a word is defined as the
sum of the exponents in the word. We define (p™)j as the set of all words of degree at
most k, consisting of the 3n variables from p. The degree of a polynomial f, denoted
by deg(f), equals the largest degree among its words with nonzero coefficients. We
denote the ring of noncommutative polynomials with complex coefficients by C(p),
and we let C(p)j be the set of all such polynomials of degree at most k, where k € N.
The sets R(p) and R(p); are defined analogously, using real coefficients instead of
complex. The involution w — w* returns the word w with the order of the symbols
reversed. This involution is extended to C(p) and R(p) by conjugate linearity.

The dual spaces of C(p), C(p)x, R(p) and R(p); are denoted by C(p)*, C(p);,
R(p)* and R(p); respectively. Let fi,..., f;, € C(p). We define, for k € N,

=1

as the two-sided ideal generated by the polynomials fi,..., f,., truncated at degree
k. We set (fi,..., fm) := (fi,.. ., fm)oo. For f € C(p), we write f(P) € C*"*?" to
denote the polynomial f evaluated at the Pauli matrices.

Definition 4.1 (Set of all graphs on n vertices). For n € N, we write G,, for the set
of all simple, undirected, unweighted graphs on n unlabeled vertices.

Definition 4.2 (Graph matching). A matching M of G = (V, E,w) is a mapping
M : E — {0, 1}, satisfying M. M. = 0 if edges e and ¢’ are adjacent. We say that
the edges satisfying M. = 1 form a matching. The weight of a matching is given by
> ecr WeMe. We say that a vertex i € V' is unmatched by M if M, = 0 for all edges
e incident to 1.

Given an edge-weighted graph G = (V, E,w), |[Edmonds| [80] showed that the
following linear program (LP), gives the weight of a maximum weight matching in G:



4.2. SDP BOUNDS ON Apax(He) 99

max 5 Weke

ecFE
s.t. d i< VieV (4.4a)
(MW-LP) JENG)
—1
d a < |S|T VS C V, |S| odd (4.4b)
eeFEg
ZTe >0 Vec E, (4.4¢)

where Eg := {{i,j} € F : i,j € S} forall S C V, and N(¢) denotes the neighborhood
of vertex i. That is, N(i) :={j €V : {i,j} € V}.

The feasible set of is referred to as the matching polytope (of G). It is
common to refer to the constraints as odd set inequalities. Although
requires an exponential number of such inequalities, it can still be solved in polynomial
time using the ellipsoid method [127, Sect. 4]. There also exist algorithms for finding
maximum weight matchings that do not use MW-LP| see e.g., |30} 81].

Definition 4.3 (Edge-induced subgraph). Let G = (V, E), and E C E. The edge-
induced subgraph of G is denoted by G[E] and defined as G[E] := (V, E), for V =
{z’ €V : dj € V such that {i,j} € E}

Definition 4.4 (Vertex cover number). For G = (V, F), we say that S C V is a
vertex cover of G if, for all edges {7,j} € E, it holds that {i,7} NS # 0. The vertex
cover number of G, denoted 7(G), is defined as the cardinality of the smallest vertex
cover of GG. Equivalently,

7(G) :Sénvi?G){|S| i, NS #0 v{i,j} € B}

4.2 SDP bounds on A\, (Hg)

The matrix Hg, see , is of order 2™ which prohibits computing Ayax(Hg) directly.
We present an SDP hierarchy, based on noncommutative polynomial optimization
[234] 256], see also [112, Sect. 4|, that yields upper bounds on Ap.x(Hg) in time
polynomial in n.

The problem of computing Amax(Hg) can be considered as a noncommutative
polynomial optimization problem. Indeed, for each of the (extended) Pauli matrices
Xi:,Yi, Z;, i € [n] we introduce a noncommuting variable z;, y;, z;, respectively. The
(anti)commutation relations of the Pauli matrices can be expressed as f(P) = 0 for
all f € Z, where Z C C(p) is the two-sided ideal defined as:

7= (xf — 1,y7;2 — 1,,271-2 — 1,2y — Yj®i, iz — 25 Ti, YiZi — 2iYi, TiYi — 12,

4.5
iz + iy, yizi — iz, yiws + 124, ziws — 1y, 20y + iz, 00,5 € Vi # j). (4.5)

It can be observed that the monomials in

(PME = {uguz - up - ug € {1,345, y5, 2} Vi € [n], deg(uy -+ - up) < k}
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form a basis of the quotient space C(p)x/Z. We define

R(p)i =4 Y fuu: fu€R Vue (p")f (4.6)

ue(p™)i

as the set of real polynomials in the monomials (p™)Z. Note that any f € R(p)? is
symmetric, i.e., f* = f mod Z and satisfies deg(f) < k. The set R(p)Z can be used
to define a real SDP relaxation of the QMC problem, with as feasible set

L(1) =1, L(f) =0 Vf € R(p)a satisfying } 47
f+f* €T, L(f?) 2 0Vf € R(p)F o

Note that Zoy in (4.7) denotes the degree restricted ideal of (4.5, as in (4.3).

Lemma 4.5. Let n,k € N, f € R(p)or and L € Fy. We have that L(f) = L(f*).
Additionally, for any f € R(p)ax satisfying f = f mod Z, L(f) = L(f).

Proof. Consider first the claim L(f) = L(f) whenever f = f mod Z. Since f = f,
we have f— f € Z, which implies that also (f — f)+(f — f)* € Z. Thus, L(f—f) = 0,
which proves the claim by the linearity of L.

To prove that L(f) = L(f*), write f = Zu;deg(u)gzk fuu for real numbers f, and
monomials u. Any monomial u satisfies either v = v* mod Z, or u = —u* mod Z
[268]. If u = u*, then L(u) = L(u*) by the previously proved claim. If instead
u = —u*, then u + u* € Ty, so that L(u) = 0 by the constraints of F*. We have

L(fy= > fullw)y= Y ful(w)= > L(fuu*)=L(f"). O

u:deg(u) <2k wu=u* uu=u*

FE = { LeR(p)3,:

A functional L that satisfies L(f) = L(f*) is said to be symmetric. For symmetric
linear functionals, we have that

L(f%) > 0Vf e R(p)f <= Mi(L) := (L(uw)) yz =0, (4.8)

u,vE(P™
see [45) Lem. 1.44] (and note the equalities L(f?) = L(f*f), L(uv) = L(u*v)). The
matrix My (L) is referred to as the moment matrix corresponding to L, and is also
known as the noncommutative Hankel matrix [45]. It follows by that F¥ corre-
sponds to the feasible set of a real SDP.

We define Hg(p) as the polynomial obtained after replacing the Pauli matrices in
with their corresponding variables x;, y;, z;, and Is» with 1. The value

max L(Hg(p)) for k € N, (SDP*)
LeFF

is an upper bound on Ap.x(Hg) that can be computed by solving an SDP. To see
that m defines an upper bound on A\.x(Hg), consider the functional L(f) :=

2 (W] (F(P)+ f*(P)) 1), where |1) is a unit length eigenvector of H¢ corresponding

t0 Amax(H¢). It can be shown that L € FF for any k € N, and achieves an objective
value of Apax(Heg) [190, App. A.1].
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The integer k in is referred to as the relaxation level of the SDP relaxation.
The order of My (L) in is given by |< } = > 032 ") € O(n*). Hence,
larger values of k induce larger SDPs that are harder to solve, but offer tighter upper
bounds on Apax(Hg). The following result shows that is exact when k£ = n.
For a similar statement about an SDP hierarchy based on the SWAP operators, see
311, Thm. 4.10).

Lemma 4.6. Let G be a graph on n vertices. The optimal value of SDP" equals
)\max(HG)-

Proof. Since Apax(Hg)Ion — Hg € S_%n, there exists a matrix M € S_%n that satisfies
Amax(Hg)Ian — Hg = M?, cf. e.g. [144] Thm. 7.2.6]. Define the following set of real
matrices

n
P = {®0 s o€ {1y, X,Y, Z} Vie [n]} NR2"x2",

=1

Any matrix in S?" can be written as a real linear combination of the matrices in P
(see [Lemma B.5|on [Page 211). This implies the existence of a polynomial f € R{p)Z,
see (4.6)), that satisfies M = f(P), and so

Max(Hg) — Hg(p) = f2 mod Z. (4.9)
Let L € F)' be an optimal solution of with £ = n. We have that:

)‘maX(HG) - L(HG(p)) = LO‘maX(HG) - H(;(p)) = L(fQ) > 0. (4-10)

The first equality in is due to the linearity of L, and the fact that L(1) = 1.
The second equality in (4.10) follows from (4.9) and [Lemma 4.5 The inequality in
follows from the definition of F.

Rewriting yields that L(Hg(p)) < Amax(Hg). Since it also holds that
L(Hg(p)) > Amax(Hg), we conclude that L(Hg(p)) = Amax(Hg), which completes
the proof. O

4.3 Improved analysis of a QMC approximation al-
gorithm

In this section, we consider the polynomial-time QMC approximation algorithm from
[191], and provide a sharper analysis of this algorithm compared to [191].

To prove the 0.595 approximation ratio of [191, Alg. 5], |Lee and Parekh showed
how to convert a solution of[SDPF|for relaxation level k = 2, to a vector h* = (hf)cep
(to be defined later) that has the property that (%hj)ee g is feasible for They
did so by showing that h™ satisfies the odd set inequalities for | S| < 3. Recently,
the authors of [153] showed that AT satisfies the odd set inequalities for | S| < 5. Here,
we show that ht, for k > 2, satisfies the odd set inequalities for |[S| < 9. This implies

that (12hS)ecp is feasible for |MW-LP| (see |Lemma 4.10[). The improved prefactor
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10/11 (instead of 4/5) directly translates to an improved approximation ratio of 0.602
for the algorithm. In case £ > 13, we can even show that (%hj)ee g is feasible for
MW-LP| which further improves the approximation to 0.603. Our proof of this relies
on the exactness of with k > 13, for graphs that have at most 13 vertices (see
Lemma 4.6|).

Let us first present [191, Alg. 5] in [Algorithm 1| below. Note that [Algorithm 1]is

Algorithm 1: QMC approximation algorithm [191] Alg. 5]

Input: Edge-weighted graph G = (V, E,w), w > 0, on n vertices. Relaxation
level £ € N.
1 Compute p; = productState(G,k), see Line |3| and
p2 = matchingState((G), see Line
2 Output p; if tr(p1Hg) > tr(p2Hg), and po otherwise.
3 Function productState(G,k)
4 Solve to obtain an optimal moment matrix M (L). From this

M. (L), obtain unit length vectors v(u) € R“pn)ﬂ, u € (p™)E, that
satisfy My,(L)y = v(u)Tv(u') for any u,u’ € (p™)%. Set

vi = (v(z) vy T v(z) )T /VB, ieV. (4.11)

5 Sample a random matrix R € R3X3|<pn>%|, whose elements are

independently drawn from the standard normal distribution.
Compute u; := Rv;/||Rv;|| € R3 for alli € V.
7 return HiEV %(I -+ UZ‘71X¢ + Ui’zifi + ui,gZZ‘)
Function matchingState (G)

Find a maximum weight matching M of G, see [Definition 4.2|
10 return 27" H{z j}:./\/l{4 v}zl(I — XlX] — Y;Y} — ZZZJ)

©

a polynomial-time algorithm for any fixed k£ € N. In particular, solving up to
fixed precision, and computing a maximum weight matching [80] are both possible in

time polynomial in n = |V (G)].
For k = 2, it is shown [191, Thm. 11| that a lower bound on the approximation

ratio of |Algorithm 1|is given by the function value «(4/5) (> 0.595), for « given by

o(p) := max_ min pa(x) + (1 —p) (1 +3pa™)

, p€10,1], 4.12
pe(0,1] ze(—1,1] 2+ 2r e 0,1] (4.12)

where " := max{z,0} and

2
8 + 162 115 (1+2z
=1 O 4.1
q(z) +( o )21<2’2’2’< 3 )) (4.13)

for oF; the hypergeometric function

oF1(a,b, ¢, z) = Z %2—7;, () :=tt+1)---(t+n—1),

n=0
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with (t)o = 1. Note that ¢(z) is well-defined for all x € [—1, 1], in particular for z = 1
due to Gauss’s hypergeometric theorem, see e.g., [22, Sect. 1.3].

Remark 4.7. The minimization over x € (—1,1] in (4.12) is well-defined, since the
minimum does not occur near x = —1. Indeed, one can verify that ¢(—1) ~ 0.71, so

pq(z)+(1—p)(1+3pz™)
242x

The variable z in (4.12)) corresponds to h;;, which is defined as follows:

Definition 4.8. Let L € FF, see (4.7), with n > 2 and k > 1. For i,j € [n], i # j,
define the values

that lim,| 4 = 400, for any u,p € [0,1]. A

1
hij = -3 (14 L(xix;) + L(yiy;) + L(zi25)) , h;rj := max{h;;,0}.

If k£ > 2, then h;; € [—1,1], see [246, Lem. 12|, and h;"j € [0,1]. Note that h;; and h;;.

are functions of L € F¥. Throughout the rest of this chapter, we implicitly assume
this dependence.

IDefinition 4.8| is similar to [191] Def. 3] with the following difference: h := (h;;)
here differs by a factor of 2 compared to the definition of A in [191]. We note that the
lower and upper bound on h;; are tight for all £ > 2. The SDP relaxation can
be expressed in terms of h.:

max Z We(2 4 2he). (4.14)
" e€E(G)

The approximation ratio of [Algorithm 1|is related to the values h, as described by
the following technical result that is crucial to the remainder of this section.

Theorem 4.9 ([191]). Let k € N and let G be a graph on n vertices. If (uhY)ecr(c)
for some u € [0,1], is contained in the matching polytope of G for all L € F¥, then

the approximation ratio of |Algorithm 1| with inputs k and G is at least o(u), where
the function « is defined in (4.12)).

presents lower bounds on o(u), for different values of p. It can be
observed that «(pu) is increasing in p, and we are therefore interested in proving that
(uh!)ecp is contained in the matching polytope for p as close to 1 as possible. To do
so, we require the following well-known property of the matching polytope, see e.g.,
[36, Ex. 6] or [280, App. A].

Lemma 4.10. Let z € RIP| be a vector that satisfies the constraints (4.4a) and (4.4d).
If x also satisfies the odd set inequalities (4.4b) for all S C V with |S| < s, s odd,

then zi;x 1s contained in the matching polytope.

We will use [Lemma 4.10| for z = (h}).cp, see Definition 4.8] Therefore, we need

to verify whether the odd set inequalities ) ., hd < |s/2], with s := |S] and Eg
defined below MW—LPl, hold. To do so, we compute an upper bound on h}
for all feasible solutions to SDPkl That is, we compute

T B
eréz?i E hij = max g Ziilij s

5 1<i<j<s ze{o,l}(Q),Lerk 1<i<j<s

ecFEg




104 CHAPTER 4. IMPROVED QMC APPROXIMATION RATIOS

7 4/5  6/T 8/9 10/11 12/13 14/15 1

«f) > | 0595 0.599 0.601 0.602 0.602 0.603 0.606
p* 0.672 0.697 0.709 0.716 0.721 0.724  0.744
¥ 0.152 0.153 0.146 0.139 0.142 0.131 0.115

Table 4.2: Lower bounds on «(u) obtained by rounding down «(u) to 3 digits. The
rows p* and x* present a corresponding approximate maximizer/minimizer for the
optimization problem in the definition of a(u).

for odd s > 1 and F¥ the feasible set of [SDP*| see (4.7). Any fixed 2z € {0, 1}(;)
defines a graph G € Gy, see [Definition 4.1] with edge set {{7,j} : z;; = 1}, so that
maxpc gk Zl§i<j§s zijhi; = ¢(G, k), where

o(G, k) = max Z he. (4.15)

e€E(Q)

Note that ¢(G, k) can be computed in polynomial time, up to finite precision, by solv-
ing the corresponding SDP. The connection between ¢(G, k) and )_ .5 h{ is clarified
by the following result.

Lemma 4.11. Let s > 2 and k > 1. For any G = (V,E) € Gs and h™ as in
|Definition 4.8, we have

max Z h+<maX Z hi —maxc(G k).
LeF

Fe e€E(G) : 1<i<j<s

Proof. Since h™ > 0, we have max;cpr Y cphd < maxpcpr Dol<ici<s h+ Let
Le FE see . be the linear functional that maximizes this upper bound. Let h be
the h values corresponding to L, as in |Deﬁn1t10n 4. 8l Consider the graph G = (V E)
with V = [s] and E := {{i,j} : hi; > 0}. Then

max Z h+ < max Z h+ = c(G k:) < max c(G, k). (4.16)

€Gs
* {i,j}EE FE 1<i<j<s

It remains to show that the second inequality of is an equality. To do so, let
G’ € argmaxgeg, ¢(G, k) with edge set E’, and let A’ be the h values corresponding
to an optimal solution of the SDP defining ¢(G’, k). By optimality of G’, h;; > 0 for
all {i,j} € £, and h;; <0 for those {i,j} ¢ £'. Hence,

Iax c(G, k) =c(G' Kk Z h., = Z max{h;;,0} < max Z h

ecE’ 1<i<y<s Fy 1<i<y<s 0

By combining [Lemmas 4.10| and we obtain the following corollary.

Corollary 4.12. Let k,s € N, s odd. Suppose that maxgec,, ¢(G,k) < [s'/2] for all

integers s' < s. Then, for any G € G,, and L € F¥, the vector (ii;h:) B (G

15

contained in the matching polytope of G.
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Proof. Let G = (V, E) be a graph. We consider the odd set inequalities (4.4b|) for
= (h$)ecr(@)- Let S €V with |S| < s and |S| odd. We have, for Eg as defined

below MW-LP| that
5] —1

+ + /
DS Y h S max oGk) < o
ecEg i,jES

by [Lemma 4.11| and the assumption of the corollary. Hence, (h}).c E(q) satisfies the
odd set inequalities V.S C V with |S| odd and |S| < s. The claim then follows from
[Lemma 4.101 O

Considering [Corollary 4.12) we aim to compute maxgeg, ¢(G, k) for s as large as
possible. For s € {3,4,5}, the value of maxgeg, ¢(G, k) is known.

Lemma 4.13 ([153| [191]). For k =2 and s € {3,4,5}, we have that

s
pere@R=my 3 =|3)
s 1<i<y<s

In this section, we compute maxgeg, ¢(G,k) for 3 < s < 13 and k > 2 by ex-
ploiting properties of the function ¢(G, k) that allow us to reduce the number of
computations needed. To prove our results on ¢(G, k), we require an important prop-
erty of the h™ and h values derived from monogamy of entanglement. Monogamy of
entanglement is a physical property of quantum systems, restricting the maximum
entanglement between different quantum states. The connection between monogamy
of entanglement and [SDP*| k > 2. is due to [246, Thm. 11] and [191, Lem. 4], which
state that

D hip <Y hh <1, (4.17)

JjeS JjES

for any fixed i and subset S of the vertices with ¢ ¢ S. It is known that (4.17) is not
implied by when k < 1.5, see [246, Thm. 10].

Remark 4.14. To compare [246, Thm. 11] with (4.17)), observe that x. from [246]
satisfies z. = (1 + 2h.)/3. A

Lemma 4.15. For any G € Gg, s > 2, we have the following bounds on c¢(G, k):

1. ¢(G, k) <>F C(G[Ei], ]4:), for {El, . ,Ep} a partition of E, see |Deﬁm'tion 4.3|.

Svo e
o

6. ¢(G,k) > Aax(Hg)/2 — |E(G)|. This inequality holds with equality if k > s.
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Proof.
1. For {El, . ,Ep} a partition of E(G), we have

p
c(G, k) = Iax Z he <Z<Hg}‘}i EElh) Zc G[EY], k

Es e€E(G) =1

The inequality follows from the fact that the maximum of a sum is at most the
sum of the maxima, while the equality follows from the definition of ¢(G, k).

2. Let V* C V be a vertex cover of G = (V, E) satisfying |V*| = 7(G). For each
i € V* let B C E be a subset of the edges adjacent to i, chosen in such a
way that the subsets E? form a partition of E. Observe that each edge-induced
subgraph G[E'] is a star graph. Then, by Item || and (4.17), we have ¢(G, k) <
Yicve (GIE] k) < |V = 7(G).

3. The statement follows from (4.17)), since
s
max h+ = max — hif <=,
LEFk LEFk Z Z iy = 2
1€V JEN(1)
The factor 1/2 accounts for the fact that we count each edge twice.

4. Let L € FF. Let L € R(p)3,_y,
It follows that L € Fk=1. Moreover, L and L induce the same values of h and ht,

see [Definition 4.8

be the restriction of L to inputs from R(p)a(x—1)-

5. Without loss of generality, assume that vertex 1 has degree 1, and is connected
to vertex 2, i.e., {1,2} € E. Partition F := E(G) into B! := {{2,i} : i € N(2)}
and E? := E\ E'. By Item |[l| I, we have ¢(G,k) < c(G[EY, k) + ¢(G[E?], k).
Since G[E'] is a star graph, we have ¢(G[E'], k) < 1, see (4.17). Thus, ¢(G, k) <
1+ ¢(G[E?, k) <1+ maxgeg,_, ¢(G, k), as G[E?] is a graph on s — 2 vertices.

6. We use (4.14) to obtain

)\max(HG’)
G, k) = he = —|E (24 2h Mmax A7 G B
c(G, k) = ergs,geeE —|E(G)| + 5 Lné?(;@ + 2h) > 5 |E(G)]

The inequality follows from the fact that provides an upper bound on

Amax (Hg ), which holds with equality if k > s, see O
Lemma 4.16. Let s,k € N, with s,k > 2 and s odd. Suppose élé%)j c(G, k) = |s'/2]
forall2 < s < s. Let G C Gy be the set of graphs that satisfy the following properties:

1. The graph G is biconnected, triangle—free, and not bipartite.

2. For alli € V(G), 2 < deg(i) < %5




4.3. IMPROVED ANALYSIS OF A QMC APPROXIMATION ALGORITHM 107

3. The graph G has at least s edges, i.e., |E(G)| > s.
4. For any nonempty stable set S C V(G), |UiesN(i)] > |S| + 1.
We have that

S s
= |= < |—=|. .
g GR) = 5] = mae(@ 0 < [ (418
Proof. See [Page 211|in |[Appendix B.3| U

It can be shown (see [Lemma B.§| on [Page 213|) that any G € G4 that satisfies
property [4] of [Lemma 4.16 also satisfies deg(i) > 2 for all vertices 4, and 7(G) >
(s+1)/2.

Finding a list of all graphs in G is intractable for large s, due to the difficulty
of checking property However, it is clear that remains valid if we replace
G by a superset of G that is simpler to construct. The set of all graphs satisfying
properties [1| to |3| is such a superset. The cardinality of this superset is still much
smaller compared to |G|, as we show in Computing the number of graphs
satisfying properties [I]to [ for s = 15 in[Table 4.3|requires approximately 90 minutes.
For s = 13, the computation requires approximately 10 seconds, and less than a second
for values of s < 13. Note that the 5-cycle is the only triangle-free non-bipartite graph
on 5 vertices, since non-bipartite graphs must contain an odd cycle.

We will use a relaxed version of property (4| (obtained by constraining |S| < 2),
to reduce the cardinality of the superset even further for the case s = 13 (see
Ipendix A.7|on [Page 201), in order to prove the following result.

#graphs satisfying

s |G| .

properties |T| to |§|
3 14 0 |
5 | 34 1 (the 5-cycle)
7 | 1044 6
9 | 274668 219
11 | 1018997864 26360
13 | 50502031367952 9035088
15 | 31426485969804308768 | 8564316064

Table 4.3: Comparison of |G| and the number of graphs satisfying properties 1| to

of [Cemma 1.16

Lemma 4.17. For2 < s <10 and k > 2, maxgeg, ¢(G, k) = [s/2]. For1l < s < 14,
maxgeg, ¢(G,s) = [s/2].

Proof. We use|Lemma 4.16|as follows: let G’ be the set of graphs satisfying properties
to Observe that G’ is a superset of G, and that we may replace G by G’
in (4.18). Hence, it remains to show that maxgeqg’ ¢(G,k) < |s/2]. If s is even,

maxgea ¢(G, k) < [s/2], k > 2, follows by Item [3| of Lemma 4.15] If s € {3,5,7,9},

we verify that maxgeq: ¢(G,k) < |s/2], k = 2, by solving the SDPs that define
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¢(G,2). By Item [] of [Lemma 4.15] this also proves the case k > 2. If s € {11,13},

we proceed similarly, except instead of computing ¢(G, s) via solving the SDP, we

use ¢(G,5) = Amax(Hg)/2 — |E(G)|, which is valid due to Item [6] of [Lemma 4.15

Computing ¢(G, s) in this way requires significantly less time than solving the SDP.
We provide more computational details of the proof in [Appendix A.7} [Page 201} [

Extending to s = 15 is intractable with current methods: the Hamil-
tonians corresponding to graphs in G5 are matrices of order 215 = 32768, and the
number of graphs satisfying properties (1] to |3| is of the order 10, see
However, already provides the following improved lower bounds on the

approximation ratio of

Theorem 4.18. For k > 2, the approzimation ratio of [Algorithm 1] is at least

«(10/11) > 0.602, see |Table 4.2, If k > 13, the approximation ratio is at least
a(14/15) > 0.603.

Proof. By |Corollary 4.12| and (Lemma 4.17L we have that (%hj)ee g is contained in

the matching polytope when k > 2, and (%hj)eeE when k£ > 13. The claim then

follows from [Theorem 4.91 O

Our results also imply the following nonlinear inequalities for

Lemma 4.19. Let L € F¥ see (4.7), and k > 2. Then, for the values h* derived
from L as in|Definition 4.8, we have 3, ;. h;;. < |s/2] for all s € {2, 3,..., 10}.
These bounds are tight and extend to s € {11,...,14} if k > s.

4.4 New approximation algorithm on triangle-free
graphs

In this section, we propose an approximation algorithm for the QMC problem on
triangle-free graphs that achieves an approximation ratio of at least 0.61383. Our
algorithm is inspired by [164] Alg. 17|, which is also designed for triangle-free graphs
and achieves an approximation ratio of at least 0.582.

We present on the next page. The input parameter © of
is a real-valued function from the set A that we will define in [Section 4.4.11 The
restriction ©® € A is required for the computation of the approximation ratio of
|Algorithm 2|in [Section 4.4.2]

improves over [164, Alg. 17| in three ways. Firstly, we optimize the
algorithm parameter © over a larger space. King chose ©(z) = Rx? and (numerically)
optimized the value of R € R to obtain the highest approximation ratio. In contrast,
we consider functions © over a set A, which we prove contains functions of the form
Rz?, but also Rz and 1 — e~ %% (Lemma 4.26). We determine a near-optimal © € A
in Secondly, in Line[5] we choose the values of ¢; based on a maximum
weight matching on a modified graph, which we later show improves over drawing
all the ¢; uniformly at random as in [164, Alg. 17]. Thirdly, we output the state

matchingState (G), see|Algorithm 1} if the state |£) (¢| performs worse.
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Algorithm 2: Approximation algorithm for the QMC problem on triangle-
free graphs

Input: triangle-free, edge-weighted graph G = (V, E,w), w > 0, on n
vertices. Function © € A, see (4.24)).

1 Solve [SDP¥| for k = 13 to obtain the vectors v; and values (A} )cep, see (#.11)
and [Definition 4.8|respectively. Compute the vectors u; € R3, i € V, as in
Lines [5| and |§| of |Algorithm 1| on [Page 102, For each i € V, let & € C? be a
unit length vector satisfying |&;) (&| = % (Io +uin X +ui2Y +u;32).

2 Set 0, := arcsin @(hj) forall e € E.

0 1
exp ((QArg(lefi,Q) +m)i) 0]
4 Compute a maximum weight matching M on the modified graph

G = (V, E,w), where w is defined as

3 Foralli eV, set P, := [

@e = we qlhe)\/O(hT) (1 - O(1 — h)), (4.19)

for ¢ as in (4.13)). Let U C V be the set of vertices unmatched by M.
5 For all {i,j} € E, let

vij = — Arg((&] €7 Py |€5) (&5] e Py 16)), (4.20)

where the values of ;, i € V', are chosen as follows: for each i € U, draw
@; € [0,27) uniformly at random. For {4, j} € E with My; ;1 = 1, draw
@; € [0,27) uniformly at random, and choose ¢; € [0,27) such that
Yij = /2.

6 For all 2 € V, set f’z = e¥il (Igz)(i_l) R P, ® Igb(n_i)).

7 Compute p = matchingState (G), see|Algorithm 1fon [Page 102

8 Let

9= 1 ow(5um0usPl)Qle. (421

{i.j}eE iev

9 Return the state |£) (€] if tr(|€) ({| Hg) > tr(pHg), and state p otherwise.

Note that computes maximum weight matchings in Lines[4] and

To

compute the approximation ratio of we relate the weight of these match-

ings to h* from [Definition 4.8 as in [191]. Given a maximum weight matching
on G = (V, E,w), this relation is the inequality > . pg) WeMe = U3 ocpq) We

M
he

Here, the value p € [0,1] is such that (uh}).c E(q) is contained in the matching

polytope. Since uses an SDP relaxation level of k = 13, we may
w = 14/15, as explained in [Section 4.3

set
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4.4.1 Properties of ©

In [Algorithm 2| we require that the input function ® € A. The set A is defined as
the set of functions in

A :={0:[0,1] > R : ©(0) =0, 0 is increasing, (1) < 1}, (4.22)
that satisfy, for all ¢ € [0, 1], the equality
rrl[%n](l —0()(1—-06(c—z))=1—-06(c). (4.23)
xe|0,c
That is,
A:={© e A" : O satisfies (4.23)) for all c € [0,1]}. (4.24)

Functions in A satisfy the following property, which is a generalization of [164, Cor. 8|.

Lemma 4.20. For © € A, and values xo,x1,...,x, > 0 satisfying :L’o-i-zse[p] s <1,
we have

I] @-0)) >1-6(1 ). (4.25)
s€lp]
Proof. Since ©® € A, (1-0(x4))(1-0(zs)) > 1—O(zs+x4) for any distinct s, s" € [p)].
Iteratively applying the inequality shows that [[,(, (1 — O(zs)) = 1_@(256[10} 1:5>.

Since © is an increasing function, and z$e[p] rs < 1—xp,wefind1—0 (Z:se[p] $5> >
1— @(1 - 270). O

Inequality (4.25) will be used in the next section to compute the approximation

ratio of |[Algorithm 2

4.4.2 Computing the approximation ratio of |Algorithm 2

We compute a lower bound on the approximation ratio of |[Algorithm 2| We use [164]
Lem. 12|, which provides a lower bound on the expected energy of the state |£) (¢],

see (4.21), in terms of 0,;, 7. and A;;, B;;. Here,

1- e
Y=o + w—sinw ) e 0,7, (4.26)
with sgn(0) = 0, 7. is given by (4.20), and
Az‘j = H cos O;x, Bij = H Cos ij' (427)
kEN (i)\{j} keN (5)\{i}

Lemma 4.21 ([164]). Let G be a triangle-free graph used as input to |Algorithm 2
Let [€) be as in (4.21)), and A;;, Bi; as in (4.27). Then, for any edge {i,j} € E(G),

we have that

E(¢| Hij |€) > E[Ey] (1 + AijBij + E[sin;] (Aij + Bij)sinby;),  (4.28)

where E;j = (1 —u; u;)/2, see Line|l| of|Algorithm 2.



APPROXIMATION ALG. ON TRIANGLE-FREE GRAPHS 111

There are two differences in presentation between and [164] Lem. 12].
Firstly, we use a different scaling of H;; and 6;; compared to [164]. Secondly, in [164]
Alg. 17], the parameter «, is uniform random on [0, 7|. Therefore, in [164, Alg. 17],
the expectation of sin+/ is given by 2/7. This is in contrast to|Algorithm QL where the
distribution of . depends on the matching M computed in Line [4] of [Algorithm 2]
Using that 7. can be written as

Yij = 7 — (Arg({&] P5 &5) (€51 Pi &) + i + ©5) mod 2r »
it follows that 7/, see (4.26)), is uniform random on [0, 7] if M, = 0, or equal to 7/2,
if M, =1, see Line [5] of [Algorithm 2] Thus, we have that

™ si 2 —2
E[sin’yé]:(l—/\/le)/ sinx T T

dr + Msin - = — + M.. (4.29)

o T 2 7 m

We now define functions that will be used in[Theorem 4.22 which establishes a lower

bound on the approximation ratio of We define

fo(z)  =+O@")(1-6(1-2")) (4.30)
foenp) =ale) (1- 2054 (200" 2200 ) o)) )
Co(z, 1, p) := Pho(@ 1) +§1+_21;) (1+ 3ua™) (4.32)
Colmwp) = min Co(z,p,p), (4.33)

for q(z) as in (4.13)).
Theorem 4.22. The approzimation ratio of for triangle-free graphs is

at least

“(14/15, p).
prg[‘gﬁ]é“e( /15,p)

Proof. Let e = {i,j}. Using|Lemma 4.20] we find, for A;; as in (4.27)),
Ay= [I costa= T 1-0Gf)=\1-00-hi), (31
kEN(i)\{j} kEN (i)\{j}
and similarly B;; > (1 — ©(1 — h}))'/2. Indeed, [Lemma 4.20 applies here since the
values (R )pen (i) satisfy hji, > 0 for all k € N(i), and R+ ke NG\ hi <1, due
to (&.17).
We substitute (4.34) into (4.28) (note that sinf, = @(hj)) Additionally, we
substitute E[E;;] = q(h.)/2 [37, Lem. 2.1], for ¢ as in (4.13)) (see also [164], Lem. 13]).

