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NONPARAMETRIC NONLINEAR CO-TRENDING ANALYSIS,
WITH AN APPLICATION TO INTEREST AND INFLATION IN THE U.S.
Herman J. Biereas
Southern Methodist University, Dallas, U.S.A.
& Tilburg University, the Netherlands

Abstract
Given the assumption that the components of a vector time series are stationary about nonlinear
deterministictime trends,nonlinear co-trending ithe phenomenotiat one or mordinear
combinations of the time series are stationary about a linear trend, hence the series have common
nonlinear deterministic tim&ends. In this paper wshall develop nonparametric tests for
nonlinear co-trending. Thests are based @eneralized eigenvalues, whéne two matrices
involved are constructed nonparametrically on the basis of partial sums. We apply this approach
to the federal funds rate and the CPI inflation rate in the U.S., using monthly data. It appears that
these series are nonlinearly co-trended, where the nonlinear trend in the inflation rate is positively
related to thenonlineartrend in the interest rat&his positive relation between interest and
inflation isknown in the literature as thice puzzle Thus,our result suggests that tipeice

puzzle is due to a common nonlinear time trend in the series involved.
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1. INTRODUCTION

The aim ofthis paper is twofoldOur first aim is todevelop nonparametric tests for
nonlinear co-trending of macroeconomic time series. Given the assumption that the components
of a vector time seriegre stationary aboubnlinear deterministic timegends,nonlinear co-
trending is the phenomenon that one or more linear combinations of the time series are stationary
about a linear trend, hence the series have common nonlinear deterministic time trends. Second,
we want to investigate the nature of the relation betweefedeeal fundgateand the CPI
inflation rate in the U.S., iparticular whether this relation is due to a commonlinear
deterministic timetrend. Sincethe 1950's thes®o macroeconomic time serieow a
remarkable similarityknown as the@rice puzzleSee Bernanke and Blinder (1992), Christiano
and Eichenbaum (1992), Christiano, Eichenbaum and Evans (1992, 1995), Eichenbaum (1994),
Sims (1995), and Balke and Emery (1994, 1995).

The kind of nonlinear trend stationarity we consider in this pager [, + .t + f(t) +
u, wherez is ak-variate time series processis ak-variate zero-mean stationary process, and
f(t) is a deterministik-variate nonlinear trend function represening structural change. Nonlinear
co-trending is then the phenomenon that there exists a non-zerotveatdr thad'f(t) = 0.

The motivation for consideringonlinear co-trending is threefold. Firliere is now
empirical evidence that some long macro-economic time series such as those in the Nelson-Plosser
(1982) dataset that werdnitially perceived as unitoot processes arprobably more in
accodance with a nonlinedrend stationary hypothesis. SeedgamplePerron (1988, 1989,

1990) who tested the unit rootgothesis for the Nelson-Plosser series against trend stationarity
with a trend break (which is a special case of nonlinear trend stationarity), and Bierens (1996a)
who tested thenit root hypothesis fothe pricelevel and interestate series in the extended
Nelson-Plosser data set (extended by Schotman and Van Dijk (1991) to 1988) against a smooth
nonlinear trend stationarity hypothesis. However, despite the somewhat reluctant conclusion of
Bierens (1996a) that the log of the annual @R the period 1860-1988 is probably a nonlinear
trend stationary process rather than a unit root process, it appears that for monthly post-war time
series the log of the CPI looks more like a unit root process with time varying drift, hence the CPI
inflation rate is then a nonlinear trend stationary process.

The second motivation is that quite a few macroeconomic time series that are not unit root

processes still behave like cointegrated processes in that the series move together over time in a



similar way. But cointegration is onpossible for unit root processes, so something else is going
on. A possible explanation is that these series have common nonlinear deterministic time trends.
The third motivation ishat the(lineartrend) stationarityhypothesis as well dge unit
root (with constant drift) hypothesis for macroeconotime seriesmply that the structure of
the economy (i.e. the parameters of the underlying data-generating process) does not change over
time. This is quitemplausible, inparticular for long macro-econonticne series such as the
Nelson-Plosser data spanning a century or more.
The plan of the paper is as follows. In section 2 we summarize the procedure for testing

the number of co-trendingectors and thédeas behindt. In particular, we show how to

construct nonparametrically two matridds ~ ahd  such that their generalized eigenvalues can

be used to test for nonlinear co-trending. In section 3 we discuss some properties of partial sums

of the nonlineartrend function, and in section 4 we derive the asymptotic properties of the

matricesl\7|l andk?l2 . In section 5 we derive the actual tests for the number of co-trending vectors

on the basis of the generalized eigenvalues of the matices M,and , and the asymptotic null

distributions of the tests. Also, we propose a test of linear restrictions on the co-trending vectors.
In section 6 we propose consistent estimators of the co-trending vectors. In section 7 we show
what happens if our tests are applied to a cointegrated unit root process rather than a nonlinear
trend stationary process. In section 8 we apply our approach to monthly time series of the federal

funds rate and the CPI inflation rate in the U.S. Most of the proofs are given in the Appendex.

2. INTRODUCTION TO NONLINEAR CO-TRENDING ANALYSIS

Consider &-variate time seriegrocess, = g(t) + u , whereg(t) = E(z) is a nonlinear
trend function and, is a zero mean stationary process. In this paper we shall design a test of the
null hypothesis that there exists a nonzevectorf such thab'g(t) is linear int; in other words,
we test the null hypothesis that the time serissnonlinear co-trended. First, we shall design a
test of the null hypothes®& (1) that the space of all such co-trending @& bmsslimension 1,
against the alternativ® (0) that this dimension is zero, i.e., w&test (1) against the alternative
hypothesis that the only vectdfor which8'g(t) is linear int is the zero vector. Subsequently,
we shall extend this test to testifsgr) ggainst€ $) with 0< s<r, forr =1,..k.

