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ASYMPTOTIC NORMALITY OF EXTREME
VALUE ESTIMATORS ON ([0, 1]

BY JoHN H. J. EINMAHL AND TAO LIN
Tilburg University and Xiamen University

Consider #n i.i.d. random elements on C[0, 1]. We show that, under an
appropriate strengthening of the domain of attraction condition, natural esti-
mators of the extreme-value index, which is now a continuous function, and
the normalizing functions have a Gaussian process as limiting distribution.
A key tool is the weak convergence of a weighted tail empirical process,
which makes it possible to obtain the results uniformly on [0, 1]. Detailed
examples are also presented.

1. Introduction. Recently considerable progress has been made in the inter-
esting field of infinite-dimensional extreme value theory, where the data are (con-
tinuous) functions. After the characterization of max-stable stochastic processes in
C[0, 1] by Giné, Hahn and Vatan [11], de Haan and Lin [4, 5] investigated the do-
main of attraction conditions and established weak consistency of estimators of the
extreme value index, the centering and standardizing sequences, and the exponent
measure.

Statistics of infinite-dimensional extremes will find various applications, for ex-
ample, to coast protection (flooding) and risk assessment in finance. For an appli-
cation to coast protection, consider the northern part of The Netherlands, which
lies for a substantial part below sea level. Since there is no natural coast defense
there, the area is protected by a long dike against inundation. Flooding of the dike
at any place could lead to flooding of the whole area, so the approach via function-
valued data is the appropriate one here. In finance, the intra-day return of a stock
is defined as the ratio of the price of a stock at a certain time ¢ during the day to
the price at market opening. This process can be well described, when we mea-
sure time in days, with a continuous function on [0, 1]. For various risk analysis
problems (e.g., problems dealing with options), intra-day returns of the stock need
to be taken into account, instead of just the daily returns (i.e., the function values
at 1). Sampling on n days puts us in a position to apply statistics of extremes to
these problems.

Also, from a mathematical point of view, the research is challenging, because of
the new features of C|[0, 1]-valued random elements, when compared to random
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variables or vectors, in particular, the uniformity in ¢ € [0, 1] of the results asks for
novel approaches.

It is the purpose of this paper to establish asymptotic normality of estimators
of the extreme value index, which is now an element of C[0, 1], and of the nor-
malizing sequences. In fact, we will show the asymptotic normality on C[O0, 1] of
the estimators under a suitable second-order condition and present all the limit-
ing processes involved in terms of one underlying Wiener process, which means
that we have the simultaneous weak convergence of all the estimators. The results
are, on the one hand, interesting in themselves, because the extreme value index
measures the tail heaviness of the distribution of the data, and, on the other hand,
the results are a major step toward the estimation of probabilities of rare events in
C[0, 1]; see [7] for a study of this problem in the finite-dimensional case.

In order to be more explicit let us now specify the setup and introduce nota-
tion. Let &1, &>, ... be i.i.d. random elements on C[0, 1]. Define F; :R — [0, 1] by
F;(x) = P{&;(t) < x}. Throughout assume that

(1) P{tei[r(l),fl]‘;‘,-(t) > 0} =1

and that

2) F; is a continuous and strictly increasing function on its support.
Define

Ui(s) =F (1 —=1/s), s>00<t<l.

We assume that the domain of attraction condition holds, that is,

.....

on CIO0, 1] to a stochastic process, 1, say, with nondegenerate marginals, where
a;(n) > 0 and b, (n) are continuous (in ¢) normalizing functions, chosen in such a
way that, for each ¢,

P{n(t) <x}=exp(—(1+y(0)x)" 7Oy,

see [4]. We can and will take b; = U;. Then y : [0, 1] — R, the extreme value index
(function), is continuous. Define

1
Ci(ﬂ—m,

i) = (1 +yOn0)"7?,

and v (E) =sP{¢ € sE}, with sE = {sh:h € E}. Clearly the ¢;(¢) are standard
Pareto random variables, that is, P{¢; (1) <x}=1—1/x, x > 1. It follows from
Theorem 2.8 in [4] that there exists a measure v on C[0, 1] that is homogeneous
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[i.e., for a Borel set A and r > 0, v(rA) = %v(A)], such that for any positive
g € C[0, 1] and compact set K C [0, 1],

P{n(t) <g(), forallt € K}
=exp(—v({f € C[0, 1], f(r) > g(¢), for some ¢ € K}))
and
4 Vg —> v as § — 00,
weakly on S¢ := {f € C[0, 1]:sup,¢9 17 f () = ¢} for any ¢ > 0, and

U(nx)—U;(n) x¥® —1
—_

asn — 0o,
a;(n) 4
uniformly in ¢ € [0, 1] and locally uniformly in x € (0, c0).
Throughout we assume that k = k(n) € {1, ...,n — 1} is a sequence of positive
integers satisfying
k
5 k—>o00 and ——0 as n — oo.
n

Fix t € [0,1]. Let & ,(t) < &.,(t) < --- < &, ,(t) be the order statistics of
&(),i=1,2,...,n. We define the following statistical functions:

= )
(6) M) = 7 2 (logguin(® —logéy i), r=12.
i=0
Set yT(t) = y(t) VO, y~(t) = y(t) A 0 and observe that y (t) = y T (t) + y ~(1).
Now we define estimators for y 7 (¢), y ~(¢), y (1), at(%) and bt(%) as in [9]:

(7 Py =MD @) (Hill estimator);
. L (MY @)2\ 7!
5 drwer (1o GEORY
®) VYa (D) > 20
) Pa(t) =P (0) + 9, () (moment estimator);
10) U (%) =& kn(t) (location estimator);

(11) &t(%> =En kP @O(1 =P (1) (scale estimator).