This yields the following, where fg is as in (4.30)):

E(el 119 > "0 (14 (1- 01— k) + 2B [sina(] fo(h)
—an) (1- 20 (2T fer) s
= Bo(he,0) + T2 p,.
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The first equality in (4.35) is due to (4.29), for M the matching computed in Line
of [Algorithm 2| The second equality in (4.35) is due to the definitions of w and fe,

see (4.19)) and (4.31)) respectively. By combining (4.1) and -, we have that

E (€| Hol€) = 3 wE (€ H,|¢) > Z(weﬁewe,ow”

ecelE ecE

o Me>. (4.36)

Note that M corresponds to a maximum weight matching on the graph with positive
edge weights w. By |Corollary 4.12| and [Lemma 4.17, (uh})ccp is contained in the
matching polytope for p = 14/15. Therefore,

Y WeMe>py weh, (4.37)

eER eeER

for we, = we q(he) fo(he), see (4.19)). We substitute (4.37) in (4.36) to obtain

B Hal6) 2 3 (webolhes0) + 1™ =2iuh )

eel

ZzweQ(he)ll—@(%h:)ﬂL%fe( e) (he)

= 3" weflo (e ). (438)

Here, we have also used the definition of Bg, see (4.31). As for p, defined in Line [7|of
one can show that

pHG Z we 1+ 3Mh:) )
ecE

see [191, Eq. 9]. The expected energy attained by [Algorithm 2| satisfies
Emax {(¢| Hg [§) , tr(pHg)} > max, [PE (| He [§) + (1 —p) tr(pHe)]

> max we (pBo(he, 1) + (1 —p) (14 3uhl))
p€e[0,1] ey

> max 65 (4. p) )Y we(2+2he) > Jmax 66 (41, ) Amax(Ho):
e€E ’

(4.39)

We have used for the second inequality in (4.39). The fourth inequality in (4.39)
follows from the fact that provides an upper bound on A\p.x(Hg), as explained
in Note that he € [—1,1], see [Definition 4.8] while the minimization in
¢&5(p, p) is done over x € (—1,1]. This distinction is made to avoid division by 0 and
can be done without loss of generality, see U

It remains to find a function © € A for which max, ¢ 1) (§(14/15,p) is high.
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4.4.3 Finding candidate functions © € A

The set A, see (4.24)), is difficult to characterize in general. Here, we derive a sufficient
condition for © € A. This condition can be stated in terms of logarithmically concave
functions, which are defined as follows (see also |33} Sect. 3.5]). Note that we define
log 0 := —o0.

Definition 4.23. A nonnegative real-valued function f, with convex domain, is
logarithmically concave (log-concave for short) if and only if log f is concave (with
log0 = —0).

Equivalently, f is log-concave if and only if
flwz + (1 —w)y) > f(2)" f(y)' ™ Ywe[0,1] (4.40)

and for all x and y in the domain of f. It can also be shown that products of log-
concave functions are log-concave [33, Sect. 3.5.2].

Lemma 4.24. Let © € A, see (4.22)). If 1 — O(x) is log-concave, then © € A.

Proof. Let ¢ € [0,1] and define f(x) := (1 — ©(z))(1 — ©(c — x)) for x € [0,c]. We
need to show that min,co) f(2) = f(0) = f(c). The case ¢ = 0 is trivial, so we
assume ¢ € (0,1]. Observe that log-concavity of 1 — O(x) implies log-concavity of
1—0(c—x), for z € [0,¢]. Since f is then the product of log-concave functions, f
is also log-concave with domain [0, ¢]. It follows from and f(0) = f(c) that for
all x € [0, ¢,

f@) = £(e2) = F0)' =/ f(e)"/ = (0),
which completes the proof. O

Lemma 4.24] implies the following weaker, but simpler, result.
Lemma 4.25. Let © € A, see (4.22). If © is convez, then © € A.

Proof. Since © is convex and ©(z) < 1, 1 — ©(z) is a nonnegative concave function.
Nonnegative concave functions are log-concave [33, Sect. 3.5.1], which implies by

Lemma 4.24] that © € A. O
The following result follows directly from [Lemma 4.25

Lemma 4.26. The functions 1 — e 1% Ry > 0, and Rox®, Ry € [0,1], ¢ > 1, are
contained in A.

Proof. Tt can be verified that the functions are contained in A’, see (4.22). Since the
functions are also convex, the result follows from [Lemma 4.25 U

We choose O(z) = 1 —e~*/2° which is an element of A by [Lemma 4.26| It follows
by [Theorem 4.22| that [Algorithm 2| with this choice of ©, achieves an approximation
ratio of at least

max (o aoo(14/15,p) > (5. /20(14/15,p™) = 0.61383, (4.41)
pre|0,
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where p* = (2-0.61383 — 1) / (81_¢—2/20(0,14/15) — 1). This value of p* is chosen
such that (g(0,14/15,p*) = 0.61383, see (4.32). Consider the function ((z) :=
(1 _e—=s20(x,14/15,p*), plotted in |[Figure 4.1L We briefly elaborate on how one can
prove the statement (I _, 2 (14/15,p*) = minge(—1,17¢(z) = 0.61383 in . It
can be shown (details omitted) that ¢ is decreasing for x € (—1,0] and increasing for
2 € [0,0.035], s0 that minge(_10.035 C(x) = C(0) = 0.61383. For € [0.035, 1], it is
possible to derive a lower bound on ¢’(z), and evaluate ¢ on a fine grid in the interval
[0.035, 1]. By combining the lower bound on ¢’ with the mean value theorem, one can
prove that {(x) > 0.61383 for any x € [0.035, 1].

0.64 5

0.63 |

0.62 +

0.61 : : - - T
0 0.2 0.4 0.6 0.8

Figure 4.1: Plot of ((x) := (o(x,14/15,p*) for x € [-0.1,0.8], O(x) = 1 — e~ */20 and
p* as in (4.41). We have mingc(_1 1) ((2) = ¢(0) = 0.61383, marked by the dot.

The approximation ratio in (4.41)) is greater than (1) = 0.606 (see [Table 4.2)),
which is a lower bound on the approximation ratio of |Algorithm 1| if (A} ).cp is
contained in the matching polytope, see The optimal approximation

ratio of |Algorithm 2| with respect to © € A, is given by max,c,1), 0c.4 (& (1, D).
(4.41

Equation (4.41) proves that max,c(o1], 0c.4 (&1, ) > 0.61383. Let us now provide
an upper bound on this maximum.

Theorem 4.27. The best provable lower bound on the approzimation ratio of [Algo]
given by max,cio1], 0c.A (& (14/15,p), satisfies

0.61383 < *(14/15,p) < 0.61392, 4.42
_pe[Or,I%ﬁ)CE)eAC@( /15,p) (4.42)

for A as in (4.24) and (& as in (4.33)).

Proof. Let p = 14/15. The lower bound in (4.42) is due to (4.41)). For the upper
bound, observe that by the definition of (§(u,p), see (4.33), we have that

¢6 (1, p) < min{Ce(0, i, p),Ca(1/2, 1, p)} - (4.43)
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Since max,e(o,1], 0c.A (6 (1, p) > 0.61383, we may consider only © € A and p € [0, 1]
satisfying (e (0, u, p) > 0.61383. Solving

_pg(0)1-6(1)/2)+1—p

Co(0, 1, p) 5
for ©(1) yields
52 4¢e(0,p,p) —2
=200 " pa0) .
Since O(1) > 0, implies that
26 (0, 4,p) — 1
p > 10— 1 . (4.45)
We have (o(1/2, u,p) = f(©(1/2),p), where
fe) =5 (pa0/2) (1= 24 00— 2)) + (1 -pGa),  (446)

and Cy := (4+ pu(r —2))/(2m), Cy := (1 4+ 3u/2).
By the properties of functions in A, see , we have
1-6(1) = min (1-6(z))(1-06(1~-12) < (1-6(1/2)

z€[0,1]

from where it follows that ©(1/2) < 1 — /1 — ©O(1) (the expression /1 —O(1) is
well-defined since ©(1) < 1). By substituting (4.44)) for ©(1) in this inequality, we
find that ©(1/2) <1 — 4/1 — 0O(1) is equivalent to ©(1/2) < h(¢e(0, u,p),p), where

h(z,p) :=1— \/Z;Zq(_of + q(20) ~1. (4.47)

For future reference, we observe the following two properties of the function h:

Oh(z, p) Oh(z, p) . 1
5, < 0 and m >0 if z> 5" (4.48)
We claim that for f as in , we have

AsO(1/2) < h(Co(0, u,p), p), claim (4.49) follows by showing that f(z,p) is increasing
in z on the interval 0 < z < h(¢o(0, u,p),p) and p € [0,1]. Indeed, one can verify

that for p € [0,1] and z € (0,% (1 - @) ;
0f(=p) _ pa(1/2) <01<1 —22) 1) -

9z 6 2(1—2)

(4.50)



116 CHAPTER 4. IMPROVED QMC APPROXIMATION RATIOS

The interval of z can be found by solving df(z,p)/0z = 0. To prove (4.49)), it remains

to show that h(Ce (0, u,p),p) < % (1 — \/ﬁ) Recall that (g(0, u,p) > 0.61383,

which we use to obtain

1 1
h(Ce (0, 1, p), p) < h(0.61383,p) < h(0.61383,1) < | 1 — ————, (4.51)
2 407 +1

where the first and second inequality in (4.51)) follow from (4.48). The last inequality
in (4.51) follows by computing the two numbers. Hence, claim (4.49) follows.

Combining (4.43)), Ce(1/2, 1, p) = f(©(1/2),p) and ( - yields

(6 (1, p) < min{Ce(0, i, p), f (R(¢e (0, 1, p),p),p)}

< i f(h . 4.52
_ze[or.%%%s,l]mm{z [zjlg] K (z,p),p)} ( )

In ( -, the constraint on z is due to our assumption 0.61383 < (g(0,u,p) = z,
Whereas the constraint on p is due to (4.45). We define r := 0.61392, and show that

is upper bounded by r. To solve the maximization problem in z in ,
we ﬁrst note that when z < r we have (§(u,p) < z < r. Thus, we may restrict to

z € [r,1]. We proceed by proving that

max f(h(Z,p),p) < T, (453)
2€lr1]p€| 2574 1]

which would prove (& (i, p) < r by (4.52)). To simplify (4.53), we claim that

f(h(z,p),p) < f(h(r,p),p) (4.54)
for all z € [r,1] and p € [0,1]. We showed in (4.50) that df(z,p)/0z > 0 for all
0<z< % (1 402 ) so that claim (4.54]) follows by showing that 0 < h(z,p) <

<3 < 4CQ+1>' To prove these inequalities, we use z > r > 1/2 and (4.48))
. 1 o 1 . .
to obtain h(z,p) < h(r,p) < h(r,1) < 3 <1 \/m) Here, the last inequality can

be verified by computing the two numbers. Hence, claim (4.54)) is proven.

Note that the interval %, 1] with z € [r, 1], is largest for z = r. Combining

this observation with (4.54) yields that

max f(h(z,p),p) < max f(h(r,p),p). (4.55)
z€[r,1], pe[q((z)) 1’1] [q(g) 1’1]

Lemma B.9| [Page 213| proves that MaX, e[ 2ot )] f(h(r,p),p) < r. Combined with
q(0)—1"
(4.52) and (4.55)), we find that (5 (i, p) < r = 0.61392, which finishes the proof. [
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4.5 New approx. algorithm on bipartite graphs

In this section we consider an approximation algorithm for the QMC problem on
bipartite graphs that achieves an approximation ratio of 0.8162. The QMC problem,
restricted to bipartite graphs, belongs to the complexity class StogMA [63, Obs. 30]
and remains notoriously difficult to solve’ [112, Sect. 4|. It is known that on bipartite
graphs, the QMC problem is equivalent to the Einstein, Podolsky, Rosen (EPR)
problem, which is another 2-local Hamiltonian problem introduced in [164] Problem
2| (specifically, the Hamiltonian corresponding to the EPR problem is unitarily similar
to Hg). In the same paper, King provides a classical approximation algorithm for the
EPR problem that achieves an approximation ratio of 1/v/2 (= 0.707).

Algorithm 3: QMC approximation algorithm for bipartite graphs
Input: bipartite graph G = (V = VYU V! E, w), function © € A, see ,
real numbers Ayax € [V/3/2,1] and 6* € [0,1].
1 For all i € V, set |z;) =10) ifi € VY, and |z) = |1) if i € VL.
2 Solve W for k = 2 to obtain the values (h¢) ., see |Deﬁnition 4.8|, and for
all e € F, set

(4.56)

arcsin v/ 6* else.

6, = {arcsin @(hj) if he < hpax

3 Output the state |¢) (4|, where

= I eo(5nx) @k @

{i,j}EEweVO jeV1 1€V

The algorithm we consider is [Algorithm 3| which is inspired by [190, Alg. 1] from

Lee. Lee’s algorithm is suited for general graphs, achieves an approximation ratio
of 0.562, and differs from in Lines[T] and [2| In Line[I} both algorithms
determine the value of |z;) € {|0),|1)} based on a partition of the vertex set V.
For [Algorithm 3|7 this partition is already given as {V? V1}, ie., the bipartition of
G. In contrast, [190, Alg. 1] partitions V as {V’,V \ V'}, where V' is constructed
as follows: pick a variable u € {x,y, 2} uniformly at random. Consider the vectors
(V(ui));ev> where v(u;) is as in (4.11) (for example, if u = x, then v(u;) = v(z;)).
Draw a vector r uniformly from the unit sphere of appropriate dimension. Let V' :=
{i eV :sgn(v(u;)'r) =1}. The random partition {V’,V \ V'} is not guaranteed
to recover the bipartition of a bipartite graph. That is, when given a bipartite graph
as input, it is not guaranteed that the vertices in V' are pairwise non-adjacent.

In Line both algorithms set 6, as a function of h}. Lee chose ©(x) = 1—e #% ¢
A (see and (numerically) optimized the value of R > 0 to obtain the

highest approximation ratio. In contrast, we choose ©(z) = Rz in [Theorem 4.33|

which is also contained in A by [Lemma 4.26| Additionally, in [Theorem 4.34| we




118 CHAPTER 4. IMPROVED QMC APPROXIMATION RATIOS

provide an upper bound on the approximation ratio attained by the best possible
© € A. Lastly, Lee’s algorithm does not use hpmax, see (4.56), which allows for
adjusting the value of 6, when h. is sufficiently large. These differences in Lines

andensure that [Algorithm 3|achieves a higher approximation ratio than [190, Alg. 1]
on bipartite graphs. To compute this approximation ratio in terms of O, h,.« and 6,

we require some preparatory results and definitions. We present first [190, Lem. 11].

Lemma 4.28 ([190]). Let |¢) be as in (4.57) and |z;), |2;) as in Line[]] of[Algorithm 3

For any i,j €V, (¢| Hij |¢) > 0. If |z;) # |25), then, for A;; and B;; as in (4.27)),
The small discrepancy between our [Lemma 4.28 and [190, Lem. 11] is due to the

different scaling of 0. If |z;) # |z;) for some edge {7,j}, we say that edge {3,;} is

cut. If {4, 5} is a cut edge, (¢p| H;; |¢) satisfies (4.58), which is a stronger lower bound

than (¢| H;; |¢) > 0. Observe that Line (1| of [Algorithm 3|ensures that all edges of the
bipartite input graph are cut.

To compute the approximation ratio of we also require the function
2-0(1—-2")+2y/0(t)(1-6(1—=zt))

do(x) : 21 22 (4.59)
For future reference, observe that
2—-0(1 2—-0(1
do(z) = °) > o) =0o(0) Vze (-1,0], (4.60)

2+2x — 2
which follows from the fact that ™ = max{x,0} = 0 for all z € (—1,0], and ©(1) < 1.

Lemma 4.29. Let G be a bipartite graph used as input to|Algorithm §|, |p) be as in
(4.57), © € A and hmax € [\/§/2, 1}. Consider the values 6, as in (4.56)). Suppose

0. = arcsin /O (hd) for some edge e € E(G) (i.e., he < hmax), and he > —1. If for

all edges €' adjacent to e, 6. = arcsin @(h:/), then we have <q25|f2€h|f> > do(he).

Proof. We substitute §. = arcsiny/©O(hd) in (4.58) (with e = {i,j}), use that
sinf. = 1/O(hd), and apply ([£.34), to obtain (¢|He|¢) > 1+ (1—-O(1—h})) +

2\/®(h;r) \/1 —O(1—hd) = do(he) (2+2he). Since he > —1, the result follows
from rewriting (¢| He |¢) > dg(he) (2 + 2h.). O

Lastly, we require the following refinement of monogamy of entanglement, see
@17).
Lemma 4.30. Let e and €' be adjacent edges, and let L € FF, see ([4.7), with k > 2

n?’

and n > 3. Consider the h values as in|Definition 4.8, corresponding to L. We have

he < & ( 3(1—n2) — he>. (4.61)

In particular, he > \/75 — ha <
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Proof. [191, Lem. 3| shows that 3 (ke 4 he)” + (her — he)® < 3, whenever he + he >
—1/2 (recall that the variables in [191] are scaled differently compared to this chapter).
Solving this inequality for h. yields . The implication h, > \/Tg = he <0
follows directly from (4.61)). U

We now compute (a lower bound on) the approximation ratio of |[Algorithm 3

Theorem 4.31. The approximation ratio of for bipartite graphs, with
parameters © € A, hyax € [\/5/2, 1} and 6* € [0,1], is at least

min 20 min g (x), ﬂ . (4.62)
24 /3 (1 — h2,.) — hmax “E€[0hmax] 2

Proof. Let E be the edge set of the bipartite input graph. Let (he)ccr be the values
obtained in Line [2] of [Algorithm 3| and |¢) be as in (4.57). By the definition of Hg

we have

Ol He10) = Y v ol Bl > Y w DI g o)

+ 2h.
ece ecE:he>—1
o ) LAY
> f o2 Hel®/ 2+ 2h,) > £ 2NN N (Hg).
> (ot S ) ez (GG ) st

(4.63)
For the first inequality, we have used that w, (¢| H. |¢) > 0, since H, = (1/4)H? = 0
and we > 0. The second inequality follows from the fact that ) __ Bih,>_1 We (2 +
2he) = > .cpWe (2 + 2he). The last inequality follows from the fact that [SDP*
provides an upper bound on Ayax(Hg), as explained in [Section 4.2| (see also (4.14

Considering (4.63), the approximation ratio of [Algorithm 3|is at least

L (@lH )
e€E:he>—1 2+ 2h,

(4.64)

Note here that (¢| H. |¢) is a function of h., which follows from the definition of |¢),

see (4.57). We show later that limy, |4 <‘§|fg}l¢> = 400, which implies that (4.64) is

well-defined. Let us determine a lower bound on (4.64)) by distinguishing three cases,
based on the value of h, € (—1,1].

Case 1. h. < 1 <\/3 (1—-h2,..) — hmax>.
Note that hmax > v/3/2, which implies that h, < 5 (\/ (1—-h2,.) hmax>

Now h, <0 = h} =0 = 6. =0 = sinf, = 0. Consequently, the bound

(4.58]), with e = {4, j}, simplifies to

(p| He |y > 1+ H cos B, H cos Oy (4.65)
kEN (i)\{5} keN (5)\{i}

Let E' := {{i,k} : ke N(i)\ {j}}. By -, at most one €/ € E’ can satisfy
he' > hmax > V/3/2. If there is one such ¢/, then by -, all e € E'\ {€'} satisty
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h: <0 = 0; =0 = cosfz = 1. Note also that h.r > hmay implies that
0, = arcsin v0*, see . Hence, erN(i)\{j} cos 0;;. = cos b, = cosarcsinV0* =
V1 -6~

Alternatively, if all ¢’ € E’ satisfy hes < hmax, We have that all . = arcsin /O (k).
Thus, we can proceed as in , and derive

[T costu>y/1-0(—nt)=1-6(1).
kEN(D\()

To summarize both cases:

[ cosbu > min {\/1 0, /1 @(1)} — /1 - max{6*,0(1)}, (4.66)
kEN(D\{J}

and similarly, [T;cn e iy o8Ok = v/1 — max{0*,0(1)}. We combine (4.65) and
(4.66]) to obtain (¢| Hc |¢) > 2 — max{6*,0(1)}. Consequently, (4.64) can be lower
bounded by

(9| He |9) > 2 —max{6",0(1)} > 2 - max{0 o)} (4.67)
2+ 2h, 2+ 2h, 24+ /3(1=h2,,) — hmax

Here, the last inequality is due to the assumption A, < % ( (1 —=h2,..) — hmax>,
given by case 1. It follows by (4.67) that (4.64) is well-defined. Observe that

3(1—h2

max

hma,X S 0
2-0(1 2 —0(1 4.68
2+ \/ 1 - h12naX hmax 2
For the second inequality in (4.68]), we have used that ©(1) < 1, see (4.24). The

equality in (4.68) follows from the definition of dg, see (4.59). By combining (4.67)
and (4.68)), it follows that

W | =
- {5@(0)’ 2+ hmax}'

3(1—h2

max

Case 2. h, E[ <\/1——iLI2naX hmax) maX:|~

Let ¢ be an edge adjacent to e, and consider h.. If he > hpayx, then h, <

%<\/3 (1—-h2,.) — hmaX>, see (4.61), which contradicts case 2. Thus, it holds that

for all edges €’ adjacent to e, hes < hpmax. Now, by (4.56), he < hpax =

0., = arcsin @(h:,). Additionally, 0, = arcsin\/@(hér). Hence, the conditions
of are satisfied, which implies that

(91 H |9) > do(he) > min do(r) = min Jde(x).
2+ 2he 2[4 (/B2 ~huna ) Prsne 2€[0hunax]

max
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Here, the equality is due to (4.60)), and the fact that % <\/3 (1—=h2,.) — hmax> <0,
since hmax > V/3/2.

Case 3. he € (hmax, 1].

Note that he > hmax > V3/2. Hence, it follows from that for all edges ¢’
adjacent to e, hey < 0 = h:, =0 = 0. =0 = cosb, = 1. Therefore,
simplifies to (¢| He |¢) > 2+ 2sinf,. Since he > hpax, it follows by that
0. = arcsin v/0*, which implies that sin 6. = v/#*. Consequently, can be lower

(p|He o) 242sinfe _ 2426* 242v0* _ 140"
bounded by 555> > =555 = S5on. 2 T 1 T 3

inequality is due to h, < 1.

, where the second

By combining the three cases and noting that dg(0) > mingeop,,..] 0o (), it

follows that the value % is at least (4.62)), which proves the theorem. O

The following result shows that the optimization problem mingcg p,,..] 9o () in
(4.62)), for g as in (4.59)), simplifies if O(z) = Rz for some R € [0,1/2]. Recall from
that Rz € A.

Lemma 4.32. Let hyax € [V3/2,1] and ©(z) = Rz, with R € [0,1/2]. We have
that minge(o.p,...] 90 () = min {dg(0), 0o (hmax) }-

Proof. In case R =0, do(z) = 2/(2 + 2x) = mingc(o p,,..]90(Z) = o (hmax). Let
R € (0,1/2]. The derivative of dg(x) on the interval (0, 1], is given by

fr(z)

() = 2(z+1)*y/Rz (Rx — R+1)

(4.69)

where fr(z) = (3R> - R) z+ R—R*+ (2R —2) \/Rz (Rz — R+ 1). A stationary
point z* € (0, 1] of Jg satisfies fr(x*) = 0. This is equivalent to ((3 R?—R) z*+R
—R2)2 — (2R —2)® Rz* (Rz* — R+ 1) = 0. The solution of this quadratic equation,

R3*42R?—5R+2—-2(1—R)?*V/1—R—R?
R(R+1)(5R—3) .
verified that for any R € (0,1/2], z* is well-defined. Since the stationary point z* is

unique and dg is continuous, we have that

on the interval (0,1], is given by z* = It can be

[Igl}iLn ]5@(.T) = min {(5@(0), (5@(.%'*), 6@(hmax)}- (470)
€ |0,Amax

By inspecting (4.69)), it can be seen that there exists a positive ¢, dependent on R, such
that g () > 0 for all € (0,¢], which implies that dg(0) < do(z*). By combining
(4.70) and de(0) < do(x*), the result follows. O

We now provide input parameters for such that its approximation
ratio is at least 0.8162.

Theorem 4.33. (Algorithm 3, for bipartite graphs, with inputs ©(x) = 0.367x, hpax =
0.876 and 6* = 2/5, achieves an approximation ratio of at least 0.8162.
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Proof. The given parameters satisfy the requirements of [Algorithm 3| By combining

[Theorem 4.31] and [Lemma 4.32] we find that the approximation ratio of
(with the given inputs) is at least

2 — 6% 1+ V0
min 6 0 5 ) hmax sy T 5 (¢

Using a computer, it can be verified that this value is at least 0.8162. [
Let
. ) 2—0*
rt o= max min ,
O€A, (1 —h2..) — hmax

hamax€[V3/2,1],
0*€[0,1] (4.71)

min  de(x), ﬂ}

2€[0,hmax] 2

denote the optimal approximation ratio of with respect to the parameters
O, hmax and 6*. [Theorem 4.33|proves that »* > 0.8162. The following result provides
an upper bound on r* (similar to [Theorem 4.27|for |Algorithm 2J).

Theorem 4.34. The optimal approzimation ratio of [Algorithm 3, given by r* as in
(4.71), satisfies 0.8162 < r* < 0.8339.

Proof. The lower bound on r* is due to [Theorem 4.33| For the upper bound, note
first that for any © € A, hpax € [\/5/2, 1] and 6* € [0,1], we have

, 2 -0 1+ V0"
min min  de(x), ————

2+ \/ 1 - h?nax hmax 2€[0,hmax] 7 2

. ' _ 23 V3
S, in el@) < min Je() < min {‘5@“”’ 59( 2 ) o (7> } |
(4.72)

Here, the second inequality follows from Amax € [v/3/2, 1], which implies that [0, v/3/2]
C [0, hmax]. The last inequality follows from the fact that dg(y) > min elo.v3/2] do(x)

for any y € [0,4/3/2]. By combining (4.72) with the definition of r*, we have

r* < gleaicmin {5@(0), Jo (2 —2\/§>, de (?) } : (4.73)

Eq. is fully determined by z := (21, 22, 23) = (@(2_2\/5),@<‘/T§>,®(1)>, ie.,

23 _ . 2—zo+2 zl(l—ZQ) . 2—214—2\/22(1—21) .
do(0) = 1 — 2, 5@<%§> _ 4_V\/§ , do (@) = i3 , which
follows from the definition of dg, see (4.59). By the properties of functions in A,

see (4.24), we have that 1 — z3 = 1 — (1) mingco,1] (1 = O(x)) (1 -60(1 —x)) <
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(1 - @(%)) (1 - @(@)) = (1—21)(1 —22). Additionally, since © is an increas-

ing function, 0 = O(0) < z; < 29 < 23 = O(1) < 1. We define
F = {ZERS t1l—23<(1—21)(1—22),0< 2 §22§23§1} (4.74)

as the set of z that satisfy the previously derived constraints. Using (4.73) and F', we
derive the following upper bound on r*, in terms of z:

2 — 2¢/21(1 — 2 — 24/ 29(1 —
r* < max min {1 — 2—3, 2+ 2y (1 - 2) At 2yl = 2) } . (4.75)

2€F 2 4—\/§ ’ 2+\/§

We define r := 0.8339. It follows by (4.75)) that »* < r is implied by the inconsistency
of the following system of equations:

ZEF,I—QZ’F,2_Z2+2\/Z1(1_Z2)27“,
2 4-3
2—21+2\/Z’2(1—21) >
2+ V3 T

We will show that (4.76) is inconsistent. Observe that 1 — z3/2 > r = z3 <

2(1 — r). We may assume without loss of generality that any solution to (4.76)), if
it exists, satisfies z3 = 2(1 — r). Indeed, if (21, 22, 23) is a solution to lso
(21, 22,2(1 —r)) is a solution to (4.76)). Thus, the inconsistency of is equivalent
to the inconsistency of the following system of equations:

(4.76)

0<z1<z<21-r), (I-z2)1-2)=2r-1,
221 (1 —29) — 29 > (4— \/§> r—2, (4.77)

2v/z2(l —2z1) — 21 > (24—\/3)7‘—2,

where the first line of (4.77) ensures that z € F, see (4.74)). [Lemma B.10|on [Page 215|
proves that (4.77) is inconsistent. Hence, also (4.76) is inconsistent, which implies
that r* < r, proving the result. [

4.6 Conclusions

In this chapter, we study classical approximation algorithms for the QMC problem
on general, triangle-free, and bipartite graphs. For triangle-free and bipartite graphs,
we introduce new approximation algorithms. We prove that the algorithms achieve
approximation ratios of at least 0.603 (general graphs) 0.61383 (triangle-free graphs)
and 0.8162 (bipartite graphs) respectively. For the QMC problem on triangle-free
graphs, and on bipartite graphs, these ratios are the current best for their respective
problems.

The key part of the analysis of the algorithm for general graphs is showing that
a particular vector induced by the used QMC SDP relaxation is contained in the
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matching polytope. We show this by introducing a graph parameter ¢(G,k), see
(4.15)), for SDP relaxation level k € N, and verifying that ¢(G, k) < [s/2] for all
graphs G on s vertices. We establish properties of ¢(G, k) that greatly reduce the
required computation time of verifying this inequality (see [Lemmas 4.15| and [4.16)),
and prove (using a computer) that ¢(G,s) < |s/2] holds for all graphs on s vertices,
where s is odd and s < 13. As future work, it would be interesting to determine if this
extends to odd values of s > 13, which, if so, results in an improved approximation
ratio. A possible starting point in this direction is to consider the 5-cycle, which
is the smallest graph for which we have no analytical proof of ¢(G,2) < |s/2] (see
[T 1.3,

The studied QMC approximation algorithms for triangle-free and bipartite graphs
both require a function © € A, see , as parameter. For the triangle-free algo-
rithm, we provide a function © that achieves an approximation ratio that is 0.00009
below the optimal ratio (see [Theorem 4.27). For the bipartite algorithm, the larger
gap of 0.0177 (see [Theorem 4.34) motivates further study. For both algorithms, an
optimal ©® € A does not achieve an approximation ratio of 0.956, which is the opti-
mal QMC approximation ratio under UGC and a related conjecture, see [146]. It is
therefore interesting to investigate if the constraint © € A can be relaxed.




5 SDP bounds on the stability num-
ber via ADMM and intermediate
levels of the Lasserre hierarchy

A stable set in a graph is a subset of vertices that are pairwise non-adjacent. Given
an undirected graph G, the stable set problem is to determine a stable set in G of
maximum cardinality. The stability number of G, denoted by a(G), is defined as the
cardinality of a maximum stable set in G. Computing «(G) is NP-hard. Hence, unless
P = NP, there is no polynomial time algorithm that computes it.

There exist different approaches for computing upper bounds on the stability
number of a graph, and one of those is using semidefinite programming. The first
SDP relaxation of the stable set problem is due to Lovasz| [204], who introduced the
Lovasz theta function of a graph G, denoted by ¥(G). For any graph G, 9(G) > a(G)
and Y(G) can be computed in polynomial time up to fixed precision. Semidefinite
programs (SDPs) that define the Lovasz theta function can be strengthened by cutting
planes, see e.g., [78| [128], 260} 271]. The paper by Pucher and Rendl [260] currently
provides one of the strongest SDP-based bounds for the stable set problem.

Several hierarchical approaches can also be applied to construct relaxations of the
stable set problem. Higher levels in the hierarchy correspond to stronger relaxations,
which are also more difficult to solve due to the increased number of variables and
constraints. Among the hierarchies that can be applied to the stable set problem
are the Sherali-Adams hierarchy [274] (based on linear programming), the SDP-based
hierarchy of Lovéasz-Schrijver [205], the Lasserre hierarchy [I75], and the exact sub-
graph hierarchy (ESH) [3]. Much research has recently been devoted to the ESH for
the stable set problem [97, [98] [99]. The numerical results in those papers show that
the ESH provides strong bounds within a reasonable computational time. It is known
that the Lasserre hierarchy is stronger than the other hierarchies [182] [277]. Despite
this, little research has been devoted to the practical performance of the Lasserre
hierarchy for the stable set problem. A practical drawback of the Lasserre hierarchy
is the order of the associated positive semidefinite (PSD) matrix variable: level k of
the hierarchy involves a PSD matrix variable of order O(n*), where n is the number
of vertices in the graph.

The classical method for solving semidefinite programs (SDPs) is the interior-point
method (IPM) [7,236]. IPMs typically require large amounts of memory, which limits
their applicability to the Lasserre hierarchy. The IPM is a second-order method that

125
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requires the construction and Cholesky factorization of an m x m Schur complement
matrix, where m is the number of linear equality constraints in the SDP relaxation.
Constructing and storing this dense matrix requires substantial memory, particularly
when m is large, such as in SDPs derived from the Lasserre hierarchy. The worst-
case complexity of computing the Schur complement matrix is O(mp?® +m?p?) [227],
where p is the order of the PSD variable. Computational complexity may be reduced
in cases where the constraint matrices exhibit special structures such as low rank, see
e.g., [65), [148]. The Cholesky factorization for the Schur complement matrix requires
O(m?) operations, which becomes impractical for large values of m. These limitations
of IPMs motivate the use of alternative methods that require less memory and bypass
the Cholesky factorization.

The alternating direction method of multipliers (ADMM), see e.g., [34], is a first-
order method that can be used to solve SDPs, and requires significantly less memory
than IPMs. Each iteration of the ADMM algorithm for solving SDPs consists of three
steps: the orthogonal projection onto the cone of positive semidefinite matrices, an
orthogonal projection onto a polyhedral set, and a dual update step. The most mem-
ory intensive step of the ADMM is computing the eigendecomposition of a symmetric
PSD matrix of order p, in each main loop of the algorithm. The SDP relaxations of
the stable set problem arising from the Lasserre hierarchy satisfy m > p, and the
computational complexity of eigendecomposition for a symmetric matrix of order p
is O(p?). Considering this, along with the fact that projections onto the polyhedral
sets from the Lasserre relaxations can be performed efficiently, ADMMSs appear more
suitable than IPMs for computing Lasserre bounds for the stable set problem.

In this chapter, we bridge the gap between theory and practice by using the
ADMM to effectively compute Lasserre hierarchy bounds for the stability number. In
particular, we compute bounds from intermediate levels of the Lasserre hierarchy for
k between 1 and 2, including k£ = 2, on graphs with at most 300 vertices. However, we
are not the first to consider intermediate levels of the Lasserre hierarchy; these have
been employed in several papers, see e.g., [10L [49] [54] 282 [299]. For the majority of
graphs, we restrict ourselves to intermediate levels of the hierarchy due to practical
limitations on the order of the considered PSD variable, which we cap at 2500. Eigen-
decompositionfor a symmetric matrix of that order can still be performed reasonably
well, especially when single precision is used.

The number of inequality constraints in the resulting SDP relaxation depends
on the considered graph and is at most 2,510, 148 in our experiments. Storing the
m x m Schur complement matrix (in standard double precision), with m = 2,510, 148,
requires approximately 47,000 GB of RAM (!). Therefore, IPMs are intractable for
solving the corresponding relaxations.

Constructing an intermediate-level SDP relaxation of the Lasserre hierarchy for k
between 1 and 2 requires selecting specific degree two monomials. These monomials
of degree two, along with all monomials of degree one and the monomial of degree
zero, form a basis used to derive the SDP relaxation. We present a basis selection
method that exploits an SDP relaxation of the Lovész theta function. It is known that
Y(@G) corresponds to the first level of the Lasserre hierarchy applied to the stable set
problem, see e.g., [182] Sect. 6]. Our ADMM algorithm incorporates a warm-starting
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approach to further improve performance. The numerical results show that the upper
bounds on a(G) computed here are competitive with the best SDP-based bounds for
the stable set problem. Moreover, these bounds can be obtained using the ADMM
within reasonable running times, specifically within one hour.