Fort=1,....nwe can always writg(t) = 3,, + B, .t + f(t), wheref (t) is such that
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(1) znjfn(t) 0, znjtfn(t) 0.
t=1 t=1

Thus,07g(t) is linear int if and only if for alln > 1 andt = 1,..n, 8'f.(t) = 0, and consequently,

denoting

(n4

() 0 @Y f®ifxent1, FK 0ifxe[0n"
t=1

z is nonlinear co-trended&F, (x) = O for allx in [0,1] andn > 1.
Note that (1) and (2) imply

(3) F.0) F/(1) O, an(x)dx 0,

where the latter resuiibllows from Lemméd.6.3. in Bierens (1994, p.200). The integral in (3)
is taken over the unit interval, as will be in the sequel unless otherwise indicated.
We shall establish conditions such tRgk) - F(x) in L? (w.r.t. the Lebesgue measure on

[0,1]). Then under the nonlinear co-trending hypoth€@sis (1) the & dhe eigenvector of
the matrix

M, f F(X)F(x)Tdx

corresponding to a zero eigenvalue.

We propose to estimate the matx by
n
M, (1/m)Y Ft/n)F(t/n)T
t=1

where

(n4

F(X) (1/n)le z B, Bb)ifxe (nta],
FX) Oifxe[0,n7Y,

with B, and B, the OLS estimates of the vectors of intercepts and slope parameters in the
regression of, on timet fort = 1,...n. Note that, sinc&(x) is a step function arfe{0) =F(1)
= O,
M, f F()F(X)"dx.
It will be shown that under the nonlinear co-trendigdthesis€ (1) and the assumption
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thatu, has the Wold representation

(4) U C(L)e, Y Cg., whereg ~ iid. (0J),
j=0

t

A

M, - M, in probability, and in particular tha®'M.0 converges in distribution to a functional

of a standar®ienerprocesstimes0'C(1)C(1)™0. The latter is a kind of nuisance parameter
which wewant to getid of by using a Newey-We§t987) type estimator fdd'C(1)C(1)'8,

along the lines in Bierens (1994, p.197), as follows. Consider the matrix

n m-1 A m-1 A ,
(5) @mY| wm (7.5 Bo Byt j))) ((1/m)_z; (2 Bo But )
t=m j= )=

wherem=[n% with0 < « < 1. It will be shown thafl, - M, = fF (XF’(x)Tdx, and under

€ (1), n“0™M,0 - 6'C(1)C(1)0 in prob. A test of¢ (1) again® (0) can now be based on the
minimum solutiori;, say, of the generalized eigenvalue problenftlet{ AN ] = O; i.e., the test
statistic involved is"“A,. The reason for using this generalized eigenvalue approach is that then
asymptoticallyp"C(1)C(1)'® will cancel out. We shakxtend thigest to thecase ofmultiple
nonlinear co-trending, and to testing linear restrictions on the co-trending vetorse
asymptoticpower of these tests depends on ¢heice of ¢ : thesmaller . ,the higher the
asymptotic power. However, the rate of convergencé@df1,0 to 6'C(1)C(1)'0 is optimal for

o« 1/2, hence too small are  may cause size distortion. In the empirical application we shall

therefore choosex  1/2

Also, we show that under the hypothe8isr) with r > 1 the eigenvectors of the matrix

N1, corresponding to thesmallest eigenvalues afe  -consistent estimators of the co-trending

vectorso.
Similar tothe cointegration tests dbhansen (1988,1991,1994phansen and Juselius
(1990), and Bierend.996b), the following result of Anderson, Brons and Jensen (1983) plays a

key role in the derivation of the asymptotic null distribution:



If a pair of square radom matricegP, ,Q,) converges in distribution t@?,Q), where Q is a.s.

nonsngular, then the ordered solutions of the generalized eigenvalue prat#gR), AQ ]

= 0 converge in distribution to the ordered solutions of the generalized eigenvalue problem
detP AQ] =0.

This result cannot bapplied directly tathe matrice§/, andM,, because undeg (1) both

matrices converge in distribution to singular matribes,it isapplicable tdheir inverses after
some rescaling. This the reasonvhy inthe discussion orthe asymptotic properties of the

matrices¥l; andM, we will focus on their inverses.

3. NONLINEAR DETERMINISTIC TRENDS AND THEIR PARTIAL SUMS
Without loss of generality wmay write thenonlineartrend functionf.(t) as a series

expansion of orthogonal Chebishev polynomials (cf. Hamming 1973):

where
n
Vo (LMY f,0y2cogint L),
t=1
Note that foy, j,,j,=1,..n-1,

(1/n)§nj ﬁco%jn(t %)/n) 0
t-1

and
n
. 1 . 1 . .

(6) (1/n)t2;200:€jln(t E)/n)cos{,zn(t E)/n) G, ),
wherel(.) is the indicator function. Now let

n-1 1
(7) &9 T vy cogix 2] xe (0,11,

j=1
and assume:

ASSUMPTION 1.¢,(X) converges tap(x) in L, i.e., f||c|>n(x) d(X)%dx  o1), whered is



a twice differentiable vector function of the form
600 32 yf2cosim).
Moreover, the vectorﬁ#{ and ¢” of second derivatives of the componentspotind ¢,
respectively, satisfy
® W3 5O OW, I (9r < .

Furthermore, under the hypothe®s(r),

]
©) nk [( fcb(y)dy] ( fcb(y)dy] dx rank[[cb(x)cb(xfdx] k
0 0

The conditions in (8) are smoothness conditions, and condition (9) is a regularity condition which
ensures that under the hypothesis) ti{e rank of the matriki, and the probability limit of the
matrix M, is k-r.

The followingtwo lemmasnow provide somereliminaryconvergence results for the

vector functior(.):

LEMMA 1. Under Assumption 1f|| F.() FX)%dx o), where
(10) FO9  [v)dy Qi YisinGmx),
o -1 )

Proof. Appendix.
Note that Assumption 1 implies tHatx) is differentiable:

F/(X) \/Eil: y,cos{mx)  d(x).
.

LEMMA 2. Let g, be a sequence of scalars such that 0, ,n - «. Then under Assumption
18, (F.(x8) F¥) ¢, =00) 0,7 =o0(1),uniformly on[0,1]



Proof. Appendix.
Note that Lemma 2 implies thflﬂégl(Fn(x 3,) Fn(x)> F/(QI°dx  ox(1).