For fixed ¢ these are well-known one-dimensional estimators. Observe that ﬁn"’ (1)
and p, (1) are not equal to (7,)" (r) and (9,,)~ (¢), respectively.
The following weak consistency results have been shown in [5].
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THEOREM 1.1. If (1), (2), 3) and (5) hold, then

(12) sup |97 () —y ()] S 0,
0<r<l

(13) sup [P (6) — y ()] S0,
0<t<l

a4 Oin/k) = Uin/B)|

0<r<l a,(n/k)

(15) am/k) e,

0<t<l1 at(n/k)

The main results of the paper and examples are presented in Section 2; the
proofs are deferred to Section 3.

2. Main results. In this section we present our main result, dealing with the
asymptotic normality of the estimators of which the weak consistency is shown
in Theorem 1.1. In order to establish our main result, we first present a result
that is a key tool for its proof. This result deals with the weak convergence of
a tail empirical process based on the ¢;,i =1,...,n. Write C; , = {h € C[0, 1]:
h(t) > x} and define

1< 1 <
Sn,z(x) = ; Z]l{CiGCt,x} = ; Z]l{fi(t)zx}-
i=1

i=1
Denote, with k as in (5), the corresponding tail empirical process with
1
wy,(t,x) = \/%(ES,Z ,<xﬁ> — —).
k7 \ k X

Let ¢ > 0 and define C = {C; ,:0 <t <1,x > c}. Let W be a zero-mean Gaussian
process defined on C with EW (C; 1) W (Cs,y) = v(C; x N Cy,y). Clearly, for fixed
t €[0,1], {W(Cr1/y),y < %} is a standard Wiener process, since v(Cy 17y, N
Cr.1/y,) = V(Cr1/(y nyy)) = ¥1 A y2. For B > 0, set, for any (¢, x), (s, y) € [0, 1] x
[c, 00),

d((t,x), (s, )

= VE(PW(Cr) — yPW(C )

= & — yB)20(Crx N Cyy) +x2P0(Crx \ Csy) + y20(Cry \ Cr).

Observe that (4) implies that 7 P{¢; (1) > 7x, i (s) = £y} = vuyk(Crx N Cs,y) —
V(Ct,x N Cs,y)-
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Define, for K > 0,
| (2) — h(s)]
h(s)

and assume that, for 0 < 8 < % and all ¢; > 0, for some K > 0 and for large
enough v there exists a g > 0 such that for all § € (0, do],

1\ —(2+28)/(1-28)
sup  §1(2) > v} <ci (log —) .
r€ls,s+8] J

1\3
Ess= {h eC[0,1]:h >0, < K(log§> forallt e [s,s—}—a]}

16) s PloigEcs
s€[0,1]

For convenient presentation and convenient application in the proofs of the
main result, this result is presented in an approximation setting (with the random
elements involved defined on one probability space), via the Skorohod-Dudley—
Wichura construction. So the random elements w, and W in this theorem are only
equal in distribution to the original ones, but we do not add the usual tildes to the
notation.

THEOREM 2.1. Let0<f < % Suppose the conditions (2), (3), (5) and (16)
hold. Then for the new w,, and W mentioned above, we have, for any ¢ > 0,

(17) sup  xPlwn(t,x) — W(Cr)| >0 asn— oco.

0<t<l,x>c
Define Z(t,x) = xﬁW(C,,x). Then the process Z is bounded and uniformly
d-continuous on [0, 1] X [c, 00).

Note that it is well known that, for one fixed ¢, the restriction 8 < % is also
necessary for weak convergence of the (one-dimensional) tail empirical process.
So our condition on S in the present infinite-dimensional setting is the same as in
dimension one.

Condition (16) is needed to prove tightness. It prevents the continuous random
function from having extremely large oscillations. From the examples below we
see that it is a rather weak condition, since they amply satisfy this condition.

It is important to transform the &; to processes with standard marginals, as we
did by transforming to the ¢;. Although the choice of standard Pareto marginals is
convenient, it is also reasonable to transform to other marginal distributions, such
as the uniform-(0, 1) distribution. Clearly, uniform-(0, 1) marginals are obtained
by taking 1/¢;. It is interesting to note and readily checked that the set E; s used
in condition (16) is invariant under this transformation.

It can be useful to replace |h(z) — h(s)|/h(s) by |logh(t) — logh(s)| in the
definition of Es s used in condition (16). The thus obtained version of condition
(16) is equivalent to the stated one (K can be different), but it might be easier to
check for certain processes.

We also need the following corollary, which deals with certain quantiles and can
be obtained by the usual “inversion” from the tail empirical process theorem.
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COROLLARY 2.2. Let a € C[0, 1]. We have, under the conditions of Theo-
rem 2.1,

P
— 0 as n — o0.

(18) sup

0<t<l1

ﬁ((;n_k,n(zf)am - 1) TG

Finally, we present the main result, which gives the asymptotic distributions of
the estimators of ¥, y, a and b in terms of the process W, figuring in Theo-
rem 2.1.