This chapter is organized as follows. Preliminaries are provided in
We provide details of the Lasserre hierarchy for the stable set problem in
In we show how to apply the ADMM to the SDPs arising from the
Lasserre hierarchy. presents a basis selection method for the construction

of intermediate levels of the Lasserre hierarchy, and provides a method for warm-
starting the ADMM. Numerical results are presented in and conclusions

are provided in

5.1 Preliminaries

Given n,k € N, we define [n] := {1,...,n} and (") := {8C[n] : |8 <k}. Let
B C ([2,]6) For any such B, we define

B .= {BUB : 3,5 €B}. (5.1)

For any 8 C [n], we define 1 € {0,1}" as the indicator vector corresponding to £,
ie., (1g); = 1if and only if i € 8. We define I(53) € {0, 1} as the indicator that equals
1 if the cardinality || = 1, and 0 otherwise.

Given B C ([<",]€), we define x8 as the |B|-dimensional vector of all monomials

P = [licpzis B € B, with 2% = 1. The monomials of the vector x5 = (2%)3¢p form
a basis of some subspace of R[z]. With slight abuse of terminology, we refer to both
xB and B as a bases.

5.2 The Lasserre hierarchy for the stable set problem

We present the Lasserre hierarchy [175] for the stable set problem. Similar derivations
can also be found in, e.g., [120, Sect. 3.1|, [184], and [185, Example 8.16].

Let G = (V,E) be a simple undirected graph. Without loss of generality, we
assume that V' = [n] for some n € N. Let 8 C [n]. If § is a stable set in G, we say
that 3 is stable in G. We define [n|, := {8 C [n] : [ is stable in G} as the set of all
stable sets in G, and set Sg := {lg : B € [n],}. We define P C Rz] as the set of
polynomials nonnegative over Sg.

Observe that the stability number o(G) = max,es, D, x;, which is equivalent

1€[n]
to

a(G) =min{pu: p %:}xe G (5.2)

This equivalence follows from the observation that, for fixed p, we have mingeg, pt —
Zie[n] T; = b — MaXzeS, Zie[n] x; = i — a(G), which implies that p — Zie[n] x; is a
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nonnegative polynomial over S¢ if and only if > «(G). In general, it is NP-hard to
optimize over So or Py, which motivates the search of tractable relaxations of .
Let us formulate such a relaxation, in terms of sum of squares (SOS) polynomials. To
this end, we define the polynomial ideal

I = (x; — z; for all i € [n], z;z; for all {i,j} € E), (5.3)

that is used to define Py as follows:

Pg:=qfE€R]: f=) [/ modIg, fj €Rlz]foralljelk],keNy,
JEIK]

see e.g., [248, Thm. 1|. Note that Zg encodes the set S in the sense that = € Sg
if and only if f(z) = 0 for all f € Zg. Polynomials of the form }_; € lk] fj2 are called
SOS polynomials. SOS polynomials, and thus polynomials in Pg, can be expressed
in terms of PSD matrices. Specifically, we have that

/ T / /
fePg <— fE(XB> AxB modIGforsomeAESLm,

where B’ := ([<"T]L), see e.g., [178, Prop. 2.1]. This shows that one can optimize over
P¢ using semidefinite programming. However, |B’| is exponential in n, which makes
P intractable. It is therefore natural to consider a subset of Pg by fixing a B C ([<”T]L)
such that |B| is polynomial in n. For any (L"D C BC (@1), we define a corresponding
subset of Py as

f= (xB)T AxB 4+ ¢TxB  mod Zg, (5.4)
AESLB',ceRE | ’ .

Pg(B) = { fe R[:E] :
for B2V asin (5.1). In (5.4), the term ¢T x5 is introduced to enlarge P (B), resulting
in stronger bounds on «(G). Moreover, we show in Section 5.3.1|that the addition of

this term does not increase the computational cost of obtaining these bounds. Note
T
that ¢ x5 is an SOS polynomial modulo Z¢, since cTxB" = (XBQU> Diag(c) xB*"

mod Z¢g, and Diag(c) = 0. Since (XB)T AxB is also an SOS polynomial, it follows
that Pg(B) C Pg. From (5.2)), we observe that the value

oB(G):=minqp:p— Y x; €Pa(B) (5.5)
]

HER .
i€n

satisfies a®(G) > a(G), since Pg(B) C Pg. Note that of(G) is well-defined since

([S”D C B. Computing o®(G) is equivalent to solving an SDP (see [Section 5.3.1

wherein the PSD variable is of order |B|. If |B| is polynomial in n, the value o (G)
can be computed in polynomial time up to fixed precision [262] Cor. 9].
It is worth noting that the computational effort of computing o*(G) for some

B C ([<'";]1) can be reduced significantly by computing instead aBm[”]G(G). Indeed,
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BN [n],| < |B|, which results in a smaller PSD variable, and o®(G) = o5M"e (G).
This equality follows from (the more general) [184, Cor. 16]. We present a proof here
for the sake of completion.

Lemma 5.1. Let G be a graph on n vertices and B C ([<”7]1) For o®(G) as in (5.5),
we have that o8(G) = o8 (G).
Proof. For notational convenience, we write B’ := BN [n],. By the definition of

aB(@G), it suffices to show that Pg(B') = Pg(B). Since B’ C B, it is clear from (5.4)
that Pg(B’) C Pg(B). Thus, it remains to show the reverse inclusion. Let f € Pg(B),

2U
and let A € S|f| and ¢ € ]RL? ’, see , satisfy f = (XB)T AxB +¢cTx8” mod Ic,
where Zg is defined in . Let A be indexed by the elements of B, and let A’ be
the principal submatrix of A indexed by the elements of B’. We define similarly the
vector ¢’ = (cg)ge(pr)2v- Since 2% =0 mod Zg for any 3 € B\ B’, we have that

2U / T ’ 7\ 2U
f= (XB>TAXB +c'xF = <XB> A'xP + (c’)TX(B) mod Zg.

Hence, f € Pg(B’), which completes the proof. O

The kth level of the Lasserre hierarchy for the stable set problem is to compute
a(£0) (G), or equivalently, a([;ll)ﬁ[”}G(G). For any fixed value of k, (@,l) € O(n"),
and thus, al€) (G) can be computed in polynomial time. The sequence (a([én’l) (G))ken
is decreasing towards a(G). Moreover, if a(G) > 2, then a([;’l)(G) = «o(G) for
k> a(G)—1 [182 Prop. 21|.

5.3 The ADMM for computing o(G)

In this section we propose the ADMM for computing o (G), for general bases ([g) C

B C ([<"7L) The ADMM has been successfully used to solve SDPs; see e.g., [211] 243
260, 252]. Compared to the IPM, the classical method for solving SDPs, the ADMM
requires less memory, making it better suited for solving the large-scale SDPs that
arise in the Lasserre hierarchy for the stable set problem.

Throughout the remainder of this section we fix some basis B that satisfies ([g) C

Bc ().

5.3.1 The SDP defining o®(G)

Consider the constraint 1 — 3,1,y @i € Pe(B) in the definition of oB(G), given by
(5.5). It follows from (5.4) that this constraint is equivalent to

U 2U
"w— inz (XB)TAXB—FCTXBZ modIg,AeSLm,cE]RLf ’, (5.6)



130 CHAPTER 5. SDP BOUNDS ON THE STABILITY NUMBER

where B?Y is defined in (5.1), and Zg in (5.3). Let us index the matrix A with the
elements of B, and ¢ with elements of B2Y.

The equivalence relation implies that the two polynomials have equal coef-
ficients of 2, for all 8 € [n] - Thus, implies the following linear equalities:
A@y@ +cp = p and

> Ag g +cy = —1I(y) forally € BV N[n],, v #0. (5.7)
B,8'€B:BUB =

Here, we consider v € B2" since for any 3, 3’ C [n], PP’ = 2PY8" mod Zg. Since the
objective in is to minimize p, it follows that at optimality, we have Ay y = p and
cyp = 0. We eliminate the other entries of ¢, by transforming the equality constraints
from (5.7) into inequality constraints, using that ¢ > 0. It then follows that

aWGy:mm{A&@;AesfhxﬂBﬁ, (5.8)
where
rer.pugi— Ap.gr < —1(7) for all
i { S e B Al v £ (59)

We will use formulation (5.8 to compute o®(G) via the ADMM.

5.3.2 The ADMM iterates

To apply the ADMM to (5.8), we first reformulate (5.8)) as the following optimization
problem:
min Yp.0

X, Yesiel (5.10)
st. XesPl yeFnB), x=v,

where F(B) is defined in (5.9). Given a penalty parameter p > 0, the augmented
Lagrangian associated to (5.10)), with respect to the constraint X =Y, is the function

L,(X.Y.Z) =Yoo +p(2Y - X)+ LY - X, (5.11)

where Z € S8l is the (scaled) dual variable. Given some initial X', V! Z* € SIBl,

the ADMM computes the sequence of matrices (X tyt ZE) CeN’ defined recursively

as
Xt .= argminﬁp(X, YK,ZE)
X0
Y = argmin £, (XY, Z%) (5.12)
Y EF(B)

Z€+1 — Zf Ny (Y€+1 o X£+1> :

where v € R is a stepsize parameter. The matrices X* and Y* converge with rate
O(1/¢) (in the ergodic sense) to an optimal solution of (5.10) [136, Thm. 6.5] when

Ve (o, 1”5) [90, Thm. 5.1].

2
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The minimization problems in (5.12) admit the following closed form solutions,
see e.g., [243] Eq. 3.4]:

argmin £, (X, Y% 2% =Pus (Y + ZY),
)g(;zo p( ) slP! ( + )
1 (5.13)
argmin £, (XY, Z) = Prs <X”1 oy Z£>,
YcF(B) P

where H € S8l is the matrix that is zero everywhere, except for the entry Hy g = 1.
Note that (H,X) = Xpg. The augmented Lagrangian (5.11) and scheme (5.12)
correspond to the scaled form of the ADMM, see e.g., [34, Sect. 3.1.1] or[Appendix A.1|
on Compared to the unscaled form, the scaled form of the ADMM avoids
the multiplication of (1/p) with Z*¢, see (5.13).

We briefly discuss the two projections in . For any A € SIBl,

PSLLB\ (A) = Z AuAuI, (5.14)

AEA(A)ASO0

where A(A) denotes the eigenspectrum of A, and the vectors (ux)xca(a) form an or-
thonormal basis of eigenvectors. To project a symmetric matrix Y onto F(B), see
(5-9), we consider F(B) as a set of vectors by identifying Y with its upper triangu-
lar entries. To account for the symmetry of Y, we replace the terms Y3 g + Y/ 3
with 2Yp g. From this point of view, it can be seen that F(B) is (up to reordering)
a Cartesian product of closed half-spaces, one for each nonempty v € B?“ N n] g
Therefore, projecting onto F(B) is equivalent to projecting onto each half-space sepa-
rately. Consider such a half-space corresponding to some v, defined by o'z < —1I(v),
where a € {1,2}?, for some p € N. The projection of some z € RP onto this half-space
is given by

argmin  (x — z) ' Diag(a)(z — 2). (5.15)
z€RP:a T z<—1(v)
The presence of Diag(a) in the objective function ensures that off-diagonal elements

of Y are weighted with a factor of 2, as they appear twice in Y. The following result
shows that (5.15) can be expressed in closed form.

Lemma 5.2. Letp € N, a,z € RP with a > 0, b € R, and denote by 1, € RP the

all-ones vector. We have that

-
maxia' 2z —b,0
argmin (z — z) ' Diag(a)(z — 2) = z — { - J 1,.
x€RP:a T <b ]-p a

(5.16)

Proof. Let f(x) := (z — 2)"Diag(a)(z — z). We need to determine the minimizer of
the problem

min f(z) subject to a 'z < b. (5.17)
rERP
We consider two cases. If a” 2z < b, then 2z minimizes (5.17), since for any x € R?, we
have 0 = f(z) < f(x). Here, the inequality follows from the fact that a > 0, which
makes Diag(a) positive definite.
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If "2 > b, we consider the Karush-Kuhn-Tucker (KKT) conditions [159} [171]
corresponding to , which state the following: if (z*, A\*), with A* > 0, is a saddle
point of the Lagrangian £(xz, A) := f(z)+ A (a' 2 — b), then z* minimizes (5.17). The
saddle point of £(x, \) is computed as follows:

w =2Diag(a)(x —2)+Xa=0 = 2" =2 — %lp.
x

Solving OL(z*,\)/ON = a'a* —b = a'(z — ’\2—*1p) —b = 0 for \* yields \*
2(a'z—0)/(1)a) > 0, where the inequality follows from a'z > b. Then z* =
z — 22=b1 minimizes (5.17) by the KKT conditions.

The proof follows by combining the two cases into the form (5.16)). O

5.3.3 Upper bounds on «(G) from the ADMM iterates

The following lemma shows that any matrix in SL_B| induces an upper bound on a(G).
Note that the matrix X*¢ from the ADMM iterates (5.12)) satisfies X € Sfl for all
¢ € N. Thus, any iteration of the ADMM provides an upper bound on «a(G).
Lemma 5.3. Let G = (V, E), where V. = [n] for some n € N, ([g) C BC ([<"7]1),
B . - i

M € SLL | and let (f8)peB2onm), satisfy (xB) T MxB = ZﬁeB%m[n]G fzr? mod Zg.
We have that the value

v(M) := My + > max { f5 + I(8), 0} (5.18)

BEB2UN[n] ;: B0
satisfies v(M) > a(G).
Proof. For notational convenience, we define B’ := B?” N [n],. Consider the polyno-
mial
g(x) := (xP) T MxP + Z max { f5 + 1(5),0} (1 — ")
BEB:BFD
bY max (s - 1(6), 04"
BEB D

Observe that for any x € Sg, g(z) > 0 since M = 0, and 1 — 2°,2° > 0. Hence,
g € Pg.

Let (g9s)pen be the coefficients of g, i.e., g = > 5.5 gpz” mod Zg. For nonempty
B € B’, we have

g5 = fg —max{fz +1(B),0} + max {—fz — I(B),0} = —1(5).
Thus, g(z) = gg — Zie[n] x; mod Zg, where gy is the constant term of g, given by

90 = Mo + X pepr.ppp max{fs +1(8),0}. By (5.2) and the fact that g € Pg, it
follows that gg > a(G). Since gy = v(M), this proves the result. O

Thus, it follows from that for X* as in (5.12) and v as in (5.18)), v(X ‘)

is an upper bound on the stability number a(G). We will use the value v(X*) as
valid upper bound on «(G) for the numerical results in [Section 5.5
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5.4 A dynamic basis selection method and ADMM
initialization

We provide a method for selecting a basis ([g) CBC ([g) for computing o (G),
see (5.5). We also provide a method for initializing the ADMM iterates X', Y,
Z1, see . Both these methods are based on an SDP defining the Lovész theta
function of a graph G = ([n], ), with n € N. This SDP is given by:

Y(G) = max Z Zy,
1€[n]

14+n
Zest

5.19
s.t. Z;j=0forall {i,j} € E (5.19)

Zii=Zp, foralli € [n], Zpy=1.

Here, the matrix Z is indexed by the 1+ n elements of ([g) (see also [120] Sect. 3.1]).

It can be shown that is dual to the SDP defining a([SnD(G), see (5.8). To solve
(5-19), we use the IPM-based SDP solver MOSEK [228]. The PSD variable in
is of order 1 4+ n and there are 2|E| 4+ 2n + 1 linear equality constraints, which is
small enough for IPM-based solvers to be efficient for graphs of sizes considered here.
For instance, among the graphs we consider, c_fat200_5 attains the largest value of
2|E|+2n+1, with |E| = 11427 and n = 200 (see[Table 5.7). For this graph, MOSEK
solves in approximately 35 seconds.

5.4.1 The basis selection method

Given a graph G on n vertices, and a maximum basis size s > 1 + n, our method
aims to select a basis ([2{) CBC ([g), |B| < s that minimizes o®(G). The inclusions

(ZLD CBC ([g) can be interpreted in terms of F(B), see (5.9)), as follows: matrices

in F ((L”D) are submatrices of matrices in F(B), which in turn are submatrices of
matrices in ]—"((L’g))

Recall that the first and second levels of the Lasserre hierarchy for the stable
set problem are the SDPs defining Oz([SnD(G) and a([STL;)(G) respectively. Thus, our
method selects a basis B such that o(G) corresponds to a level of the Lasserre
hierarchy intermediate to levels 1 and 2, and for some smaller graphs, equal to level

2. We do not consider bases corresponding to levels £ > 2, since the value 04@2) (G),
after rounding down to the nearest integer, often closes the gap with a(G), or is
intractable to compute.

To explain our method, we define, for any subset 5 C [n], the binary matrix

=
78 .= hl ] [11 ] . Matrix Z3 is indexed by the 14n elements of (ZLD Observe that
B B -

ZP is feasible for (5.19) if and only if 8 € [n],. Let 8 € [n] correspond to a maximum
stable set, and consider the binary values (Zf i){ijy¢E. Observe that Zﬁ ;=1if and
only if both vertices i,j € . Thus, the values 1 in the vector (Z,fj){i’j}gE indicate
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the maximum stable set 5. As such, we would like to include the monomials z;z;, for
which Zf ; =1, in our basis. In practice however, the matrix Zf’ ; 18 unknown, since
a maximum stable set is not known. Therefore, instead of Z?, we consider matrix
Z*, which denotes an optimal solution of , and can be considered a semidefinite
approximation of Z#. Then, we include monomial z;z;, {i,j} ¢ E, in our basis if Z7
is ‘large enough’.

We now present our basis selection method formally: Compute first s’, defined as
the cardinality of ([S”%) \ (([g) U E), which is the set of non-edges in G. Then we
distinguish two cases, based on the given maximum basis size s.

Case 1: s < 1+ n+ . Solve using an [PM-based SDP solver to obtain

an optimal solution Z*. As basis B, we choose the sets in (1) and the s — (1 + n)

([S”D +s—(14+n)=s.

Case 2: s > 1+n+s’. We take the basis B = (L”%)\E, of size [B|=14+n+s <s.

Observe that B = ([g) N [n] 5, which implies that of(G) = al22) (G), see|Lemma 5.1

Therefore, in Case 2, the resulting basis corresponds to the second level of the Lasserre
hierarchy.

non-edges {i,j} with largest value Z7 ;. Note that |B| =

Preliminary numerical experiments showed that selecting monomials based on the
largest values of (Zl* j){i,j}g g, outperformed methods that selected monomials based
on smallest values in (Z;k j){i7j}¢ E, or those values closest to the average value given
by > tisver Zi;/|E|. We also tested basis selection methods based on the values
(Zé': i)ie[n]a or degrees of vertices, and these were also outperformed by the above
described basis selection method.

5.4.2 Initialization of ADMM iterates

Our initialization method is defined for any basis (L"D CBC ( [<"T]L), and depends on
optimal primal and dual solutions to , denoted respectivelgf by Z* € S}f” and
X* e S,

Note that the initial ADMM iterates X!, Y!, Z! are indexed by the elements of
B. Our initialization method sets the principal submatrix of X!, that is indexed by
the elements of (L"D, equal to X*. We set the other elements of X' to zero, and set
Yt = X'. We initialize Z* by setting the principal submatrix of Z! corresponding
to the elements of (L"D as (1/p)Z*, and the rest all zero. Here, we scale Z* by 1/p,
since corresponds to the scaled form of the ADMM.

An important property of this initialization is that U(X 1), see (5.18)), equals ¥(G).
Indeed, since X* = 0, also X' = 0. Moreover, since X* is a feasible dual solution to

, and is the SDP dual of for B = ([g{), it follows that X™* € F((?{))

This implies that the values fg in (5.18), corresponding to X*, satisfy fz < —I(8),
from where it follows that U(X 1) = XQ} g- Lastly, since X* is an optimal dual solution

to (5.19), X, = Xj 4 = ¥(G). Thus, v(X') = 9(G). Consequently, the best bound
returned by the ADMM after a finite number of iterations is at most ¥(G).
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5.5 Numerical results

We compute Lasserre hierarchy bounds for the stable set problem, using the ADMM
as described in with stepsize parameter v = 3/2, see (5.12). We set the
ADMM penalty parameter p = (4/5)+/|B], see (5-11)), where B is the used basis of size
at most s € N, determined by the basis selection method outlined in
The algorithms are implemented in MATLAB. All experiments are run on a machine
with 16GB RAM and an Intel i7-1165G7 CPU.

In[Section 5.5.1]we compare SDP bounds obtained from two versions of the ADMM
algorithm: one that computes the eigendecomposition in using single precision,
and another that uses double precision. We conclude that the single precision ADMM
requires less computation time per iteration, without a significant loss in quality of
the corresponding bounds. The stopping conditions are provided in [Section 5.5.2] and
are used in [Section 5.5.3|to compute bounds on «(G) from the Lasserre hierarchy with
the single precision ADMM. We compare these bounds with the bounds obtained by
the exact subgraph hierarchy (ESH) [98] and the bounds from [260]. Both approaches
provide among the strongest SDP bounds for the stable set problem.

5.5.1 Single vs. double precision for eigendecompositions

It is well known that one of the most expensive steps of the ADMM, when applied
to SDP, is computing projections onto the PSD cone, see e.g., [243, Sect. 5| and
[266, Sect. 1]. It is standard to compute these projections Pz (A), see (5.14), by

siP!
computing the full eigendecomposition of A, thatis, A =3, ACA) Au ,\UI. Computing
the eigendecomposition in single precision is computationally less expensive than in
double precision. However, the lower accuracy of single precision might result in
worse upper bounds compared to double precision. We investigate this trade-off by
comparing the SDP bounds on the stable set problem obtained by two versions of
the ADMM algorithm: one that uses single precision and another that uses double
precision for the eigendecompositions. All other parts of the algorithms remain the
same.

We run each version of the ADMM algorithm for a fixed number of iterations to
compute bounds on «(G) for three different graphs. All ADMM iterates, see ,
are initialized by setting X! = Y! = Z! = 0, i.e., the zero matrix of appropriate
size. When the iteration number ¢ is a multiple of 100, we compute the bound
U(X€>, see (5.18), which satisfies v(XE) > «(G). We also track the computation
time, and present the results in [Tables 5.1{to[5.3] In these tables, column ‘Bnd. diff.’
(for bound difference) reports the double precision bound U(X g) subtracted from the

single precision U(X L;).

From the data presented in these tables we conclude that the difference in v(X L;)
between the two precisions and for fixed ¢, is negligible (at most 0.04517). In contrast,
the reduction in computation time may be significant, see for instance the row corre-
sponding to £ = 600 in the single precision ADMM requires 113.82 seconds
to compute 600 iterations, whereas the double precision ADMM requires 205.35 sec-
onds. With this larger computation time, the double precision bound U(X e) is only
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0.00677 smaller than the single precision bound. Rounded down, both precisions pro-
vide the same bound on a(G), but the single precision ADMM requires only 55% of
the computation time of the double precision ADMM.

We also perform the following similar experiment: we run each ADMM version
for one hour on a single graph. We pick a basis of size s = 2500 and initialize the
ADMM iterates with the methods outlined in [Sections 5.4.1 and [5.4.2] respectively.
At the first iteration and every 10 seconds ¢, we compute the valid upper bound
vy := v(X?*), where ¢ is the iteration index at time ¢. We set vy := v(X') = J(G).
This yields a set of upper bounds {wg,v1g,. .-, V3600}- reports the best
bounds achieved by both ADMM versions over time. That is, plots the
curves through the points (¢, minge o 10,...,,} V&), for t € {0,10,20,...,3600}. For the
single precision version of the ADMM algorithm, the bounds v1g, v2g,...,vs0 > o,
and thus the plot corresponding to single precision is flat for the first 80 seconds. For
the double precision variant of the ADMM, the plot is flat for the first 170 seconds.
demonstrates that the single precision ADMM provides stronger bounds
than the double precision ADMM, at any time ¢, t < 3600. This is due to the fact
that the single precision ADMM algorithm can perform more ADMM iterations in
the same time as compared to the double precision ADMM algorithm.

Based on these conclusions, we will use the version of the ADMM that computes
eigendecompositions in single precision for the remainder of this section.

5.5.2 Stopping conditions

For each graph, we run the ADMM algorithm for at most one hour (unless otherwise
specified). Next to maximum running time, we have the following stopping conditions:
we stop if

x| xe Xy 520,
PTG X (T '

for 3 consecutive iterations, see e.g., [34, Sect. 3.3.1]. To keep computation costs
minimal, we only verify whether holds whenever the iteration number ¢ is a
multiple of 100 (and then also for the consecutive iterations if holds). We also
stop earlier if the objective value Xé’m stagnates. Specifically, we stop if

XG0~ X' <107 (5.21)
for Ksag € N (not necessarily consecutive) iterations. For all the tables that follow,

except [Table 5.5] we set Kgiag = 150.

5.5.3 SDP-Lasserre bounds on «(G)

We investigate the quality of the upper bounds on the stability number of graphs
obtained from the Lasserre hierarchy, and computed via the ADMM. For the remain-
der of this section, we refer to such bounds as SDP-Lasserre bounds. To ensure that

these bounds are valid, we use For all the tables that follow, except
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Single precision Double precision .

¢ v(X%) Time (s) | v(X*) Time (s) Bud. diff
100 | 7.13476 0.14 | 7.13484 0.16 | -0.00008
200 | 7.03090 0.25 | 7.03090 0.32 0.00000
300 | 7.07006 0.36 | 7.07013 0.47 | -0.00007
400 | 7.00445 0.46 | 7.00444 0.61 0.00000
500 | 7.00680 0.57 | 7.00677 0.76 0.00004
600 | 7.00032 0.68 | 7.00032 0.91 0.00001

137

Table 5.1: Comparison of upper bounds for HoG_15599, n = 20, a(G) = 7, s = 126.

Single precision Double precision .

¢ v(X*) Time (s) v(X*) Time (s) Bnd. diff.
100 | 20.92761 5.14 | 20.92756 7.99 0.00005
200 | 23.01029 9.97 | 23.01063 16.05 | -0.00035
300 17.21289 15.28 | 17.21270 24.45 0.00019
400 16.42331 21.03 | 16.42139 33.03 0.00192
500 16.51678 26.66 | 16.51551 41.41 0.00127
600 16.30446 32.15 | 16.30274 50.83 0.00172
700 16.49339 37.60 | 16.49267 59.29 0.00072
800 16.29119 43.19 | 16.28875 67.88 0.00245
900 16.39126 49.01 | 16.38704 76.83 0.00421
1000 | 16.28313 54.91 | 16.27664 85.77 0.00649
1100 | 16.31098 62.01 | 16.30117 94.50 0.00981

Table 5.2: Comparison of upper bounds for MANN_a9_clq, n = 45, a(G)

964.

Table 5.5 we set the maximum basis size s = 2500. This value is chosen to ensure the
ADMM converges within one hour on most graphs. In the remainder of this section,

we initialize the ADMM iterates using the method described in [Section 5.4.2

5.5.3.1 SDP bounds for evil, random and near-regular graphs

We benchmark the SDP-Lasserre bounds on the complement of evil graphﬂ [292], as
well as on random graphs and near-regular graphs. These graphs are also tested in
[260], and can be described as follows:

e Evil graphs [292]. These are benchmark graphs for the NP-hard clique prob-
lem. The clique problem on a graph G is equivalent to to the stable set problem
on the complement graph of GG. Therefore, we consider the complement of evil

graphs.

The name of all evil graphs we consider starts with the prefix evil-N[n]-p98,
where n is the number of vertices of the corresponding evil graph. To fit the

IThe evil graphs are available at https://github.com/zbogdan/evil2/tree/main/evil-tests.
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Single precision Double precision :

¢ v(X*) Time (s) v(X*) Time (s) Bud. diff
100 | 122.53210 19.66 | 122.52626 35.47 0.00584
200 | 82.37548 41.58 | 82.37179 70.49 0.00368
300 | 78.23423 59.13 | 78.22998 105.84 0.00425
400 | 78.89802 76.84 | 78.86581 139.59 0.03221
500 | 71.93651 96.10 | 71.89134 173.73 0.04517
600 | 69.47637 113.82 | 69.46960 205.35 0.00677

Table 5.3: Comparison of upper bounds for E-myc5x30, n = 150, a(G) = 60, s = 1500.

20.5 4

T —— Double precision ADMM
20.0 ¢ L G R Single precision ADMM

19.5

Best upper 19.07

bound on a(G) 185 |

18.0 +

17.5 ¢

17.0 | | | | | | Time (min.)
0 10 20 30 40 50 60

Figure 5.1: Comparison of upper bounds for E-myc23x8, n = 184, a(G) = 16, s =
2500.

tables on one page, we replace this prefix by simply E. For example, the evil
graph evil-N120-p98-chv12x10 will be reported as E-chv12x10.

e Random graphs. These are generated following the Erdos-Rényi model. That
is, given n € N and p € (0, 1), generate a graph by taking n vertices and creating
edges {i, j} independently with probability p for every i, j € [n].

In the tables, we report the random graphs as rnd_p[p|, where p is the cor-
responding probability. For example, rnd_p004 is the random graph with
p = 0.04, and n can be read from the table.

e Near-regular graphs. For given n,r € N such that nr is even, these graphs
are constructed as follows (see also [98], Sect. 7.2]): consider a set of nr vertices
given by V := {{i,b} : i € [n],b € [r]}. Select a perfect matching on the vertices
in V to obtain the edge set E C V x V. Consider now the graph G with vertices
V = [n] and edge set F = {{i,j} :3b b € [r] st {{i,0},{4,0'}} € E} Note



5.5. NUMERICAL RESULTS 139

that G is a regular multigraph. Remove from G any parallel edges and self-loops.
The resulting graph is said to be near-regular.

In the tables, we report near-regular graphs as reg_r|[r|, where r is the parameter
that was just described. The number of vertices can be read from the table.

We use the same exact random and near-regular graphs as in [260]. For each graph, we
use the method provided in |Section 5.4.1] to select a basis of size 2500 for computing

the SDP-Lasserre bounds. Because 2500 < )([g) N [n]G‘ for all graphs, the resulting

bounds correspond to the Lasserre hierarchy at levels intermediate to 1 and 2.

reports the SDP-Lasserre bounds on a(G), computed via the ADMM, in
the column ‘SDP-Lasserre’. Columns n, |F|, and ¥(G) report the number of vertices,
number of edges, and Lovasz theta function respectively, for each graph. Column «
reports (bounds on) the stability number of the graphs. For evil graphs, the value of
a(G) is known by construction. The values and intervals for the stability numbers of
the random and near-regular graphs are taken from [99, Table 6]. In we
present improved bounds on «(G) compared to [99, Table 6].

The columns under ‘BOUND 2 [260]" in report BOUND 2 from the
recent paper [260, Sect. 4.1|, which provides one of the best SDP-based upper bounds
on a(G). BOUND 2 is obtained by strengthening the Lovasz theta function with
additional valid inequalities, such as triangle inequalities and inequalities induced by
complete subgraphs of G (i.e., constraints of the form ), _,; x; < 1 where U is a set of
pairwise connected vertices). BOUND 2 is computed by the IPM-based SDP solver
MOSEK [228]. We computed BOUND 2 on the same machine we used to compute
the SDP-Lasserre bound Additional details regarding BOUND 2 can be found in
[260] Sect. 4.1].

The columns ‘GapClsd’ (for gap closed) under SDP-Lasserre and BOUND 2 report

the fraction % rounded down to the first digit, where f* equals the value of

the corresponding bound. Note that f* € [a(G),¥(G)]. For the three graphs with
unknown a(G), we use the best known lower bound on a(G) from [99, Table 6] to
compute GapClsd. Lastly, bounds that equal a(G) when rounded down are boldfaced.

Computing BOUND 2 for the graphs in requires on average only 4 min-
utes of computation time per graph. The ADMM required on average 39 minutes
per graph. The SDP-Lasserre bounds improve over BOUND 2 for various graphs,
sometimes closing the gap towards a(G) whereas BOUND 2 did not (see the graphs
E-s3m25x5, E-myc23x6, reg_r6 and reg_r8). There is one graph in
rnd_p002, for which the SDP-Lasserre bound does not improve upon the Lovasz
theta function ¥(G) = a([g)(G) = 95.778. We ran our ADMM algorithm for 4 hours
to recompute the SDP-Lasserre bound for this graph, which resulted in an improved
bound of 95.244, see also

We rerun the ADMM algorithm on the graphs reg_r10 and reg_r6 with increased
basis size |B| and extended running time. These changes yield improved upper bounds
on a(G) compared to those in [99, Table 6], see also The improved bounds
are reported in where column ‘|B|’ reports the used basis size and column

2The code for BOUND 2 is available at https://arxiv.org/src/2401.17069v2/anc.
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‘T. (min.)’ reports the runtime rounded to the nearest minute. In these computations,
we use Kgae = 500, see .

Lastly, we compare the SDP-Lasserre bounds also with the ESH approach from
[98]. Specifically, we compare the SDP-Lasserre bounds with the ESH bounds on the
random and near-regular graphs reported in Tables 4 and 5 of [98]. The results are
presented in with identical columns as and the newly added
column ‘ESH’. The columns under ‘ESH’ report the obtained bounds by the ESH
and corresponding GapClsd values. The SDP-Lasserre bounds improve over the ESH
bounds in 11 of the 15 reported graphs. The computation times of these ESH bounds
is reported in [98|, although the used computer is not specified. For each of the
graphs in the ESH required on average 1454 seconds. Note that SDP-
Lasserre bounds, when rounded down to the closest integer, close the gap for more
graphs than the other two approaches.

5.5.3.2 SDP bounds on graphs from [97]

We investigate the quality of the SDP-Lasserre bounds on the graphs tested in [97].
This set of graph contains, among others, complements of DIMACS graphs, addi-
tional random Erdos-Rényi graphs, a spin glass graph, graphs from [41], as well as
a Paley, a circulant and a cubic graph. Note that stability numbers of the DIMACS
graphs are known, see e.g., [23].

For all graphs, we use the method from [Section 5.4.T]to select a basis of size at most
2500 for the ADMM. The tested graphs on n < 80 vertices satisfy ‘([g) N [n] G) <

2500, which implies that we compute the full second level of the Lasserre hierarchy for
those graphs. The results are reported in[Table 5.7] with the same column definitions
as in except for the new column denoted by |B|. This column reports the
size of the used basis (in |B| = 2500 for every graph). Bounds that equal
a(G) when rounded down are boldfaced.

We again compare our SDP-Lasserre bounds with BOUND 2 from [260]. Both
these bounds are stronger than the bounds in [97]. Computing BOUND 2 for the
graphs in requires on average only two minutes of computation time per
graph. However, for the larger graphs (n > 150), BOUND 2 cannot be computed
due to insufficient memory, as indicated by the table entry ‘—’. The large memory
requirement of BOUND 2 is due to the large number of linear constraints. The SDP-
Lasserre bounds improve significantly over ¥(G), and often also over BOUND 2. In
particular, the SDP-Lasserre bounds often close the gap towards «(G) when rounded
down. All graphs with n < 72 took at most 122 seconds, except for G_60_025 which
required approximately 270 seconds. For graphs with n > 72, the ADMM algorithm
required between 15 and 60 minutes minutes to terminate.

