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1. Introduction

A graph G is called Hamiltonian if it contains a cycle that visits each vertex of G exactly once. Determining the Hamil-
tonicity of graphs is an old and classic problem in graph theory, which is known to be NP-hard [20, pp. 85-103]. In 1952,
Dirac [12] gave a sufficient condition in terms of the minimum degree, i.e., every graph G with minimum degree at least
'V(ZJ contains a Hamiltonian cycle. In 1960, Ore [25] extended Dirac’s condition and proved that every graph G with
02(G) > |V(G)| is Hamiltonian, where 03(G) is the minimum degree sum among all pairs of nonadjacent vertices of G.
These two conditions are respectively called Dirac-type condition and Ore-type condition. In 1961, Ore [26] derived another
well-known condition in terms of the size (the number of edges e(G) of G).

Theorem 1.1. [26, Theorem 4.3] Let G be a graph of order n. If e(G) > (";1) + 1, then G is Hamiltonian.

We note that Theorem 1.1 follows from the Ore-type condition [26]. Denote by Vv and U the join and union of two graphs,
respectively. Ore [26] noted that his result is best possible in that K7 v (Kp—2 U K1) and K, Vv 3K; are non-Hamiltonian and
have exactly (";1) + 1 edges. Bondy [6] showed that these are the only extremal exceptional graphs.

Theorem 1.2. [6, Theorem 1] Let G be a graph of order n. If e(G) > (";1) + 1, then G is Hamiltonian unless G = K1 v (Kp,_2 U K1) or
K> v 3Kj.

The adjacency matrix of G with vertex set V(G) and edge set E(G) is defined as the matrix A(G) = (ay,v)u,vev(c) With
ay,y =1 if uv € E(G), and a, v = 0 otherwise. The largest eigenvalue of A(G), denoted by p(G), is called the spectral radius
of G. In 2010, Fiedler and Nikiforov [13] gave a sufficient condition for Hamiltonicity from a spectral perspective:
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Fig. 1. Graph family with G =G, =--- =G, = K7 Vv (Kp—2 U K7) that is not rainbow Hamiltonian.

Theorem 1.3.[13, Theorem 2] Let G be a graph of order n. If p(G) > n — 2, then G is Hamiltonian unless G = K; V (Kp—2 U K7).

We note though that this result is weaker than Theorem 1.2, for it follows using Stanley’s inequality e(G) > p(G)(p(G) +
1)/2 [27]. Let G ={Gq, ..., Gy} be a family of graphs with the same vertex set V. Informally, we think of G; as a graph
with edges that have color i. Now a graph H is called rainbow in G if any two edges of H belong to different graphs of G;
informally, any two edges have a different color.

For many famous results, rainbow versions have been considered, which led to beautiful results, such as rainbow versions
for Carathéodory’s theorem [4], the Erdés-Ko-Rado theorem [3], Mantel’s theorem [1], and more [5,11,17,19]. Also rainbow
matchings have been considered. In particular, Guo et al. [15] obtained conditions in terms of the spectral radii for the
existence of a rainbow matching.

In this paper, we let H be a Hamiltonian cycle, and say that G is rainbow Hamiltonian if it admits such a rainbow
Hamiltonian cycle. Here we assume that there are n graphs in G, each on the same vertex set of size n. Chen, Wang, and
Zhao [7] obtained a rainbow version of Dirac’s theorem and showed that if each of the graphs G; € G has minimum degree
at least (1/2 +o(1))n, then G admits a rainbow Hamiltonian cycle. Joos and Kim [18] strengthened this result to minimum
degree at least n/2. Li, Li, and Li [22] investigated the existence of a rainbow Hamiltonian path under an Ore-type condition:
if 02(Gj) > n —2 for all i, then G admits a rainbow Hamiltonian path [22, Theorem 1.3]. A spectral condition for a rainbow
Hamiltonian path was obtained by He, Li and Feng [16, Theorem 2]. For other interesting results on rainbow Hamiltonian
cycles and related problems we refer the reader to [2,23,24,28].