THEOREM 2.3. Suppose the conditions of Theorem 2.1 and (1) are satisfied
and the following second-order condition holds: for every t € [0, 1], there exists
a function A; not changing sign near infinity with limy_;, o SUpg<, <1 |A;(v)| =0,
such that, as v — 00, o

logU; (vx) —logU;(v) x7 © —1
(w0 w0,

uniformly in t € [0, 1] and locally uniformly in x > 0, with
X - y
Hy-),00) (%) = /1 yr 071 /1 w1 dudy,

with p(t) € [—o0, 0] forall t € [0, 1].
If,as n — o0,

(20) vk sup A,(E)‘ -0
0<r<l1 k
and
a(n/k) ‘
D VS gy "7 O] 0
then we have
22) sup. VE@FD -y ) =y 020 S0,
<t<
(23) sup [VE(7u(0) =y () =) =0,
<t<
24) sup \/%Ut(”/k) —Uin/k) U —P>0,
0<r<l1 a;(n/k)
(25) sup ﬁ(&’(n/k) _ 1) _ A(t)’ Lo,
0<t<1 ar(n/k)
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where P, 1", U and A are defined in terms of the process W as follows:

?(t)—/ooW(C ]
N RS0 1—y=(t)
x7 W1 dx

y () a1

W(Cl,l)7

an =2 TWC)

—2((1 =y~ M) (1 =2y~ (1)) W(Cr.p).

L@ ={y @ —-201-y )1 -2y~ ®)}2@)
+ 11—y ) (1 -2y~ 0)*Q),

U = W(Cr1),

A =yOW(Cr) + (B =4y~ 0)(1 -y~ )P
—la—y~ )1 -2y )@,  telo,1].

Condition (19) is a uniform version of one of the natural, well-studied
second-order conditions of univariate extreme value theory; see [3] and [8]. For
p(t) > —oo, the absolute value of the function A, is regularly varying of order
p(¢) and specifies the rate of convergence in (3). For p(#) = —oo, we can choose
A; such that its absolute value tends to O faster than a given power function. Large
values of |p(¢)] yield fast convergence, whereas small values and, in particular, the
case p(t) =0, correspond to (very) slow convergence.

Note that for the case inf;¢[g,1] ¥ () > 0 and sup;epo.11 2t <0, it follows from
the second-order condition (19) that

p(1)(a:()/Ui(w) =y (1)
A (v)
So in this case (21) is superfluous, since it follows from (26) and (20). Also, note

that condition (20) can be replaced by the stronger, but easier-to-check condition:
for some ¢ > 0,

(26) sup
t€l0,1]

1'—>O as v — 00.

Vk (r_z — 0.
k
For the case sup; (o 1) ¥ (f) < 0 and sup,¢[o 172 (t) <0, it follows from the second-
order condition (19) that conditions (20) and (21) can be replaced by the stronger
condition: for some ¢ > 0,
n
Vi(;
When SUP,[0.1] p() =0 or y(t;) =0 for some #; € [0, 1] [this also implies
p(t1) = 0], we do not have a simple sufficient condition on the growth of k, but it
is necessary that k grow more slowly than any power of .

)8+Supze[0,11 p(1)

e+sup;¢po,1] p(t)\/sup,e[oy 1 y (1)
) — 0.
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EXAMPLES. In order to illustrate the theory and for a better understanding of
the conditions in the theorem, we consider two classes of examples.

Let f be a unimodal, continuous probability density function on the real line
satisfying, for some K, 8o > 0 and for all § < &,

@) = £(5)] 1
LR . log — .
ST ) 5K<°g5>

This condition is satisfied by, for example, the double exponential density
((A/2)exp(—A|x])) or the t-distribution for any number of degrees of freedom.

Let (X;,Y;),j=1,2,..., be an enumeration of the points of a homogeneous,
rate 1, Poisson process on R x RT. Now define
t+X;
Sl(t)zsupu fort € [0, 1].
j J

This process is studied in detail in [1]; see also [6]. In particular, &; is a continuous,
stationary, max-stable (i.e., limiting) process with marginals F;(x) = P{&1(¢) <
x} =exp(—1/x),x > 0 (for all # and i). Observe that y =1 here.

For this process we will only check condition (16) in detail. The other conditions
are easily seen to hold. In particular, (3) holds since the process is max-stable and
(19) is well known to hold for the distribution function F; in the univariate case,
that is, for fixed ¢. Since F; does not depend on ¢, it therefore holds uniformly in ¢
and, hence, (19) holds. Note that p = —1. We now check (16). We have that

1 1
1—F(x) 1—exp(—1/x)
Hence, for large values of x the transformation g is close to the identity. Note that
g(x) > x and g’(x) <1 for x > 0. Hence, for s,  and § as above,

18(€1®) — gE1(s)I _ |g(sup; f(t+X;)/Y;)—g(sup; f(s+ X;)/Y;)l
g(&1(s)) B g(sup; f(s+X;)/Y;)
- |sup; f(r+X;)/Yj—sup; f(s+ X;)/Y;l
B sup; f(s+ X;)/Y;
<Supjlf(f+Xj)/Yj—f(S+Xj)/Yj|
- sup; f(s +X;)/Y;
lfG+X)/Yi— fs+X,)/Y)l

=:g(x).

=sup
j fG+X))/Y;
< plf(l‘+Xj)—f(S+Xj)|
j f(S—I—Xj)

1 -3
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So condition (16) is satisfied since the probability involved in the condition is equal
to O for all s € [0, 1].