For the graph c_fat200_5 in[Table 5.7 the SDP-Lasserre bound does not improve
over ¥(G) = 60.345. We ran our ADMM algorithm for 4 hours to recompute the SDP-
Lasserre bound of this graph, which resulted in an improved bound of 60.317, see also

3The graphs used in [97] are available at
https://arxiv.org/src/2003.13605v6/anc/Data_InputGraphs.mat,
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5.5.3.3 SDP bounds on SageMath graphs

We compute the SDP-Lasserre bounds for several graphs from the SageMath [295]
software. Specifically, we consider SageMath graphs on at least 30 vertices, for which
Y(G) is strictly larger than a(G).

The results are reported in which uses the same column definitions
as The SDP-Lasserre bounds improve significantly over ¥(G), and all of
them equal a(G) when rounded down. On average, the ADMM algorithm required
1098 seconds to terminate for each graph. It is worth noting that for each graph, the
ADMM required at most 900 seconds to reach an iteration ¢ for which |v(X*)| =
a(G), see . The computation of BOUND 2 required at most 220 seconds, but
there are some graphs in for which the floor of BOUND 2 does not equal
a(G).
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SDP-Lasserre BOUND 2 |260

Graph name  n || @ Bound GapClsd | Bound GaLCle I(G)

E-chv12x10 120 545 20| 20.355 92.1% | 20.000 99.9% | 24.526
E-mycbx24 120 236 48 | 48.466  89.8% | 48.000 99.9% | 52.607
E-myc1ix11 121 508 221 22.361 91.7% | 22.000 99.9% | 26.397
E-s3m25x5 125 873 20| 20.291 94.1% 22.361  52.7% | 25.000
E-myc23x6 138 1242 121 12.501 84.2% 15.177 0.0% | 15.177
E-myc5x30 150 338 60| 61.477 71.1%| 60.000 99.9% | 65.121
E-s3m25x6 150 1102 24| 25.239  79.3% 26.833  52.7% | 30.000
E-myclix14 154 701 28 | 28.316  94.3% | 28.000 99.9% | 33.596
E-chv12x15 180 944 30 (30.391 94.2% | 30.000 99.9% | 36.788
E-myc5x36 180 439 72| 75.626 29.0% | 72.000 99.9% | 77.110
E-myc23x8 184 1764 16 | 17.504 64.4% 20.235 0.0% | 20.235
E-myc11x17 187 901 34134.332 95.1% | 34.000 99.9% | 40.795
E-s3m25x8 200 1550 32| 35.979 50.2% 35.777  52.7% | 40.000
E-mycbx42 210 541 84| 86.513 58.1% | 84.000 99.9% | 90.001
E-myc11x20 220 1130 40 | 42.791 65.0% | 40.000 99.9% | 47.994
E-myc23x10 230 2263 20| 22.553  51.7% 25.294 0.0% | 25.294
E-chv12x20 240 1352 40 | 40.461  94.9% | 40.000 99.9% | 49.051
E-myc5x48 240 718 96 | 98.627 44.0% | 96.011  99.7% | 100.696
E-s3m25x10 250 2050 40 | 45.003  49.9% 44.721  52.7% | 50.000
E-myc11x23 253 1456 46 | 49.447 62.5% | 46.014 99.8% | 55.193
E-myc5x60 300 1033 120 | 121.876  34.4% | 120.020 99.2% | 122.861
rnd_p004 100 212 45| 45.140 86.8% | 45.027 97.4% | 46.067
rnd_p006 100 303 38 38.199 91.5% | 38.435 81.5% | 40.361
rnd_p008 100 443 32 |32.475 83.3% | 32.433 84.7% | 34.847
rnd_p010 100 489 32(32.029 985% | 32.151 92.5% | 34.020
rnd_p002 200 407 95| 95.778 0.0% | 95.043 94.5% | 95.778
rnd_p003 200 631 81| 82425 46.4% | 81.079 97.0% | 83.662
rnd_p004 200 816 67| 69.890 58.1% 69.818  59.2% | 73.908
rnd_p005 200 991 64| 67.355 33.4% 65.544  69.3% | 69.039
reg_ri10 100 474 28 | 29.636  56.9% 29.431  62.3% | 31.797
reg_r4 100 195 40 | 40.333 90.3% | 40.713 79.3% | 43.449
reg_r6 100 294 34 | 34.667  82.5% 35.047  72.5% | 37.815
reg_r8 100 377 31| 31.645 81.4% 32.063  69.4% | 34.480
reg_ri10 200 980 [57,59]| 60.052 67.5% 62.695  39.5% | 66.418
reg_r4d 200 400 81| 82.450 78.5% 82.246  81.5% | 87.759
reg_r6 200 593 [69,72] | 72.685 64.1% 73.709  54.1% | 79.276
reg_r8 200 792 [60,63] | 64.749  55.9% 66.789  37.0% | 70.790

Table 5.4: Results on evil, random and near-regular graphs.
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a(G) bounds :
Graph name n  |E| New Old [99] SDP-Lasserre  |B|  T. (min.)
reg_r10 200 980 [57,58]  [57,59] 58.032 4250 180
reg_r6 200 593 [69,71]  [69,72] 71.821 3750 105

Table 5.5: Improved bounds on «(G) with larger basis size |B| and longer running
time.

SDP-Lasserre | BOUND 2 [260] ESH [98]

Graph name @ Bound GapClsd | Bound GapClsd | Bound GapClsd (G
rnd_p004 45145.140 86.8% |45.027 97.4%|45.021 98.0% | 46.067
rnd_p006 38138.199 91.5%|38.435 81.5% |38.439 81.4% | 40.361
rnd_p008 32132.475 83.3%32.433 84.7%|32.579 79.6% | 34.847
rnd_p010 32132.029 98.5%(32.151 92.5%|32.191 90.5% | 34.020
rnd_p002 95|95.778 0.0% ] 95.043 94.5% |95.032 95.8%|95.778
rnd_p003 81| 82.425 46.4% |81.079 97.0%|81.224 91.5% | 83.662
rnd_p004 67| 69.890 58.1% | 69.818 59.2% | 70.839 44.4% | 73.908
rnd_p005 64| 67.355 33.4% | 65.544 69.3% | 66.091 58.5% | 69.039
reg_r4 40140.333 90.3%|40.713 79.3% | 40.687 80.0% | 43.449
reg_r6 34(34.667 82.5% | 35.047 72.5%| 35.246 67.3% | 37.815
reg_r8 31[31.645 81.4%| 32.063 69.4% | 32.190 65.8% | 34.480
reg_ri10 [57,59]| 60.052 67.5% | 62.695 39.5% | 62.894 37.4%| 66.418
reg_r4 81| 82.450 78.5% | 82.246 81.5% | 83.732 59.5% | 87.759
reg_r6 [69,72] | 72.685 64.1% | 73.709 54.1% | 75.555 36.2% | 79.276
reg_r8 [60,63] | 64.749 55.9% | 66.789 37.0% | 67.785 27.8% | 70.790

Table 5.6: Comparison of the SDP-Lasserre, BOUND 2 and ESH bounds.
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SDP-Lasserre BOUND 2 |260)]

Graph name " Bl |B]  Bound GapClsd | Bound GapClsd I(G)
HoG_34272 9 17 3 29 3.000 99.8% | 3.000 99.9% | 3.338
HoG_15599 20 44 7| 167 7.003 99.6% | 7.000 99.9% | 7.820
CubicVT26_5 26 39 10| 313 10.100 94.5%|10.662 63.5% | 11.817
HoG_34274 36 72 12| 595 12.010 99.1% | 12.000 99.9% | 13.232
HoG_6575 45 225 10| 811 10.132 97.3% | 13.220 36.2% | 15.053

MANN_a9_clq 45 72 16| 964 16.281 80.9% | 17.225 16.9% | 17.475
Circ47_030 47 282 13| 847 13.003 99.7% | 13.026  97.9% | 14.302
G_50_025 50 308 12| 968 12.028 98.2% | 12.367 76.5% | 13.564
G_60_025 60 450 131381 13.003 99.7% | 13.241  81.1% | 14.281
PaleyGraph61 61 915 5| 977 5.289 89.7% 7.810 0.0% | 7.810
hamming6_4 64 1312 4| 769 4.032 97.5% | 4.749 43.7% | 5.333

HoG_34276 72 144 24| 2485 24.042 98.2% | 24.000 99.9% | 26.463
G_80_050 80 1620 91621 9.001 99.7% | 9.092 78.8% | 9.435
G_100_025 100 1243 17]2500 17.000 99.9% | 18.428 41.5% | 19.441
spinb 125 375 502500 50.236 95.9% | 50.000 99.9% | 55.902
G_150_025 150 2835 192500 19.127 97.3% - 23.718
keller4 171 5100 11 |2500 11.622 79.3% — 14.012
G_200_025 200 4905 212500 23.656 63.1% — 28.217
brock200_1 200 5066 212500 22.912 70.3% — 27.457
c_fat200_5 200 11427 582500 60.345 0.0% — 60.345
sanr200_0_9 200 2037 422500 43.856 74.4% — 49.274

Table 5.7: Results on the graphs from [97].

SDP-Lasserre bound after

Graph name n |E| | hour 4 hours Y Q)
rnd_p002 200 407 95 | 95.778 95.244 95.778
c_fat200_5 200 11427 58 | 60.345 60.317 60.345

Table 5.8: Improved SDP-Lasserre bounds with longer ADMM running times.
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5.6 Conclusions

We have considered SDP bounds on the stability number of graphs obtained from the
Lasserre hierarchy at relaxation level 2, or relaxation levels intermediate to levels 1
and 2. Most of the SDPs considered here cannot be handled by IPMs, as they require
excessive memory due to the large number of constraints. Therefore, we compute
the bounds using the ADMM. The main operations of the ADMM algorithm are
the projection onto the PSD cone , and the projection onto half-spaces, see
Although the former projection is significantly more computationally
expensive than the latter, it is still manageable for the problem sizes considered in this
chapter. For improved performance, our ADMM algorithm also uses warm-starting.

For Lasserre levels intermediate to levels 1 and 2, we propose a method to select
a basis of variables for the relaxation, see We use this basis selection
method to choose bases of size at most 2500 for computing bounds on a(G) for various
graphs in With this basis size, the ADMM algorithm often converges
within one hour of computation time.

The computational experiments in show that the Lasserre hierarchy
bounds, computed via the ADMM and referred to as SDP-Lasserre bounds, are com-
petitive with other SDP-based stable set approaches from the literature, specifically
[98] and [260]. In particular, our approach provides the strongest known SDP bounds
on a(G) for a variety of graphs, see Tables to For some large and dense
graphs in the bound from [260] cannot be computed using the IPM due to
its large memory requirement, in contrast to our SDP-Lasserre bounds.

As future work, it would be interesting to evaluate bounds from the interme-
diate level Lasserre hierarchy on the stability number of highly symmetric graphs.
Specifically, our basis selection method from is currently not suited to
exploit symmetry in the underlying graph. Preliminary computational experiments
have shown that the current basis selection method can be significantly improved for
highly symmetric graphs. Another future research direction is to investigate faster
methods for projecting onto the PSD cone, which is the bottleneck of the ADMM. If
we find an algorithm for projecting onto the PSD cone that is better suited for the
ADMM than the standard eigendecomposition, the ADMM could speed up signifi-
cantly.



6 On solving the MAX-SAT problem
using sum of squares

In this chapter, we investigate semidefinite programming (SDP) approaches for the
satisfiability (SAT) and maximum-satisfiability (MAX-SAT) problems, and their vari-
ants. Given a set of logical clauses, the SAT problem is to decide whether there exists
a truth assignment to the variables such that all clauses are satisfied. The optimiza-
tion variant of the SAT problem, known as the MAX-SAT problem, is to determine
a truth assignment which satisfies the largest number of clauses.

The SAT problem is a central problem in mathematical logic and computer science
and finds various applications, including software or hardware verification [216] and
planning in artificial intelligence [160]. The SAT problem was the first problem shown
to be NP-complete in (1971 [60]. Since the SAT problem is NP-complete, any problem
contained in the complexity class NP can be efficiently recast as a SAT instance. Thus,
algorithms for the SAT problem can also solve a wide variety of other problems, such
as timetabling [19] [109] and product line engineering [225].

SDP approaches to the SAT problem were first proposed by |de Klerk et al.| [68],
and later extended by [Anjos [9, [10, 11, 12]. |Goemans and Williamson| [117] were
first to apply SDP to the MAX-SAT problem. They showed that for a specific class
of MAX-SAT instances, known as MAX-2-SAT (in the MAX-k-SAT problem, each
clause is a disjunction of at most k literals), the MAX-SAT problem is equivalent
to optimizing a multivariate quadratic polynomial, which is naturally well suited
for semidefinite relaxations. In the same paper, |Goemans and Williamson| proposed
a 0.878-approximation algorithm for the MAX-2-SAT problem based on SDP. This
result was later improved to 0.940 in [192]. Further, Karloff and Zwick| [I57] obtained
an optimal 7/8 approximation algorithm for the MAX-3-SAT problem. Halperin and
Zwick| [134] obtained a nearly optimal approximation algorithm for the MAX-4-SAT
problem. In [299], van Maaren et al.| exploit sum of squares (SOS) optimization to
compute bounds for the MAX-SAT problem.

Despite the great success in designing approximation algorithms using SDP, most
modern MAX-SAT solvers do not exploit SDP. A possible reason for this is the fact
that medium to large size SDP problems (SDPs) are computationally challenging to
solve. Interior-point methods, the conventional approach for solving SDPs, struggle
from large memory requirements and prohibitive computation time per iteration al-
ready for medium size SDPs. Recently, first-order methods such as the alternating di-
rection method of multipliers (ADMM) [34],[100] and the Peaceman-Rachford splitting

147
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method (PRSM) [251] showed a great success in solving SDPs, see e.g., [69] 121, [243].
Motivated by those results, we design a MAX-SAT solver that incorporates SDP
bounds and the PRSM within a branch & bound (B&B) scheme.

In particular, we further exploit the SOS approach from [299] to derive SOS-based
SDP relaxations that provide strong upper bounds to the optimal MAX-SAT solu-
tion. The derived SDP relaxations are strengthened SDP duals of the (Goemans and
Williamson| MAX-SAT relaxation. The strength of the upper bounds and the required
time to compute the relaxations depend on the chosen monomial basis. We experi-
ment with different monomial bases and propose a class of bases that provide good
trade-offs between these effects. Moreover, we derive several properties of monomial
bases that are exploited in the design of our solver. We extend the SOS approach
to the weighted partial MAX-SAT problem, a variant of the MAX-SAT problem in
which clauses are divided in soft and hard clauses. Here, the goal is to maximize
the weighted sum of the satisfied soft clauses, over truth assignments that satisfy all
the hard clauses. We strengthen SDP bounds for the weighted partial MAX-SAT
problem using the SAT resolution rule. To the best of our knowledge, we are the first
to exploit SDP for solving the weighted partial MAX-SAT problem.

We show that the PRSM is well suited for exploiting the structure of the SOS-
based SDP relaxations. Therefore, we implement the PRSM to (approximately) solve
large-scale SDP relaxations and obtain upper bounds for the (weighted partial) MAX-
SAT problem. The resulting algorithm is very efficient, e.g., it can compute upper
bounds with matrix variables of order 1800 in less than 2 minutes, and for matrices of
order 2400 in less than 4 minutes. Our numerical results show that the upper bounds
are strong, in particular when larger monomial bases is used. We also exploit the
output of the PRSM to efficiently compute lower bounds for the MAX-SAT problem.

We design an SOS-SDP based MAX-SAT solver (named SOS-MS) that exploits
SOS-based SDP relaxations and the PRSM. SOS-MS is one of the first SDP-based
MAX-SAT solvers. The only alternative SDP-based solver is the MIXSAT algo-
rithm [310] that is designed to solve MAX-2-SAT instances. SOS-MS is able to solve
(weighted partial) MAX-k-SAT instances, for k£ < 3. To solve a MAX-SAT instance,
SOS-MS has to approximately solve multiple SDP subproblems. A crucial component
of SOS-MS is therefore its ability to quickly construct the program parameters of the
required SDPs, i.e., the process of parsing. We design an efficient parsing method,
which is also applicable to other problems and publicly available. Another efficient
feature of our solver is warm starts. Namely, our solver uses the approximate PRSM
solution at a node, as warm starts for the corresponding children’s node. We are able
to solve a variety of MAX-SAT instances in a reasonable time, while solving some
instances faster than the best solvers in the Eleventh Evaluation of MAX-SAT solvers
(MSE-2016). Moreover, we solve three previously unsolved MAX-3-SAT instances
from the MSE-2016. Our results provide new perspectives on solving the MAX-SAT
problem, and all its variants, by using SDPs.

This chapter also provides various theoretical results. We propose a family of
semidefinite feasibility problems, and show that one member of this family provides
the rank two guarantee. That is, whenever the semidefinite relaxation admits a feasi-
ble matrix of rank two or less, the underlying SAT instance is satisfiable. This result
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relates to a similar rank two guarantee result by |Anjos| [9]. The rank value can be
seen as a measure of the strength of the relaxation. We also provide a parametric
family of semidefinite relaxations for the (weighted partial) MAX-SAT problem. The
parameter can be finely tuned to adjust the strength of the relaxation, and any such
relaxation can easily be incorporated within SOS-MS. This allows the solver to be
adapted per (class of) problem instance(s).

Further, we show how the SOS approach to the MAX-SAT problem of |[van Maaren
et al.|[299] and the, here generalized, moment relaxations of the SAT problem due
to |Anjos [9] 10} 11} 12] are related. This is done by exploiting the duality theory
of the moment and SOS approaches. Our result generalizes a result by |[van Maaren
et al.[[299], who showed the connection between the two approaches only for restricted
cases. By exploiting duality theory, we also relate the SOS relaxations for the partial
MAX-SAT problem to the SAT relaxations from [9].

Lastly, we investigate MAX-SAT resolution, a powerful technique used by many
MAX-SAT solvers |2], in relation to the SDP approach to the MAX-SAT problem.
Standard MAX-SAT solvers use resolution to determine upper bounds on the MAX-
SAT solution, while SOS-MS determines upper bounds through SDP. We show how
resolution is related to the monomial basis. We also show how the SAT resolution
can be exploited for the weighted partial MAX-SAT problem.

This chapter is organized as follows. We provide preliminaries in and
assumptions in [Section 6.1.1} [Section 6.2| provides an overview of the Goemans and
Williamson| approach [117] to the MAX-SAT problem. first outlines pre-
vious SDP approaches to the SAT problem, and then generalizes them.
provides the details of the SOS theory, applied to the MAX-SAT problem. We also
derive various properties of monomial bases in that section. concerns the
combination of MAX-SAT resolution and SOS. In[Section 6.6, we show how two SDP
approaches to SAT and MAX-SAT problems, i.e., [9] and [299], are connected.
introduces the PRSM for SOS. We extend the SOS approach to the weighted
partial MAX-SAT problem and connect the resulting program to the relaxations in
[9], in [Section 6.8 [Section 6.9 provides an overview and pseudocode of our solver
SOS-MS. [Section 6.10| presents Numerical results that include SOS-SDP bounds and
performance of SOS-MS. Concluding remarks are given in

6.1 Preliminaries

We denote by ¢ a propositional formula, in variables z; up to z,,, n € N, and assume
that ¢ is in conjunctive normal form (CNF). That is, ¢ is given by a conjunction of
m clauses,

¢ = /\ Cj7 (61)
j=1

where A denotes the logical and. We will mostly use n to refer to the number of
variables and m to refer to the number of clauses. Each clause C; is a disjunction of
(possibly negated) variables. We define each clause C; as a subset of [n], indicating
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the variables appearing in C;. Moreover, we define I;r C U} as the set of unnegated

variables appearing in C;. Similarly, I, C Cj is defined as the set of negated variables
appearing in C;. Thus, the clause associated with C; reads

\/ x; V \/ X, (6-2)

zelj 1€Ij

where V and — denote the logical or and negation respectively. We refer to both z;
and —x; as literals. For example, the literal —x; is true if x; is false. We denote the
length of a clause by ¢;, thus ¢; := |C;|. We say that ¢ constitutes a (MAX-)k-SAT
instance if max;cp,,£; = k. We associate to each clause a vector a; € {0,%1}",
having entries a; ;, ¢ € N, according to

-1, ifqe€ I,
aj; =40, ifi¢glFUl;, (6.3)
1, ifiel}.

The SAT problem is to decide, given ¢, whether a satisfying truth assignment to
the variables x;, i € [n] exists. The MAX-SAT problem is to find an assignment which
satisfies the largest number of clauses.

6.1.1 Assumptions on logical propositions

In the rest of this chapter, we assume that all logical propositions ¢, on n variables
and m clauses, satisfy the following three properties:

_l’_ - .
L NI =0,Vj € [m],
2. |CJ’ >2,Vj € [m],
3. Each variable is contained it at least 2 clauses,

along with ¢ being in CNF. We explain now that properties 1 and 3 can be assumed
without loss of generality. Property 1 states that a clause cannot contain both the
negated and unnegated variants of a variable. Note that clauses that contain both
the negated and unnegated variants of a variable are trivially satisfied by any truth
assignment. For property 3, if we have that a variable occurs in exactly one clause,
say C;, we can set that variable to the truth value such that C} is satisfied and remove
C; from ¢.

Property 2 can be assumed for SAT instances. If a SAT instance contains a clause
C; with |C;| =1 (such a clause is known as a unit clause), the literal in C; must be
satisfied in any satisfying assignment. The variable corresponding to this literal can
thus be given the appropriate truth value and ¢ can be reduced (such a reduction of
¢ is referred to as unit resolution). For MAX-SAT instances, it is possible that an
optimal truth assignment might leave unit clauses unsatisfied. We note however, that
the MAX-SAT benchmark instances we consider satisfy the properties 1] to
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6.2 MAX-SAT formulations and relaxations

We outline the approach of Goemans-Williamson for formulating the MAX-SAT prob-
lem as a polynomial optimization problem. We also present their SDP relaxation for
the MAX-2-SAT problem.

Let x1, o, ..., x, be the variables of the MAX-SAT instance, given by a logical
proposition ¢. We thus assume that ¢ is given in conjunctive normal form, see ,
and contains m clauses. As customary in the SDP SAT literature, we associate +1
with true and —1 with false. An assignment of the z; values in {1} is referred to
as a truth assignment. As proposed by Goemans and Williamson| [117], we define a
truth function v : {£1}™ — {0, 1}, such that, given a logical proposition ¢’, evaluated
for some truth assignment, v(¢’) = 1 if and only if ¢’ is satisfied, and 0 otherwise.
This property uniquely determines v, i.e.,

v(z;) = 5 and v(—z;) =

1—$Z'
2

And in general, for a clause C; C [n] of length ¢;, we have

v(C;):=1-— H v () H v(z;)=1- % Z (—1)'7‘%7:(:7 : (6.4)

iel; iel; 7CC;
for a; as in (6.3),
x) = Hmi, (6.5)

IS

and a? defined similarly to . The last equality in follows from the product
expansion of v(C};), as shown in [1I, Prop. 1]|. In [117], an extra variable zo € {£1}
is defined, with the purpose of deciding the truth value, that is, ¢’ is true if and
only if v(¢') = xg. We set xg = 1 without loss of generality for sake of clarity. The
MAX-SAT problem, induced by ¢, is to maximize the following polynomial:

Vg 1= Z v(C)) = Z vg T, (6.6)

j€[m] aC[n]

subject to x; € {£1} for all ¢, and for appropriate vg € R, and 2 asin . Observe
that vy is a kth degree polynomial if ¢ represents a MAX-k-SAT instance. A MAX-2-
SAT instance thus corresponds to a quadratic polynomial, and is therefore well suited
for SDP relaxations. We return to v, in

Assuming now that ¢ represents a MAX-2-SAT instance on n variables, the cor-
responding MAX-2-SAT problem can be formulated as

max (W, X) s.t. diag(X) =1, X = 0, X € {£1}n+Dx(n+l) (6.7)

-
where W € 8" is the fixed matrix such that (W, Ll;] Ll;] ) = vg. Any X feasible

to (6.7) satisfies X = za', for some z € {+1}"*! [8, Thm. 2.1.1]. The size of this
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vector x is one more than the number of variables n, to account for the additional
truth value variable zg.

A semidefinite relaxation of is obtained by omitting the integrality con-
straint, or equivalently nonconvex rank one constraint. This constitutes the well-
known Goemans-Williamson [117] SDP relaxation of the MAX-2-SAT problem. That
is,

max (W, X) s.t. diag(X) =1, X € ST™". (6.8)

Goemans and Williamson showed that the optimal matrix for can be used
to obtain a 0.878-approximation algorithm to the MAX-2-SAT problem. Assum-
ing P # NP, for any ¢ > 0 there exists no (% + &) approximation algorithm to
the MAX-2-SAT problem [135]. Karloff and Zwick [157] introduce a canonical way
of obtaining SDP relaxations for any MAX-SAT problem, that is exploited to obtain
approximation algorithms to the MAX-3-SAT and MAX-4-SAT problems in [157] and
[134] respectively. To solve MAX-2-SAT problems, rather than approximate, Wang
and Zico Kolter| [310] propose the MIXSAT algorithm, which combines with a
B&B scheme.

6.3 The SAT problem as a semidefinite
feasibility problem

In this section we first present a brief overview of the work done by |de Klerk et al.
[68] and |Anjos| [9, [10} (11} [12]. These works present relaxations of the SAT problem,
that involve semidefinite feasibility problems. Infeasibility of their SDP relaxations
implies unsatisfiability of the corresponding SAT instance. The differences between
the proposed relaxations is the size of the SDP variable, and the method of encoding
the structure of the SAT instance in the SDP relaxation. We propose a family of
semidefinite feasibility problems, that contains relaxations from [9} [10] 11} 12| [68] as
special cases, and show that a particular member of the family provides a rank-two
guarantee, see

We reconsider first program , which attempts to satisfy the maximum number
of clauses through its objective function. For the SAT problem specifically, one can
move the clause satisfaction part from the objective to the feasible set of a semidefinite
program. This idea was first proposed by de Klerk et al.| [68] in 2000, and was later
extended by |Anjos| [9]. To be precise: de Klerk et al. propose the so called
relaxation, or [GAP|for short, which is a semidefinite feasibility problem, given by

find Y eS, yeR"

s.t. ajTYaj - Za;ry <Ul;(l; —2)Vj e [m]
diag(Y) =1,
Y -yy',

(GAP)

for a; as in (6.3)). It is noted in [68], that for ¢; < 2, the corresponding inequalities
in relaxation may be changed to equalities. The [GAP] relaxation is suited for
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instances that contain a clause of length two. If ¢; > 3, Vj € [m], then (Y,y) = (I,0)
is always feasible for whether the underlying SAT instance is satisfiable or not.

We now state the SDP relaxations of the SAT problem by |Anjos| [9} 10} 11}, [12] that
are not restricted to the lengths of the clauses in instances. Let ¢ be a proposition
on n variables and m clauses and x € {£1}" the truth assignment to the variables.
Consider a family of subsets B = {a1,...,as}, a; C [n], let x = (21, ..., 2%) T and
define Y := xx'. It is clear that rk(Y) = 1, diag(Y) = 1, and Y = 0. Later, to
obtain a semidefinite relaxation of the SAT problem, we omit the rank one constraint.

We index the matrix Y with the elements of B, and define for all subsets v con-
tained in some clause of ¢, the expression

Y (y) := Y g, for some «, 8 € B jointly contained in a single clause,

such that aAS = 7, (69)
where A is the symmetric difference operator. The symmetric difference operator is
induced by the fact that, for € {£1}", we have Y, g = zoxP = 8P = 27, see
(6.5). In general, Y (0) refers to a diagonal entry of Y, hence, Y'(0) = 1. We may have
Y(v) =Y., and we assume that, for all y contained in a clause of ¢, we can always
find o and (8 as in .

The expression Y () can refer to multiple entries of Y. By construction of Y,
these entries are equal. Stated formally, we have Y € Nj¢[,)A;, where

o Yo 8 = Yo, 8 V(ar,a2,61,82) €B
Aj = { Yes: such that a1 ABy = as APy C C; ' (6.10)

Observe that the sets A; do not capture all equalities present in Y, due to the restric-
tion i ABy = apABy C (. In this section, we choose to include only the equalities
captured by A;. This keeps the relaxations in line with previous relaxations by |Anjos
[9], and these equalities suffice to prove the main theorem in this section, see
rem 6.1} In [Section 6.6 we consider an SDP relaxation of the SAT problem which
considers all equalities present in Y.

If = is a satisfying assignment to ¢, then v(C;) = 1, see (6.4), for all j € [m).
We can rewrite this constraint in terms of Y (), see (6.9). We now omit the rank
one constraint on Y, to obtain the following semidefinite feasibility program, denoted

Rp(9)

find Y es\?

s.t. (-1)"a) V() =0Vj € [m]
2 v (Re(@)
diag(Y)=1,Y € ﬂ Aj.

j€[m]

The program m contains both the relaxation, and the relaxations proposed
by |[Anjos| [9] as special cases. Specifically, one obtains the[GAP|relaxation from [Rz(¢)|
by taking B = {a C [n] : |a| < 1}. For 2-SAT instances, is feasible if and only
if the corresponding 2-SAT instance is satisfiable [68]. Note that 2-SAT is decidable
in linear time [20], unlike the NP-complete k-SAT, k > 3.
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The relaxation can be considered as a semidefinite program in the first level
of the well-known Lasserre hierarchy [175]. |Anjos [9] proposed semidefinite relaxations
of the SAT problem in approximately levels two and three of the Lasserre hierarchy, by
only adding a subset of products of variables to the moment relaxation. For example,

Anjos| [9] proposed the Ry relaxation, which can be obtained from |Rz(¢)| by taking
B={a: aCC(Cjforsome j, |a| odd, or a = 0} . (6.11)

It was proved in [9] that the Ry relaxation attains a rank two guarantee on 3-SAT
instances: whenever the SDP admits a feasible matrix of rank two or lower, the
corresponding 3-SAT instance is satisfiable. We will now prove that, for a different B

than , the resulting relaxation provides the same rank two guarantee.
Theorem 6.1. Let ¢ be a 3-SAT instance and

B={aCn]: aCCjfor some j,|a] <2}. (6.12)
If the SDP rela:z:ationm admits a feasible rank two matrix, then ¢ is satisfiable.

Proof. The proof is adapted from [9, Thm. 3|, in which the theorem is proven for the
case that B is given as in (6.11)).

Since ¢ is a 3-SAT instance, there exists a clause of length three. Fix a j for which
clause C; = {41, 12,43} and set

Bj:={aCn]: aCCj ol <2} = {{0}, {irtreqr,2sy, {i1, 02}, {i1,is}, {iz i3} },

for B as in (6.12). Note that B; C B. Let Y be feasible solution to [Rg(¢)| of rank 2.
Consider the submatrix of Y, indexed by some of the elements of B;,

[ 1 Y (iyin) Y(iyiz) Y (igi3)]
Y (i1io) 1 Y (igiz) Y (i1i3)
Y (iriz) Y (igi3) 1 Y (ivia) | (6.13)
Y (igiz) Y (i1i3) Y (iyiz) 1

Y (iriaiz)  Y(iz) Y(i2)  Y(i1)

where Y (-) is as in (6.9). For example, Y (i142) = Yji,i, and Y (i1) = Yiyig irinis- AS
the matrix in has has rank at most 2, it can be proven [14] Lem. 3.11| that at
least one of Y (i1i2), Y (i1i3), Y (i2i3) equals §, where § € {+1}.

Assume without loss of generality that Y (i1iz) = 6. Consider now the following

3 x 3 principal submatrices of Y:

1 Y(iz) Y(iri2) 1 Y(irig) Y (igi3) I Y(i1) Y(iria)
1 Y(iviais) | | 1 Y(ivis)| 1 Y(ia) | ,(6.14)
1 1 1

where we have omitted the lower triangular part, which is fixed by symmetry. The
three matrices in have the following three properties: they are PSD, they have
unit diagonal and at least one of their entries is contained in {41}, i.e., the entry
Y (i1i2) € {£1}. It can then be shown [14, Lem. 3.9] that

Y (ivigis) = 8Y (i3), Y (iniz) = 6Y (iris), Y (in) = 0Y (i1), for § = Y (i1iz). (6.15)
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The nonlinear equalities in (6.15]) allow us to simplify the satisfiability constraint on
Cj, given by

Z (—1)|FY| CL"jy Y(’)/) =1- a1Y(i1) — a2Y(7:2) — a3Y(i3) + a1a2Y(i1i2)
vCC;

- - o (6.16)
+ CL16L3Y(2123) + (12(13Y(2223) — a1a2a3Y(212223)

=0,

see the constraints of [Rz(¢)l Here, we have written ay for a;;,, k € {1,2,3}, see
(6.3). Substituting (6.15) in (6.16]) yields

[1 + a1a25] [1 — CL1Y(i1) — CL3Y('I;3) + a1a3Y(i1i3) =0, (617)

where we have used that a7 = 1. Note that 1 + aja2d € {0,2}, hence, there are two
cases to consider. In the case that 1 + aja20 = 2, equation (6.17)) reduces to

1-— a1Y(i1) - Cl3Y(i3) — a2a3Y(i2i3) = 0, (618)

which is a linear constraint in the entries of matrix Y. In case 1 + aja2d0 = 0, clause
Cj is satisfied when Ty Tiy = Y(leg) =90.

We have shown in that for any clause C; of length three, its corresponding
linear satisfiability constraint (6.16]), can be written as g;(6)f;(Y) = 0 when rk(Y) =
2, for polynomials g; and f;. For all j such that g;(d) # 0, let B; be the set of the
singletons a € B, |a| < 1, that also appear as Y («) in the polynomial f;(Y’). Note
that for the particular equation (6.17), we would have B; = {{i1},{is}}. Note also
that is the constraint of the semidefinite relaxation of a clause of length two
on the variables z;, and xz;,.

Let B be the union of all B; and consider the submatrix of ¥ indexed by all sets
in B and the set (). As Y is feasible for Y is automatically feasible for the
|[GAP]| relaxation corresponding to some 2-SAT instance on the variables z;, i € B,
which implies satisfiability of the corresponding 2-SAT instance [68, Thm. 5.1|. This
implies that the x; variables have a truth assignment that satisfy the reduced clauses
of length two. This truth assignment to the x;, ¢« € B, variables can be extended to a
truth assignment to the variables x;, i ¢ B, by using the appropriate values of § and

(6.15). This proves the theorem. O

We will return to the basis (6.12) in [Section 6.4.1] where we study it for the
purpose of solving MAX-SAT instances.