4. THE ASYMPTOTIC PROPERTIES OF THE MATRICH®, AND M,

Given the Wold representation (4), we can always write:

u CLe Ce, (1L CD,
(11) 1L
C(e, (LLDL), CLk, v, v,

say,whereD(L) = [C(L)-C(1)]/(1-L) andv, = D(L)e,. A sufficient condition for the stationarity

of u, andy, is that:

ASSUMPTION 2.The process, has the Wold representati¢f), where thee,'s are i.i.d.N,(0,l),
and C(L) = C(L)*C{L), whereC,(L) and C{L) are matrix-valued finite-order lag polynomials,

such that all the roots afet(C,(L)) lie outside the unit circle.

Cf. Engle (1987). This assumption is more restrictive than necdsseitywill keep the argument
below transparent, and focussed on the main issue®Hilges and Solo (1992) for weaker
conditions in the case ohkarprocesses. Also, we could assume instead of Assumption 2 that
U, is stationary and ergodic, float westill can writgu = C(1)e Vv v , where nqwe is a
martingale difference process with unit variance matrixvaisda stationary process. Cf. Hall and
Heyde (1980)p.136). Note thaAssumption 2does not restrict thiag polynomialC,(L).

However, we do need the additional condition that
ASSUMPTION 3.The matrix @1) is nonsingular.
This separation of conditions will prove conient when we compare nonlinear co-trending with

cointegration, in section 7.

It follows now from the functional central limit theorem that, with



U9 (1/\5)[% u if x e [n11], U() Oifxel[0,n?
t=1

we have
(12) U, = C1W (),
whereW, is ak-variate standard Wiener process. Cf. Billagg1968). Moreover, using (12) and

Lemma 9.6.3 in Bierens (1994, p.200), it is a standard exercise to show that

F.(9) = CAO{W()  xW(1) 3K* x)[2 fWk(Y)dy

(13) B
C(1W (),
say. Then:
LEMMA 3. Under Assumptions 1-3
(14) M, M, o(1), where M fF(x)F(x)de,
and
(15) M, M, o(l), where M fF/(x)F/(x)de.

Proof. Appendix.

Now letQ be the orthogonal matrix of eigenvectord/fcorresponding to the ordered

eigenvalued, < A, < ....< A,. Note that under the nonlinear co-trending hypoth@sis A{3),

0, and the first column @ is 6: Q = (6,Q.), say. Denoting\. = diagf,,..A,), it follows that

LEMMA 4. Let Assumptions 1-3 and the hypoth€s{4) hold. For every subsequence m @)

of natural numbers we have

1/yn 0" ., |1y 0"
Q TM]_ -
0 ym/nl_, 0 ym/nl_,

in distribution, where

ﬂfl OT
0 O




il 07C(L) [WMW(9'dxQ1)'0  67C(1) [WOF()TdXQA. QT [F(Y)W,(y) 'dy(1)'d

- 0TC(L)C(1)'0 ( [W,9fdx  [W,00FG)TdxQA Q[ F(y)vT/l(y)dy)

Proof. Appendix.

LEMMA 5. LetM, be defined by5) with m= [n“] for somex € (0,1).Under Assumptions 1-3
and hypothesi€s (1),

1ym o ot 1ym o) [®c@acwe)t o
0 | 2 IV 0 Q™M)

k-1 k-1

in probability.
Proof. Appendix.

5. THE TESTS
5.1. The generalized eigenvalue problem

Now takemin Lemma 4 the same as in Lemma 5. Then the result of Lemma 4 reads:
1/y/m 0O o1 My 1 1/y/m O )
0o I, n t 0o I,

in distr. Hence it follows from Lemma 5 that the ordered solutiong 4, < ... < A, of the

ﬂfl OT
0 O

generalized eigenvalue problem

(16) defM, AM,) 0

are related to theecreasinglyordered solutionsk, > 4, > ... > &, of thgeneralized

eigenvalue problem

0 Ikfl n k-1

1//m 0O' ~ 41 [1/y/m OF
[T 07| i T
0 I, 0 I,

10

o oo

(17)
0




by the equality:

Moreover, it follows from Lemmas 4-5 and Anderson, Brons and Jensen (1983) that the ordered

solutions of generalized eigenvalue problem (17) converge in distribution to the ordered solutions

of the generalized eigenvalue problem

ﬂfl OT
0 O

. (8'c()c)e)t o
0 Al

*

de

Similarly, comparing the solutions of generalized eigenvalue problem

ym o) . fym oo
s Jonds V)
Jmoor) . [ym oo
A( 0 |kl)Q MzQ( 0 |kl)

with the solutions of eigenvalue problem (16), it follows easily that under Assumptions 1-3 and

0

the hypothesi®s (1), the vector 4,,..,A ) converges in probability tthe vector of ordered

solutions of the generalized eigenvalue probdetA AQ*TMlQ*] 0. Thus we have

THEOREM 1:LetM, be defined as in Lemma 4. Under Assumptions 1-3 and hypoehébis

the minimum solutioA, of the generalized eigenvalue probl€hé) satisfies

(18) g, - f(vT/l(x))zdx fVT/l(x)F(x)deQ*A*lQ*Tf FOOW,(x)Td

in distribution, where\/T/l is defined in(13),whereas under the hypothe€q0), A, converges

in probability to a positive constant.

We recall that the power of the test depends on the choiceeof0, 1) : the smaller  the higher
the asymptotic power. However, thalue e = 1/2, hence = [/n] is optimal forthe rate of

convergence oB™™,0 to 6TC(1)C(1)'0 |, so that we may expect that choasing  too far away
from 1/2 will cause size distortion in samples of moderate size.