Let Y be a standard Pareto random variable, that is, P{Y <x} =1 — 1/x for
x > 1, and let B be a random element of C[O0, 1] such that B(¢) > 0, EB(t) =1
forall t € [0, 1], and E sup, B(t) < co. Assume Y and B are independent. Define

&(@)=YB(1) fort € [0, 1];

see also [12]. We first show that &; satisfies the domain of attraction condition (3);
more precisely, we show that % max;=1,.., & converges in distribution to n, where
&1,...,&, are i.i.d. We need to show the convergence of the finite-dimensional
distributions and tightness. For the convergence of the finite-dimensional distribu-
tions, let #1,...,#% €[0, 1], x1, ..., xx > 0 and max;—;, _ x x; > 0. Now we have

.....

1 1
logP{— max Y;B;j(t1) <xi,...,— max YiBi(tk)S)ck}
ni=l1,..n ni=l1,...,n

.....

1 1
=nlOgP{—YB(t1) <Xxi,...,—YB(t) ka}
n n
1 1
=nlog[1 — P{—YB(tl) >Xxjor...or —YB(t) >xk}:|
n n

1 1
~—nP{-YB(t;) >xjor ... or —YB(t) >xk}
n n

. nx;
=-nP1Y > min

=-nk < max M)/\l}

B(t;
:—E{( max (J)>/\n}
j=1,..,k Xj
B(t;
—>—E{ max (—J)} as n — oo.
j=1,..,k X

This settles the convergence of the finite-dimensional distributions. Note that
for k = 1 the last expression is simply —1/x;, which means that again y = 1.
Next we consider the tightness. From the derivation above, it follows that
P {% max;=1,..., YiB;i(0) > M} can be made arbitrarily small for M and n large

enough. So it remains to show that for ¢ > 0 there exists a § > 0 such that, for
large n large enough,

1 1
— max Y;B;(t) —— max Y;B;(s)
ni=l,..., n ni=l1,...,n

P{ sup >8}<8.

|t—s|<8
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We have

1
—P{ sup

& [t—s|<§8

e
> e}

1 1
— max Y;B;j(t) — — max Y;B;(s)
ni=l1,...,n ni=l1,..,n

1 1
=Y;Bi(t) — =Y;Bi(s)
n n

1
< P{ max sup
1

i=1,..., n|t—s|<8

1 1
fﬁP{ sup |—YB()— —-YB(s) >8}
€ lt—s|<8 17 n
—fEP{Y> ne | sup |B(t)—B(s)|}
3 SUp|;_gj<s | B() — B($)| ' 1—s|<s

3 EE{ SUp|,_y|s |B(t) — B(s)| }
I

ne

= %E{ sup |B() — B(s)l}.

& lt—s|<8
Since B € C[0, 1], we have SUP|;_g|<s |B(t) — B(s)| — 0. But SUP|;_s|<s |B(t) —
B(s)| <2sup, B(t) and, by assumption, E sup, B(f) < 0o, so by Lebesgue’s dom-
inated convergence theorem E{SUP|z—s\<5 |B(t) — B(s)|} — 0 as § | 0. This com-
pletes the proof of the tightness.

In the sequel we will make the specific choice B(t) = exp(W (t) — %), t €10, 1],
with W a standard Wiener process. B is a geometric Brownian motion. Note that
this process satisfies the conditions on B specified in the beginning of this example.
In particular, E sup, B(¢) < oo follows from simply bounding W (z) — % by W(t)
and the fact that the distribution function of sup, W (¢) is well known to be 2¢ — 1,
where @ is the standard normal distribution function. The corresponding process
&1 = Y B has been introduced in [12]. It remains to consider (19) and (16) for
this process. It follows from a straightforward calculation that, for every M > 1,
uniformly in ¢ € [0, 1],

1 >P YCX[) W (l) ! uy > 1 1
for u large enough. Hence

1 u

27 < < ,
@7 ST FR@ S 1y

and for large v,
UZU,(U)ZU—U_M.

Now we consider (19) and note that "00_ L should be read as usual as log x. We see
that, with a,/U; =1,

log U;(vx) —log U; (v) — logx

<logvx —logv — log(l — v_(M‘H)) —logx < 2y~ M+D
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and similarly,
—log U; (vx) 4+ log U; (v) + logx < 2(vx)~M+D,

This implies (19) with A;(v) = v™ and p = —o0.

Finally, we have to show (16), which has to be proved for the transformed
process ¢1. As we see from (27), for large values of v this transformation is very
close to the identity function. So the transformed and untransformed processes
are very close for high values. Nevertheless, the proof of (16) for the transformed
process is more cumbersome than that for the untransformed process. We there-
fore confine ourselves to proving (16) for the untransformed process, since this
proof contains the main ideas. Also, we will use the modified version of E; s, as
described below Theorem 2.1, but we will keep the same notation. We have, for
large enough v,

sup £1(1) > v}
tels,s+4]

P{§1 ¢ Ess

<Pl b sw a@zo) /Pl =)

tels,s+4]

< ZUP{Q ¢ Egs, sup ¢1(t) > v}
rels,s+8]

< 2vP{;1 ¢ Eys i(s) = 3} +2vP{ sup C1(D) — £1(s) = 3}
2 rels,s54] 2

=: D1+ D,.