6.4 Sum of squares and the MAX-SAT problem

In we first provide an overview of the approach of [van Maaren et al.
[299] for deriving relaxations for the MAX-SAT problem. Their approach exploits SOS
optimization, which has received much attention in the literature, see e.g., [176] [185]
250, 270]. Relaxations depend on a basis of monomials that is used to compute them.
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We introduce a parametric family of monomial bases with increasing complexity. In
section 6.4.2| we derive several properties of monomial bases that are later used in our
computations.

6.4.1 General overview

For a given logical proposition ¢, on n variables and m clauses, the value

Fy(z) =) 2% I @ = ajim), (6.19)

Jj=1 1eCj

for a;; as in (6.3, equals the number of unsatisfied clauses by truth assignment
x € {£1}". Hence, we are interested in minimizing Fyy over {£1}", on which Fj is

nonnegative. Let R[x| be the set of real polynomials in z1,...,x,. We define
k
Vi=Sf:f=> f7 modZ, f; €R[z]Vj€[k], keN (6.20)
j=1

as the set of SOS polynomials modulo Z, where Z is the vanishing ideal of {£1}".
That is

I=(1-2f,1—a3,...,1—22). (6.21)

By Putinars Positivstellensatz |261], V is the set of nonnegative polynomials on
{£1}"™. Generally, optimization over V is intractable due to its size, which is why we
consider

Vai={f:f=x"Mx modZ, M >0}, (6.22)

where x is some monomial basis. Since M > 0, it follows that all polynomials of
Vx are nonnegative on {£1}". Therefore, Vx C V, and we may approximate the
minimum of Fy by

r?in?} Foy=sup{peR: Fy—peV>sup{peR: Fy—pecVg}. (6.23)
re "

The description of Vi shows that the lower bound in (6.23]) can be computed via SDP.

It is important to note that in the quotient ring of R[z] modulo Z, all terms z? = 1,

and thus it suffices to consider only monomials in x for which the largest power is at
most 1. Thus, we can write

Fy(z) = > pa®, (6.24)
]

aCln

where p§ € R for all o C [n] and 2 as in (6.5)). For the constant term of Fy(x), we
have

1
0 _ E
=1
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We say that monomial basis x represents a logical proposition ¢ if matrix X = xx "

mod Z contains all monomials z for which pg 7 0. We index this matrix X and the
matrix M from (6.22) with subsets @ C [n] for which ® € x. Note that for such
a, B C [n], we have

X5 =24 mod T. (6.26)

For a C [n], we write z* € X if X has an entry equal to ® (modulo Z). ivan Maaren
et al.|[299] propose multiple monomial bases x, among them basis SO, given by

SOS, =1U{x; : i € [n]}U{z;z; : i and j jointly appear in a clause}. (6.27)

It is stated in [299] that SOS, represents 2-SAT and 3-SAT instances. While this
is true, this basis also represents 4-SAT instances (see [Lemma 6.3). We additionally
define for Q € {0} U [n], as extension to SOS,, the basis

¢ and j are both in the
SOSQ := 508, U { T } :

top Q appearing variables (6.28)

Basis SOS;;Q takes basis SOS), and adds all the ((3) quadratic terms of the Q
variables appearing in the largest number of clauses of ¢. Any basis x is considered
to have duplicate monomials removed, and so, for small values of Q, bases SOS]? and
SOS), might coincide.

We also define the basis SOSY, for 6 € [0,1], which is suited for (MAX-)2-SAT
instances. This basis consists of all the monomials of degree one and zero, plus a
percentage 0 of all quadratic monomials appearing in SOS,,. The included quadratic
monomials are those that appear in SOS), and attain the largest monomial weight w,
which is defined as w(z®) := >, ., w(i), where w(i) := [{C € ¢ : i € C}|, fori € [n].
This results in the following chain of inclusions:

{z% : |a| <1} = SOS? € SOS! C SOS! = SOS, = SOSY

(6.29)
C SOSY C SOS) = {a™ : |a| < 2}.

We now define for all v C [n] such that 27 € X, a set of ordered pairs as follows
x" = {(a,8) C[n]® : aLB =17, 2* € x, 2° €x}. (6.30)
Set X7 contains the index pairs (a, ) such that X, g = 27 mod Z. Therefore,
Fy = x" Mx if and only if
> Mag=p}, VyCinl, (6.31)
(a,B)EXY

where we set the summation to 0 if x” = (. Constraints of the form (6.31) are
sometimes referred to as coefficient matching conditions in SOS literature [318]. We
define

M¢ = M e S|x| : Z Ma,,@ = pz) V’Y - [?’L], Y 7£ 0 ) (632)
(o, B)EXY
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as the set of matrices that satisfy the coefficient matching conditions, for all monomials
except z?,

Note that M is constrained to be symmetric, which is reflected in the definition
of x7, since (a, 8) € x7 if and only if (5, a) € x7. Moreover, x? contains the index
pairs of the diagonal entries of M, which correspond to zero-degree monomials in X.
Hence,

F¢—MEXTMX = M e M, andpg—u: (I, M),

see (6.23) and (6.25). To maximize the lower bound on F, see (6.23)), we maximize p,

which is thus equivalent to minimizing (I, M). We can therefore compute this lower
bound by solving the following SDP:

min (I, M) s.t. M € My NSy, (Py)

We note that, for the purpose of solving@ through interior-point methods, program
is strictly feasible: for any feasible matrix M, matrix M + I is strictly feasible.
The existence of any such feasible matrix M follows from the nonnegativity of Fy, on

{£1}™. We postpone the derivation of the dual of [Py| to [Section 6.6] where we also
show its strict feasibility in |[Theorem 6.6

6.4.2 Properties of SOS;:2

We provide provide several properties of monomial bases that are exploited within

the PRSM, see
Denote by |x7| the cardinality of the set x7, see (6.30). Due to the symmetry of

X, see (6.26), |x7| is an even number and greater than or equal to 2. In particular,
when |x7| = 2, say x7 = {(a, 8), (8, )}, we have

Mg+ Mg o :p; and My 3= Mg, = Mypg= Mg = pg/Q. (6.33)

Thus, whenever |x?| = 2, the constraint involving x7 in M, see (6.32)), simply fixes
two entries of M. van Maaren et al.| [299] refer to these constraints arising from
|x7| = 2 as unit constraints. In [299 Section 7|, the authors empirically show that a
large percentage of the constraints of M, are unit constraints. The authors of [299]
propose as future work the development of an SDP solver that is able to exploit the
large number of unit constraints. We propose an algorithm for approximately solving

in which is able to do so.

The following lemma describes the subsets « that induce unit constraints.

Lemma 6.2. Let ¢ be a (MAX-)SAT instance on n variables and m clauses, and
X its corresponding SOS;,‘Q basis, see (6.28), for some Q € {0} U [n]. Then, for all
v C [n], we have the following implication

x'|=2 = p;=0, (6.34)

where X7 is as in (6.30), and pJ is a coefficient of Fy(x), see (6.24).
Proof. Tt follows from the definition of Fy(z), see (6.19) and (6.24)), that for all v C [n],
YZLC; Yiem] = p,=0. (6.35)
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We will prove the following implication
vyC 0y, j€eml = [x7|#2. (6.36)

Then, the contrapositive of (6.36]), combined with (6.35]), proves (6.34).

To prove (6.36)), let v C C; for some j € [m]. We distinguish four cases based on
the value of |v].

Case 1. |y| € {0,1,2}.

We assume without loss of generality that v C {i1,i2} C Cj. Since {i1,i2} C Cj,
we have that z” € x, for all 8 € S := {),41,42, {i1,92}}. We consider all the subsets
obtained by taking pairwise symmetric difference of elements of S in the symmetric
matrix

0 i1 io  i1is
i 0 dyie i
Sa = L s 1h2 2
Qo dyip 0 i1
i1is iy g 0

Observe that for all possible v C {i1,i2}, we have that |x7| > 4, and thus, |x7| # 2.

Case 2. |y| = 3.

We assume without loss of generality that v = {i1,i2,i3} C C;. By again constructing
Sa for S ={0,4y,i9,43, {i1,i2}, {i1, i3}, {i2,i3}} (details omitted), one can show that
|x7| > 4.

Case 3. |y| = 4. Proof is similar to the case |y| = 3.

Case 4. |y| > 4. By definition of SOS2, see (6.28), |x7| = 0 whenever |y| >4. [

implies that, in an implementation which uses the S 0519 basis, it is
not required to store the coefficients corresponding to unit constraints (since these
all equal 0), but only the indices restricted by the unit constraints. The converse of
is generally not true. That is, there can exist many subsets v C [n] for
which pj = 0, but [x7] > 2.

Lemma 6.3. Let ¢ be a (MAX-)SAT instance on n variables and x its monomial
basis according to SOSK, see (6.28), for some Q € {0} U [n]. Let v C [n]. Then

P’

1. vl €{1,2} = [|x7| <2n.
2. vl € {3,4} = |x7| <6.
3. |y >4 = |x7|=0.

Proof. Let B := {8 € [n]: 2P ¢ SOS;B}. The proof follows from enumerating the
pairs of sets in B such that their symmetric difference equals 7. For of the
lemma, assume first, without loss of generality, that v = {1}. Then consider the tuples
(0,{1}) and ({1, k},{k}), for k € [n]\ {1}. There are 2n of these tuples (counting the
symmetry of order twice) and their symmetric differences all equal . Next, we assume
without loss of generality that v = {1,2}. Then the tuples ({1},{2}), ({1,2},0) and
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({1,k},{2,k}), for k € [n] \ {1,2}, have their pairwise symmetric difference equal to
~. There are 2n of these tuples, which proves of the lemma.

Assuming that v = {1, 2,3}, we find the 6 tuples as ({i},vy\ {i}), i € v. If instead
|7| = 4, each tuple corresponds to one of ( ) = 6 partitions which proves

4
Lastly, it follows from the definition of SOSS’, that any monomial in matrix xx ' is
of degree at most four, which proves part of the lemma. O

Part |3| of [Lemma 6.3| shows that the SOS;? bases are only suited for the (MAX-
)k-SAT problem when £k < 4.

6.5 Resolution and monomial bases

In this section, we consider resolution in combination with the SOS approach to the
MAX-SAT problem. Resolution is a technique from mathematical logic, and widely
employed by MAX-SAT solvers [259]. Resolution takes as inputs two clauses of a
proposition ¢, and returns a set of new clauses, named the resolvent clauses. The
resolvent clauses transform ¢ into ¢, by either replacing the original clauses, or
by adding the resolvent clauses to ¢ (depending on which resolution rule is used).
We show in this section that the MAX-SAT resolution rule might not be beneficial
for the SOS approach applied to the MAX-SAT problem, and can even decrease
its effectiveness. However, in we show how to benefit from the SAT
resolution rule when solving partial MAX-SAT problems.

We show this using an example. For k > 3, we define the following proposition on
k variables

-1 VAN (.C(Il V _'xz) VAN (:172 vV .1’3) VAN —I3 if k= 3,
i = k-1 (6.37)
~T1 A (21 V 2m2) A(z2 Vo) A | N;Z3 (025 V)| Aok else.

It is clear that ¢; is unsatisfiable. If one satisfies the initial two unit clauses and
performs unit resolution, more unit clauses appear. Repeating this process will lead
to an all false truth assignment, leaving clause x5 V x3 unsatisfied. Therefore, any
truth assignment leaves at least one clause unsatisfied, and hence,

in F, =Fy (-1;) =1 6.38
Lo Fo o (—1k) = 1, (6.38)

for Fy, asin (6.19).
In the following lemma, we show that the SOS, basis, see (6.27)), suffices for
proving optimality of this assignment.

Lemma 6.4. For all k > 3, we have that
max {p : Fy, —p € Vst =1, (6.39)
where x = SOS,(¢r), and Vx is as in (6.22).

Proof. Since min,eryqyx Fy, = 1, see (6.38)), there does not exist a p > 1 such that
Fy, —p €V, see (6.20). As Vi C V, this implies that #u > 1 such that Fy, —p € Vy.

Thus, to prove (6.39)) it suffices to show that Fj, — 1 € Vy, for all k > 3.
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We prove this by induction. For the base case £k = 3, we have

F¢3 = (6 +SE‘1 +.§U3 — T1T2 + CB2$3)/4
=14+ 24z +x3 — 2120 + x2x3)2/32 (6.40)
+ (=21 + 229 + 23 + 2120 + 2223)% /32 mod Z,

for Z as in (6.21). Clearly, the monomials appearing in (6.40) are contained in
SOS,(¢r). Therefore, Fy, —1 € Vx. Now for k + 1, we have

F¢,k+1 = F¢k + (1 — T+ Tht1 — xk$k+1)/4
=1+ (Fy, — 1)+ (1 — 23 + 211 — x2re1)?/16  mod Z.

By the induction hypothesis, Fiy, —1 € Vx, and so it follows that Fy, ., —1 € Vy as
well. [

Let us now present the MAX-SAT resolution rule, see e.g., [2]. For clauses C; and
(5 of some proposition ¢, on literals x, z;, i € [s] and y;, i € [t] construct the clauses
below the horizontal line:

Ci=[xVzrV...Vz, Co=[-xVy V...Vy
21 V... V2zZsVyr V... Vg,

[Cl\/_'yl\/yg\/...\/yt], [01\/_|y2\/y3\/...\/yt],..., [Cl\/—'yt],
[Cz\/“Zl\/Zg\/...\/ZS], [02\/_'22\/23\/...\/25],..., [Cg\/—'zs].

(6.41)

The MAX-SAT resolution rule states that one may replace clauses C; and C5 in ¢
with a subset of the 1 4 s + t resolvent clauses below the horizontal line. Namely,
clauses that are trivially satisfied, such as xV —x, are not part of this subset. We refer
to the resulting new proposition, obtained after resolution, as ¢’. In [32, Thm. 4],
it is proven that any truth assignment leaves the same number of clauses unsatisfied
for ¢ and ¢’. This is referred to as soundness of the MAX-SAT resolution rule. By
soundness and the definition of Fy, see , it follows that Fyy = Fy .

For standard MAX-SAT solvers, one of the goals of resolution is to create new
unit clauses, which are used to compute upper bounds on the MAX-SAT solution
[2]. For our SDP approach, assuming a fixed monomial basis, the sets My and My,
see (6.32), depend only on the coefficients of F, and Fy. Since F,, = F,, these
coefficients are equal, and thus My = M. Note that the feasible set of is defined
in terms of My. Hence, it follows that, if given the same basis, program @ equals
program Py . This equivalence of programs suggests that MAX-SAT resolution does
not change our approach, however, we find that in general SOS,(¢) # SOS,(¢'),
see . We investigate the effect of this difference.

Returning to the example of ¢y in , let us define Cy = =z, V x441. Observe
that for 3 < ¢ <k -1, C; € ¢;,. Let us fix some ¢, 3 < ¢ < k — 3, and consider the
clauses Cy, Cy41, Cyq2 € ¢p. We perform resolution as:

Cq =724 V @gt1], Coi1 = ["Tg41 V Tgi]
(g V @gqa], [72q V Tgr1 V Tgral], (2 V Eg41 V Tgaa]-

(6.42)
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We perform resolution again, on the third new clause obtained in and Cy49, to
obtain:
[mq V Zg41 V l‘q+2], Cor2 = [_‘xq+2 V xq+3]
[2g V ~Zg1 V grs], [TqV 2Tg11 V Tgr2 V mTg13], (6.43)

[72q V mZg1 V 2 Tgy2 V Tgis]s [Tgr1V Tgr2 V Teqs),

The resolution rule states that one may replace the original clauses Cy, Cy and Cjy
with the 6 new resolvent clauses obtained from and (the third resolvent
from is not counted, since it is replaced in the resolution in (6.43)).

Observe that the SOS, basis generates 6 quadratic monomials for the new re-
solvent clauses, while originally, only 3 quadratic monomials are generated for C,
Cy+1 and Cyio. We now define, ¢} for £ > 6, as the logical proposition, obtained
by taking ¢x, and performing resolution as in and , for each triple of
clauses {Cy, Cyy1, Cyqa}, for each g € {3, 6, 9,...,k — 3} (let us assume here that k
is a multiple of 3). Note that proposition ¢;. constitutes a MAX-4-SAT instance, and
therefore basis SOS,, is applicable. Let us compare the sizes of the resulting SOS,
bases, denoted as [SOS,|. We have

SOS,(61)] = 2k < 3k — 3 =[SOS, (¢})].

Thus, compared to SOS,(¢r), basis SOS,(¢)) adds approximately k£ monomials.
None of these monomials strengthen the bound, since SOS,(¢y) is already sufficient
for proving optimality, by It is clear that having a larger basis without
offering a stronger bound is inefficient, since solving [P,| requires more time for larger
matrices.

The example of ¢} and ¢, shows that not all monomials are (equally) useful in
determining bounds. It also shows that resolution can decrease the effectiveness of
the SOS approach to the MAX-SAT problem, by providing ‘bad’” monomial bases,
or it can occur that the SOS, basis misses ‘good’” monomials. Our proposed basis
S OSI?, see , attempts to solve this issue.

6.6 Relating sum of squares and method of moments

In this section, we show how the SOS-SDP relaxation of van Maaren et al.| [298] [299]
and moment relaxations of |Anjos| [9, (10, (11} [12] are related. The relaxations of |Anjos|
as described in were first introduced in [2004| [9] and can be considered
as extensions of the relaxation via the well-known Lasserre hierarchy [175]. In
2005, van Maaren et al.| [298] [299] proposed the SOS approach to the (MAX-)SAT
problem. Subsequently, van Maaren et al.| [299] showed that the SOS relaxation,
using monomial basis SOS,: that is larger than SOS,, see , outperforms the
R3 relaxation of |Anjos| [10], in deciding on the satisfiability of 3-SAT instances. The
Rj relaxation is known to dominate the R, relaxation, see (6.11). In[2007} [Anjos| [12]
strengthened his R3 relaxation further and left it as future work to determine which
SDP relaxation was the strongest.

This chapter completes that work, by showing a simple relation between the two
approaches. In particular, Anjos’ relaxations can be considered as method of moments
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in the Lasserre hierarchy. It is well known that the method of moments is dual to
SOS optimization, see [175], and we provide the details here. Let us first derive the

dual of the SOS program [Py} see[Theorem 6.6] and then relate it to the here proposed

strengthened version of Anjos’ relaxations.
To this end, we require the following intermediate result on vy, see .

Lemma 6.5. Let ¢ = /\;n:1 C; be a logical proposition, vy = Zac[n] vgz®, see (6.6),
and Fy = Zac[n] pga®, see (6.24). Then, vy = m — Fy, and v = —p3 for all
nonempty o C [n].

Proof. Let clause C; have length ¢;. We have v(C;) =1—27% Hz‘ecj (1—aj,z;), see

(6.4). Then

O

Let x be a given monomial basis, S C SI¥I. Matrix S is indexed by all a C [n]
for which * € x. To simplify the comparison between the SOS approach and the
relaxations of |Anjos| [9], we define the set

dlag(S) = ]_, Soc7,3 = Sa',ﬁ' V(Oé,ﬁ,a/MB/) g [TL]

o |x]| .
A = { SEST T (ich that aAf = o/ AB! } » (6.44)

for a proposition ¢ on n variables and m clauses. Note that Xy C Njepn A, see
(6.10)), since A; only restricts entries S, g whenever o and § are jointly contained in
a single clause. We use X, in the following theorem.

Theorem 6.6. Let ¢ be a logical proposition and x a monomial basis. The SOS
progmm defined by ¢ and x, is equivalent to

max (C,S) st. SeXynSy, (6.45)

where Xy is given by (6.44) and C € Sl indexed by the subsets o C [n] for which
x® € x, is any matrix that satisfies

Z Ca,ﬁzvgv V’Y%@’XV%@

(o, B)exy

for vg as in (6.6). Moreover, (6.45) is strictly feasible.
Proof. We rewrite program [P,| by splitting the matrix variable M as follows

v:=min(I, M) st. Ze€S, MecMy, Z=DM, (6.46)

’

where M, is given in (6.32)). We dualize the constraint M = Z, and set

9(5) = Me/\IflliI,lZ§0<I’M> +(S\M - Z),
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for some S € S. Clearly, g(S5) < wv for all S, and we thus look to maximize g(.5), i.e.,

mg,xg(S) = max [Mnel.lAI/ll¢<I + S, M) + min (S, —Z)] .

=max min (I4+S5,M)=max min (I— S, M).
S0 MeMy S=0 MeMgy

We now determine the set Xy such that, whenever S € Xy, the minimization over
M € Mgy in is bounded. Observe that Mgy places no restrictions on the
diagonal. To guarantee a bounded minimum, set X, should restrict diag(I —S) = 0.
Each off-diagonal element of a matrix in My is restricted by a single constraint of the
form (6.31)). Therefore, solving for M can be done by considering separately
the elements of M restricted by a single constraint. That is,

%é%z Z —Sa.sMyp st Z Maﬁ:pg,

7€X (a,B)exy (c,B)Ex

where x7 and X are defined in (6.30) and (6.26]), respectively. This minimization
problem is bounded if and only if

SanB = Sa’,ﬂ’, V(Oé,ﬁ), (a/7ﬁl) € XFY vxv S X; (648)

or equivalently, S 3 = Sq g for all possible index pairs (a, §) and (o', 8') that satisfy
alAp =o' AP It follows that X} is given by (6.44]). Now, for fixed S € X, NS, any
matrix M € M, obtains the same value in . Note also that w.l.o.g., we may
fix M = Paq,(0), i.e., the projection of the zero matrix onto Mg, (see
which has zero diagonal. This yields the equivalent program of the form (6.45)), for

C=—-M = —Ppr,(0). Written explicitly,

'Y
p
Cop = — 0

7 —| T Ve, B C [n] such that aAS =~ (i.e., (o, B) € x7).
x

This combined with proves the claim on matrix C. Lastly, observe that
the identity matrix of appropriate size is strictly feasible for (6.45). U

We define, for S € X, and each clause Cj, the function vSPP (S, C;), which is
obtained by taking (6.4), and replacing each 27 by S, g, for some (a,8) € x7. By
, we are allowed to pick any such («, ). By for any nonempty
v C [n], S € X, and C as in[Theorem 6.6] we have

~

Z Cavﬁsavﬁ = Z |}(_’Y|SOC’B = _p’;;Sa’ﬁ - 'U;Sa’ﬁ.

(o, B)EXY (o, B)EXY

Hence, maximizing (C, S) is equivalent to maximizing the semidefinite relaxation of
Vg, see (6.6]), which equals Zje[m] vSPP (S, C;).

Moreover, in the relaxations of |Anjos| [9] [10] 11} [12], outlined in the
matrix variable is restricted to satisfy v®P¥(S,C;) = 1. Now we can easily observe
the difference between the SOS-SDP relaxations and those proposed by Anjos. We
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present the equivalent dual formulation of the SOS approach below on the left-hand
side and the latter (in slightly adapted form) on the right.

v* — max Z USDP(S7 Cj) max 0
j€[m] (6.49) st. SeXynSy (6.50)
S.t. S - X¢ ﬂ3+. USDP(S, C]) = 1, VC]

Note again the difference between and the relaxations described in
resulting from using set X instead of the intersection of the A;, see (6.10).
Thus, we compare the SOS approach with a strengthened variant of the relaxation
proposed by |Anjos. In we determine the dual of .

Program proves unsatisfiability of ¢ if v* < m (with some margin of error,
due to numerical precision), while does so whenever the program is infeasible.
The programs are not equivalent in this sense: we have empirically found instances
¢ for which v* > m, while is infeasible. Neither program can directly prove
satisfiability. However, solutions to both programs can be used to guide the search
towards satisfying assignments (should they exist), see

If admits a feasible matrix S*, then matrix S* is clearly also feasible for
(6.49) and attains an objective value of m. Consequently, in this case, we have
v* > m. Thus, if does not prove unsatisfiability of ¢, then neither does .
Inwe show that can be computed efficiently by applying the PRSM
to its dual'| It is currently unclear whether a good algorithm for solving exists,
and if so, how efficient it would be. Previous numerical experiments on (6.50)) have
used general purpose SDP solvers. An immediate improvement might be to use an
SDP feasibility problem solver, see [77, [138].

Lastly, the objective value of is more useful for the MAX-SAT problems: if
the underlying instance is infeasible, v* provides an upper bound to the number of
satisfiable clauses, which is useful in a B&B scheme. Program might also show
unsatisfiability of the same instance, but its infeasibility offers no additional value, as
to how unsatisfiable the instance is.

6.7 The Peaceman-Rachford splitting method for the
MAX-SAT problem

In this section, we introduce the Peaceman-Rachford splitting method [251] for solving
SDPs and apply it to the MAX-SAT SOS program Conventionally, interior-point
methods are used to solve SDPs. However, for medium and large size instances,
interior-point methods suffer from a large computation time and memory demand,
which has recently motivated researchers to consider first-order methods, such as the
PRSM. For recent applications of PRSM to SDP, see e.g., [69, [121].

[Sections 6.7.2|and [6.7.3| provide details on obtaining valid upper and lower bounds,
from the output of the PRSM algorithm.

1Program (6.49) can also be directly solved with the PRSM, as projecting onto Xy is computa-
tionally cheap.
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6.7.1 The PRSM for SOS relaxations of the MAX-SAT prob-
lem

We start from the reformulation of [Py| given in (6.46). The augmented Lagrangian
function of (6.46]) w.r.t. the constraint M = Z for a penalty parameter p > 0 is:

L,(Z,M,8) = (I, M) + (S, M — Z) + g 1M — Z|.

Here, S € S is the Lagrange multiplier and ||-|| denotes the Frobenius matrix norm,

e, [|[X] = (X, X) for X € S.

The PRSM now entails iteratively optimizing over the variables Z and M sepa-
rately, and updating S twice per cycle. We write superscript k£ to denote the value of
the variable at iteration k.

( 1
A :argminﬁp(Z,Mk,Sk) = Ps, (Mk—k—Sk)
Z>0 P
Skts = Sk 4y p(MF — ZFH)
1
M* = argmin £, (Z"““,M, Sk+%) =P, (Z’““ — - [I + sk+éD
MEM¢ P
[ P = §hFs L upp(Mhtt — ZF ),

(6.51)

Here, My is as in (6.32), and P is the orthogonal projection operator. That is, for a
closed and convex set F C S, and some X € S,

Pr(X):=argmin||X — Y.
YeF

For the second equality in (6.51]), we have used that

2

1 1
argmin £,(Z, M, S) = argmin (I, M) — — ||S||* + L HZ — <M+ —S)
Z»0 Z>0 2p 2 P

2

Y

1
= arg min p HZ — (M + —S)
Z-0 2 P

see e.g., [243]. In an implementation of (6.51), one should not store matrix S* directly,
but rather, the matrix %Sk, see |Appendix A.1[

When a symmetric matrix X € S has eigenvalues \;, and corresponding orthonor-
mal eigenvectors v;, it is well known that the projection onto the positive semidefinite
cone is given by

Ps, (X) = Z Aivv,] = X — Z Aiviv; (6.52)

:X; >0 :2; <0

Depending on the number of positive eigenvalues of X, one of the expressions in (6.52)
will be cheaper to compute. The next lemma shows how to compute a projection onto
M. A similar result is also provided by [254] Prop. 7].
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Lemma 6.7. Let M € S, indezed by a collection of subsets of [n]. Consider M=

—

P, (M). We have that diag(M) = diag(M) and

1

Ms,,. = My, — =7 Z Mo s —p; , (6.53)

(a,B)ex
for (8, n) € X7, see (6.30)), with v # 0. In particular, when |x7| = 2, (6.53)) reduces to
Mé:“ = N76 = pz;/2' (6’54)

Proof. Let M € S. To find M = Pam, (M), note that in My, each off-diagonal
entry is restricted by exactly one constraint. This follows from . Since M
does not restrict the diagonal, it is easily seen that diag(]\/i ) = diag(M). Now for
the off-diagonal entries, we fix a nonempty v C [n] and define m as the vector that
contains upper triangular entries of M, M, g, such that (a, ) € x”. Similarly, we
define m as the vector containing the same entries of matrix M , rather than M. Note
that 1'm = pg /2. Minimizing the Frobenius norm of M — M is now equivalent to
minimizing the norm of m — m. Thus, we solve

m = argmin |[v —m|?
1Tv=p,/2

which can be done analytically and leads to (6.53). The simplification of (6.53) to
(6.54) follows from the equality Z(a,ﬁ)Ex“’ M, 3 = 2Ms,, whenever |x7| = 2 and
(0, ) € x7. O

Due to the presence of many unit constraints, see (6.33), these projections are
computationally cheap to compute, and hence, the PRSM is well suited to exploit
this. Lastly, it is proven [136] that (6.51) converges for (v, v2) € D, where

1| < min{1,1+ vy — 13}, }

O0< < 1+2\/5,V1—|—V2>0

D= { (v1,12) € R?:

The values that we choose for (11, v2), and other parameters, are given in[Section 6.10

6.7.2 Upper bounds, lower bounds and early stopping

After each PRSM iteration k we obtain a triple (Z*, M*, S*) and the value (I, M*).
Although this value converges to the optimal objective value of the SDP the
convergence is typically not monotonic and therefore this value does not necessarily
provide a valid upper bound for the problem. In this section we describe how to
obtain a valid upper bound from the output of the PRSM.

Observe that the feasible set of [Pg| depends on the chosen monomial x through

Vx, see (6.22)). Hence, by (6.23), we have

0 . _ . _ < .
Pg Mgrﬁlfm&ﬂ,m sup {p:Fy—peVx} < LB Fo, (6.55)
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for pg as in (6.25). From (6.55) it follows that the maximum number of satisfiable
clauses of ¢ is bounded from above by
—p) in (I, M 6.56
m p¢ + MGIj\l}llfﬂS+< ) >, ( )
for m equal to the number of clauses in ¢. Since the number of satisfied clauses is an
integer, the bound (6.56) can be improved by rounding down the result.
Ideally, the PRSM algorithm (6.51) computes the upper bound (6.56) by finding
an optimal M in the set My N Sy. However, in practice one terminates the PRSM

algorithm before such an optimal M has been found. Let matrix M* then be defined
as in (6.51) and let Apin (M k) be its smallest eigenvalue. Note that

MF = M* — Apin (MF) T € My N Sy, (6.57)

and so, MP* is feasible for @ Thus, a valid upper bound at iteration k is obtained as
follows:

Lm — )+ (L, JTMJ . (6.58)

6.7.3 Lower bounds and rounding

In order to obtain a truth assignment of the variables from the output of the PRSM
one needs a rounding procedure. We describe here the rounding procedure proposed
by van Maaren et al.| [299] and a modification of the procedure that is implemented
in our solver.

Let matrix M* be the optimal solution to the SOS program induced by a
logical proposition ¢ on n variables. Let x be its monomial basis of size s, and
p* such that Fy(z) — p* = x' M*x mod Z. Tt is clear that, by optimality of M*,
Amin(M*) = 0. Let N be the multiplicity of the zero eigenvalue, and v;, i € [N] the
corresponding eigenvectors. If y € {£1}" is an optimal MAX-SAT truth assignment
of ¢, then y minimizes Fy. Let y’ be the monomial basis vector x, evaluated with
the entries of y. Then (y')T M*y' = Fy(y) — pu*. If the SOS relaxation [P4| computes
the optimal bound, we have u* = F,(y), which implies that (y') " M*y’ = 0. As the
eigenvectors v; satisfy the same relation, i.e. (v;)" M*v; = 0, they can be considered
as approximations of maximally satisfying assignments.

Let V € R**Y be the matrix having the vectors v;, i € [N] as columns. Each row
of V' corresponds to a monomial of x. For p the number of monomials in x of degree
two or more, matrix B € RP*V is the submatrix of V obtained by taking the rows
of V corresponding to these p monomials. We define U € RV*V as the matrix with
columns the eigenvectors of B B.

The rounding procedure proposed by van Maaren et al.|is to compute x € {£1}"
as

zx =sgn(P1) [Onx1 I, Opy(s—n—n)] sgn(P),

e (6.59)
for P=VUM\ and \; = &\, Vi € [N].

Here, A € RY is a vector generated uniformly at random on the unit sphere (which
allows us to perform multiple roundings by generating multiple A\). Observe that P,
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the first entry of vector P, corresponds to the monomial z?. The vector £ € RY is
parameter to be chosen. We refer to [299] for the details.

The optimal matrix M™ is a low rank matrix, which ensures that N, the multiplic-
ity of eigenvalue 0, satisfies N > 1. In practice however, we do not find M*, but its
approximation M M* at some iteration, see - Due to early stopping, matrlx MF
often has eigenvalue 0 with multiplicity 1. Then X is a scalar, which does not affect
- Thus, when N = 1, we can only perform one rounding. To solve this issue,
we propose constructing V' with the columns of ¢ eigenvectors corresponding to the
q smallest eigenvalues of M MF (only in case N < ¢). Thus, whenever N < ¢, we add
q — N eigenvectors corresponding to nonzero eigenvalues to the matrix V', in order
to perform multiple roundings. In [299], it is observed that the rounding procedure
works better when N is small. We use this information by setting ¢ = 4, so that we
take at least four vectors for the rounding procedure.

6.8 The weighted partial MAX-SAT problem

In this section, we extend the SOS approach to the MAX-SAT problem, to the
weighted partial MAX-SAT problem. We also show that the dual formulation of

the SOS program for certain partial MAX-SAT instances, equals the relaxations by
Anjos| [10].

In the weighted MAX-SAT problem, each clause is given a weight, and the ob-
jective is to maximize the sum of the weights of the satisfied clauses. In the partial
MAX-SAT problem, clauses are divided in soft and hard clauses. The aim is to max-
imize the number of satisfied soft clauses, while satisfying all the hard clauses. The
combination of the weighted and partial MAX-SAT problems is clear, and referred to
as the weighted partial MAX-SAT problem [195].