In this paper, we consider rainbow versions of Theorems 1.1, 1.2, and 1.3. Our first main result is the following rainbow
version of Ore’s size result, thus obtaining a sufficient condition on the sizes of the graphs for the existence of a rainbow
Hamiltonian cycle.

Theorem 1.4. Letn >4 and G = {G1, G2, ..., G} be a family of graphs on the same vertex set [n], with

n .
G(Gi)>< )+1,for1=l,2,...,n.

Then G admits a rainbow Hamiltonian cycle.

Next, we would like to strengthen this result, and obtain a rainbow version of Theorem 1.2, by allowing e(G;) > (”;]) +1.
For each n > 6, there is one exceptional graph, Ki Vv (Kp—2 U K7), that is not Hamiltonian, and hence the graph family
G=1{G1,Ga,...,Gp} with G =--- =G, = K7 V (Ky—2 UK7) (see Fig. 1) does not admit a rainbow Hamiltonian cycle.

Fortunately, any other graph family with graphs isomorphic to Ky Vv (Kp—2 U K7) is rainbow Hamiltonian, as we shall
show in Proposition 3.1. Thus, we pose the following problem based on Theorems 1.2 and 1.4:

Problem 1. Let n > 6 and G = {Gq, G2, ..., G} be a family of graphs on the same vertex set [n], with
n— .
e(G,')z( >+1,f0rl=1,2,...,n.
Does G admit a rainbow Hamiltonian cycle unless G1 =Gy =--- =G, = K7 V (Kp—2 UK7)?
We remark that for n =5, the family G;{ =Gy =--- = G5 = K, Vv 3K; is also clearly not rainbow Hamiltonian.

A possible step towards solving Problem 1 is to replace the size condition by a spectral condition and to obtain a rainbow
version of the result by Fiedler and Nikiforov (Theorem 1.3). Indeed, recall that if p(G) > n — 2, then e(G) > (”;1) +1 by
Stanley’s inequality. We note that the spectral radius of Ky Vv (Ky—2 U K7) is (just slightly) larger than n — 2, because it has
Ky—1 as a proper subgraph (and it is connected) [10, Prop. 1.3.10]. Thus, our second main result is the following.

Theorem 1.5. Letn > 4 and G = {G1, G2, ..., G} be a family of graphs on the same vertex set [n], with

p(G)>n—=2, fori=1,2,...,n

Then G admits a rainbow Hamiltonian cycle unless G{ =Gy =--- = G, = K7 V (Kp—2 U K7).

2
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Our paper is further organized as follows: In Section 2, we describe the so-called Kelmans transformation, which is a
well-known technique in extremal graph theory, and show that if a graph family is rainbow Hamiltonian after a Kelmans
transformation, then it must be rainbow Hamiltonian itself (Lemma 2.4). In Section 3, we focus on conditions on the size
of graphs and prove Theorem 1.4. In Section 4, we obtain conditions on the spectral radii of graphs for the existence of a
rainbow Hamiltonian cycle, and prove Theorem 1.5. In the final section, we obtain a similar result in terms of the signless
Laplacian spectral radii (Theorem 5.2).

2. The Kelmans transformation

In extremal graph theory, one of the most important and widely used tools is the Kelmans transformation, as it controls
efficiently many graph parameters. In this section, we will state and prove some results about this transformation that
are relevant to obtain our main results. For more about the Kelmans transformation, we refer the reader to [9,21]. Let
X,y € V(G), and let Ng(x) and N¢(y) denote the neighborhoods of vertices x and y in G, respectively.

Definition 2.1. [21, Kelmans transformation] The Kelmans transformation on G from x to y produces a new graph Kyy(G)
by erasing all edges between y and N¢(y)\(N¢(x) U {x}) and adding all edges between x and N¢(y)\(Ng(x) U {x}).

Thus, the Kelmans transformation does not change the number of edges. However, it does affect the spectral radius p(G).
Lemma 2.2. [8, Theorem 2.1] Let G be a graph and x, y € V (G). Then p(Kxy(G)) > p(G).

