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Abstract. The maximum k-colorable subgraph (MkCS) problem is to find an induced k-
colorable subgraph with maximum cardinality in a given graph. This paper is an in-depth
analysis of the MkCS problem that considers various semidefinite programming relaxa-
tions, including their theoretical and numerical comparisons. To simplify these relaxations,
we exploit the symmetry arising from permuting the colors, as well as the symmetry of the
given graphs when applicable. We also show how to exploit invariance under permuta-
tions of the subsets for other partition problems and how to use the MkCS problem to
derive bounds on the chromatic number of a graph. Our numerical results verify that the
proposed relaxations provide strong bounds for the MkCS problem and that those outper-
form existing bounds for most of the test instances.

Summary of Contribution: The maximum k-colorable subgraph (MkCS) problem is to
find an induced k-colorable subgraph with maximum cardinality in a given graph. The
MKCS problem has a number of applications, such as channel assignment in spectrum
sharing networks (e.g., Wi-Fi or cellular), very-large-scale integration design, human genet-
ic research, and so on. The MkCS problem is also related to several other optimization
problems, including the graph partition problem and the max-k-cut problem. The two
mentioned problems have applications in parallel computing, network partitioning, floor
planning, and so on. This paper is an in-depth analysis of the MkCS problem that considers
various semidefinite programming relaxations, including their theoretical and numerical
comparisons. Further, our analysis relates the MkCS results with the stable set and the
chromatic number problems. We provide extended numerical results that verify that the
proposed bounding approaches provide strong bounds for the MkCS problem and that
those outperform existing bounds for most of the test instances. Moreover, our lower
bounds on the chromatic number of a graph are competitive with existing bounds in the
literature.

History: Accepted by Pascal Van Hentenryck, Area Editor for Modeling: Methods and Analysis.
Supplemental Material: The online supplement is available at https://doi.org/10.1287 /ijoc.2021.1086.

Keywords:

k-colorable subgraph problem « stable set « chromatic number of a graph « generalized theta number «
semidefinite programming o

Johnson graphs « Hamming graphs

1. Introduction

problem, one searches for the partition of the graph

The maximum k-colorable subgraph (MkCS) problem
is to find the largest induced subgraph in a given
graph that can be colored in k colors such that no two
adjacent vertices have the same color. The MkCS prob-
lem is also known as the maximum k-partite induced
subgraph problem since the k-coloring corresponds to a
k-partition of the subgraph. The MkCS problem for
k = 2 is also known as the maximum bipartite subgraph
problem.

In the literature, the name “maximum k-colorable
subgraph problem” is sometimes used for the maxi-
mum k-cut problem (see, e.g., Papadimitriou and Yan-
nakakis 1991, Frieze and Jerrum 1995). In the latter

656

into k subsets such that the number of edges crossing
the subsets is maximized. If one colors vertices in the
resulting subsets in different colors, then the crossing
edges are properly colored; that is, the end points of
these edges have different colors. However, the MkCS
and the maximum k-cut are different problems, and
we do not consider the latter problem in this paper.
We refer interested readers to Goemans and William-
son (1994), Frieze and Jerrum (1995), de Klerk et al.
(2004), Sotirov (2014), Rendl (2016), and van Dam and
Sotirov (2016) for more information on the maximum
k-cut problem and related semidefinite programming
(SDP) relaxations.
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The MkKCS problem falls into the class of NP-hard
problems considered by Lewis and Yannakakis (1980).
Moreover, even approximating this problem is NP-
hard (see Lund and Yannakakis 1993). For k = 1, the
MkKCS problem reduces to the famous maximum sta-
ble set problem, which was shown to be NP-hard by
Karp (1972). Another well-known problem from the
list of Karp (1972) related to the MkCS problem is the
chromatic number problem. The chromatic number
problem is to determine whether the vertices of a giv-
en graph can be colored in k colors. If one can solve
the MkCS problem for any given number of colors,
then one can also solve the maximum stable set and
the chromatic number problems. However, efficient
algorithms for the latter two problems do not neces-
sarily result in efficient algorithms for the MkCS
problem. For instance, the chromatic number and the
stability number on perfect graphs can be computed
in polynomial time, whereas the MkCS problem is
NP-hard on chordal graphs, which comprises a sub-
family of the set of perfect graphs (see Yannakakis
and Gavril 1987). However, there are special classes of
graphs for which the MkCS problem is polynomial-
time solvable. Some examples are graphs where every
odd cycle has two noncrossing chords for any k (Ad-
dario-Berry et al. 2010), clique-separable graphs for
k = 2 (Addario-Berry et al. 2010), chordal graphs for
fixed k (Yannakakis and Gavril 1987), interval graphs
for any k (Yannakakis and Gavril 1987), and circular-
arc graphs and tolerance graphs for k = 2 (Narasim-
han 1989). It is known that the size of the maximum