Consider again a logical proposition ¢. Let w; € R be the weight associated to
clause C;. The generalization of (6.19)) for the (unweighted) MAX-SAT problem, to
the weighted MAX-SAT problem follows by setting

in: ;U—z H ajﬂ'xi), (660)

j=1 C;

and then minimizing FJ;V for x € {£1}™. This minimization can be approximated by
SOS optimization, using directly the SDP

For the weighted partial MAX-SAT problem, consider a logical proposition ¢, on
n variables, m soft clauses C; and ¢ hard clauses CII){. To each hard clause C’]fl,
p € [g], we associate the polynomial f, = J[;c(,(1 — apx;i), similar to (6.60). Note
that f, vanishes for all truth assignments that satisfy clause C’;I. Similar to (6.20))
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and (6.22), we define the sets

Hyx := Z cpfp modZ : ¢, €RVpe|[q]
pelq] (6.61)
CH:= Z gpfp modZ : g, € Rlz] ¥p € [q]
pelq]

Let SAT C {£1}"™ be the set of all truth assignments that satisfy the hard clauses
(which we assume to be nonempty). From [261] it follows that

: 2% _ . W
xg‘lSlETFd) (z) =sup{p : Fgr —pe V+H} (6.:62)
Zsup{u : ng—uevx—i-?-lx},

where V is as in (6.20), and ‘+’ denotes the Minkowski sum of sets. We proceed
by writing the lower bound in (6.62) as an explicit SDP, for which we introduce the
following sets

H":={pelg : v CI} ~C[n

Set H" contains all p for which f,, when expanded, contains the term +z7. The
sign here is determined by the parity of |y N I;F |, see . Additionally, we define
as analogue to My, see , the set ./\/lgI This set contains all matrices M and
vectors c¢ such that F(;’V —pn=x Mx+ Zpe[q} cpfp mod Z. It is therefore defined as

Vy £ 0 st 27 eX, Z M, s
ME = (M,c) € S xR?: (o, B)Ex . (6.63)

This allows us to adapt [Ps|to the weighted partial MAX-SAT problem as follows:

_ H
min (L, M) + z[:] cp st (M,e)e My, M €Sy, (6.64)
pPElq

We approximately solve (6.64) by the PRSM, see [Section 6.8.1

Let us elaborate on how to adapt the monomial bases to the (weighted) partial
MAX-SAT problem. We make no distinction between soft and hard clauses for the
SOS), basis, see . For basis SOS?, see , we determine the variable weights
as w(i) == D ;. ec;y Wi+ Z{p:iecy}m’ for w the mean of all soft clause weights

wj. For basis SOS;;Q, we add all ((‘3) quadratic terms of the Q variables that attain

the largest value of w(i). For unweighted partial MAX-SAT instances, we consider
all w; to equal 1.



6.8. THE WEIGHTED PARTIAL MAX-SAT PROBLEM 171

6.8.1 The PRSM for SOS of the weighted partial MAX-SAT
problem

We show here how to solve (6.64)) by the PRSM. We first rewrite (6.64) by introducing
the matrix variable Z, see also (6.46),

min (I, M) + Z Cp
pEld] (6.65)
st. Z2e€8,, (M,c)e MY, Z =M.

Then, the augmented Lagrangian function of (6.65) w.r.t. Z = M and for a penalty
parameter p > 0 is:

L,(Z,M,5,¢) = (LM)+1Tc+ (S,M - 2)+ £ |M — 2|,

where S is the dual variable. The PRSM is iteratively and separately optimizing
over (M,c) € Mff and Z € S,, and updating S twice per cycle, similarly to (6.51]).
However, in this case, the M-subproblem in the third line of is replaced by the
(M, c)-subproblem.

We now show that minimization over (M,c) € MY can be performed efficiently.
By derivations similar to, e.g., [243] Eq. 3.4, we have:

2 2
argmin L£,(Z,M,S,c) = argmin HM — ZH + 217, (6.66)
(M,c)e M (M,c)e M P

where Z := Z — (S +1) /p. This is a convex quadratic program (QP) that we solve
in two steps. Firstly, consider the matrix-entries M, 3, with (a, 8) € x7, see (6.30),
and HY = (. Since H” = (), these entries are unaffected by the ¢, variables. This
implies that these M, g variables are not coupled with the other entries of M, and
one can minimize separately over such M, g. This separate minimization problem

can be solved by applying

Secondly, the remaining QP

. \2 9
min > Y (Ma,ﬁ—za,ﬁ) 4217, (6.67)
Vi HT20 (a,B)€x7 P

can be simplified by the following observation. If M* is an optimal solution to ,
then

(aaﬁ)a (O/76/) €ex’ = M;,B - ZOC:B = Mé’,,ﬁ" - ZO/WBI'

Hence, can be simplified by substituting each term }_ , 5 . (Ma,s — Zag)?
with a single squared variable. We solve the resulting QP either by solving the lin-
ear KKT conditions using the LU decomposition, or via MOSEK [228]. The solving
method depends on the underlying QP. Note that the KKT conditions define a linear
system in which the associated matrix is indefinite, so that the Cholesky decomposi-
tion cannot be used.
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6.8.2 Strengthening the bounds

We demonstrate a simple technique for improving the upper bounds given by program
. This technique is based on the SAT resolution rule, which is given as follows.
For two hard clauses of some proposition ¢, on literals x, z;, i € [s] and y;, ¢ € [t],
construct the clause below the horizontal line:

[xVz1V...Vz, [[aVyr V...V
21V...V2ZsVy1 V...V ys.

In contrast to the MAX-SAT resolution rule , the SAT resolution rule states
that one may add the clause below the horizontal line to ¢, without changing its
(un)satisfiability (we say that the new clause is implied by the original two clauses).
We may apply this SAT resolution rule to the hard clauses of a partial MAX-SAT
instance to generate more hard clauses. As each new clause induces a new variable c,,
the bound of program ((6.64]) can only improve. One may also regard SAT resolution
as extending the set Hy, see , by including terms of the form ¢,z f,,, for some
a C [n] where ¢, € R.

Additionally, SAT resolution can generate hard unit clauses. This is advantageous,
since hard unit clauses reduce the number of variables in the MAX-SAT problem as

explained in [Section 6.1.1

(6.68)

6.8.3 Duality in the partial MAX-SAT problem

Now we consider partial MAX-SAT problems with only hard clauses. Solving such
instances is thus equivalent to determining the satisfiability of the given hard clauses.
We show that by taking the dual of the resulting SOS program, one obtains (a stronger
version of) the relaxations of [Anjos| [9], given by (6.50).

We define, for A € S, vec(A) € R" the vector whose entries are the columns of
A stacked together. We start from program and perform variable splitting on
M, similar to . We take the dual g(5) of this formulation, similar to , and
consider the problem

max g(S) = max min  (S,—M) +1"¢, (6.69)
S SeX,NS+ (M,C)EME

for X, as in (6.44). The steps that show that S € X, N S, is necessary for (6.69)) to
be finite are provided in the proof of [I’heorem 6.6 We rewrite the inner minimization

problem in as
T
min [Vec(S)l [Vec(—M)] ’ (6.70)
(Me)emH |1 c

and proceed to show under which conditions this value is bounded. Observe that the
coefficients pZ) =0, see , since there are no soft clauses. Moreover, the set M?
places only linear constraints on the entries of M and c. Therefore, there exists a
matrix D that satisfies

(M,c) e M} < D [VGC(C_M)] =0.
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Hence, (6.70) is bounded if and only if [vec(S )T 1T} is contained in the row space
of D. This is precisely the requirement that vSPF(S,CH) = 1, Vp € [g], as in (6.50).
We provide one example of this claim.

Example 6.8. Consider the monomial basis x = (:U@,ml, x5). Let OB = 21 V a9, s0
that f1 =1—21 — 22+ x129. Now

-1 -1 0 0 0 0 -1
(M,c)e M} = Du=0,for D=0 0 -1 -1 0 0 -1,
o 0 0 0 -1 -1 1

T
andu:[—ML@ —My, —Myg —Myo —Mis —Msy; Cl}

For S € X, and by definition of X, (6.44)), we have S; g = Sp 1, and similar equalities
hold for all other related entries of matrix S. Thus, we may remove duplicate columns
in D. We have

-1 0 0 -1
[S10 S20 Si2 1] €row |0 -1 0 -1
0O 0 -1 1

= S1p+Se9—S12=1= v"PP(S,C") = 1.
A

Thus, (6.70) is bounded if [vec(S)" 1T] € row(D), in which case, the objective
value equals zero. Hence, program is equivalent to (6.50]).

6.9 SOS-MS: Algorithm description

In this section, we elaborate on the algorithm behind our complete SOS-SDP based
MAX-SAT solver, named SOS-MS. In particular, we outline the main parts of SOS-
MS and provide a pseudocode, see

Consider a given MAX-k-SAT instance, k < 3, and corresponding logical proposi-
tion ¢. SOS-MS uses the PRSM, see , to obtain an approximate solution M, see
(6.57), to[Pg] Then, using (6.58), SOS-MS determines an upper bound UB and a lower
bound on the optimal value, by applying the rounding procedure from
The solver calls once, at the beginning, the CCL algorithm [210] for the MAX-SAT
problem, to compute another lower bound. CCLS is a local search algorithm whose
performance was one of the best among tested heuristic algorithms in the MSE-2016.
We set LB as the maximum value among these two lower bounds.

In case LB = UB, we have proven optimality and the algorithm terminates. In
case LB < UB, we branch on some variable z;, i € [n], by assigning it either true or
false. This resembles to performing unit resolution, see We write
¢’ = unitRes(¢,1) to indicate that ¢’ is the logical proposition obtained from ¢ by
setting x; = 1 (equivalently, z; = true). We use the same notation to indicate the
logical proposition obtained from ¢ by setting z; = —1 (equivalently, x; = false), i.e.,

2The CCLS algorithm is publicly available at http://lcs.ios.ac.cn/~caisw/MaxSAT.html.
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¢’ = unitRes(¢, —i). To emphasize the difference between ¢ and ¢, in this section,
we write ng and my for the number of variables and clauses of ¢.

If we branch on z;, we remove from the monomial basis x all monomials x® that
satisfy i € a. We remove from matrices Z*, M* and S*, that were obtained in the
last relevant call of the PRSM, all rows and columns corresponding to such subsets a.
The resulting matrices are then used as the new Z° MY and S° in the next PRSM
call, i.e., those are used as a warm start.

We determine the order of variables for branching as follows. First, we consider
for b€ {—n,...,n}\ {0}, the values

Up = My — pg, + (I, M) — Z Ma,a; for ¢’ = unitRes(¢,b), (6.71)
|blea

similar to (6.56). Here, M is the approximate solution to @ We remark that
can be quickly computed without explicitly performing the unit resolution. Observe
that (I, M) — 3" c, Ma,a equals the trace of the new matrix M?°, which is used as
warm start for P4. The value uy, is an estimate of the upper bound for the MAX-SAT
problem corresponding to ¢'. -

Second, we perform the rounding procedure to M as described in
That is, we randomly generate a set A of vectors drawn uniformly at random on the
unit sphere, and compute the corresponding rounded truth assignments ) € {£1}"¢,
A€ A, by . We update LB if a better truth assignment is found. Let A* C A
contain all the vectors A that satisfy Fi,(xy) = m, — LB, and, assuming A* # (), set
V= ﬁ > xeax Tx- Note that —1 < v; <1 Vi € [n] with equality if and only if x; is
assigned the same truth value for all x), A € A*. We define

B:={beZ:0<Ib| <ng, beZ, vy =—sgn(d)},

and explain its purpose by an example. If —3 € B, then x3 is assigned true by all
Tx, A € A*. Heuristically, branching by setting x3 = —1 would then hopefully lead
to low upper bounds in the resulting search tree. This is advantageous because low
upper bounds lead to faster pruning. In case A* = (), we set B = {—ng,...,nes}\{0}.

Lastly, for all b € B, we sort them in increasing order of wu;, see , and store
this order in vector o. Thus, the entries of o satisfy

Us; < Ug,,, and o; € B. (6.72)

Vector o determines the variable selection in the branching process of SOS-MS, which
we describe in more detail in the sequel.

Consider a node in the SOS-MS search tree, in which we consider the proposi-
tion ¢. We initialize b, := 0. For increasing values of j € [bpax], Where bpax > 1
is some integer (see (6.73))), we compute the SDP upper bound corresponding to
unitRes(¢, 0;), denoted UB. In case |UB] < LB, we repeat this process with the next
value of o, and update b, := b, + 1. In case |[UB| > LB, we terminate the process.

In case b, > 0, we find that for all j < b,, the propositions unitRes(¢,o;) can-
not improve on LB. Thus, we may limit the search for better truth assignments to
unitRes(¢, —0o1,...,—0p,). In case b, = 0, we add both propositions unitRes(¢, o)
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and unitRes(¢, —oq) to the search tree, as we cannot exclude either one from attain-
ing a value strictly greater than LB.
We take the previously mentioned by, as

bmax = min {max {3; |6 GAP + 1/2]};6},

. N (6.73)
for GAP = my — py, + (I, M) — LB — 1,

where M is an approximate solution to

A pseudocode of SOS-MS is given by In particular, the branching
process is described in Lines [15]to Note the two PRSM calls in Line [§| and In
Line [8) the main purpose of the PRSM is to find an upper bound which equals the
best known lower bound. When this does not occur, we use the approximate solutions
as warm start for the PRSM call in Line In Line the purpose of the PRSM
is to prune the node corresponding to ¢’. We use the LOBPCG algorithm [168§] to
efficiently approximate Apmin (M ’“), which allows us to compute approximate upper
bounds during the PRSM iterates, see and . In case the approximate
upper bound indicates that the node can be pruned, we recompute Anin (M k) with
the more accurate MATLAB eig function.

The algorithm can then stop iterating as soon as the condition in Line is
satisfied, or when it is clear that this condition cannot be satisfied in reasonable time.

Remark 6.9. Most of the running time of SOS-MS is spent on computing projec-
tions of matrices onto Sy, as required by the PRSM. We found that computing the
full eigenspectra of the matrices to be projected (in single-precision, rather than stan-
dard double-precision) using MATLAB’s eig command was the fastest method of
computing Ps, (-), even though only the positive eigenpairs, or negative eigenpairs
are required. For a variant of the PRSM, the authors of [266] propose using the
LOBPCG algorithm [168] to compute only positive/negative eigenpairs (when this
number is deemed small enough) of matrices to be projected. We were unable to
obtain a speedup over eig through this method in the PRSM framework. JAN

6.9.1 Parsing sum of squares programs

We cover here the problem of initializing an SOS semidefinite program. Methods
for achieving this are built in most SOS packages, such as SOSTOOLS [245] and
GlobtiPoly [139]. In our application, we are interested in SOS modulo a vanishing
ideal, which is not natively implemented in most SOS software, but rather, by restric-
tion of the support set of the variables to a semialgebraic set (such as 22 = 1), which
incurs additional variables in the SDP.

For most SDP applications, it is implicitly assumed that the program parameters
are either already given, or require a negligible time to compute, in comparison to the
time required for solving the resulting SDP. For most SOS programs however, this
is decidedly not the case. The authors of SOSTOOLS [245], a third-party MATLAB
package for formulating and solving SOS programs, confirm this observation. In
chapter one of the user’s manual to SOSTOOLS [245], it is stated that defining the
semidefinite program, rather than solving it, is often the limiting factor for tractable
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Algorithm 4: SOS-SDP MAX-SAT solver

1 Input: A MAX-k-SAT instance ¢ (k < 3), on ng variables and my clauses.

2 Output: Optimal truth assignment x € {£1}".

3 Set UB := my.

4 Use the CCLS algorithm on ¢ to obtain a value for current best lower bound
LB and corresponding truth assignment z € {+1}".

5 Initialize the stack @Q := (¢, UB).

6 while Q # () do

7 Take (¢, UB) as the first element of Q.

8 Use the PRSM, see (6.51)), to obtain an approximate solution M, see

(559, 10

9 Apply the rounding procedure from |Sect. 6.7.3|to M and obtain a lower
bound LB. Update LB and x if a beffer truth assignment has been found.

10 Set UB := min{UB, |[my — pg) + (I, M)j}, see (|6.56]).

11 Remove (¢,UB) from the stack Q.

12 if LB > UB then

/* The current node (¢,UB) can be pruned, so return to Line
@, and check if Q is empty. */

13 | continue

14 | Determine o, see (6.72)), and byax, see (6.73). Set b, := 0.

15 for ) =1 to byax do

16 Set ¢’ := unitRes(¢,0;), use the PRSM to obtain an approximate

solution M to Py .
/* Use as warm start the matrices obtained from in Line

8 N */

17 if LB > |my —pg, + (I, M)| then
18 | by:i=b.+ 1.
19 else
20 | break
21 if_b* > (0 then
22 Set ¢ := unitRes(¢, —01,—09,...,—0p, ), and Q := Q U (¢, UB).
/* Q is nonempty, so return to Line @ */
23 else
24 Set ¢1 := unitRes(¢,01), ¢2 := unitRes(¢p, —o1) and
Q = QU {(¢1,UB), (¢2,UB)}.
| /* Q is nonempty, so return to Line @ */
25 return Optimal truth assignment x.

problem size. In accordance with [245], we thus consider the problem of parsing
an SOS program as defining it by its program parameters. This definition of parsing
includes the problem of choosing the monomial basis x such that the given polynomial
can be accurately described. Many theoretical results can guide the choice of x, such
as the Newton polytope [290], see also [264], or facial reduction [252]. For our purposes
however, choosing x can be done with a simple fixed procedure, see e.g., . We
therefore consider parsing as only the purely numerical problem of finding, rather
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than choosing, x.

In this section, we provide a short overview of our parsing method. We exploit
the fact that our variables are {£1}", which allows us to achieve fast parsing times,
compared to general purpose SOS software. For example, due to the properties of
computation modulo Z, see , monomials can be stored in two ways: either we
store some a C [n], corresponding to z® as in (6.5)), (subset format) or we store
monomials as a vector v € {0,1}", corresponding to ¥V = zi* ...zl (vector format).
The vectors v can be saved as boolean vectors. It is trivial to switch between these
two formats, which is what we use in our parsing algorithm: we implement each step
using the best suited format. Also note that for monomial basis x given by (6.27),
monomials in X = xx' mod Z, see (6.26), will have degree at most 4, which ensures

that the subset format requires little storage.

Let ¢ be the considered proposition, on n variables and m clauses. Initially, to
compute x according to , we consider the unique clauses C; of ¢, j € [m].
Recall that we define a clause C; as a subset of [n], see To compute the
monomials in X, we need to compute the cross products of all monomials in x. This is
best done in vector format, by using the entrywise exclusive or operation on boolean
vectors, denoted @. That is, xV2" = V¥ mod Z, which is computationally cheaper
than the symmetric difference operator as in (6.26)).

Next, to construct the sets of indices x7, as in , we need to find the sets
of equal monomials in the strictly upper triangular part of X. We first divide the
monomials in the upper triangular part of X in four groups, based on their degree.
The degrees are trivially computed in vector format as 1, v € {1,2,3,4}. For each
group, we switch to subset format. In particular, we store the monomial x7, of degree
d € {1,2,3,4}, as a sorted vector g € N?. Given these sorted vectors g, we use the
MATLAB unique function to find the subgroups of equal monomials. We save their
corresponding indices in X to construct the sets x7.

We compute the coefficients pz), see , iteratively per clause. If ¢ induces a
MAX-k-SAT problem, we create k + 1 matrices Ay, s € {0,1,...,k}, where matrix
As is an s-dimensional matrix. Then, for v = {v1,...,7s}, we store pz) at position
(As)v1,...v.- Note that matrix Ag is a number storing pg, see (6.25). For MAX-3-SAT
instances, matrices A; and A, will be generally be dense and matrix Ag will generally
be sparse. We have also tested the recently developed dpvar structure of SOSTOOLS
[149] to compute the p; symbolically, but found that it compared unfavourably to
our procedure, in terms of computation time.

The last step is to match the coefficients p; to the monomial 7 of X. Clearly, we
need only to consider those coefficients pg for which pg # 0. Thus, for some nonzero

pg stored in Ay, we know that |y| = s. As the monomials in X have already been

divided into groups based on their degree, we search only the monomials of degree s,

to find 27. In case we use the SOS,, basis, then by [Lemma 6.2] we need only check
those monomials z® for which |x*| > 2, see (6.30). Now to find 7 in this subgroup
of monomials (of which one equals z7), we use the vector format.

By exploiting properties of the ideal Z, see (6.21)), and SOS,,, we are able to obtain
high parsing speeds. For example, instance s3v70c1500-1.cnf (70 variables and 1500
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clauses of length 3) from the MSE—ZOlfﬂ induces an SOS),, basis of size 2107. Matrix
X, see , then contains 4,439,449 monomials. Our algorithm parses this basis
in (approximately) 1 second. This completes the summary of our parsing algorithm.
For more details, interested readers are referred to the code available on githu

6.10 Numerical results

In this section, we test SOS-MS, described in on MAX-3-SAT, weighted
partial MAX-2-SAT, and weighted MAX-3-SAT instances from the MSE-2016. We
also compute SDP bounds on some partial MAX-3-SAT instances from the same
source. We choose the year 2016, because later years of the MSE offer no MAX-2-
SAT or MAX-3-SAT instances. In particular, the instances in this section are taken
from the MSE-20167] random track.

Experiments are carried out on a 16 GB RAM laptop, with an Intel i7-1165G7
CPU (2.8 GHz) and four cores, running Windows 10 Enterprise. We set the PRSM

parameters, see (6.51)), as

(1. 12 p) = 1 91++V5 2s
b= 2 s )

where s is the order of the matrix variable. Our MATLAB implementation of the
PRSM is available at https://github.com/LMSinjorgo/S0S-SDP_MAXSAT.

6.10.1 MAX-3-SAT problems
We compare MAX-3-SAT upper bounds obtained by solving on [Page 158 for

various instances and monomial bases. We also demonstrate the performance of SOS-
MS on MAX-3-SAT instances.

presents a comparison of the bounds obtained by solving the SOS
program [P, using the SOS, basis and the SOSR bases where Q €
{40, 50,60,70,110}. We use for several instances from the MSE-2016 MAX-3-SAT
category on 70, 90 and 110 variables. The first column reports the name of the corre-
sponding instance, on v variables and c clauses. Column LB provides the best found
lower bound, obtained by running the CCLS algorithm [210] for five seconds. Column
UB reports the computed upper bounds. Column Iter. gives the number of PRSM it-
erations, divided by 102. For each instance and monomial basis, we run 200 iterations.
Then, if the observed value of UB satisfies UB < LB + 1.5, we perform 200 additional
iterations. We stop early if |[UB| = LB. The results show the strength of the SOS,
basis for instances with with 70 variables. In particular, that basis is sufficiently large
for closing gaps of several instances. The results also show that the S OS;Q basis can
be used to further improve bounds for instances with 70, 90 and 110 variables.

In we present more details on the best upper bounds attained on the
same instances as in The columns of follow the same definitions

3All instances are available at http://www.maxsat.udl.cat/16/benchmarks/index.html.

4Code available at https://github.com/LMSinjorgo/S0S-SDP_MAXSAT.
5For more information on the MSE-2016, see http://www.maxsat.udl.cat/16/index.html.
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as the previous table. Additionally, column Q relates to the SOS;Q basis used and
column |x| reports the number of monomials in that basis (equivalently, the order
of the matrix variable of program . Here, we refer to SOS, as SOSS . Column
T. (s) reports the computation time in seconds. The results show that we closed
the optimality gap for all instances with 70 and 90 variables in less than 9 minutes.
also shows that the computational time increases w.r.t. the size of the
basis. Furthermore, shows that uniform random MAX-SAT instances on
the same number of variables and clauses can differ in difficulty to solve. For example,
instances s3v70c800-1. cnf and s3v70c800-3. cnf have the same number of variables
and clauses. However, proving optimality of the lower bound of the former requires
almost three times the computation time as for the latter.

In [Figure 6.1, we show the performance of SOS-MS, using the SOSEO basis, on all
the MAX-3-SAT instances on 70 variables from the MSE-2016. For detailed running
times see|Appendix A.2|on|Page 191 We compare the running times of SOS-MS with
the corresponding running times of the best results of the MSE-2016. That is, for
each instance, we compare SOS-MS with the participant of the MSE-2016 that was
able to solve that specific instance in the least time. All solvers at the MSE-2016 were
tested on an Intel Xeon E5-2620 processor with 2.0 GHz and 3.5 GB RAMP] It is hard
to compare the running times of algorithms on different machines, since it depends on
many factors such as the processor, RAM, the operating system, et cetera. We choose
to consider the difference in clock speeds, i.e., 2.8 GHz vs. 2.0 GHz, as well as wall
time. Therefore, in and part of in the appendix on we
have multiplied all the original running times of SOS-MS with 1.4. Additionally, as
the solvers in the MSE-2016 were given a maximum time of 30 minutes per instance,
we provided SOS-MS with a maximum of 30/1.4(~ 21.4) minutes.

Under these constraints, SOS-MS is able to solve all 45 MAX-3-SAT instances
on 70 variables. The participants from the MSE-2016 could solve at most 42 in-
stances. Specifically, they were unable to solve s3v70c1500-1, s3v70c1500-4 and
s3v70c1500-5. For instances with a lower number of clauses (around 800) however,
the best times per instance of the MSE-2016 are much lower than for SOS-MS. SOS-
MS takes on average 309.10 seconds per solved instance, compared to 367.7 seconds
per solved instance for the best MSE-2016 solvers. We have also tested SOS-MS using
the SOS,, basis, on the same instances. With this different basis, SOS-MS was also
able to solve all 45 instances, taking on average 316.7 seconds per instance.

We also investigate the performance of SOS-MS on MAX-3-SAT problems with
80 booleans, from the MSE-2016 database. These instances were not tested in the
MSE-2016, and thus, it is not known what the best solver per instance is. On these
instances, we compare SOS-MS to the CCLS2akms MAX-SAT algorithnﬂ This al-
gorithm first runs CCLS [210] to find a good starting lower bound for the MAX-SAT
solution. It then passes this lower bound to the akmaxsat algorithm [I70], which
solves the instance to optimality. Out of all the publicly available solvers, CCLS2akms

6The full specifications of this machine are available at
http://www.maxsat.udl.cat/16/machinespecifications/index.htmll

"The CCLS2akms algorithm is available under the name CCLS_to_akmaxsat at
http://www.maxsat.udl.cat/16/solvers/index.html.
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placed highest in the random MAX-SAT category of MSE-QOldﬂ

Results for the MAX-3-SAT instances on 80 variables from MSE-2016 are given
in The running times per tested MAX-3-SAT instance are provided in
|Appendix A.2| [Table A.1} Both SOS-MS and CCLS2akms are provided a maximum
of 30 minutes per instance and are tested on the same hardware (our 16 GB RAM
laptop), and thus not scaled. For SOS-MS, we used the SOS, basis, as SOSI‘,Q for
Q = 40 and Q = 55 provided worse results. CCLS2akms is able to solve 40 of the 48
instances within the time limit, while SOS-MS solves 43. SOS-MS is however slower:
it requires on average 772.53 seconds per solved instance, compared to 370.48 per
instance. Again, SOS-MS performs well for instances with a large number of clauses,
but requires more time for those with a low number of clauses.

6.10.2 Weighted partial MAX-2-SAT problems

We investigate the performance of our solver SOS-MS on (weighted) partial MAX-
2-SAT instances from MSE-2016. For this purpose, we adjust SOS-MS by using the
theory outlined in

In particular, we perform a B&B search, using to compute upper bounds.
However, we first preprocess an instance by using the SAT resolution rule on
the hard clauses until we find all implied hard clauses of length two or less. Note that
this preprocessing may result in improved upper bounds, as described in[Section 6.8.2]
If hard unit clauses are found this way, we perform unit resolution and continue with
the reduced problem. As initial lower bound for our solver, we take the best known
lower bound reported in MSE-2016.

Note that in case of a (weighted) partial MAX-SAT instance, truth values assigned
during branching might create hard unit clauses, which leads to more forced truth
assignments. Additionally, if a node contains few unassigned variables, determining
good upper bounds can be done with a small monomial basis, such as SOS? for
small values of 6. Let us describe the choice of 6 through the B&B tree. We initialize
Ostart = 0. At a node in which we compute bounds, we compute an upper bound
UB to the (weighted) partial MAX-SAT solution by first using the basis SOS%start . If
|UB| < LB, we prune the current node. If not, we consider the value GAP = UB—LB > 0.
When GAP < 10, we set # = 0.5 and recompute a stronger upper bound. For GAP > 10,
we recompute an upper bound with § = 1 instead. In both cases, we use the PRSM
variables corresponding to Og;art as warm starts for the next PRSM. If the upper bound
obtained using 6 € {0.5,1} is not equal LB, we set Ogstary = 0.1 for the remainder of
the algorithm, and continue with the B&B.

We determine our branching variable in the following way. Let n’, n’ < n, be the
number of remaining variables at the current node. We consider the five truth assign-
ments that create the largest number of hard unit clauses. For each of these five truth
assignments o;, i € [5], o; € {—n’,...,n'}\{0}, we compute ¢; = unitRes(¢, o;), see
Then, we select the truth assignment o; for which the polynomial ¢;
has the largest constant term, see . The branching variable is then given by
|o;|, and the two children nodes correspond to the propositions unitRes(¢, 0;) and

8The MSE-2016 results are available at http://www.maxsat.udl.cat/16/solvers/index.html.
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unitRes(¢, —o;). This branching rule aims to create nodes with few remaining vari-
ables, due to the presence of many hard unit clauses. This allows for setting st to
small values, while still providing strong bounds, see also [Appendix A.4]

The computation of SOS-SDP based upper bounds is expensive, compared to
bounding methods used in other MAX-SAT solvers. Therefore, we only compute
bounds at selected nodes (see also [310]). A method for determining at which nodes
to compute bounds is described in detail in[Appendix A.3|on|Page 193] |Appendix A.3|
also provides a pseudocode of SOS-MS on weighted partial MAX-2-SAT problems.

We test the described procedures on the 60 unweighted partial MAX-2-SAT in-
stances, and the 90 weighted partial MAX-2-SAT instances from the MSE-2016,
setting a maximum time of 30 minutes per instance. Each instance contains 150
variables and 150 hard clauses. The number of total clauses (both soft and hard)
ranges from 1000 to 5000, and all of them have length two. In the weighted variant,
soft clause weights range from 1 up to and including 10. and re-
port the running times per instance (rounded to the nearest second), for unweighted
and weighted partial MAX-2-SAT, respectively. Here we provide original runtimes,
thus not multiplied by some factor. A ‘-’ value indicates a time-out of 30 minutes.
Variable m denotes the number of total clauses. The Instance row corresponds to
the instance file name, as taken from the MSE-2016. For example, m = 2500 and
Instance = 1 refer to file_rpms_wcnf_L2_V150_C2500_H150_1.wcnf in
and file_rwpms_wenf_L2_V150_C2500_H150_1.wenf in[Table 6.4]

The table shows that we are able to solve many instances within the 30-minute
time limit. This shows the strength of SDP applied also to the (weighted) partial
MAX-SAT problem. Since we are first to solve the (weighted) partial MAX-SAT
problem by using SDP approaches, this chapter opens new perspectives on solving
variants of the MAX-SAT problem.

In [Appendix A.4| on [Page 195 we provide the full search tree for three partial
MAX-2-SAT instances.

6.10.3 Partial MAX-3-SAT problems

We show the quality of the SDP bounds for the partial MAX-3-SAT problem, based
on 10 instances from the MSE-2016.

We compute an upper bound for each instance ¢ (on n variables, having hard
clauses C’]fl) in the following way. We first perform SAT resolution on the hard
clauses to find all implied hard clauses of length 4 or less. Then, for Q € [n], we
consider the Q variables that appear in the largest number of (soft and hard) clauses.
Let V' C [n]| be the subset indicating those variables. We construct additional hard
clauses of the form C’f V x;, for all i € V' and C’f C V, with |C’;{| < 3. Note that
these additional hard clauses do not change the set of satisfying assignments. On the
instance generated in this way, we compute an upper bound using the SOS{,‘2 basis,
see . Note that, as the newly generated clauses C’II){ V x; are contained in V', they
create no additional monomials in the S OSZ()Q. This ensures that the size of the matrix
variable remains manageable. Moreover, these additional hard clauses strengthen the

bound, see
We perform this procedure for each instance and Q € {70,75,80,85,90}, for a
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time limit of 30 minutes. These values of Q are chosen with the goal of computing
the tightest bound at the 30-minute mark. We report results in [Table 6.6, Column
id reports the instance identifier, according to the naming scheme

file_rpms_wcnf_L3_V100_C600_H100_[id].wcnf.

Each instance has 600 clauses, of which 100 are hard, all of length three, on 100
variables. Column LB reports the optimal lower bound, as verified by solvers in
the MSE-2016. Column Q refers to the SOSB basis used, of which the number of
monomials is reported in column |x|. Column |C®| reports the number of hard clauses
used. The next 6 columns (GAP at X minutes) report the value of the GAP (i.e., UB -
LB) at different time points. To compute the values of UB, we compute the smallest
eigenvalue of M using the LOBPCG algorithm [168], see (6.57). Lastly, as a measure
of convergence, the final column reports the (absolute) value of the smallest eigenvalue
of the matrix variable at the final iteration, multiplied by the size of this matrix. This
column thus reports the difference in trace between M and M, see (6.57)).

Considering the bound at 30 minutes, the SOS}® basis performs best. A larger
basis is unable to converge in 30 minutes, while smaller bases result in weaker bounds.
Since differences in bounds for different Q are small, smaller bases might be more
useful in combination with a B&B scheme.

6.10.4 Weighted M AX-3-SAT problems

Lastly, we test SOS-MS on some weighted MAX-3-SAT instances. We consider 10
weighted MAX-3-SAT instances from the MSE-2016. Each instance contains 70 vari-
ables, and either 1400 or 1500 weighted soft clauses. The clause weights range between
1 and 10. There are no hard clauses.

For the weighted MAX-3-SAT problem, we compare the running times of SOS-
MS with CCLS2akms, on the same hardware. For SOS-MS, we attempted multiple
monomial bases, and found that the SOS,, basis required the least time to solve the
weighted MAX-3-SAT instances.

The running times per instance are reported in Column m reports
the number of clauses, and Inst. reports the instance, according to the scheme
s3v70c|m|-[Inst.].wenf. SOS-MS is able to solve three instances in less time than
CCLS2akms and can solve 9 of the 10 instances in less than 30 minutes. This demon-
strates that SOS-MS is well suited for solving weighted MAX-3-SAT instances with
a large number of clauses.

6.11 Conclusions

In this chapter we have considered SOS optimization for solving the MAX-SAT and
weighted partial MAX-SAT problems. We design an SOS-SDP based exact MAX-
SAT solver, called SOS-MS. Our solver is competitive with the best-known solvers on

solving various (weighted partial) MAX-SAT instances. We are also first to compute
SDP bounds for the weighted partial MAX-SAT problem.
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In we propose a family of semidefinite feasibility problems [Rz(¢)] and

show that one member of this family provides the rank two guarantee, see [Theo|
That is, the existence of a feasible rank two matrix implies satisfiability of
the corresponding SAT instance. In we outline the SOS approach to the
MAX-SAT problem, due tovan Maaren et al.|[299] and propose new bases. We intro-
duce the SOSY and SOS;;Q bases, see (6.29), and provide several theoretical results
related to these bases, see[Lemmas 6.2]and [6.3] Clearly, the strength of the SOS-SDP
based relaxations and the required time to compute them depend on the chosen mono-
mial basis. The SOS-SDP relaxation for the MAX-SAT problem is denoted by
We consider MAX-SAT resolution in and show that resolution might not
be beneficial for the SOS approach applied to the MAX-SAT problem.