Note that [Cxy (G) = Kyx(G), where we denote G1 = G if G1 and G; are isomorphic. We write G1 = G2 if V(G1) =V (G2)
and E(Gl) = E(Gz).

For a positive integer n, we use [n] to denote the set {1,2,...,n}. Let G be a graph with vertex set [n]. Iterating the
Kelmans transformation on G for all vertex pairs (x, y) satisfying x < y will eventually produce a so-called threshold graph,
which is invariant under all such Kelmans transformations. It is well known that the obtained threshold graph, which we
denote by X(G), is independent of the order in which the transformations are performed (and in fact, Frankl [14] showed
that at most (g) iterations are necessary). It follows that Ny (¥)\{x} € Nx ) (¥)\{y} for each x < y. We will use this

property mostly as follows.
Lemma 2.3.Letx < y and z#x, y. If xz ¢ E(K(G)), then yz ¢ E(K(G)).

Given a family G, we let Ky (G) = {Kxy(G) : G € G} and K(G) = {K(G) : G € G}. The next result shows that if the Kelmans
transformed graph family (@) is rainbow Hamiltonian then so is G.

Lemma 24. Let G = {G1, G2, ..., Gn} be a family of graphs on vertex set [n]. If K(G) admits a rainbow Hamiltonian cycle, then so
does G.

Proof. It suffices to prove that for arbitrary vertices x,y € V(G), if Kxy(G) admits a rainbow Hamiltonian cycle, then so
does G. Let CR be a rainbow Hamiltonian cycle of Kxy(G) where E(Cty={e;:e; € Kxy(Gi),1<i<n}.

Case 1. xy € E(CR).
Suppose that e; = ux and ej = yv are two other edges in CR. Because v is a neighbor of y in Kxy(Gj), v must be a
common neighbor of x and y in both K, (G;) and G;. Thus, e; = yv € E(G;) and xv € E(G}). If uy € E(G;), then we find a

rainbow Hamiltonian cycle of G by replacing e; and e by uy and xv (see Fig. 2). If uy ¢ E(G;), then ux € E(G;) (otherwise,
u ¢ Ng;(x) and u ¢ Ng,;(y) and then e; = ux ¢ E(Kyy,(G;)), a contradiction), so CR is also a rainbow Hamiltonian cycle of G.

Case 2. xy ¢ E(CF).

Let e; = aix, ej;1 = xaz, ej = b1y, and ej; 1 = ybp be edges in CR (where aj,ay, by, and by are not all necessarily
distinct). Similar as in the above case, it follows that by is a common neighbor of x and y in both Ky, (G;) and G}, so that
bix,b1y € E(G}). Similarly, we have xby, yb € E(G11).

Subcase 2.1. ya; ¢ E(G;).

If ya; ¢ E(G;), then a1x € E(G;) (otherwise e; = a1x ¢ E(Kxy(G;)), a contradiction). (i) If xap € E(G;41), then CR is a rain-

bow Hamiltonian cycle of G; (ii) If xap ¢ E(G11), then yay € E(G;y1) (otherwise ej 1 =xap ¢ E(Kxy(Git+1)), a contradiction),

and we obtain a rainbow Hamiltonian cycle by replacing e;1 by ya, and e; by bix (see Fig. 2).

3
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Fig. 2. Switches in Lemma 2.4.
Subcase 2.2. ya; € E(Gj).

If yay € E(G), then we first replace e; by ya; and ejq by xb,. (i) If xaz € E(Gi41), then this gives a rainbow Hamiltonian
cycle of G (see Fig. 2); (ii) If xap ¢ E(Giy1), then yay € E(Gi11) (as before) and we also replace e;1 by yap and e; by byx
(see Fig. 2) to obtain also in this final case a rainbow Hamiltonian cycle of G. O

We observe that the reverse of Lemma 2.4 does not necessarily hold. For example, the family of graphs G1 =--- =G4 =
C4 has a rainbow Hamiltonian cycle, but K(G1) =--- = K(G4) = K7 vV (K2 UK7) does not admit a rainbow Hamiltonian cycle.