11



5.2. An upperbound of the asymptotic size of the test
A practical problem with this test is that the null distribution is case-dependent: it depends
onF. A simple way to get around this problem is to base upperbounds of the asymptotic critical

values of the test on the random variable

(19) [Iw, 09 ax

only. A motivation for this choice is that und&r (1), the fundiiff) may be considered as a

parameter in a spaég, where

DEFINITION 1:E, is the space d&dimensional continuousinctionsF on [0,1] for whichF(0)
=F(1) = 0,[F(X)dx = 0, [F(X)"F(X)dx < , and rank[[ F(X)F(x)'dx] = k-r,

and that therefore the null hypothesis of co-trending is a composite hypothesis. Then:

LEMMA 6: There exists a sequencg F Hpsuch that
plim f W,(x)F_(x)dx 0.
m-eo

hence(19)is the supremum of the right hand sidéX8)over all F inx,.
Proof. Appendix.

Thus we have:

THEOREM 2:Under the conditions of Theorem 1,

sup im P(n* 4, > K) P [, > K),

FeE; n-e

for every K> 0.

5.3. Multiple nonlinear co-trending

The extension of the above test to testihg) against€® ¢ with s<r is straightforward.
Let A, be thediagonal matrix othe k-r largest eigenvalues tdie matrix M , let Q, be the

matrix of corresponding orthonormal eigenvectorsﬁpt bartheimumeigenvalue of the

12



matrix

f W, (X)W, (x)Tdx f W (F()Tdx Q_ALQ., f F(y)W,(y)"dy,

and Ietx: be the maximum eigenvalue of the matrix

fvT/r(x)vT/r(x)de.

Then it is easy to show:

THEOREM 3.Under Assumptions 1-3 and hypothésig), nl’“ir - Xr in distr., andfor every

K > 0, sup lim P[nl’f"ir > K] P[}_L: > K], whereas under hypothesi€ () with s<r, 1

FeE, n-e

converges in probability to a positive constant.

The 80%, 90% and 95% quantiles of the distribution of the random vaﬁhble r =1fior.,5 are

given in Table 1. These quantiles are calculated by Monte Carlo simulation, on the basis of 10,000
replications of samples of sine= 500 from theN,(0,l,) distribution.

Table 1: Values of K for which B.'<K) p
p: 0.80 0.90 0.95

r: K

aa b~ W N P

0.091103
0.134492
0.173114
0.205922
0.236006

0.119616
0.169183
0.214069
0.251317
0.282870

0.150989
0.202642
0.252212
0.294746
0.330943

5.4. Testing linear restrictions on the co-trending vectors
Once we have established the nuntbafrlinear independent co-trending vectorsve

may wish to test the null hypothesis that the columns of a kiesmatrixH with 1 < s < r span

13



a subspace of the space of co-trending vectarslar to testinglinear restrictions on the
cointegrating vectors by Johansen's (1988,1991,1%Rdlhood ratio approach. It is
straightforward to verify from the proofs of lemmas 4 and 5, in particular the equations (A.9) and
(A.10), that under this hypothesis

nH™™,H - HTC(1) f W, ()W, (x) TdxQ(1)H

~ (H TC(1)C(1)TH)1’2( [ vT/S(x)vT/S(x)de)(H TC(1)C(1)TH)M2

in distr., and witrm = [n“], 0 <a < 1,

n“H "M,H - H TC(1)C(1)™H

in prob. Now Iet)zS be the maximum solution of the generalized eigenvalue problem
detH™™M,H AHTM,H] O.

Then it is not hard to verify:

THEOREM 4.Let Assumptions 1-3 hold, and let z be nonlinear co-trended with r co-trending

vectors. Let H be a giverds matrix withl < s < r. If the columns of H span a subspace of the

space of co-trending vectors thlt-:u"’ff"iS converges in distribution to the maximum eigenvﬁgue
of the matrix f VT/S(x)VT/S(x)de, whereas otherwiséS converges in probability to a positive

constant.

5.5 Detrending or not?
All our results so far are based on detrended data. But there are situations where there is
no lineartrend in the data, faexample when we use differenced time series. Then taking out a

constant mean, by subtracting franits sample meam , will suffice. It is easy to verify that all

our results carry over, provided that we replace the prdE@(se defined in (13yayae

standard Brownian bridgaf(x) = W(x)-xW{(1). Moreover, instead of the critical values in Table

1 we should use the onesTiable 2 below, wherg? is themaximumeigenvalue othe matrix

14



f W, (X)W.°(x)"dx.

Table 2: Values of K for which B.'<K) p
p: 0.80 0.90 0.95

r: K

0.2451126 0.3518246 0.4657737
0.3993106 0.5356136 0.6742039
0.5413243 0.7036614 0.8603746
0.6778114 0.8618191 1.0345377
0.8170006 1.0141629 1.2194813

aa b~ W N P

6. CONSISTENT ESTIMATION OF THE CO-TRENDING VECTORS
Given the hypothesi& (1), there are three candidates for the estfmator , say, of the co-
trending vectof, namely the eigenvector corresponding to the minimum eigenvalue of the matrix

I\7Il, theminimumeigenvalue othe matrix I\7I2 , orthe minimumgeneralized eigenvalue Ml
w.r.t. M, . Let usfirst derive thelimiting distribution of 6 in the casél, Let £ be the
eigenvectorcorresponding to theninimum eigenvalue ofQ TI\?IlQ , hormalized suthat
e (1,8),andletd QF Notethatd QE is amigenvector oM, corresponding to the

minimum eigenvalue. The® 'M,0 Q'M,Q & 1, hence it follows frime proof of

Lemma 4, in particular equation (A.9), that

e QMQ Al I VRQME - ATQT [FRW(X)TdxaL)Te

in distr., and consequently,

(20) @ 0 QyMt - QAQ[FHW(9dxqL)0
in distr. Moreover, by the mean value theorem,

15



161 1 y1EQQ7E 1 oy

Combining the last two results, it follows now easily that (20) carries ovér fod/ |0 . More

generally we have:

THEOREM 5.Let Assumptions 1-3 and hypothesi§) hold, let & and® be thek x r matrices
of orthonormal eigenvectors of the matrid\é§ and M, respectively, corresponding to the r

minimum eigenvalues, let Qe the matrix of the other k-r orthonormal eigenvectors pfakd

let A. be the diagonal matrix of corresponding k-r largest eigenvalues. Then

i@ 8 - QAMQ([FeoW(9Tdx (B"C(L)C(yTe)

in distr.