In we elegantly show a connection between the SOS approach to the
MAX-SAT problem and the family of semidefinite feasibility problems m This is
done by deriving the dual problem to [Py} see[Theorem 6.6} In[Section 6.7, we propose
the PRSM for solving We show that the PRSM is well suited for exploiting the
structure of in particular, the unit constraints, see . We thus provide an
affirmative answer to the key question posed by van Maaren et al. [299]: “Whether
SDP software can be developed dealing with unit constraints efficiently?”.

We extend the SOS approach for the MAX-SAT problem to the weighted partial
MAX-SAT problem in Here, the variables are restricted to satisfy a set
of hard clauses. We show that such hard clauses can be incorporated in the SOS
program [P,| by adding scalar variables. We show in that the resulting
program (|6.64)) is also well suited for the PRSM.

In we provide implementation details of our SOS-SDP based exact
MAX-SAT solver, whose pseudocode is given in SOS-MS is a B&B
algorithm and has two crucial components. The first one is the use of warm starts for
program in order to quickly obtain strong bounds. The second one is its ability
to quickly parse as outlined in Our algorithm parses a basis that
contains 4,439,449 monomials in (approximately) one second (!).

In we provide extensive numerical results that verify efficiency of our
exact solver SOS-MS and quality of SOS upper bounds. We show that SOS-MS can
solve a variety of MAX-SAT instances in reasonable time, while solving some instances
faster than the best solvers in the MSE-2016. We show that the SOS;;Q bases
are able to prove optimality of some MAX-SAT instances, and that the parameter
Q provides the option to adjust the trade-off between quality of the bounds and
computation time. We also test our B&B algorithm for (weighted) partial MAX-SAT
instances in [Sections 6.10.2{ and [6.10.4] Our solver is able to solve many (weighted)
partial MAX-SAT instances in a reasonable time.

This chapter has demonstrated the strong performance of SOS-MS on (weighted
partial) MAX-SAT instances from the MSE random track. In the future, we hope
to also solve instances with SOS-MS from the so-called industrial and crafted tracks.
These tracks currently impose two challenges on SOS-MS. Firstly, these instances in-
duce prohibitively large SO, bases, which hinders the computation of strong bounds.
To solve this, we require a more sophisticated method for choosing a smaller, man-
ageable, basis, like SOSY. Secondly, these instances can possess clauses of length k,
where k > 4. This is problematic in the current settings, since Fy, see , is a
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kth degree polynomial, which requires a large basis to be represented. One possible
way to overcome these challenges is through exploiting the structure present in these
instances. For example, function F, might have few nonzero coefficients, which allows
for finding SOS decompositions with small monomial bases, using methods proposed
in [307], see also [5].
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Figure 6.1: SOS-MS on 70 variable MAX-3-SAT (basis SOS}")

1,500 :
—a— Best MSE-2016
SOS-MS

497

1,000 |
Time (s)

500

Instances solved

Instance LB UB T. (s) Q x| Iter.
s3v70c800-1 769  769.99 243.0 60 2181 3.9
s3v70c800-3 770 770.996 85.0 0 1603 3.0
s3v70c800-4 772 772.99 80.7 0 1588 2.8
s3v70c900-4 861 861.99 168.4 50 2022 3.3
s3v70c1000-1 953  953.999 236.6 60 2244 3.5
s3v70c1000-2 957  957.99 102.4 0 1810 2.7
s3v70c1000-5 958  958.996 83.6 0 1798 2.2
s3v70c1100-4 1048  1048.997 164.4 40 2014 3.2
s3v70c1500-2 1411  1411.998 165.7 0 2130 2.8
s3v90c900-5 875 875.99 2184 40 2366 2.9
s3v90c900-7 873  873.995 519.9 70 3185 2.7
s3v110c1000-7 969 974.49 3089.3 110 6106 2.0
s3v110c1100-10 1064 1068.32 32325 110 6106 2.0

Table 6.2: Best upper bounds for the MAX-3-SAT problem per instance

_ GAP at X minutes 1% Amin
dQ K I 55 15 20 B 30 (x102)
70 3288 5188 465 355 3.16 205 282 2.72 1.01
75 3507 6124 481 351 307 282 267 2.56 5.82
0 80 3754 7140 535 3.61 3.03 272 253 240 9.64
85 4035 7908 6.31 4.08 320 278 252 234  18.54
00 4340 8629 754 476 370 3.4 278 253 41.27
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, H GAP at X minutes 1% | Amin
id QO g5 90 35 30 (x10°9)
70 3334 4412 437 348 316 2.97 2.84 2.75 2.80
75 3548 5509 5.03 358 313 288 272 260 449
1 80 3780 6331 5.56 3.66 3.1 281 263 250  6.95
85 4054 7377 584 3.60 207 265 244 230 941
00 4352 8320 7.77 444 346 297 2.67 246  25.62
70 3324 5067 400 209 258 2.35 220 210 529
75 3536 5993 447 305 2.56 229 211 198  9.78

2 80 3776 7076 4.92 318 260 227 2.06 191 15.80
85 4046 7839 5.056 3.25 2,51 216 193 1.77 23.72
90 4346 8729 7.02 4.12 3.18 267 234 2.10 52.53

70 3296 4964 5.33 4.42 4.04 382 3.68 3.58 1.58
75 3528 5741 533 426 3.84 3.60 344 3.33 2.24
3 80 3773 6501 5.79 426 3.76 349 331 3.18 3.47
85 4038 7475 594 4.15 3.62 333 3.14 3.00 4.56
90 4343 8345 818 492 4.02 358 331 3.12 10.29
70 3304 4832 4.10 3.14 274 252 238 2.28 3.24
75 3529 5815 4.54 317 270 244 226 2.13 5.41
4 80 3775 6811 4.62 3.06 255 227 208 1.95 7.06

85 4052 7641 5.23 3.17 255 221 199 1.84 11.19
90 4352 8695 7.53 4.16 3.11 2.60 228 2.05 25.95

70 3287 5207 3.96 3.15 282 264 252 244 1.80
75 3506 6071 4.06 3.15 2.74 252 237 227 2.82
5 80 3760 6851 4.40 3.11 2.66 240 224 212 4.29
85 4037 7927 499 3.29 276 246 226 2.12 .77
90 4347 8648 6.70 4.05 3.25 283 254 2.34 22.01
70 3298 4633 3.70 2.84 249 229 216 2.07 3.60
75 3508 5745 3.94 282 242 219 203 193 5.45
6 80 3744 6659 4.27 282 238 213 197 184 9.95

85 4018 7643 487 3.11 238 2.06 186 1.71 15.91
90 4332 8523 7.29 397 3.03 255 225 2.02 40.32

70 3345 4980 5.38 4.44 4.05 3.83 3.68 3.58 1.26
75 3562 6117 548 4.42 397 3.72 3.55 3.43 1.75
7 80 3803 7056 5.89 442 392 3.62 343 3.30 2.50
85 4062 7901 5.88 4.25 3.73 343 3.23 3.09 3.02
90 4359 8709 7.50 4.68 393 356 331 3.12 8.27
70 3258 5155 3.83 265 223 199 1.84 1.72 9.72

75 3484 5803 4.09 265 217 190 1.72 1.59 15.76
8 80 3735 6722 485 3.02 229 196 1.75 1.59 27.59
85 4008 7547 5.11 3.08 237 190 1.66 1.50 39.49
90 4324 8770 7.55 4.18 3.09 252 217 1.92 76.63
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, H GAP at X minutes 1% | Amin
id QO g5 90 35 30 (x10°9)
70 3341 5206 533 439 4.00 3.78 3.63 353 1.03
75 3560 5926 543 431 3.85 3.59 342 331 2.59
9 80 3811 7158 578 4.27 3.75 346 327 314  3.60
85 4078 8254 592 417 363 3.32 311 297 455

90 4367 9169 7.57 4.80 4.00 3.56 3.28 3.08 11.35

Table 6.6: Bounds for partial MAX-3-SAT instances
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Figure 6.2: SOS-MS on 80 variable MAX-3-SAT (basis SOS,)

L,

500

[
—=— CCLS2akms
—e— SOS-MS

1,000 | .
Time (s)
500 -
0 45
Instances solved
Instance
0 1 2 3 4 5 6 7 8 9
2500 59 177 237 536 75 45 400 361 320 61
3000 | 327 329 96 244 103 554 675 86 339 221
3500 | 322 223 112 134 188 620 23 469 144 252
m 4000 85 5 107 127 347 662 762 320 - 289
4500 | 679 334 592 251 732 470 145 223 318 135
5000 | 159 116 663 1258 975 226 473 598 200 105
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Table 6.3: Unweighted 150 variable partial MAX-2-SAT running times (seconds)

Instance

0 1 2 3 4 5 6 7 8 9

1000 | 116 164 61 40 54 85 55 196 344 68
1500 | 608 144 447 164 529 190 105 269 349 370
2000 | 325 495 326 222 134 233 124 156 178 631
2500 | 103 544 282 1029 318 315 575 926 619 118
m 3000 - 1341 446 - 249 - 1220 422 1624 618
3500 | 1667 1195 1022 450 1327 1351 130 771 196 229
4000 91 5 208 1108 930 - - 1048 - 338
4500 - - 1601 1220 - 732 518 1347 799 965
5000 | 338 980 - 686 - - - - 222 294

Table 6.4: Weighted 150 variable partial MAX-2-SAT running times (seconds)
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Running time (s)

m Inst SOS-MS CCLS2akms
1 438.71 322.62
2 795.71 278.78
1400 3 696.16 752.95
4 852.51 592.82
5 1250.02 1054.16
1 499.26 885.66
2 653.51 1011.90
1500 3 399.28 292.60
4 791.08 748.03
5 > 1800.00 1323.78

Table 6.5: Weighted 70 variable MAX-3-SAT on m clauses



A Supplementary data

A.1 Scaled form of the ADMM

Consider the unscaled ADMM scheme (1.29) on [Page 14} Define Zt = %Ze and
C = %C’ . Note that (1.29) can be equivalently stated in terms of Z% and C as:

X = Py (Y4 21

Z%% =7y (Y- X

YA = pp (X - O - 2
g1 _ gl + vy (Y£+1 _ X£+1> :

Compared to (1.29)), (A.1) does not require the computation of %Zﬁ twice per itera-
tion. The scheme (A.1)) is known as the scaled ADMM, see e.g., |34, Sect. 3.1.1].

A.2 Runtimes per MAX-3-SAT instance

We provide the running times of SOS-MS on each MAX-3-SAT instance from the
MSE-2016, on 70 and 80 variables. The instances correspond to [Figures 6.1| and [6.2|
respectively, see

The runtimes are reported in Column m reports the number of clauses
in the corresponding instance. Column id reports the instance identifier, via the
following scheme: the instance id, on n € {70,80} variables, with m clauses, has
as full name s3v[n|c[m]|-id.cnf. Column SOS-MS provides the runtimes in sec-
onds of the SOS-MS algorithm per instance. Column MSE from the 70 variable
instances also provides the running times of the solver from the MSE that solved
the corresponding instance in lowest time. Since the solvers from the MSE ran on
slower hardware than SOS-MS, we report the runtimes of SOS-MS on the 70 variable
instances after multiplying them by 1.4. Column CCLS2akms reports the runtimes
of the CCLS2akms algorithm on the 80 variable instances. This algorithm ran on
the same hardware as SOS-MS, and thus we report the original runtimes of both
the SOS-MS and CCLS2akms algorithms for the 80 variable instances. Note that 80
variable instances were not tested in the MSE-2016, so we are unable to infer what
the best MSE runtimes are.

191
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In|Table A.1] table entries N/A indicate that the corresponding instance does not
exist with 70 or 80 variables. For example, the 70 variable s3v70c700-6.cnf does

APPENDIX A. SUPPLEMENTARY DATA

not exist, but the 80 variable s3v80c700-6.cnf does.

The instances s3v70c1500-1.cnf, s3v70c1500-4.cnf and s3v70c1500-5. cnf re-
mained unsolved in the MSE-2016. Using SOS-MS, we compute that their optimal

values are 1410, 1409 and 1406, respectively.

Running time per instance (seconds)

70 variables

80 variables

m id SOS-MS MSE SOS-MS CCLS2akms
1 179.74 5.00 441.66 6.98

2 145.49 7.06 638.47 13.29

700 3 298.63 14.14 489.35 4.95
4 381.82 13.83 144.89 1.52

5) 145.19 4.61 799.49 18.21

6 N/A 402.94 5.16

1 281.03 27.20 923.21 44.68

2 378.84 81.33  >1800.00 197.40

300 3 125.14 16.76 1174.15 43.04
4 129.03 15.14 957.18 25.93

) 118.23 26.16 388.10 35.73

6 N/A 1123.17 39.26

1 280.31 67.52 585.08 81.99

2 235.61 59.97  >1800.00 181.21

900 3 132.43 53.09 730.48 99.57
4 219.21 04.46 305.24 67.33

) 321.44 87.16 423.89 67.35

6 N/A 298.67 35.94

1 312.57 123.08 1316.13 355.26

2 193.14 56.66 1307.67 273.86

1000 3 122.33 78.94 327.52 93.09
4 100.70 122.22 1559.63 483.51

) 143.14 47.84 405.84 151.73

6 N/A 366.26 168.22

1 531.20 331.47 1624.88 937.81

2 244.50 227.34 >1800.00 1393.08

1100 3 122.36 136.06 279.54 344.01
4 230.81 169.47 1716.55 806.55

5) 176.46 184.75 587.51 264.34

6 N/A 1660.14 425.80
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Running time per instance (seconds)

70 variables 80 variables
m id SOS-MS MSE SOS-MS CCLS2akms
1 756.47 752.93 542.94 790.99
2 161.94 322.68 201.26 333.18
1200 3 645.56 608.15 592.83 522.42
4 739.14 1011.74 641.53 486.97
5 473.66 544.98 1030.56 868.28
6 N/A 1729.55 1131.22
1 520.31 1139.98 330.12 668.63
2 541.27 946.71 614.47 1314.20
1300 3 367.58 708.07 >1800.00 > 1800.00
4 153.01 316.19 428.29 992.42
5 278.93 650.70  >1800.00 > 1800.00
6 N/A 1665.65 > 1800.00
1 129.06 705.64 443.53 > 1800.00
2 854.36 1309.01 872.60 > 1800.00
1400 3 249.01 990.89 695.00 > 1800.00
4 184.05 284.52 646.95 1044.26
5 299.69 1062.63 987.23 > 1800.00
6 N/A 1433.79 > 1800.00
1 466.85 >1800.00
2 270.72 1182.99
1500 3 191.68 893.82 N/A
4 642.74 >1800.00
5 433.93 > 1800.00

Table A.1: 70 and 80 variable MAX-3-SAT instances

A.3 Branching process for the partial MAX-2-SAT
problem

During the B&B search for the optimal solution to partial MAX-2-SAT problems, we
do not compute SOS-SDP based upper bounds at each node. We describe here the
process which decides in which nodes the algorithm computes an upper bound.

Recall that our branching rule, described in|Section 6.10.2| on [Page 180} selects the
variable i € [n] for which either unitRes(¢, ) or unitRes(¢, —i) contains many hard
unit clauses, and therefore many truth assignments. Each branching step creates two
child nodes. We refer to the node which corresponds to the proposition with most
truth assignments in the two child nodes as a bad node. The forced assignments
resulting from the hard unit clauses in that proposition are often sub optimal, which
explains the name.

The algorithm for the B&B search operates in two phases, named phase I and
phase II. In phase I, we only compute upper bounds for bad nodes. We exit phase
I when the algorithm fails to prune a bad node, or when the number of remaining
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variables is smaller than some fixed value n;,. This process is given in pseudocode
in

After exiting phase I, the algorithm enter phase II, see In phase II,
before we compute an upper bound in a node, we first attempt to remove variables
from the proposition, by pruning bad nodes. This is described in Lines [6] to The
main difference with phase I is that, when we fail to prune a bad node in these lines,
we do not recompute a stronger upper bound with a larger monomial basis. The extra
effort in phase I is justified since pruning a node in phase I equates to removing one
unassigned variable from the rest of the search tree.

After Lines [6] to[12] of we consider the remaining proposition ¢, and

compute the basis SOS!. If this basis is too large, we branch immediately. Otherwise,
we compute an SDP upper bound using this basis. We set the parameters as Ostarr = 0
in phase I, Osart = 0.1 in phase I, and (bmax, Mmin, Smax) = (15,70, 1750).

Algorithm 5: B&B search for the (weighted) partial MAX-2-SAT problem,
phase I

1 Input: Lower bound LB, proposition ¢, parameters
(estartanmin) € [0,05) x N.

2 Set 0 = Ospart.
3 while ng > npyi, do
4 Determine the truth assignment o according to the branching rule from
ion 6.10.2
5 Compute ¢’ = unitRes(¢,0).
/* Proposition ¢’ corresponds to a bad node. */
Solve P/, using basis SOSY, to obtain UB.
if |UB| < LB then
Update ¢ := unitRes(¢, —0o), and reset 6 by 6 := Ogars.
/* Note that we did not compute an upper bound for the old
. */
9 else
10 if 0 = O4iart then
11 Set § = 0.5 if UB — LB < 10, set # = 1 otherwise.
/* Recompute a stronger upper bound with a larger 6. x/
12 else
/* Stronger upper bound was unable to prune the node.
*/
13 Compute ¢ = unitRes(¢, —0).
14 Add two nodes corresponding to ¢’ and ¢” to the search tree.
15 break
/* Move to phase II of the algorithm (see|A1gorithm 6P.
*/
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Algorithm 6: B&B search for the (weighted) partial MAX-2-SAT problem,
phase II

1 Input: Lower bound LB, parameters
(estarta bmaxa Mmin, Smax) S [07 1) X N x N x N.

while The search tree contains a node which is neither branched nor pruned
do

3 Consider an unbranched and unpruned node in the search tree, with
proposition ¢.

Set b = 0.

while b < byax & Ny > Nyin do

Determine the truth assignment ¢ according to the branching rule
from [Section 6.10.2

7 Compute ¢’ = unitRes(¢,0).

/* Proposition ¢’ corresponds to a bad node. x/

Solve Py, using basis SOS%+art | to obtain UB.

if |[UB] < LB then

N

10 Update ¢ := unitRes(¢,—o0), and b:=b+ 1.
/* Note that we did not compute an upper bound for the
old ¢. x/
11 else
12 |_ break
13 Compute the monomial basis SOS! for ¢.
14 | if [SOS}| > spax then
15 Branch the node corresponding to ¢, add its two children to the search

tree and continue with B&B search.
/* For efficiency reasons, compute upper bounds only when

the basis is small enough. x/
16 else
17 Solve [Py} using basis SOS!, to obtain UB.
18 if |[UB] < LB then
19 Prune the node corresponding to ¢, and continue with the B&B
search.
20 else

21 |_ Perform Line

A.4 Search tree for the partial MAX-2-SAT problem

We provide the search trees of our SOS-SDP based algorithm for solving various
partial MAX-2-SAT instances, as described in [Section 6.10.2 on [Page 180l These
instances are also reported in and

For the search trees in [Figures A.l| to |[A.3| each node is given a numeric value
between zero and one, or the value B. Numeric values indicate the largest value of
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6 for which basis SOSY was used to compute an upper bound in that node. The
value B (B for branch) indicates that no upper bound was computed in this node,
but instead immediately a variable was chosen to branch.

The figures show the strength of the SDP bounds, implying that many nodes can
be pruned immediately. This also demonstrates the effectiveness of the branching
rule, which is able to find many nodes that can be pruned immediately.
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Figure A.1: Search tree for file_rpms_wcnf_L2_V150_C2500_H150_4.wcnf
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Figure A.3: Search tree for file_rpms_wcnf_L2_V150_C4000_H150_3.wcnf
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A.5 Reflection symmetries of 4,, and CUT],

In this section, we prove a claim relating to the extension of reflection symmetries of
Uy, to CUT;,. This claim was made in [Section 3.2.1} [Page 61}

Let n,m € N, and let o : C — C be a reflection symmetry of u,,, see on
That is, o is a reflection that satisfies (U, ) = U,,. We extend o to C" by
defining, for u € C", o(u) via entrywise evaluation of o to the entries of u. To extend
o to CUT? , note that any X € CUT?, can be written as X = GHG, for some matrix
G € C™*™ since X > 0. We then extend o to CUT}, by defining

0(X) := o(G)He(G), for o(G) = (0(Gij))i jem), and X = GHa. (A.2)

Lemma A.1. Let n,m € N, and let o : C — C be a reflection symmetry of U,,. For
any X € CUT,,, define 0(X) as in (A.2). We have that o(X) is well-defined, and
o(X)=X.

Proof. Any reflection symmetry of 7, can be written as o(re®t) = re(29=®)i where
6 € R is the angle between the line of reflection and the axis Im(z) = 0. Therefore,
for x1,22 € C, with z; = rjed’ji and r;,¢; € R, j € [2], we have that

o(x1)0(xs) = rirg e20—01)ie20=02)1 — o oy o(P1=02)1 — o 7 (A.3)

For vectors u,v € C", (A.3]) immediately shows that

o o) =Y ow)o(v) = > uv; =v"u. (A.4)
1€[n]

1€[n]

To show that o(X) is well-defined, note that the matrix G satisfying X = GHG
is unique up to multiplication on the left by an orthogonal matrix Q € C"*", i.e.,
G — QG. Therefore, as X = GHG = (QG)H(QG), it must hold that

0(G)"o(G) = 0(QG)"o(QG). (A.5)

To verify (A.5)), let vectors ey, ..., e, € {0,1}" form the canonical basis of unit vectors
of R™. Then, using (A.4)), we find that

(O'(G)HO'(G))U = J(Gei)Ha(Gej) = GIGHGei = Xﬂ (A6)
For @ an orthogonal matrix, i.e., Q¥Q = I, we again use (A.4)) to derive

(0(QG) "0 (QG))i; = 0(QGe;))" o (QGe;) = e] GMQ"QGe; = Xji. (A7)

The combination of (A.6) and (A.7)) proves (A.5), so that o(X) is well-defined.
Equation (A.6) also shows that o(X);; = Xj;. Since X is Hermitian, X;; = X,;,
so that o(X) = X, which completes the proof.

O
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A.6 Facet enumeration of V(CUT%)

Table A.2| provides a complete enumeration of the 27 facet defining inequalities of
V(CUT3), see (3.28). These inequalities are given implicitly in [Theorem 3.17| on
and one inequality is given explicitly in [Proposition 3.12| on [Page 68 The
facet defining inequalities in were verified using the SageMath software
[295]. The corresponding SageMath code is provided in

In[Table A.2] inequalities 1 up to and including 18 are the triangle facets, using the
terminology of Inequalities 19 up to and including 27 are the inequalities
that ensure x; € Conv(Bs3) for all i € [3], see (3.6].

# Create the field extension to symbolically evaluate sqrt(3)
x = polygen(ZZ, 'x')

K.<sqrt3> = NumberField(x~2 - 3, embedding=AA(3)**(1/2))

r = sqrt3/2

# Create the polyhedron with points of the cut polytope.
# Points are given as (Re(x), Im(x)).

P = Polyhedron([(1,1,1,0,0,0),(1,-0.5,-0.5,0,-r,-1r),
(1,-0.5,-0.5,0,r,r),(-0.5,1,-0.5,-r,0,r),
(-0.5,-0.5,1,-r,-r,0),(-0.5,-0.5,-0.5,-r,r,-r),

( 5,1,-0.5,r,0,-r),(-0.5,-0.5,-0.5,r,-r,r),
(-0.5,-0.5,1,r,r,0)]1)

# Compute the facet defining inequalities (i.e.,
# half-space representation) of the cut polytope P
P.Hrepresentation()

Listing A.1: SageMath code for computing the facets of V(CUT3).

A.7 Computational details of proof of Lemma [4.17

We provide computational details on the proof of [Lemma 4.17| on |Page 107, Specif-
ically, the verification of ¢(G,s) < |s/2] for all G € G, for s € {5,7,9,11,13}. We
performed the following steps on a laptop (16 GB RAM and Intel i7-1165G7 CPU),
which required approximately 16 hours to run. Our code is available at

https://github.com/LMSinjorgo/QMC_proofVerification.

We first use the software package nauty [222] to generate the graphs in Gy that

satisfy the properties |1| to |3| of Then, for the case s € {5,7,9}, we verify
that ¢(G,2) < [s/2] for these graphs in G, using SDP. Computing ¢(G,2) can be
done using the Pauli-based but, in fact, solving a relaxation of based
on the SWAP operators already suffices to establish the desired upper bound. (More
precisely, we compute the first level of the QMC SDP relaxation based on the SWAP
operators, see [293] B11] and in particular the discussion in [293] Sect. 5.1.2|.)

For s = 11, we consider the 26360 (see [Table 4.3 on [Page 107) remaining graphs
G; = ([11], E;), j € [26360] in the sequence as returned by nauty. We construct the
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Table A.2: Coefficients 7 of the facet defining inequalities Re (

V(CUTS).

APPENDIX A. SUPPLEMENTARY DATA

1 12 13
1. |1 e™i/6 i
2. e57ri/6 €—7ri/6 67ri/6
4. e7ri/6 €—7ri/6 e57ri/6
5. | i —1i e~ 7i/6
5. e7ri/6 e—57ri/6 67ri/6
6. | e~ 7/6 —i i
7. e—57ri/6 e7ri/6 €—7ri/6
8. | —i i e™i/6
9. | emi/6 i —i
10. e—wi/6 67ri/6 e—57ri/6
11. e—wi/6 657ri/6 e—7ri/6
12. | —i e~ 7i/6 —i
13. e57ri/6 i e57ri/6
14. e—57ri/6 657ri/6 i
15. i 657ri/6 e—57ri/6
16. e57ri/6 e—57ri/6 —i
17. e—57ri/6 —i e—57ri/6
18. —i e—57ri/6 e57ri/6
19. | V/3e™/3 0
20. | V3e /3 0 0
21. | —V/3 0 0
22. | 0 V3e /3
23. 1 0 V3e™/3 0
24. | 0 —/3 0
25. | 0 0 V/3emi/3
26. | 0 0 V/3e~ /3
27. 1 0 0 -3

3

Z i

=1

)g?for
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corresponding Hamiltonians recursively as

Hg,.,=He,+ Y, H.— Y  He. (A.8)

e€Ej11\E; e€E;\Ej11

Constructing He,,, using (A.8)) is efficient since nauty returns a sequence of graphs
where E; ~ E;;1. Additionally, (A.8)) shows that

>\max (HGJ-+1> < AmaX (HGj) + Arnax Z He . (Ag)
e€E;j 1\E;

Here, we have used that H, = (1/4)H2? = 0. Generally, AmaX<ZeeEj+1\Ej He)

< 4|Ej+1 \ Ej|, and tighter bounds are possible if, for example, the edges E;11 \ E;
form a star graph. If already proves that ¢(G41, ) = Amax (Ha,,, ) /2—|Ejt1] <
|s/2], we do not carry out the computation of Amax(Hg,,,), nor the construc-
tion of Hg, ,. If the bound does not prove ¢(G,4+1,s) < |s/2], we compute
Amax (HGj+1) with MATLABs eigs function.

The case s = 13 proceeds similarly as the case s = 11, except we first discard
some of the 9035088 graphs in Gi3 that satisfy properties [I] to [3] of by
arguing as follows: of these 9035088 graphs, 959842 of them do not satisfy property
with |S| = 2, and so we may discard those. We verify that these 959842 graphs
do not satisfy property [4|in approximately 5 seconds. Of the now remaining 8075246
graphs, 1622184 of them satisfy 7(G) < 6. We verify that these 1622184 graphs satisfy
7(G) < 6 in approximately 20 seconds. By Item [2| of these graphs satisfy
¢(G,13) < 7(G) < 6, so we may discard them as well. For the remaining 6453062
graphs GG, we compute upper bounds on A\p.x(Hg) in the manner described for the
case s = 11.



B Technical lemmas and proofs

B.1 Proofs from Chapter

The following known result (cf. e.g. [297]) is used in the proofs of [Theorem 2.20)|
and [Lemma 2.23| on Pages and respectively. We provide a proof for the sake
of completeness.

Lemma B.1. Let gi,...,gn, n € N, be convex functions from R? to R, for some
d € N. For some k € [n], define g(x) := S({g1(x),...,gn(x)}) as the function that
returns the sum of the k largest values in {g1(x),...,g,(2)}, € R Function g is
convez.

Proof. Let x,2’ € R% and w € [0, 1]. We have

o gn(@)}) + (1= w)Sk({g1(2"), ..., gn(2")})
D+ Se({(1 = w)g1(2), ..., (1 —w)gn(z")})
> Sp({wgi(z) + (1 —w)gi(z'), ..., wgn(@) + (1 — w)gn(z)})
> Sk ({g1(wz + (1 —w)z’),. --,gn(wa“r(l— w)z')})
= g(wz + (1 —w)z’). O

wg(z)+(1 — w)g(a’) = wSk({g1(x

) -
= Sp({wgi (2 )7--- won ()

B.2 Proofs from Chapter

We require the following result to prove [Lemma 3.14| on [Page 69|

Lemma B.2. Let r := (2 cos %)_1 ~ 0.53 and y = €2>™/9. We have that

1 ry> ry
Y= [rg? 1 ry?| €& (B.1)
g oy 1

Proof. 1t is easily verified that the values ry?, ry, and their complex conjugates, are
contained in Conv(Us). It remains to show that Y = 0, which we do by showing that
the principal submatrices of Y have nonnegative determinants.

All 1 x 1 principal submatrices of Y have determinant 1. All 2 x 2 principal
submatrices of Y have determinant 1 — 72 ~ 0.72. To compute these determinants,

204
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we have used that |y| = 1. Lastly,

6
det(Y) =13 (y3 + §3) —3ri+1=2" cos(%) —3r? 4+ 1

B COS(GS;-) —3COS( )—i—4cos (9)
- 4cos®(F) ' (B2)

Substituting the triple angle identity 4 cos®(z) = 3 cos (x) + cos (3z) in (B.2) shows

that the numerator of (B.2)) equals cos (%T) + cos (%”) =0, so that det(Y)=0. O

Proof of[Lemma 3.1]}, [Page 69, Since inequality (3.29) is facet defining, the inequal-
ity is tight. It therefore follows that maxxccury (@, X) = \/Tg We now claim that

3 cos (18)
5

Q" := max(Q, X) =

~ 1.57, B.3
Xe&d 2 cos ( ( )

which would prove that str(Q,3) = Q*/maXXeCUTg (@ X) = \/i(f:(sggé)

We now prove (B.3)). For any Y € &3, the value (Q,Y) provides a lower bound on
Q*. In particular, for Y as in (B.1), we have that

max (Q, X) > (Q.Y) = Q" (B.4)
Xe&;
We now derive the matching upper bound. For any X € &3, the inner product (Q, X)

can be rewritten as follows, for r := (2cos %)_1 ~ 0.53 and ¢ := (4sin (27/9))" ! ~
0.39:

(@Q,X)=Q" — (3——> 3 Re( —e“i/3xij>

1<4<y<3

p—Ami/9  ,—8mi/9 (B.5)

1
—q{ ™9 1 et/ X ) <QF VX e,
687ri/9 e47ri/9 1

The inequality in (B.5]) is due to the following facts: ¢ > 0, the matrix

1 e—47i/9  ,—8mi/9 1 1 1H
647'ri/9 1 e—47‘ri/9 — e47ri/9 e47'ri/9 > 0,
687'ri/9 647'ri/9 1 687ri/9 e87'ri/9

the term Re (% — e“i/3XZ-j > 0 (since X;; € Conv Us3) and V3 — % > (. Claim (B.3)
follows from combining (B.4]) and (B.5)), which completes the proof. O

The following definition is used in the proof of [Theorem 3.17| on [Page 70}

Definition B.3. A convex subset F' of a convex set C is said to be a face of C if it
satisfies the following: if z,y € C and t € (0,1) are such that tx + (1 — t)y € F', then
x,y € F.
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Proof of [Lemma 3.33, [Page 83 Proof by induction: the statement is trivially true for
r = 1, since rank one matrices in €7, are extreme points of £ themselves. Assume
the result holds up to r — 1, for some r > 2. It remains to prove the result for A € £7,
with rk(A) = r. If A is an extreme point of £, we are done, since then A € Conv{A},
and rk(A) <rk(A).

Suppose that A is not an extreme point of £ . Let A; be an extreme point of £
for which the value

t* :==max{t : (1-t)A; +tAec &L}

satisfies t* > 1. Such a matrix A; exists because A is not an extreme point of £ .
Set Ag := (1 —t*)A; +t*A and note that As # A. Matrix A lies on the line segment
with endpoints A; and As, i.e., A € Conv{A;, As}.

Let us now write A = GHG for some G € C"™*" with tk(G) = r. Consider the
perturbation B = GHRG, R € H", of A that satisfies A +t,B = A;, for all i € {1, 2},
and for some real numbers ¢; > 0 and ¢ < 0. Then

Ay =G, + t;R)G, i € {1,2}. (B.6)
Matrix A; is an extreme point of £7, and therefore lies on the boundary of £7.
By optimality of t*, matrix Ao also lies on the boundary £Z.. Hence, the matrices A;,
i € {1,2}, are both PSD, but not positive definite. Therefore, as G is full rank and
the A; satisfy , it follows that the matrices I. +t; R, i € {1,2} are also PSD, but
not positive definite. In particular, this implies that rk(I, +¢;R) < r — 1, so that

rk(4;) = tk(G"(I, + ;R)G) < 1k(I, + t;R) < r — 1 < rk(A).

We have shown that A € Conv{A;, A2}, where A; is an extreme point of £, and
both matrices A;, Ay, have rank strictly smaller than rk(A) = r. By the induction
hypothesis, matrix Ay is the convex combination of at most r — 1 extreme points of

&L That is, there exist extreme points Ay, ..., A._; of rank at most r — 1, such that
A € Conv{Ay,...,A._1}. This completes the proof, since

A € COI’]V{Al, AQ} Q COﬂV{Al, 12117 ceey Ar—l};

and the ranks of the matrices A, 1211, . ,flr_l are strictly smaller than rk(A). O

Proof of [Lemma 3.3, [Page 83 The case r = 2 follows from [Theorem 3.34] We as-
sume that r € {3,4} and write

A=DB"B, forsome B=[b; by by by],b;€C", |bj]|=1 Vie[4]. (B.7)

Note that, given A, the matrix B is unique up to unitary multiplication, i.e., B — @B,
for () a unitary matrix in C"*”. We claim that there exists a unitary @ € C"*" such
that

Vwgh

@B = Vv1—wG

] , forw e (0,1), ge ut, GeClr—Vx4 QHQ =1,. (B.8)
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If so, (B.8) implies that

A= (QB)QB) =wqe™ + (1 —w)GHG = A € Conv{qq", GG}, (B.9)

00

r — 1. Note that GG € &2 follows from the fact that GHG = 0 and diag(GHG) =
ﬁdiag(A —wqq) = 14.