In order to prove Theorem 1.4 and Theorem 1.5, we also use the following lemma. For n > 4, we define e; = {j,n+2 — j}
and e, ={k,n+1—k}for2<j<[5]and 1 <k<|3].

Lemma 2.5. Let n > 4 and G be a graph on vertex set [n], with e(G) > (”;1) +1o0r p(G) >n—2.Then

(i) {es,...,e

(i) {ef,....e

S EKG);

} € E(K(G)).

[
’
5]

NS NS

Proof. Recall that if o(G) > n — 2, then e(G) > (";1) + 1 by Stanley’s inequality. Thus, in any case, e(K(G)) = e(G) >
n—1 +1.
( 2(i)) Suppose that this claim does not hold, say e; ¢ E(KX(G)) for some j with 3 < j < [Z7. Then it follows from Lemma 2.3
that if z> j and w >n+2 — j, then {z, w} ¢ E(X(G)). If (n, j) # (5, 3), then it follows that e(JC(G)) < (g) —+2-2)—
1) — (j;l) = (“;1) +1-m=-3j-DHi(-2< (“;1) +1, a contradiction. For the case that n =5 and j = 3, the above shows
that IC(G) is a subgraph of K, v 3Kj, which has 7 edges and spectral radius 3, thus contradicting the assumption that
e(G) > (";") +1 or p(G) > n — 2. Thus, (i) holds.

(ii) It follows from (i) and Lemma 2.3 that eL € E(K(G)) for k> 3. If e ={1,n} ¢ E(K(G)), then n is an isolated vertex,
and hence K(G) has size at most (”;1), a contradiction. If e, = {2,n—1} ¢ E(/C(G)), then it follows that /C(G;) is a subgraph
of Kq v (Kn—3 U2Kj7), which has size smaller than ("51) + 1, which is a contradiction. Thus, also (ii) holds. O

3. Size conditions for rainbow Hamiltonicity

We are now ready to prove our first main result, which is a sufficient condition in terms of the size for rainbow Hamil-
tonicity of a graph family; a rainbow version of Ore’s size condition (Theorem 1.1).

Proof of Theorem 1.4. Assume (for a proof by contradiction) that G does not admit a rainbow Hamiltonian cycle. Then by
Lemma 2.4, the family X(G) does not admit a rainbow Hamiltonian cycle either, and

e(K(G)) =e(G)) > (" >+1 fori=1,2,....n



Y. Zhang and E.R. van Dam Discrete Mathematics 348 (2025) 114600

Let ej ={j,n+2—j} for 2<j<T5] and e, ={k,n+ 1 —k} for 1 <k < [5]. Then {e;...,eraw} C E(K(Gy)) and
2
{eﬁ,...,e/LnJ}gE(lC(Gi)) fori=1,2,...,n by Lemma 2.5.
2

We now claim that e; ¢ E(K(G;)) fori=1,2,...,n. To prove this claim by contradiction, we assume that e; € E(IC(G;)).
Now it is relatively easy to construct a rainbow Hamiltonian cycle using this edge (with color i) and the edges e; 3 < j <
[%1) and e;{ (1<k< L%J) (all of which we can color as we wish). In addition, we use an edge {j, 1} (which is an edge in
all KC(G;) because e} is so). For n even, the cycle (indicated by its edges for clarity) is
/

—ey > {n+1-[5],1}—>ej(—e).

/ /
ep—>e,>e3—>ey—>-.-—en
2 3 51 L3]

For n odd, the cycle is

e2—>e,—>e3—>ef—> - e Q]e{[%l,l}—wﬁ(eez).

b
Thus, we have a contradiction, and the claim is proven.

Now it follows from this last claim that vertex n can only be adjacent to vertex 1 in IC(G;) and hence XC(G;) is a subgraph
of K1 Vv (Kn_2 UKj). Thus, K(G;) has at most ("51) + 1 edges, which is our final contradiction. O

We obtained a size condition of the rainbow Hamiltonicity of a graph family in Theorem 1.4 but did not characterize the
extremal graphs. The reason is that the Kelmans transformation does not change the sizes of graphs, and we are not able to
trace back the original graphs in G from K(G) by our approach.