Consider D and use the independent increments property of a Wiener process:

1 -3
D = ZUP{ sup |log(YeVO~1/2) —log(veV ) =5/2)| > K(log —) ,
tels,s+4] 8

YW ©=s/2 5 E}
2

3
— 2vP{ sup  [W(t) — W(s) — (t/2 — s/2)| > K(log 1) }
r€ls,s+8] )

X P{Yew(s)s/2 > E}
-2

<4P{ W) - W(s)] K(l 1)_3}< ( 1)
= su - s)| > —|\log— <expl——],
te[s,s];-)i-zﬁ] 2 g5 P \/g

where, for the last inequality, one of the well-known bounds for the oscillations of
the Wiener process is used. For D, we obtain again, by the independent increments
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property,

Dy =20P{Y sup (eWO71/2_W)=s/2) > E}
tels,s+35] 2

<wp|yeVo-n g (eWa)—t/z—(W(s)—s/z)_I)ZE}
rels,s+8] 2

<20P|¥e"O=/2 gyp (e*/SVU’)—l)ZE}:;m,
yel0.1] 2

where V is a standard Wiener process independent of W and Y. So the three terms
in the latter probability are independent. Recall that Ee" ¢)=$/2 = 1. Now

o
E sup (eﬁV@)—1)=E(eﬁsupyew¢uv<y>—1):/ Vo2 (x)dx — 1,
yel0,1] 0

with ¢ the standard normal density. A straightforward calculation shows that the
latter quantity is equal to 2¢9/2(1 — ®(—+/8)) — 1 < /5. Hence

Ds :2vEP{Y >

v
T 2eW(s)—s/2 supye[o,ll(e*/g"(” _ 1)‘

eW(s)—s/Z sup (

eﬁV(y) _ 1)}
y€l[0,1]

2
<20=EeVO2E sup (e‘/gv(y) —-1)<4-1- V3.
v yel[0,1]

So D + D < 5+/6. This is much smaller than the bound required in (16). Hence,
we have proved that condition.

It should be observed that, for both examples, condition (16) trivially remains
satisfied if we transform the process &; by transformations of the marginals by in-
creasing, continuous functions. So as long as these transformations yield a process
that satisfies the other conditions (including that the transformed process is an el-
ement of C[0, 1]), we have a new process for which Theorem 2.3 is valid. In this
way we can obtain processes with many different, and nonconstant, extreme value
index functions.

3. Proofs.

PROOF OF THEOREM 2.1. 'We only give a proof for the case ¢ = 1; for general
¢ > 0 the proof is similar. For any 8 € [0, %) define

ft,x - ﬂct,xxﬂ’
F={fix:0<t=<1,x>1}.
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Also, define the random measures
1

zn,i = ﬁfsgk/n;

Z, ; is arandom function on ¥ with

1
Zn,i(fr.x) = ﬁﬂ{{i(t)k/nzx}xﬂ-

Then

n

Pwa(t,x) = (Zni(frx) — EZni(fix))-
i=1
First we are going to prove the tightness of {}_7'_(Z,,i(f) — EZ,.i(f)). f € F}.
We need the following version of Theorem 2.11.9 in [13] (note that, indeed, the
middle condition there is not needed here).

DEFINITION 3.1. For any & > 0, the bracketing number Np.j(¢, ¥, L%) is the
minimal number of sets N, in a partition ¥ = U;Vil Fj of the index set into sets

F¢j independent of n such that, for every partitioning set F;,

n
(28) Y E* sup |Zni(f) — Zni(9)* <&
i=1  J8€Fej
THEOREM 3.2. Foreachn,let Z, 1,Z,2, ..., 2, be independent stochas-

tic processes with finite second moments indexed by a totally bounded semimetric
space (¥ ,d). Suppose

n
(29) Y E¥Znill g1z, 150 —> 0 forevery k>0,
i=1

where | Zu.i | 5 = Sup peg |Zni (f)| and

dn
(30) /0 \/log Nij(e, F,L5)de — 0 for every §, | 0.

Then the sequence Y _(Z,,;i — EZ, ;) is asymptotically tight in £°°(¥F) and con-
verges weakly, provided the finite-dimensional distributions converge weakly.

We can define d on F by d(fi x, fs,y) =d((t,x), (s, y)); see the first paragraph
of Section 2. We first show briefly that our class of functions ¥ is totally bounded
under the metric d. We consider w.l.0.g. only the case x < y. Since v is a finite, and
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hence, tight measure on {h € C[0, 1]: SUP;ef0,1] h(t) > 1}, we can, for any §; > 0,
find a § > 0 such that if |t — s| < &, then

V(Cs,y \ Ct,x) =< V(Cs,y \ Cs,y+81/2) + V(Cs,y-l—(S]/Z \ Ct,x)
1 1
S e — —_
y y+486/2 2

and (hence), if § — { <41, then
1 1
V(Ct,x \ Cs,y) = V(Ct,x \ Ct,y) + V(Ct,y \ Cs,y) = ; - ; +51 = 281

Now we have, for |t — s| < 67 and % —

d>(fix, fey)
= (y# = xP)20(Cr s N Cyy) + x2Pv(Crx \ Csy) + y*P0(Ciy \ Crx)

1
55817

1 1

< (P —xP)2(Cyy) —|—x25<; A 251) + yzﬂ(; A 51)
11\ 21 /1 55 (1

§<xyﬁ(———)> —+xﬁ<—/\281>+yﬁ(—/\51>
x y/)y X y

w211V, gl 2(1
<x -—— =) +x — A28 )+y — A d
X oy X y

<58, 4287 457 =487

€1V

So, since 1 — 28 > 0, we see that for ¢ > 0 we can find a §; > 0 such that
d(fix, fs,y) < ¢, for % — % < §; and |t — 5| < §2. Since obviously F is totally
bounded under the metric do(f7 x, fs,y) = I% - %I + |t — 5], the total boundedness
under d follows.