Along the same lines it can be shown that also the other two types of estimators of the co-trending

vectors are consistent, but with a lowate of convergence. Thus the estimdtor 0 o the

basis ofM, is optimal.

7. COMPARISON WITH COINTEGRATION
The nonlinear trend stationaritypothesis anthe unitroot with drift hypothesis are
difficult to distinguish.Therefore, weshallalso derive the asymptotic distributionaafr test
under the unit root hypothesis with possible cointegration. Thus, let the data generating process
now be:
Az By u,
whereu, obeys Assumption 2 (but not Assumption 3 of course), hence

t
z B, Byt Zl:uj, where B, z,.
j=

Now denote
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W () Wx) (6x 4) f W (y)dy (12 6) f YW (y)dy,
W09 [Wi ()dy.
0

Then:

THEOREM 6.Let z = 2, + 3, + Uy be a k-variate unit root wittrift processwith y obeying
Assumption 2, and |&, be defined by5) with m= [n“] for somex € (0,1).Suppose there are
r cointegrating vectors, and that for each cointegratiregtor 6, 6'D(1)D(1) ® > 0. Let

A

A

1 <A, <g ik be the ordered solutions of the generalized eigenvalue prdqi@nirhen

the vectom**(1,,...,A.) converges in distribution to the vector of ordered eigenvalues of the

matrix

[WOW,Tax [ VT/r(x)Wk*fr(x)Td>< [ wk*j(x)wk*j(x)olx)’l [V OV,

and (4, ,,... ) converges in distribution to the vector of ordered solutions of the generalized

eigenvalue problem

det[ [V OO (T 2 W (W, (9T 0.
Proof. Appendix.

This result shows thatur co-trending tests afacapable to distinguish nonlineas-trending

from cointegration. Therefore, before we apply the co-trending tests we should first test the unit
root with drift hypothesis against nonlinégend stationarity. The latter tests are proposed by
Bierens (1996a).

8. NONLINEAR CO-TRENDING ANALYSIS OF INTEREST AND INFLATION,
8.1. The data
We use monthly time series tfe federal fundsate (FFR)and the CPinflation rate
(CPIR) (i.e., theannualpercentage change of the consumer price index), for months 1954.07

through 1994.12. The two series are plotted in Figure 1.
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<Insert Figure 1 about here
We see clearly that these series have a common pattern. The cross-correlation between FFR and
laggedCPIR, and CPIR and lagged FFR, is maximal 0.7747 for lag = 0. Thus, the price puzzle
IS quite apparent. Moreover, it is also clear from Figure 1 thegeties danot have dinear
trend, or, if they are unit root processes, do not have drift. Therefore our nonlinear co-trending

tests can be conducted without detrending.

8.2. Unit root and stationarity test results
First, we have checked whether these series areomprocesses, by conducting the
Phillips-Perron1988) unitroot test(PP),Bierens’ uniroottests HOAC(1,1) and HOAC(2,2)
on the basis of higher order sample autocorrelations, and the Bierens-Guo (1993) tests 1 thought
4, indicated below by BG(1) throu@dG(4), of the stationarity hypothesis. The first two types

of unit root tests test the null hypothepis 1 in the auxiliary regregsiopy, , v U, ,

wherey, is a zero-mean stationary process for which the functional central limit theorem holds,
againstthe alternativdp| < 1 . The Bierens-Guo (19883ts reverse the role thiis null and
alternative. Theull distribution of the foutestsinvolved isthe absolutealue of a standard
Cauchy variate. The Phillips-Perr{988) testand Bierens-Guo (1998st BG(4)employ a
Newey-West (1987) typeariance estimator with truncation parameter [cn], ¢ >0, 0 <r

< 1/3, wheren is thesample sizeThe values usegrec = 5,r = .2. The HOAC(1,1) and
HOAC(2,2) tests depend on parameters0O, 1 > 0, and 0 § < 1, and the lag lengthig, = 1

+ [cr?"®*2) The values used ace= 5, pu = 2, and = .5. For both series we hane 486 and
thusm, = 17,m, = 11. The test results are presented in Table 3.

Table 3: Unit root and stationarity test results

Test FFR  CPIR5% crit. region 10% crit. region H, H,
PP 11.25 9.98 < 14.00 < 11.20 U.R Stat
HOAQ(1,1) 1159  3.56 < 14.00 <11.20 U.R Stat
HOAQ(2,2) 11.19  3.77 < 15.70 < 13.10 U.R Stat
BG(1) 7.78 42.85 >12.71 >6.31 Stat U.R
BG(2) 8.49 305.37 >12.71 >6.31 Stat U.R
BG(3) 1.87 2.13 >12.71 >6.31 Stat U.R
BG(4) 1.39 0.72 >12.71 >6.31 Stat U.R
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The results in Table 3 are mixed. The first three tests reject the unit root hypothesis and
the tests BG(3) and BG(4) accept the statibyhypothesis at the 10% significance level for the
FFR,but the test HOAC(2,2) doemtreject the unit root hypothesis, and the tests BG(1) and
BG(2) accept the stationarity hypothesis only at the 5% level. None of the unit root tests reject
the unit root hypothesis fahe CPIR, and the tests BG(1) and B&®pngly reject the
stationarity hypothesis, whereas tiests BG(3) and BG(4) doot reject the stationarity
hypothesis. Thenixedresults for thdcFR andhe CPIR indicate that theseries araeither
genuine unit root processes nor genuine stationary processes.

As a double check on whether tRER andCPIR are unitroot processes we have
conductedBierens' (1996b) nonparametric cointegratidest to FFR/100 and CPIR/100
separately. This test becomes a unit root test when applied to a single time series. Bierens' (1996b)
cointegration test seems to work the best if the variables are in logs. Therefore we have applied
the test to the FFR and the CPIR divided by 100, in order to resemble 12 months differences of
logs. For both series the test rejected the unit root hypothesis at the 5% significance level.