As mentioned in the introduction, if we allow e(G;j) > (”;]) + 1, then for each n > 6, there is one exceptional graph, K; v
(Kn—2UKy), that is not Hamiltonian, and hence the graph family G = {G1, G2, ..., Gy} with G =--- =G, = K1 V (Kp—2 UK7)
(see Fig. 1) does not admit a rainbow Hamiltonian cycle. However, any other graph family with graphs isomorphic to
K1 Vv (Kp—2 U K7) is rainbow Hamiltonian, as we shall show next.

Proposition 3.1. Letn > 4 and G = {G1, G2, ..., Gy} be a family of graphs of order n on the same vertex set, where G; = K1 Vv (Kp—_ U
Ky) foreach 1 <i <n. Then G admits a rainbow Hamiltonian cycle unless G1 = G, = - - - = Gy,

Proof. As remarked, if G = G, =--- = G, then G is not rainbow Hamiltonian since K Vv (K_2 U K1) is not Hamiltonian.
We assume now that the graphs in G are not equal and prove that G admits a rainbow Hamiltonian cycle. Let us denote the
vertex degree of vertex v in G; by dj(v). Suppose that G1,..., G, have k distinct vertices with degree 1, and denote these
k distinct vertices by vq, ..., vi. We distinguish the cases k=1 and k > 2.

We first give the proof for the case k = 1. Then all graphs in G have v with degree 1. Without loss of generality, we
assume that Gi and G, are different. In this case, this means that the vertex that is adjacent to vq in Gi, uq say, and
the one that is adjacent in Gy, uy say, are different. Since the graph induced on V\{v{} in G; is the same K,_1 for each
1 <i<n,itis clear that by using edges viuy in G1 and vquy in G,, we can make a rainbow Hamiltonian cycle in G.

Next, we consider the case k > 2. Recall that vq, ..., vy are the k distinct vertices with degree 1 in G, ..., G,. Let

Mj:{Gi :di(Vj)=1}

and mj = |M;j| for 1 < j <k. We let m; <mjy <--- <my by reordering vertices v1, ..., vy if necessary. Further, without loss
of generality, we may assume that M1 ={G1,..., Gm}, M2 ={Gmy+1,---, Gmy4my }» - - » Mk ={Gm—my+1,---, Gn}.

Now we let e; = v;;+1Viy2, then it follows that e; € E(G;) for each 1 <i <n — 2, and hence these edges form a rainbow
path P,’f_z (from vy to vy) in {Gq,...,Gp—2}. We aim to construct a rainbow Hamiltonian cycle from this path by adding
v1 (on two edges, in G,—1 and G,) and replacing some edges. We will use that dj(v;) #1 for 1 <i<n—1 and d,(vq) # 1
since k > 2.

We first claim that viv, € E(G,—1), otherwise, we have d,_1(v{) =1 because d,_1(v,;) # 1, which implies that m; =
n—1 and my =1, contradicting my <m,.

If vivy € E(Gyp), then adding e,—1 = vV, and e; = v{Vv3 to P,’f_z results in a rainbow Hamiltonian cycle in G. Otherwise,
we get vivy ¢ E(Gp), which implies that d,(vy) =1, since k > 2. Therefore, k =2 and m; + my = n. Because my; < my,
this implies that m; <n — 1. Note that dy, (v1) = 1. Then vV, 42 € E(Gp,). Thus, except for the case my =1, we have
V1Vm,+1 € E(Gp) since dn(v2) = 1. Adding e;—1 = vivy and e, = V1V, 41, replacing em; = Vimy+1Vm,+2 by e;m = V2Vm, 42
and leaving all other edges in P§72 results in a rainbow Hamiltonian cycle in G (see Fig. 3 (a)). For the remaining case
(mqy =1 and vqv2 ¢ E(Gp)), suppose that v,v; € E(G,) where j #1,2. Adding e,_1 = vV, and e, = v,V;, and replacing
ej_p=Vj_1vj by e/j_2 =vqv;_1 and leaving all other edges in P,ﬁz results in a rainbow Hamiltonian cycle in G (see Fig. 3
(b)). O

4. Spectral radius conditions for rainbow Hamiltonicity

To prove Theorem 1.5, we need the following lemma.
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Fig. 3. Rainbow Hamiltonian cycles in Proposition 3.1.