To prove (29), observe

1 k\?
1ZnilF = —= sup (;,-a)—) .
k n

0<r<l1

So

n
Y ENZnillF L1z, il 1)
i=1

n k\?
=i ( sup 9'([);) L supoc; 1 401/ my> (V) 19)

0<r<1

n

o0
3 =—/ BdF,
(32) z (ﬁml/ﬂx (x)
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n
= _ﬁXﬂ(l — Fn(x))|?f/zx)l/ﬁ
o0

n
+p—F X
P Vi Jsrms

where 1 — F,(x) = P{supy<,<; & (t)% > x}. Note that P{supy-,; §i(t) = x} =
x~ v ({h € C[O, 1]: supg<;<; h(t) > 1}). Hence it follows from (4) that the func-
tion x > P{supy,; i () > x} is regularly varying at infinity with exponent —1,
SO

=11 — Fy(x)) dx,

. P{SUPO§t§1 Gi(t) >ux} 1
lim =—, x> 0.
U—>00 P{Sup0§t§1 ¢i(t) > u} X

Let 0 < t < 1. Now it immediately follows from Potter’s inequality (see, e.g., [2])
that, for large n and x > 1,

(n/k)P{sup0§z§1 Gi(t) > (n/k)x} <
(n/k)P{supg<,<; §i(t) > (n/k)} —

Also, we have as n — o0,

2x‘[—1

EP{ sup ;i(z)le} - v,,/k({feC[O, 11: sup f(t)zl}

k 0<i<1 n 0<t<l1

N———"

—)V({fEC[O,l]Z sup f(t)zl}) =:%,

0<t<l1

for some positive, finite C. So for large n and x > 1,
k 7—1

(33) 1-F,x)<C—-x""".
n

Hence, the right-hand side of (32) is bounded from above by
CRRB+T=D/CB); (B+T=D/B | ﬂC@/w T2 g
(RE
e LT re-1/B@BT-1/2B)
1-8—1 ’

for T small enough, since 8 < % That is (29).
Next we will prove (30). For any (small) ¢ > 0, let a = 320§ =
exp{—eil} andd=1/(1— K &3). Define

F(a)={fixeF x>al},
F,j)={fixreF,8<t<(+1)8,06/ <x<o/t1}.
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Then we have the “partition” F = F (a) U Ull/o‘” Ujui%a/ l0g8l &g, 7). First we
check (28) for F (a):

n

YE sup |Zui(f) = Zni(®)
i=1 [f.8eF (@)

2
=nE sup (Z,i(f)—Zni(Q)
f.8€¥ (a)

<4nE sup Z2,(f)
feF@

4n n\2#
<—E| sup &)+ Lsupy, <y ¢ ()k/n=a)
k 0<r<1 k -

4 o0
=—n/ xzﬁan(x)
k Ja
1

4C -7 g2pre-1

<
=T 1-28-1

—4C -z £3C@B+T=1)/26-1)
1-28—-1 ’
where the last inequality follows from integration by parts and (33). Clearly, the
latter expression is bounded from above by 2 for 7 (and &) small enough.
Now we consider (28) for the F (I, j). First note that
}9(j+1)ﬂ

1
f:;g’j) Zn,i(f) = ﬁﬂ{supmfkum G (1) (k/n)=0i

1 .
— . G+
- \/Igﬂ{supzagtqm)s Gi (t)(k/n)ZGJ,CiEEs,a}G

— , (J+DB
+ \/];]l{supzsgm(lﬂ)aCi(t)(k/n)291,§i¢Es,s}9 ’ :
Suppose §; € Es,s and Sup;s<;14+1)s Gi (t)% > /. Then for small enough 8,

sup  &(1) — & (18) < Kedg(18),
16<t<(I4+1)é

and, hence, ¢; (Z(S)% > 071 So

1 .
sup  Z,i(f) < —=1,, 1o 40UTDB
fe},g’j) ni(f T8 k/myz0i 1 GieE )

1 .
) (+bhHB
+ \/Eﬂ{supmgkuﬂ)a & () (k/m) =07 51 ¢Eq 519 -
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Similarly, it can be shown that

1 .
inf Z,:(f)>—1,, T 978
ot ni(f) = L6 18) (/m)z672 e By )

This yields
n

Y E* sup (Zni(f) = Zni(@)
i=1 f.8eF (L, ))

2
5nE*< sup  Z,.i(f) — 1nf Zn,(f))
feF.j) F.g)

n i+1
< E(ganmzei1 ger 0"

1 pU+DB

{supss < <1418 &i (D (k/n)=60) §; ¢ Eg 5}
iB\2
B 1{§i(13)(k/”)29j+21§iGESA,S}QJ'B)
~"r1 . gU+DB _ ¢ . 9iB)2
Tk ( {¢i(U8)(k/n)=67—1 t;€E; 5} T MG U (k/n)=6172 g € Ey 5} )

k , .
+ EP{ sup &)~ =674 ¢ Es,a}ez(ﬁl)ﬁ
ko s<i<i+1)s n

=T+ 1.
We have

n i1 . . 2
M= (e - 9“3)11{;,-(15)(;(/”)29;—1} + 07 g4 .05y z001)