We now prove the existence of a unitary () satisfying . Consider the following
system of equations in a Hermitian matrix variable X:

where g™ is a rank 1 extreme point of CUTZ | and GHG € £ with rk(GHG) =

(b1} — boby, X ) = (b1by' — bsby', X) = (bi1bi' — byb}, X ) = 0. (B.10)

Since [|b;]| = 1, see (B.7), X =L, is a solution to (B.10). Then, [6, Thm. 2.2] states
that there exists a nonzero vector x € C" such that X = xz! solves . As the
set of solutions to (B.10) is closed under scalar multiplication, we may assume that
Joll = 1.

Let @ be a unitary matrix with " as its first row. Then the first row of QB
consists of the values z%b;, i € [4]. Since X = xz' satisfies (B.10), it follows that
|28, = |2Hb;| for all 4,5 € [4]. Thus, Q satisfies and our claim is proven.

It follows, considering (B.9), that A € Conv{gq", GHG}. If r = rk(A4) = 3 and
GG is an extreme point of £2 we are done. If » = 3 and GYG is not an extreme
point of £2 | then GHG itself is the convex combination of two rank 1 extreme points
of €4 by |Theorem 3.34] This proves the case r = 3, which we inductively use to proof
the case r = 4.

If r = 4, then rk(GHG) = 3, and so GHG is not an extreme point of £2
by Then, using for r = 3, there exist extreme points
Ay, ..., Ag, k < 3, satisfying GEG € Conv{A1,..., A} and Zie[k] rk(A;) = 3. Hence,
A € Conv{qq™, Ay, ..., A}, which proves the result for r = 4. O

We require the following result to prove [Lemma 3.38| on [Page 84|

Lemma B.4. For the matriz H as in (3.68)), we have that —I, < \%H <1y.

Proof. Since H? = 314, the eigenvalues of H are contained in {:I:\/g} O

Proof of|Lemma 3.38, [Page 84 Let m > 3 be an integer or m = oo. To prove Item
of [Lemma 3.38] we derive first

max (H, X) = max 4v/3 — <\/§I4 - H,X> < 43 (B.11)
Xeéd Xeéid

The equality in (B.11) follows from the fact that (v/314, X) = 4v/3. The inequality
in (B.11)) follows from the fact that /31, — H = 0 by and X > 0 since
X € &%, To prove that maxycgs (H, X) > 44/3, we consider the matrix

Y :=rH + 1y, for r:= ~ (.58.

1
V3
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We claim that Y € &, which implies that maxyces (H,X) > (H,Y) = r(H,H) =
44/3. Combined with (B.11]), this would prove Item 1.

We have that Y > 0 by [Lemma B.4L Thus, to prove that Y € &2 . it remains to
show that the entries of Y are contained in Conv(,,). Note that the entries of ¥
are contained in the set {1,r, £ri}. Clearly, 1 and r are contained in Conv(U,,). For

=3, ri € Conv{1,e*"/3} C Conv(uUs3) and —ri € Conv{1,e*™/3} C Conv(ts). For

m = 4, note that the polytope Conv(?y) contains an inscribed circle of radius

1+1i 1
1 = = —. B.12
meagﬂ{}(m) 21 ‘ 2 V2 ( )
Since
1
|£ri| =r = (B.13)

\/_ V2’

it follows that +ri € Conv (). NOW for the case m > 4: let R,,, denote the radius of
the inscribed circle of Conv(,,) (by (B-12), Ry = 1/v/2). Note that R, is increasing
in m. Therefore, following -, we have

|£ril < R4 < R,, = {xri} CConva, Vm >4

Thus, we have shown that all elements of Y are contained in Conv(,,) for all valid
m. Therefore, Y € 1.

To prove Itemlof | we use that CUT),, C CUT%, C L(By), see (3.43),

which implies that

max (H,X)< max (H,X)< max (H,X). (B.14)
XeCUuT4, XeCUTA, X€EL(By)

It follows from (B.14) that we may prove Item [2| of [Lemma 3.38| by proving the
following two inequalities: maxxccyrs (H, X) > 6 and maxycys,)(H, X) < 6.

For the first inequality, we use that J4 € CUTfn, which implies that

max (H,X) > (H,J4) =6.
XeCUuT:,

For the second inequality, let X € L(B), and let Z € F(B1) be a matrix satisfying
Z1a1.4 = X, see (3.44). We have that (H, X) =6 — (Q, Z), where

4 0 -2 —2 2i —2
0 0 0 0 0 0
12 0 2 —1-i —-1-i 0
Q=3 -2 0 —-1+i 2 0 1—1i
—2i 0 —1+i 0 2 —1+i
-2 0 0 1+i —1-—i 2 |

We claim that @ = 0. Then, since also Z > 0, we have (H, X) =6 — (Q, Z) < 6 for
any X € L(B;y). To show that @ > 0, we compute the Schur complement of () with
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respect to Q11 = 2. The resulting matrix is given by

0 0 0 0 0] 0] o™
O 1 -1 -i i i i
1 1
3 0O —1 1 i —i =3 —i —i =0
0 1 —1 1 —1 —1 —1
_0 —i i -1 1_ _1_ _1_

0

Proof of [ Lemma 3.4 1|, [Page 85. We fix some n > 2. For notational convenience, we
omit the superscript n in sets @™ and /™. It suffices to show that &/ = <7, see
Definition 3.23l Define the sets

Dy = eQZ/ and Z; := Py U {2e1,2eq,...,2¢;} for i € [n — 1],

where the vectors e; € {0,1}"7!, i € [n — 1], are the columns of I,,_;. Note that
Dn—1 = . 1t suffices to show that &, = Z;,1 for alli € {0,1,...,n—2}. Indeed, by
the transitivity of |=, see [Definition 3.23L it then follows that & = %, E Pp1=4.

To prove that Z; = %11, we use again PSD completion theory [125]. Specifically,
we show that any X' € F(%;) can be extended to an X € F(Z;+1) that satisfies
X912, = X'. To do so, let X’ € F(%;) and let X be the associated partially
specified matrix, similar as to . We show that the PSD completion problem
corresponding to X is always feasible, i.e., X can always be completed to a PSD
matrix in F(Z;;1) that satisfies X1,)¢,),1:/2, = X'

We denote the graph associated to this PSD completion problem by G, with as
vertices the elements of Z;;1, and edge set £ = {{v,8} : X, 3 # *}. Note that E
can be rewritten as

E:{{Vaﬁ} : 77ﬁE@i+177_6€@i_@i}7

where 9; — 9; == {v— 08 : 7,8 € %;}. Since 9; C Z;11 and |Z;| = |Zi11] — 1, it
follows that G contains a clique of size |Z;|. It is then easily checked that G is a
chordal graph.

Since G is chordal, we can apply [125] Thm. 7|, which states that X can be
completed to a PSD matrix if and only if every fully specified submatrix of X is PSD.
Using similar arguments as in the proof of it follows that every fully
specified submatrix of X is PSD if and only if X s is PSD. Recall that X 7 denotes
the fully specified principal submatrix of X, indicated by the elements of

T ={1€%iy1: Xoeyyn #*} ={7 € Dit1 : 26541 — v € Ds — D;}

= {ei+1 + er . ke [n — 1]} U {ei+1}.
Note that the linear function f(v) := v — e;41 defines a bijection from J to a subset
of Z;. Since v — 8 = f(v) — f(B), we have that (X7)y s = X}y ;5. This implies

that X 7 is permutation-similar to a submatrix of X’. Since X’ > 0, also X7 > 0,
which completes the proof. O
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Proof of[Lemma 3.46], [Page 8§ We show that N = GHG satisfies and [2| of
IProposition 3.45, Denote by e, u,v € C? the first three columns of G (in that order).
Observe that uy is a convex combination of 1 and exp(27i/m), both m-roots of unity,
and therefore

Nio = eMu = uy = cos (m/m)e™/™ e dConv(Upy,) \ Up,.

Hence, N satisfies [[tem 1] of [Proposition 3.45] Let us now verify [[tem 2| by computing
a possible perturbation of N. Considering (3.72)) on[Page 86| a perturbation is defined
by some a € C and ¢ € R. Since a perturbation (of V) remains a perturbation after
scaling by a real number, we may assume without loss of generality that ¢ = 1. We
determine « by solving the linear system (3.71)) with ¢ = 1. The entries of the matrix
in this system are given by

sin(2X)

2
Substituting (B.15]) in (3.71) yields

= [ ] -

2 e—ﬂi/m 671'i/7n

e™/™ | |ug|? = sin? (1> and |va|* = cos® <£> (B.15)
m m

cos(2m/m)—1
_ 2
] [—cos(27r/m)—1
2

U Uy = V V2 =

(B.16)

«

Solving (B.16) for the vector [a &}T yields

al 1 emi/m  =mi/m) ! cos(2m/m) — 1
al  sin(2r/m) |e7T/m  emi/m —cos(2m/m) — 1
1 emi/m  _e=m/m] [ cos(2m/m) — 1 ]
= . . . B.17
2sin?(2m/m)i [ —mifmo mi/m ] l— cos(2m/m) — 1 ( )

—e
By computing the matrix vector product in (B.17)), we obtain

iy (= () ¥ 4o ¥] e e¥)
O—= —F——F5 5~ | COS| — € m e m e m —em
2sin® (1) m

m

= ey (s (B ) eos(R)iesm(7) )

m

Accordingly, b12, see (3.72) on [Page 86} is computed as follows (using ¢ = 1):

b]Q = eH |f2 ?] U = U .

It remains to show that Re(Zbi2) # 0, for v = exp(wi/m). To do so, note that
ug = sin (w/m) € R, and thus,

Re(7by) = ﬁm <€_ﬂi/m lsm(%) - icos(%) COS(%)D

m

o U2 ™ . (T 2w .
= m COS<E> 8111(%) [1 — COS<E>1 # 0, since m > 2.

m

(B.18)
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For the second equality in (B.18)), we have used that Re(ie=™/™) = sin (7/m). Since
bi2 is uniquely determined (up to real scaling), it follows from (B.18) that there
does not exist a perturbation satisfying Re(7b12) = 0. Hence, N satisfies [[tem 2| of
IProposition 3.45, Thus N is a rank 2 extreme point of £3,. U

B.3 Proofs from Chapter

The following result is used in the proof of [Lemma 4.6/ on [Page 101} This result is
also stated in [253|, without proof.

Lemma B.5. Let n € N and P := {Q®._, 0, : 0, € {I,X,Y,Z} Vi € [n]}, where
X, Y, Z are the 2x2 Pauli matrices as in (4.2) on|Page 98. Define P% = PIIQR2"x2"
as the set of real matrices in PL. The matrices in Py form a basis of S2" over R.

Proof. Let A=01®---®0, and A’ = 0} @ --® 0o/, be distinct matrices in P, with
0,0, € {I5,X,Y, Z} for all i € [n]. We have that

(A, A :ﬁ (0i,07) =
=1

since the matrices in {I», X,Y,Z} are orthogonal with respect to the trace inner
product. It follows that the matrices in P! are linearly independent. Therefore
also all matrices in P% are linearly independent. Because the Kronecker product of
Hermitian matrices is Hermitian, it follows that all matrices in P! are Hermitian.
Therefore, all matrices in Pﬂlg are real symmetric.

We have thus shown that all matrices in PJ are linearly independent and real
symmetric. It remains to show that the cardinality |PH§I| equals the dimension of S2",
given by dim(SQn) = % (4™ + 2™). To compute ‘P%L note that the Kronecker product
of matrices in {Io, X,Y, Z} is real if and only if the number of Y matrices appearing
in the product, is even. If £ denotes the number of Y matrices appearing in such a
Kronecker product, then there are (Z) ways to choose the k positions of Y. Each of
the remaining n — k positions consists of one of the three matrices in {Io, X, Z}. It

follows that
vi= S (B0 S0

k=0:k even
1 n
=SB+ + B = dim<82 )
The third equality in (B.19) follows from the binomial theorem. O

We require (a part of) [247, Lem. 1|, to prove which in turn helps to
prove |[Lemma 4.16| on [Page 106|

Lemma B.6 ([247]). Let L € F* with k > 2 and n > 3. Let i,5,{ € [n], and
consider the values h;j, hi, hje associated to L as in|Definition 4.8 We have that
hij + hip + hjg < 0.
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To compare with [247, Lem. 1], note that the variables s;; in [247] satisfy
Sij = _hij~

Lemma B.7. Let G € G, with s > 3, and let k > 2. There exists a triangle-free
graph G’ € Gy, satisfying c¢(G, k) < c(G', k), see (4.15).

Proof. If G = (V, E) is triangle-free, the result follows directly by taking G’ = G.
If G is not triangle-free, we may assume without loss of generality that the edges
e1,e2,e3 € E form a triangle in G. Consider an optimal solution of the SDP defining
¢(G, k), with values (he)ecr as in [Definition 4.8, By [Lemma B.6, >3 k., < 0.
Thus, there is some e € {ej,es,e3} for which h, < 0. Consider the graph obtained
after removing from G this edge e, which is given by G[F \ e|. Observe that G[E'\ €]
contains strictly less triangles than G, and satisfies ¢(G, k) < ¢(G[E\ e, k). Repeating
the procedure if necessary, this concludes the proof. O

Proof of|Lemma 4.16, [Page 106, The direction = is trivial, since G C Gg. For the
reverse direction, observe first that maxgeg, ¢(G, k) > |s/2] (it is straightforward to
verify that the graph on | s/2] disjoint edges, denoted by G’, satisfies ¢(G’, k) = [s/2]).
Thus, it remains to prove that all G € G, \ G satisfy ¢(G,k) < [s/2]. Due to
it suffices to consider G € G, \ G that are triangle-free. We distinguish
the following cases, corresponding to which of the four properties of are
not satisfied by G.

Case 1. If G is disconnected, let graphs (G* = (Vi,Ei))ie[p] form the connected
components of GG for some p € N. Item |1 from |[Lemma 4.15| on [Page 105| yields

(G k) < zp:c(G[Ei],k) < zp: {@J < {%J - EJ

=1 1=

If G is connected but not biconnected, there exists a partition {E', E?} of E(G) such
that G[E'], i € {1,2}, is a graph on s; vertices, with s; + s = s + 1. Since s + 1 is
even, the numbers s; are either both even or both odd. If they are both odd, we find

(6.8 2 el = [ 5]+ 3] = 5t e 25t =[5

=1

If the numbers s; are both even, we proceed as follows: Since G is connected but not
biconnected, the graphs G[E’], i € {1,2}, must have precisely one common vertex
v € V(G). Let E, C E(G) be the set of edges adjacent to v, and consider the
partition {E'\ E,, E*\ E,, E,} of E(G). Observe that G[E*\ E,| is a graph on at
most s; — 1 vertices. Also note that G[E,]| is a star graph, which implies by (4.17))
that ¢(G[Ey], k) < 1. We have
¢(G k) < ¢(GIE"\ By, k) + ¢(G[E>\ Ey), k) + c(G[E,), k) < EJ ,

where ¢(G[E'\ E,],k) = 0, i € {1,2}, if E*\ E, = 0. If G is bipartite, then

its vertex cover number satisfies 7(G) < [s/2|. Hence, by Item [2| of |[Lemma 4.15
(G, k) < [s/2].
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Case 2. If G contains a vertex of degree 1, then G is not biconnected and the proof
follows as in case 1. If G has a vertex i satisfying deg(i) > (s — 1)/2 (equivalently,
deg(i) > (s + 1)/2), note that the vertices in N (i) are pairwise non-adjacent since G
is triangle-free. This implies that V(G) \ N(i) is a vertex cover of G. Then, Item

from |[Lemma 4.15|implies that

(G, k) < 7(G) < [V(G)\N(@)| = [V(G)] - [N(i)| = s — deg(i)
<s—(s+1)/2=(s—1)/2=[s/2].

Case 3. If |E(G)]

)| < s, G is either disconnected or a tree (and thus bipartite). In
both cases, ¢(G, k)

<
< |s/2] (as proven in case 1).
E)

Case 4. If G = (V, E) has a nonempty stable set S C V for which N(S) := U;cs N (4)
satisfies [N (S)| < |S |, we proceed as follows: let Ep(g) be the set of edges adjacent
to at least one vertex in N(S). The set N(S) is a vertex cover of G[Eng)], so that
c(G[Ens)], k) < 7(G[Ens)]) < IN(S)| (Item from [Lemma 4.15)). Observe that
G|E\ En(s)] is a graph on at most s — |N(S)| — | S| vertices. We find

C(G, k‘) < C(G [EN(S)} , ]{?) + C(G [E \ EN(S)} , ]{)

NS F—W(;@)\—ww < INS)| + {%J (5.20)
= IN(s) + AN _at T

For the third inequality in (B.20), we used that |[N(S)| < |S|. For the first equality,
we have used that s — 2| N(9)]| is odd, since s is odd.

We have considered all possible cases of G ¢ G, which finishes the proof. O

The following lemma provides two implications of property (4] from
Page 106

Lemma B.8. Let G = (V, E) be a graph on n vertices, such that for any stable set
S in G, it holds that |U;es N (i )| > |S|+ 1. Then deg(i) > 2 for any vertex i, and the
vertex cover number 7(G) > (n+1)/2.

Proof. Let i € V. Since {i} is a stable set in G, it holds that |N(i)| = deg(i) >

{i}| + 1 = 2. To prove that 7(G) > (n + 1)/2, let S be a stable set of maximum
cardinality, i.e., |S| = a(G). As S is a maximum cardinality stable set, it follows that
|Uies N(i)| = n—|S| = n—a(G). Then, by the property of G, n —a(G) > a(G) + 1.
Substituting the classical result a(G) + 7(G) = n [102] completes the proof. O

The following lemma is used in the proof of [Theorem 4.27| [Page 114}

Lemma B.9. Let the function f be defined as in (4.46), h as in (4.47) and r =
0.61392. We have that

max  f(h(r,p),p) <r. (B.21)
[q(O) 1’1]
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Proof. To simplify notation, we write £ := q%g)__ll and g(p) := f(h(r,p),p). We first
show that g is concave. Using concavity, we determine a small interval in which the
function ¢ attains its maximum. We then apply the mean value theorem to this
interval, to prove . For intuition, provides a plot of g.

We now prove that g is concave by showing that ¢”(p) < 0. Recall from the
proof of [Theorem 4.27| the expressions of the positive numbers p = 14/15, C; =
(44 pu(r —2))/(27) and Cy = (1 + 3u/2). The function ¢’(p) can be computed by
using the multivariate chain rule. To this end, denote by D, f the partial derivative
of f, see , with respect its ith argument, i € {1,2}. For ease of notation, we

write h(p) = h(r,p), for h as in (4.47) and r = 0.61392. We have, for p € (¢,1],

g'(p) = ' (p)D1f (h(p).p) + D2 (h(p),p)
_ (2r—1)q(1/2) ( 1 (1= 2h(p)) _1>
6pq(0)\/2(p%(8)_1)—1 Vh(p) (1 = h(p))

#3 a2 (1- M2 s oI 10D - &

Observe that g is not differentiable for p = ¢, since h(¢) = 0. However, it can be
verified using a computer that r > g(¢) ~ 0.587, so that it suffices to consider only
€ (¢,1]. The function ¢g”(p) is given by

g"(p) = —1<2r - 1) q(1/2) Cy kl(p),

3\ ¢q(0) ka(p)
where
F1(p) := —6u(p (V_ )3/2 +3 v/u(p) + 4 (u(p))*’?,
ka(p) 1= 4p° ( u)” ().
and u(p) := 200) pq(o) (p) is decreasing in p for p € (¢,1] (and u(1) ~ 0.909,

as can be verified using a computer), we have
0<u(l)<u(p) <ull)=1 (B.22)

for all p € (¢,1], which implies that \/u(p) — u(p) > 0 for p € (¢,1]. Thus, k1 (p) and

ka(p) are well-defined for all p € (¢, 1]. Furthermore, shows that ks (p) > 0 for
€ (¢,1).

For ki(p), we find ki(p) > —6u(p) + 3/u(p) + 4

3/2 v
inequality, we have used that C% ( u(p) — u(p)> > 0. The second inequality

follows from the fact that min, (g 1) (—62 + 3v/z + 42%/2) = 0, since —6z+3/z+423/2
is an increasing function, as can be shown by evaluating the derivative.

Hence, ki1(p) > 0 and ko(p) > 0 for all p € (¢,1]. Since %(272 1> q(1/2)Cy

< 0, it follows that ¢”(p) < 0, which proves that ¢ is concave on p € (¢,1]. We will

3/2 > 0. For the first
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0.615 4 r = 0.61392

g(p) 0.600 |

0.585 = 1 : : | p
0.8 0.85 0.9 0.95 1

Figure B.1: Plot of the function g(p) = f(h(r,p),p), see (B.21), for p € [¢, 1], where
0= (2r — 1)/ (q(0) — 1) ~ 0.7961.

use concavity of g, in combination with the mean value theorem, to prove (B.21]).
Let p1 = 0.897 and p2 = 0.898. It can be verified (by computer) that ¢’'(p;) > 0
and ¢'(p2) < 0. By concavity of g, it follows that max,cj1]9(p) = g(p*), for some
p* € (p1,p2). Observe that g is continuous and continuously differentiable on (p1, ps2).
By the mean value theorem, we have

Jnax 9(p) = g(p") = ¢'(2)(p" —p1) + 9(p1) < g'(p1)(P2 — p1) +9(p1) <,

for some z € (p1,p2). For the first inequality, we have used that g is concave, so that
g'(p) is a decreasing function. The second inequality can be verified by computing
the mumber ¢'(p1)(p2 — p1) + 9(p1) (~ 0.61391). o
Lemma B.10. The system of inequalities (4.77)) is inconsistent for r := 0.8339.
Proof. Define

A = {26 [0,1]2 2 2r—1<(1—=21)(1—22),0< 21 <2y §2(1—7“)}

Ay 1= {ZE [0,1)% : 2¢/21(1 — 29) — 20 > €2, 0 < 21 < 20 §2(1—T)}

Ag = {ze [0,1]2 22y 29(1—21) — 21 >3, 0< 21 < 29 SQ(I—?“)},
where ¢y := (4 — \/§) r—2 =~ —0.109, and c3 := (2+ \/§) r—2~1112. If z is a
solution to (4.77), then z € A := A;NAsNA3. We will show that A = @, which implies
that (4.77) is inconsistent. Proving A = () directly is difficult, due to the nonlinearity

of A. To circumvent this difficulty, we will define half-planes H;, i € {1,2,3}, that
satisfy A; C H;. Therefore, the intersection H := Hy N Hy N Hz N {z eER?: 2> 0}
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satisfies A C H, so that A = () follows from H = (). Since H is a polytope, H = () can
be proven via Farkas’ lemma [85].

Let us now define the half-planes H; for i € {1,2,3}. We also define corresponding
functions f;, that we use to prove the inclusions A; C H;. Consider

%+ —2
Hy = {z €R? : 0.692 + 22 < 0.333}, fi(zx) == 0.69z + T;—_xl ’
0 2
Hy= {2 €R? : 2 — 01832 > —0.0423}, fo(z) := maxj(cfff)’ o83,
(c3 +x)°

Hy:={z€R?*: —0.921 + 20 > 0.3088},  f3(z) :== —0.92 + A1-x)

To prove that A; C Hy, observe first that z € A1 — 29 < 2’:;_11_2 and z; €
[0,2(1 —r)]. For z € Ay, we have

2 _9
0.6921 + 25 < 0.6921 + L2 ¢ nax fi(z) = fi(z*) < 0.333,

z1—1 z€[0,2(1—7)]

where x*(= 0.016) is the stationary point of f; in the interval [0,2(1 — r)] (we omit
the computation of z*), and f;(x*) ~ 0.332. Thus, A; C H;.

For Ay C Hy, we use that z € Ay = 2z > max{cy+23,0}° .19 2o € 10,2(1 — 7).

4(1—272)
Then
max {62 + 29 0}2 .
- 0.1 > ’ —-0.1 > ) B.23
21 —0.18325 > 11— ) 0.18329 > me[org%rll_r)] fa(x) ( )

To solve the minimization problem in (B.23), note that fa(z) = —0.183z for = €
[0, —c2]. Thus, mingcjp,—¢,) fo(z) = 0.183c2 ~ —0.020. For x € [—c2,2(1 — 7)], we
have mingc_c, 2(1-r)) f2(2) = fo(z*) = —0.0422. Here, z*(~ 0.323) is the stationary
point of fo in [—c2,2(1 — r)] (we omit the computation of z*). We conclude that
mingepo,2(1—r) f2(2) = fa(z*) > —0.0423, which implies by that Ay C Hs.
The proof of A3 C Hj is similar to the proof of Ay C Hy. We have z € A3 —

2y > 205 and 2y € 0,2(1 — r)]. Then

2
st 2 s win fy(e) = fole) > 0.3088,

~0.9 > 0.9
21+ 29 > z1 + 4(1 _ Zl) T x€[0,2(1—7)]

where z*(~ 0.015) is the stationary point of f3 in [0,2(1 — )], and f5(x*) ~ 0.309.
Thus, A; C H; for all i € {1,2,3}.

Using slack variables s, we can write the intersection H = H,; N Ho N Hy as follows:
H consists of all the z € R2, z > 0, for which there exists an s € R3, s > 0, such that

M [zT, ST}T = u, where

0.69 1 1 0 0 0.333
M = 1 —-0.183 0 -1 O and u := | —0.0423
—-0.9 1 0O 0 -1 0.3088
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By Farkas’ lemma [85], H is empty if and only if there exists a vector y € R3 satisfying
M"Ty>0andu'y < 0. Since y := [0.824, —1.447, —1.087] " satisfies these conditions,
H = (), which implies that A = () because A C H. Since any solution to is
contained in A, it follows that is inconsistent. O



Academic summary

A mathematical optimization problem, also referred to as a program, is defined by an
objective function and a set of constraint functions. Solving such a program consists
of assigning values to the variables of these functions, in such a way that the objective
function is maximized, or minimized, and the constraints are satisfied. Mathematical
optimization is widely used in many fields of science, in business and in engineering.
For example, mathematical optimization can be used to determine an asset portfolio
that maximizes the expected return, while also respecting constraints involving risk
measures.

Arguably, the simplest programs are those in which the objective and constraint
functions are linear functions. Such linear programs (LPs) are well understood, and
widely used in practice. A slightly more general program is known as a semidefinite
program (SDP). SDPs are programs with a linear objective function, and constraints
that require that certain matrix-valued variables are positive semidefinite. Both SDPs
and LPs can be solved efficiently. Roughly speaking, the number of steps required to
solve LPs and SDPs is polynomial in the input size of the program.

This thesis studies SDPs, methods for solving them, and their use for solving
stable set and max-cut problems. The stable set and max-cut problems are funda-
mental problems from computer science, with many applications. These two problems
generally cannot be solved efficiently, unlike LPs and SDPs. As large scale problem
instances of the stable set and max-cut problems are thus practically unsolvable, one
often resorts to so-called relaxations of these problems that can be solved efficiently.
These relaxations provide approximate solutions to the original problem. Relaxations
based on SDP, i.e., SDP relaxations, are more accurate than those based on LP, but
also require more computation time.

This thesis considers SDP relaxations for (variants of) the stable set and max-cut
problems. These relaxations are usually solved by computers and do not admit closed
form solutions. However, we also consider certain problem instances for which the
SDP relaxations provide closed form solutions. Another point of study in this thesis is
which SDP relaxation to use: there exist hierarchies of SDP relaxations of increasing
accuracy, and increasing difficulty in solving them. The goal is to select the relaxation
that is easiest to solve, while also being sufficiently accurate. To do so, it is important
to understand how the levels of the hierarchy differ.

SDP relaxations are often used in so-called approximation algorithms. These
are efficient algorithms that provide an approximate solution to some problem, with
provable performance guarantees on the accuracy of the approximate solution. This
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performance guarantee is referred to as the approximation ratio of the approxima-
tion algorithm. For a variant of the max-cut problem known as the quantum max-cut
(QMC) problem, it is unclear what the best possible approximation ratio is. This the-
sis studies approximation algorithms for the QMC problem that use SDP relaxations.
In particular, this thesis provides improved approximation ratios and approximation
algorithms on certain QMC problem classes.

The previously discussed topics concern theoretical properties of (algorithms that
involve) SDPs. In this thesis we also investigate computation methods for solving
SDPs. There exist various computation methods for solving SDPs, each well suited
to different purposes. In this thesis, we solve large stable set problems using SDP
relaxations that we solve with a particular computation method. We show that this
computation method works well via extensive numerical benchmarks. In particular,
it is shown that this method requires significantly less computer memory than other
methods. This ensures that the large scale relaxations can be solved on modest
computer hardware, without running out of memory.

We use a similar computation method for solving SDP relaxations of the MAX-
SAT problem, which is similar to the max-cut problem. We provide a MAX-SAT
solver that uses these SDP relaxations. This algorithm is compared to other MAX-
SAT solvers from the literature. This comparison highlights the strength of SDP
relaxations for solving certain MAX-SAT problems.



Academische samenvatting

Een wiskundig optimalisatieprobleem, ook wel een programma genoemd, bestaat uit
een doelfunctie en een verzameling van randvoorwaarden. Het oplossen van een
dergelijk programma bestaat uit het toekennen van waarden aan de variabelen van
deze functies, zodanig dat de doelfunctie wordt gemaximaliseerd of geminimaliseerd
en aan de randvoorwaarden wordt voldaan. Wiskundige optimalisatie wordt op grote
schaal toegepast in vele wetenschapsgebieden, in het bedrijfsleven en in de tech-
niek. Zo kan wiskundige optimalisatie worden gebruikt om een beleggingsportefeuille
te bepalen die het verwachte rendement maximaliseert, terwijl tegelijkertijd wordt
voldaan aan randvoorwaarden die betrekking hebben op risicomaten.

De eenvoudigste programma’s zijn waarschijnlijk die waarbij de doel- en rand-
voorwaarden lineaire functies zijn. Dergelijke lineaire programma’s (LP’s) zijn goed
begrepen en worden in de praktijk veelvuldig gebruikt. Een iets algemener programma
staat bekend als een semidefiniet programma (SDP). SDP’s zijn programma’s met een
lineaire doelfunctie en randvoorwaarden die vereisen dat bepaalde matrix variabelen
positief semidefiniet zijn. Zowel SDP’s als LP’s kunnen efficiént worden opgelost:
grofweg gesteld is het aantal stappen dat nodig is om LP’s en SDP’s op te lossen
polynomiaal in de grootte van het programma.

Dit proefschrift bestudeert SDP’s, methoden om deze op te lossen, en hun toepass-
ing bij het oplossen van het stabiele verzameling probleem en het max-cut probleem.
Het stabiele verzameling probleem en het max-cut probleem zijn fundamentele prob-
lemen uit de informatica, met vele toepassingen. Deze twee problemen kunnen in het
algemeen niet efficiént worden opgelost, in tegenstelling tot LP’s en SDP’s. Omdat
grootschalige probleeminstanties van het stabiele verzameling en max-cut probleem
daardoor in de praktijk onoplosbaar zijn, wordt vaak gebruikgemaakt van zogenoemde
relaxaties van deze problemen die wel efficiént kunnen worden opgelost. Deze relax-
aties leveren benaderende oplossingen voor het oorspronkelijke probleem. Op SDP
gebaseerde relaxaties, dat wil zeggen SDP relaxaties, zijn nauwkeuriger dan relaxaties
gebaseerd op LP, maar vereisen ook meer rekentijd.

Dit proefschrift beschouwt SDP relaxaties voor (varianten van) het stabiele verza-
meling en het max-cut probleem. Deze relaxaties worden doorgaans door computers
opgelost en laten geen gesloten-vormoplossingen toe. We beschouwen ook bepaalde
probleeminstanties waarvoor de SDP relaxaties wel gesloten-vormoplossingen oplev-
eren. Een ander aandachtspunt in dit proefschrift is de keuze van de SDP relaxatie: er
bestaan hiérarchieén van SDP relaxaties met toenemende nauwkeurigheid en toene-
mende moeilijkheidsgraad om ze op te lossen. Het doel is om de relaxatie te selecteren
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die het eenvoudigst op te lossen is en tegelijkertijd voldoende nauwkeurig is. Om dit
te kunnen doen, is het belangrijk te begrijpen waarin de niveaus van de hiérarchie
van elkaar verschillen.

SDP relaxaties worden vaak gebruikt in zogenoemde benaderingsalgoritmen. Dit
zijn efficiénte algoritmen die een benaderende oplossing voor een probleem leveren,
met bewijsbare prestatiegaranties voor de nauwkeurigheid van die oplossing. Deze
prestatiegarantie wordt de benaderingsratio van het benaderingsalgoritme genoemd.
Voor een variant van het max-cut probleem, bekend als het quantum max-cut prob-
leem (QMC), is het onduidelijk wat de best mogelijke benaderingsratio is. Dit proef-
schrift bestudeert benaderingsalgoritmen voor het QMC probleem die gebruikmaken
van SDP relaxaties. In het bijzonder presenteert dit proefschrift verbeterde benader-
ingsratio’s en benaderingsalgoritmen voor bepaalde klassen van QMC problemen.

De eerder besproken onderwerpen betreffen theoretische eigenschappen van (al-
goritmen die gebruikmaken van) SDP’s. In dit proefschrift onderzoeken we ook nu-
merieke methoden voor het oplossen van SDP’s. Er bestaan verschillende numerieke
methoden voor het oplossen van SDP’s, die elk geschikt zijn voor verschillende doelein-
den. In dit proefschrift lossen we grote stabiele verzameling problemen op met behulp
van SDP relaxaties, die we oplossen met een specifieke numerieke methode. Aan de
hand van uitgebreide numerieke experimenten tonen we aan dat deze methode goed
werkt. In het bijzonder wordt aangetoond dat deze methode aanzienlijk minder com-
putergeheugen vereist dan andere methoden. Dit maakt het mogelijk om grootschalige
relaxaties op bescheiden computerhardware op te lossen zonder dat het geheugen uit-
geput raakt.

We gebruiken een vergelijkbare numerieke methode voor het oplossen van SDP
relaxaties van het MAX-SAT probleem, dat vergelijkbaar is met het max-cut prob-
leem. We presenteren een MAX-SAT algoritme die gebruikmaakt van deze SDP re-
laxaties. Dit algoritme wordt vergeleken met andere MAX-SAT algoritmes uit de lit-
eratuur. Deze vergelijking benadrukt de kracht van SDP relaxaties voor het oplossen
van bepaalde MAX-SAT problemen.
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