Lemma 4.1. Let n > 4 and G* = Ky Vv (Ky—2 U Kq). Then p(G) < n — 2 for every proper subgraph G of G*, with equality only if
G=Kpq0orG=Ky_1UKj.

Proof. To show the bound, it suffices to show that it hold for graphs G that are obtained from G* by deleting one edge.
If this edge is incident with the vertex in G* that has degree n — 1, then the maximum degree in G is n — 2, and hence it
follows that p(G) <n — 2, with equality only if G has a regular component of degree n — 2; in our case, if G = K,_1 U Kj.
Further, it is clear that the only other subgraph of this graph with spectral radius n — 2 is K;_1.

In any other case, deleting an edge from G* results in a graph that admits an equitable partition into four parts with
quotient matrix

o

Q=

o = O
_— O =

0
2
0
2

2 I SN

n —
n [
0 n—
that is, for n > 5 (the case n =4 gives K; 3, with spectral radius V/3). It is straightforward to check that if v, is the
characteristic polynomial of Q, then ¥, (n —2) > 0 and ¥, (n — 3) < 0. Unless Q has three eigenvalues that are larger than

n — 3, this shows that p(G) <n — 2. But the trace of Q equals n — 5, so three eigenvalues larger than n — 3 would imply
that the remaining eigenvalue is less than —n, which is impossible. O

Now we have all the tools to extend the proof of Theorem 1.4 and prove Theorem 1.5.

Proof of Theorem 1.5. We again write G* = Ky v (K;_2 U K1), and note that if Gy = G, =--- = G, = G*, then G is not
rainbow Hamiltonian.

Next, suppose that G is not rainbow Hamiltonian with p(G;) > n — 2 for each i. By Lemma 2.4, K(G) does not admit a
rainbow Hamiltonian cycle either and by Lemma 2.2, we have p(K(G;)) > p(G;) > n — 2 for each i. By the same arguments
as in the proof of Theorem 1.4, it now follows that K(G;) is a subgraph of G*. Because p(/C(G;)) > n — 2, it then follows
from Lemma 4.1 that K(G;) = G*, for each i. Finally, by Proposition 3.1, we then have that G1 =--- =G, =G*. O

5. The signless Laplacian spectral radius

The signless Laplacian matrix of G is defined as S(G) = D(G) + A(G), where D(G) is the diagonal matrix of vertex degrees
of G. The largest eigenvalue of S(G), denoted by ps(G), is called the signless Laplacian spectral radius of G. Note that S(G) =
2A(G) + L(G), where L(G) is the usual Laplacian matrix, which is positive semidefinite. Hence ps(G) > 2p(G).

Yu and Fan [29] observed that Theorem 1.3 has a (slightly stronger) analogue in terms of the signless Laplacian spectral
radius. They showed that ps(G) > 2n—4 implies that e > ("51) +1, and hence they obtained the following from Theorem 1.2.

Theorem 5.1. [29, Theorem 4.1] Let n > 6 and G be a graph of order n. If ps(G) > 2n — 4, then G is Hamiltonian unless G = K v
(Kn—2 UKy).

We note that n =5 is again excluded, because the non-Hamiltonian graph K3 Vv 3K; has signless spectral radius larger
than 6.

A rainbow version of this result is now easily obtained by adjusting our proof of Theorem 1.5 (and the underlying
lemmas) to the signless spectral radius.

Theorem 5.2. Let n > 6 and G = {G1, G2, ..., Gy} be a family of graphs on the same vertex set [n] with

ps(G)) >2n—4, fori=1,2,...,n.
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Then G admits a rainbow Hamiltonian cycle unless G1 =Gy =--- =G, = K7 V (Kp—2 U K7).
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