We also have conductdBierens'(1996a) tests of thenit root hypothesis against
nonlinear trend stationarity, but the results were not conclusive. The latter may be due to the lack
of smoothness of the nonlinear trends. Bierens' (1996a) tests are augmented Dickey-Fuller type
tests, where theonlineartrend in theauxiliary regression is represented byreedértrend plus
detrended Chebishev time polynomials. The tests allow for a maximum order 20 of the detrended
Chebishev polynomials, which for the time series under review may be too low.

Finally, we have appliedur nonlinear co-trendingest to each of thavo time series
separately, in order to distinguish between stationarity and nonlinear trend stationarity. Note that
our testbecomes a test of the null hypothesis of stationarity against the alternative of nonlinear
trend stationarity when it spplied to a single timgeries. The parameter in Theorem 1 has
been chosen equal to 1/2, although a lower value is more favorable as far as the asymptotic power

of the test is concerned. As argueefore, thevalue 1/2 isoptimal forthe convergence of

n“0"M,0 to 67C(1)C(1)'0 [cf. (A.10) in the appendix], and that therefore too smadl an  may

cause size distortion. Therefore, tha@lue ¢ 1/2 will be usedhroughout theempirical

application. The values of the test statistics involved are 0.69334 for the FFR and 0.98699 for the
CPIR. Comparing these values wilie critical values in Table 2, in particuldre 5%critical

value 0.4657737, we see that for both tievees the stationarity hypothesis is rejected at the 5%
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significance level in favor of nonlinear trend stationarity.

8.3. Nonlinear co-trending test and estimation results

The components of the vector time series pragess now the CPIR and the FFR, for

t =1 (=1954.07) to 486 (=1994.12). The matritks ~ khd  are:

i 0.2684712 0.3321235 i 8.536301 7.5094
1 10.3321255 0.4580112 2| 7.509470 10.23015

the ordered generalized eigenvaluesiofw.r.t. M, are

A, 0.009134405), 0.04478581,

and the corresponding standardized generalized eigenvectélgsvmf.t. |\7|2 are
1 0.036827 -CPIR
0.772864 1 -FFR
Multiplying ir by /n /486 nowyieldsthe test of theull hypothesighat there are co-

trending vectors against the alternativat there areeks tham co-trending vectors. The test
results presented in Table 4 indicate that there is one co-trending vector.

Table 4: Tests of the number r of co trending vectors
r test statistic 10% crit. region 5% crit. region

Jnk, (conclusion (conclusion
1 0.20137 >0.35182 >0.46577
(accepj (accepj
2 0.98732 >0.53561 >0.67420
(rejech (rejech

In Figures 2 and 3 wdisplaythe components of the estimated functibrend F/ ,

respectively, standardized between -1 and 1 by dividing each component by its maximum absolute
value. The common patterns in these components clearly corroborate the test result of presence
of nonlinear co-trending.

<Insert Figures 2 and 3 about here

As argued in section 8, the besy of estimatinghe co-trending vector is to use the
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eigenvector of thematrix |\7|l corresponding tthe sestlleigenvalue. This standardized

eigenvector is
1 -FFR
0.75457 -CPIR

Thus:

Nonlinear trend in CPIR = 0.75457 xNonlinear trend in FFR
Note that the significance of the parameter involved is already established, by testing whether each
of these time series are stationary. Moreover, note that the way we have written the nonlinear co-
trending relations should not be interpreted as a causal ordering, as each of the nonlinear trends
in FFR and CPIR may be considered to be the common nonlinear trend.

In order todetermine the estimatia@rror of theestimate 0.75457, weavetested the
hypothesis that the vectdr= (1,-a)" is a co-trending vector. The results are presented in Table
5 foraranging from 0.3 to 1.2.

Table 5: Test of the hypothesis that

H (1,a) is a co trending vector
test conclusion

a statistic  10% 5%

1.2 0.55022 reject reject
1.1 0.46153 reject accept
1 0.36609 reject accept
0.9 0.27766 accept accept
0.8 0.21696 accept accept
0.7 0.20276 accept accept
0.6 0.23919 accept accept
0.5 0.31274 accept accept
0.4 0.40249 reject accept
0.3 0.49162 reject reject

Thus the 95% confidence interval of the the paranagteapproximately (0.3, 1.2), and the 90%
confidence interval is approximately (0.4, 1).
Summarizingour findingssuggest that thempirical phenomenoknown as therice

puzzle(i.e. the positive correlation between thiéation rateand the interestte), is due to a
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common nonlinear deterministic time trend.

APPENDIX
Proof of Lemma 1t follows from (6), (7) and the first part of (8) that

|_;

n-

| \
[

j

which, by Liapounov' inequality, implies that

n-1 n-1 12( n-1 12
(A1) 17,0 < ( j4”Ym”2)Z( i?l o),
j=1 j=1 j=1
and thus
n-1
(A2) Iyl O).

j=1

Similarly, it follows from Assumption 1 and thethonormality of the functiong2cos{nx) w.r.t.

the Lebesgue measure on [0,1] that

Y <o, Y jlyyl < .
=1 =1

and

n-1

(A.3) Iy, I? O@).
i-1

Next, observe that

(n4

F.(X (1/n)Z Y,n\f Z cos{n(t .5)/n)

(n4

(1/n)Z Vin—— 1 Y (exp(jn/n))texp(.5jn/n))

\/ét 1
[n¥

(1/n)Z e 1 Y (exp(ijn/n))texp( .5jn/n))

\/Etl

£

'MH

1
[

J; mGn[nx]/n)( M) N

T Sin/n
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Since forj = 1,...n-1andn=1,2,.....,

2 < sin(.§m/n) <1
T S7/n

it follows from (A.1) and (A.2) that

n-1 : -1
Fy Y2 hsmqnx)( M) O(1/n)
Tl S7/n
n-1 n-1 ) .
(A.4) V25~ Yingin ) o(z Wil (4 S'”('s“’”)) o1/
T 7o\ Sjm/n
n-1
V2y™ Yinginima)  O(1/n)
T ]

Lemma 1 follows noveasilyfrom (A.3), (A.4), (10),and the orthonormality of tHanctions

v2sin(mx) w.r.t. the Lebesgue measure on [0,1].
Proof of Lemma 2Since (A.4) holds uniformly on [0,1], we have

(_8) Fi) 23 0 SinGnx8) singmo o(;
5 n T 5, 5

n

n-1 n-1
(A.5) ¥, v/2008{mx) o(énz j ||yj’n||) o(éi)
j=1 j=1 n

b9 O®,) O(é—ln)

Proof of Lemma 3, PaftLl4): This part follows easily from Lemma 1 and (13).