< 292(14-1)/3(1 0~ /3)2 _}_2921;‘3(0% _ ﬁ)

: 1 1 1
J+lo1 _ p—1/252 (- -
<2071 ) ¥ +20 (9}._1 0j+2>
1
<3(Ke’+3Ke’) < 582
and for large n,

Ip)

AN
=3

k .
P{ sup ()= >1,¢ ¢ E.v,5}92(1+1)ﬂ
te[ls,(1+1)8) n

A

=

P{ sup Q(t)SZl}P{Ci&éEs,a

te(ls,(+1)8)

1\ —(2+28)/(1-28)
<C-c <1og 5) a*f <

sup L= }zﬂezﬂ
te[ls,((+1)5) k

g2,

1
2
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Hence, we have shown (28).

It is easy to see that the number of elements of the partition is bounded by
exp(2/¢), which leads to (30). Hence, by Theorem 3.2 we have proved the asymp-
totic tightness condition.

It remains to prove that the finite-dimensional distributions of > 7 | (Z,; —
EZ, ;) converge weakly. This follows from the fact that multivariate weak conver-
gence follows from weak convergence of linear combinations of the components
and the (univariate) Lindeberg—Feller central limit theorem. It is easily seen that
the Lindeberg condition is fulfilled for the linear combinations, since the f; , are
made up of indicators and hence bounded.

The fact that Z is bounded and uniformly d-continuous follows from the general
theory of weak convergence and properties of Gaussian processes; see Section 1.5
in[13]. O

PROOF OF COROLLARY 2.2. Write V,,; = g“n,k,n(t)f. We first show the re-
sult for « = —1, that is,

(34) sup £o.

0<tr<1

ﬁ(l

n,t

_ 1) +FW(CL)

Clearly,

sup
0<t<l1

so (17), with g =0, yields

(s,

n,t

- 1) +wnt, Vo) 5 0,

ﬁ(l

n,t

sup
0<t<l1

- 1) +W(Civ,,)| >0

Now by the boundedness and uniform d-continuity of W we obtain (34). Finally,
write

Ve 1

VIV = 1) = VRV, -
’ vl -1

Since, by (34),
alt)

sup % —i—oz(t)‘ £o,
0<t<1 1

n,t

we obtain, again using (34), (18). U

PROOF OF THEOREM 2.3. First, from (19) we can prove, for any ¢ > 0, there
exists s > 0 such that if v > v, and x > 1, we have, forall0 <t <1,

logU; (vx) —logU;(v) xV O —1
(35) ‘( a;(v)/ U (v) B Yy () )/Af(v) = Hy~ ), p(0) (%)

<e(l +x7’_(t)+8);
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the proof follows along the lines of that for the one-dimensional situation in [3];
see also [8]. Inequality (35) implies

logUs(vx) —log Uy (v)  x7 @ —1
a; (v)/ Ui (v) Yy~ (@)

where C, € (0, 00) is a constant. Note that

(36) <A ()(Ce +x°),

k 1

MOy =1 7 2108 Ui (Gnmion(t)) = 10g Uy (Gn—kn (1)).
i=1

Hence, we have, for sufficiently large n,

I "Zl Gnmin (/G ()7 O =1

P y— (@)
Sn—in (1)
— A (Gn— kn(f))|<ce+ Z(;,l kn(t)))
M0

(37

=t Crtn )/ U Grtn ()

1k21 Cnin () /Cakn @)Y O —1
_kl o Yy~ ()

Cn— kn(t)

As before, write V,, ; = é’n—k,n(l‘)f- Next

1 (Cn—in(®)/Cn—k n(z)))’_(l‘) -1 1
k N ’ . p—
\/_(klg(:) )/_(l) 1—y‘(t)>

_ “//;(/‘: (x/Vn;)_V(t)(’) -1 d(_%gn,,(xg)) - ﬁ)

( —7/ (t)/ k nt( >xV O-1 45 _ fooxy(t)—2dx>
\ %} 1

= anty*(z)/ wy (1, x)x?7 Ol dx
n,t

- 0 1 .
+ (V) (’)—1)/ O dx 4 Vi | X O 2 dx,
7% Vit



488 J.H.J. EINMAHL AND T. LIN

So
A Gumin (0 Grin)Y O — 1 i
\/];(_ n—i,n n—k,n B ) o
kig(:) Yy~ (@) 11—y~ () ()
= Vn_,tyi([) /oo(wn(f, x) — W(Ct,x))xyi(t)fl dx
O [ WCx? O
(38) Vn,t

VRO =)y oW E) [ Y02,

Vi
1 _
+ (d/? X072y 4 W(Cm))
Vit
Vit

- Ve _
- W(Cr)x” O dx +y = (W (C 1) / X702 gy,
! 1

From Theorem 2.1 we obtain, for the first term on the right-hand side in (38),

sup Vn_,,yi ®
tel0,1]

> Wy (t, x) — W(Cy))x? O~ ldx
| )

n,t

(39) <sup V, 7 D sup xPlwa(t,x) — W(Ch)l
t€l0,1] te[0,1],x>V,

oo —
X sup yr O=1=B gy
1€[0,119 V.t
Now it follows from Theorem 2.1 with g positive (this is crucial) and Corollary 2.2
that the right-hand side of (39) converges to 0 in probability. It readily follows from
Corollary 2.2 that the five other terms on the right-hand side of (38) converge to 0
in probability. So we have

sup
0<r<1

A2 Gain O/ Camin ()0 =1
\/; - n—i,n n—k,n
(k;:) Yy~ ()

(40) —;> —f(z)‘io
l—y=(@)

as n — oQ.