Proof of Lemma 3, Paiftl5): We prove (15) only for the scalar case R .hée

a natural number betweerro andh, depending on the sample sizsuch thatm - « andnm/n

- 0. It follows from (11) and the easy results
Vn(Bo Bo)  Oy(1), nyn(B, By O (1)
that fort > m,
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lef.

m-1 . . m-1
(1/m>_z;(zt,. A () CmMY e (4 v,
j= j=
m-1
(A6) (Bo Bor) (B Byt 5m D) AMY )
]=

C(l)(l/m)ril €. (1/m)r§jl Bt (% vo/m O(Wn
i=0 i-0

where the last term in (A.6) is uniformtis m,..,n. Moreover, it follows from (2) and Lemma 2

that

o A3
WMy f(t ) L nn
(A7) a -

t m

cbn( T) omn)  O(L/m),

where the last two terms are unifornt mm,..n. Furthermore, observe from (7) and (A.1) that

6,091 < V25 {1y, Il < ==, hence

(A.8) (1/n)2n: P ((t m)/n)? (1/n)2n: (I)n(t/n)2 O(m/n).
t=m t=1

Then it follows from Assumption 1, (5), (A.6) through (A.8), and Lemmas A.1-2 below that

M, (1/n)§nj nne f FOOF(9Tdx o (D).
LEMMA A.1: Under Assumption, {1/n)X ¢, (t/n)é, (t/n)T fcbn(x)cl)n(x)de Q(1/n).

LEMMA A.2: Let g be a sequence of independent standard normally distributed random

variabled. Ther(Un)Xy ((L/mEs f 1 O (mn).

=0 -

24



Proof of Lemma A:MWithout loss of generality we may assume R . Then it follows from (6)

and (7) that
2

n n n-1 n-1
(1/n)§lj $ (tn)? (1)) ( ﬁzlj ¥,,COS{n(t 0.5)h) le Yin
t= i= i=

t=1

n- 2
\/Ef yj’ncos(nx)) dx f(cbn(x) O(l/n))de fq)n(x)de Q(1/n).
=1

Proof of Lemma A:A.etN = [n/m]. Then

n m-1 2 m-1 N-1 m-1 2
) (1/@)28”) MmN 1)1y 1 Z((l/ﬁn)zemj }
t-m -1 n mio (N1 -1
nmN) mN1) 1& n mN
op( . ) . Eg(;[l O,(1/(N 1))] op( . ) 1 Oy (mn)

due to the fact the expression between square brackets in the first line is a mean of indejg&ndent

distributed random variables.

Proof of Lemma 4t follows from (13) that

( \/ﬁ o' ) Q ™ Q( \/ﬁ o ) n6T|\7|16 \/ﬁeTle*
1 ~ ~
0 | 0 | /nQ'M6 Q'M,Q,

k-1 k-1

(A.9) o B \
67C(L) [WOIW0)dXO(1)  6TC(L)T [W,00F(X)TdxQ.

Q. [F(W(9dxQ(1)'0 A,

in distr. Now observe from part (9) of Assumption 1 that under the hypotiesis (1), rank of the
matrixM, isk-1, hence\. is nonsingular. Inverting the partitioned matrices in (A.9), the lemma

follows.
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Proof of Lemma SSinceOTfn(t) 0 , it follows from (A.6) and Lemma A.2 that

mj=0

'M,0 %Z(OTC(l)—ZeH (v, v, JWm Of/m

(A.10)

eTC(l)FZet, 07(v, v AWm O

mj=0

0'Cc(1)c(1)"e Op(ll\/ﬁ) op(M),

where the rate afonvergence is optimal fon proportional to {n]. Furthermoresimilarly to
(A.10) it can be shown that

(A.11) JmMMLE o (1).

Denoting again b = (0,Q.) the orthogonal matrix of eigenvectors of the matjxit follows

now similarly to (A.9) that

(12 ym o0 )QT Q(f o
0 I,

kal

0'C(1)Cc(1)'e o'
i 0 QMQ.

in prob. Therefore, the minimum eigenvalue of the m#gixtimesm, converges in probability
to 67C(1)C(1)'®. Since by part (9) of Assumption r.la,nl{ [F/0F /(x)de] k1  undefl),
and consequent@*TMzQ is nonsingular, it follows now from the result of Anderson, Brons and

Jensen (1983), and from (A.12), that Lemma 5 holds.

Proof of Lemma 6The proofemploysMercer's theorem. Cf. Dunford and Schwartz
(1963, p.1088), and Bierens and Ploberger (1995). Let

D(x.y)  EW,(00W, ().