For the remainder term of

M (1)
ag (gn—k,n ®))/U; (é‘n—k,n )
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in (37), note that we obtain from Lemma 3.2 in [5] that, for 0 <& < 1,

R RN A |
41 sup |- <{n l’"()> — —P>0 asn — oo.
o<i<11k =0 Sn—k.n (1) l—e¢
It can be derived from the second-order condition (19) and Corollary 2.2 that
Ai(n/k) P
sup |———  — 1| = 0.
o<t<1 | At (Cn—k,n (1))

Using this in combination with (20) and (41), we see that the remainder term
in (37) is negligible, so we obtain that

M) 1 p
it )
arCnkn @)/ Ut (Cn—in(@) 1=y~ () PO~

as n — oo. Similarly,

42) sup

0<t<l1

2)
M (1)
su «/%(
oot Y\ @ Coen ) Us Gapon )2
43)
2 P
- — — —Q1)|—0
(== —2y=)

as n — oo. Hence, we get

(44) sup [WE(P (1) -y~ (0) = M(D)| S 0

0<t<l1

as n — oo, where
M) ==2(1—y~ ) (1 =2y~ )P0 + 11—y~ 1))’ (1 -2y~ 1))’ Q).
We now prove (22). Write
VE@GE@ -yt o) -y TP
ar (Gnten (1)) MV (1) 1
g 2 k —_ — P
Ur Cotn 1) (‘f(a,@n_k,n(r))/Ut@n_k,n(r)) = y—(z>> g (’))

ar (Gnten (1))
* ﬁ(U,@n_k,n(r)) “ro ) [0
ar (Gnn (1))
(U,@nk,n(t)) -
If we show that

y*(r))a’(r).

(45) sup £ 0,

0<r<1

ar(En—k.n (1)) + )
K Zoon—kn V)
[(Ut@n_k,n(t)) )
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then (22) follows from (42). We have
ar (En—k,n (1)) + >
g Zonmhent )
f(Ut(;n_k,nm) 7o
_ ﬁ(at(n/k) _ )/+(l)) at(é‘n—k,n(t))/Ut(é‘n—k,n(t))

Ur(n/ ) a (/1) Us(n /)
at(fnfk n(t))/Ut(gnfk n(l)) k v +
k k) £ _ n_ n _
+[( a0/ k)] Usn /) <§ g (”n> >V ®

Yy~ (@)
+ﬁ(<znk,n(z>§) —1)y+(z>.

From [8] and [10] it follows that (19) implies

(a(xv)/ Uy (xv)) /(@ (v)/ Up (v)) —x7~ 0 ~n X0 1
Sy Oz -
46) A () p(©)

as v — 00,

uniformly in ¢ € [0, 1] and locally uniformly in x > 0. Using (21), (20) and Corol-
lary 2.2, we indeed obtain (45) and, hence, we have proved (22). Finally, we obtain
(23) from (22) and (44).

For (24), note

Uy (n/k) — Up(n/k)
k
vk ar(n/k)

—Jk log Ui (§n—k,n (1)) — log Uy (n/ k)
a,(n/k)/ U (n/k)

«(or(E)) G )

én—k,n(t) 1= én—k,n(t) - Ut(n/k) at(n/k)
Ui(n/k) a;(n/k) Ui(n/k)

From Lemma 3.4 in [5] we obtain

and

k
lim sup @a®/k) y+(t)‘ =0.
n=>%00<r<1 | Ui (n/k)
Combining this with (14) yields
Sn—k,n(t) P
—11—=0 asn — 0o.
0<t<1 Ui(n/k)
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Hence,
Sn—k,n(t) - gn—k,n(t) P
sup |{log{ ————= ———-1)-1|—0 as n — 00.
0<t<I Ur(n/k) Ui(n/k)
A proof similar to the one leading to (42) shows
log Us (Cn—ik n(2)) —logUs(n/k
up |V QU Gokn ) —log Uitn/K) o e
0<t<l a;(n/k)/Ui(n/k)

So we have obtained (24).
For (25), we use

o)

My 1 a1 (Gn—kn (1))
_ \/%< n _ > 1 — ~A— t\Sn—k,n
at({n—k,n)/Ut(gn—k,n) 1 —y=(@) ( Vn (t)) at(n/k)

I ar(Gnkn(®)
-y~ () an/k)

+JE<M_1)'

~ V@ (0 =y~ 0)5

arn/ k)
Now
(G ) )
- Jl?((%cn_k,na))y_m - 1)%
n \/EUz(Cn—k,Zfz:l)/;)Ut(n/k) ?]It((r,;//i))

From (46) and (20), we know the first term tends to O in probability, uniformly in
t € [0, 1]. Hence Corollary 2.2 and (24) yield

0<t<l a(n/k)

Using (42), (44) and Theorem 1.1, (25) now follows. [J
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