This function is real valued symmetric positive semi-definite, and it follows (i@nthatl’ is
continuous on [0,1]x[0,1]. Nowvercer's theorem states that thesests a sequencg of

nonnegative eigenvalues and corresponding sequgi{ge of real valued continuous
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eigenfunctions such that:

fI‘(x,y)qu(y)dy AU, 7 1,2,
S <= [BEU0d 1),
j=1

I(x.y) ﬁx,w,-(x)w,-(y).
j=

Since

fvT/l(x)dx 0as., fva/l(x)dx 0as,

we have that

fI‘(x,y)dy 0, fl“(x,y)ydy 0,

hence 1 andx{%2)v12 areeigenfunctions correspondingzeroeigenvalues. Therefore, for all
othereigenfunctions we have by orthogonality;(x)dx = 0 and/xy;(x)dx = 0. Moreover, the
eigenfunctions;(x), except 1 andx{¥2)/12, can be chosen such tigg0) =y;(1) = 0, by using
the transformation

0 w;0)  (w(1) Y (O)x
[0 O (1@ wOpfa?

v j* ()

We can now find sub-sequenggd),...j(k-1) such that for,i,,i, = 1,..k-1,
¥,y ,C0dx 1 1),

lim max A. 0.

i
Meeol<i<k-1 In0)

hence, denoting
¥ ()
Fa) QA
¥, 0™
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we havefF,(X)F{(X)'dx=M,, F,(0) =F (1) =0, [F (x)dx =0, and
ImE [W,09F,(07dxQ A, Q] [W,(5)F,,(y)dy|

k1 k-1
imY_ [ [ (TN oM)dxdy imd 4, 0.

m-ej=1 m-ej=1

The lemma follows now from Chebishev's inequality.

Proof of Theorem:@0bserve that

L@, By 4amX U tn) 61/mMY UN)U(tUn) 0,1),
vﬁa t=1 t=1
B, B BANM UM 12(L03 @MU, o).
hence
Zig  Bo  BulnXd 1 .4 T ]
i = LR (Y
U,.(X) 4(1/n)2n: U, (t/n) 6(1/n)2n:(t/n)Un(t/n)
t=1 t=1
(A.13) : :
6x(1N)Y_ U (Un)  12(Ln)Y (Un)U(Un) o (1),
t=1 t=1
= CO(W,0)  (Bx 4)[Wm)dy (12 6) [yWy)ay)
CW, (9.
Thus,

FO/yn = C(1) [We()dy ALV (9,
0

and consequently
1 > * % * %
(A.14) M, - C(1) [Wa (Wi () Tdx(L)”

in distr.
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Now suppose tha is cointegrated with one cointegrating ve&omhen6'C(1) = 0'.

t

Since by (11)z B, Bt C(LY.g Vv, VY, ,witly, D(L)e, ,we how have

07z, 07(B,v) OBt 67, 67(B,v,) 6Bt 6™D(L)e,

and consequently

VOTF(x) = 0TD(L)W,(X).

Let Q = (6,Q.) be the orthogonahatrix of eigenvectors of(1)C(1)", corresponding to the

increasingly ordered eigenvalues. It is now easy to verify that under the unit root hypothesis with

1 n OT n n OT
E(o | ]QTMlQ(o L]
k-1 k-1

6'D(1) f W, ()W, () TdxD(1)'0  67D(1) f W, ()W, “(9)TdxQ(1)'Q,

one cointegrated vector,

Q."C(1) Wy (IWLTD(L)B Q.TC(1) [Wi"(W " (9TdxA(1)'Q,

in distr. Therefore, similarly to Lemma 4, it @ls that for every nonnegative sequemceo(n)

we have:
(wa o" ]leo(l/\/ﬁ o"
0 /nyminl_, ' 0 ynymni_,
(A.15) (1/\% o' ]QTlio(l/\/ﬁ or ) ) it oo
0 ) n* 0 ynl, 0 O

in distr., where
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i 06D fvT/k(x)vT/k(x)deo(l)Te
67D(1) W00V, (9"dxD)'Q.[QC(L) (W, W, " (9exan)'Q.)
x Q.C(1) [W " (W () "dxD(1)'0
~ 0'D(1)D(1)"0

x ([(vvl(x))zdx [W0OWL 30T [WE 3 09W, 5090 [ Wk**l(x)v_vl(x)dx)

Next we investigate the asymptotic properties of the miéltynder the unit root with

cointegration hypothesis. Letbe as in (A.6). Then it follows from (A.13) that fof [0,1],

1 m-1 R R
VZ(ZM, Bo  Bund )
mz U ( [nX J) AN U U 6L @)U (tn)
j=0 t=1 t=1

6[”—r]’(](1/n)§nj U (t/n) 12%(1@2”: (UnU(Un)  o,(2).
t=1 t=1

Moreover,

A% (4] ([nx]mlj ERSI ([nx]mly

m,z(; U”( n ) m,Z;U n mio J[U” n %

1
_fU ( [N m1 m y)dy fUn(n—X] mi r_ny) dy U oyl)
nm n n n
Therefore
1R A A .
—Z;(z[m],- B Bu(md 1)) = COW (9.
ni-

and consequently,
(A.16) % ~ C(1) fWk*(x)Wk*(x)deO(l)T

in distr. Furthermore, it is easy to verify that (A.10) goes through G{dthreplaced by (1):
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Me™™M,6  67D(1)D(1)'0 0,(1).
n

and that (A.11) now reads:

@MZO 0,(1).
n

Thus,
\/r—n OT \/ﬁ OT
1 ™ 1 -
0 ﬁlle 20 ﬁl“
0'D(1)D(1)'6 o'
0 QCI)/W W, ('dxA'Q,

in distr, and therefore, similarly to Lemma 5, we have

1/ym 0 ., | ym O
Q™,
0 i, 0 yhi,

(6™D(1)D(1)"0) * o'
0 Q.o Wi YW, ek, *

(A.17)

in distr.

Comparing (A.15) and (A.17) with eigenvalue problem (17), we see that under the unit

root hypothesis with single cointegration ane [n*], with 0 <« < 1, the minimum solutionﬁ]l

of eigenvalue problem (16) satisfies:

~

i i,
0'D(1)D(1)'0
f (W,(9) dx [ VT/l(x)Wk*fl(x)Td>< [ wk*fl(x)wk*fl(x)olx)’l [V 09W,09clx

in distr. Note that the limiting random variable involved has the same upperbound as in the case

of co-trending. Moreover, it follows from (A.14) and (A.16) that under the unit root hypothesis
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without cointegration,il converges in distribution to the minimum solution of the generalized

eigenvalue problem

det[ WM 007X [WE (W40 0.

This completes the proof of Theorem 6 for the case of one cointegrating vector. The general case

can be shown along similar lines.
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