stable set of the Kneser graphs K(v, d), where v > 24,

equals (Zj) (see Erd@s et al. 1961). For the Kneser

graphs K(v,2), the size of the maximum k-colorable sub-

graph is also known (see, e.g., Fiiredi 1983).

The MkCS problem for k = 2 has been studied by,
among others, Lee et al. (1992), Godsil and Royle
(2001), Hiiffner (2005), Fouilhoux and Mahjoub (2006),
and Bresar and Valencia-Pabon (2019). However, the
MkCS problem for k > 2 is rarely considered in the lit-
erature. Januschowski and Pfetsch (2011a) notice that
such a lack of attention might be related to the connec-
tion of the MkCS problem to the earlier mentioned
prominent problems. One of the few significant sour-
ces of information of the MkCS problem for k > 2, but
also k = 2, are Narasimhan (1989) and Narasimhan
and Manber (1990), where the authors introduce an
upper bound on the optimal value of the MkCS prob-
lem called the generalized S-number. Namely, they gen-
eralize the concept of the famous S-number by Lovasz
(1979), which is an upper bound on the size of the
maximum stable set of a graph. Alizadeh (1995) for-
mulated the generalized ¥-number problem using
SDP. Mohar and Poljak (1993) present the bound by

Narasimhan and Manber (1990) among important ap-
plications of eigenvalues of graphs in combinatorial
optimization. To our knowledge, the quality of the
generalized 8-number has never been evaluated.

Other related work considers integer programming
(IP) formulations of the MkCS problem (see, e.g.,
Campélo and Corréa 2010; Januschowski and Pfetsch
2011a, b). Januschowski and Pfetsch (2011a) and
Campélo and Corréa (2010) provide computational re-
sults for k > 2. In particular, Januschowski and Pfetsch
(2011a) consider graphs with symmetry, which enables
them to provide numerical results for large graphs up
to 1,085 vertices. Hertz et al. (2018) analyze the perfor-
mance of various existing online algorithms for the
MkKCS problem, and Bresar and Valencia-Pabon (2019)
provide theoretical lower and upper bounds for the
MKCS problem for k > 2 on the Kneser graphs.

It is worth mentioning that the MkCS problem has a
number of applications, such as channel assignment in
spectrum-sharing networks (e.g., Wi-Fi or cellular)
(Halldo6rsson et al. 2004, Koster and Scheffel 2007, Subra-
manian et al. 2007, Hertz et al. 2016, Bentert et al. 2019),
very-large-scale integration design (Marek-Sadowska
1984, Fouilhoux and Mahjoub 2012), and human genetic
research (Lippert et al. 2002, Fouilhoux and Mahjoub
2012). Let us provide a brief description of one of the ap-
plications, namely, the wavelength assignment problem
in optical networks (Koster and Scheffel 2007). The prob-
lem is to assign wavelengths to as many light paths as
possible, considering that intersecting light paths do not
use the same wavelength. Hence, light paths correspond
to vertices and wavelengths to colors. There is an edge
between two vertices if the corresponding light paths in-
tersect. The number of wavelengths is restricted by the
capacity of the network.

1.1. Outline and Main Results

This paper is an in-depth analysis of the MkCS prob-
lem that includes various semidefinite programming
relaxations and their theoretical and numerical com-
parisons. This analysis also extends results for the
MKCS problem to other graph partition problems and
also relates the MkCS results with the stable set and
the chromatic number problems.

We begin our study with the eigenvalue bound by
Narasimhan and Manber (1990), which is also known
as the generalized S-number. We present the general-
ized 9-number as the optimal solution of an SDP
relaxation (see also Alizadeh 1995). In order to
strengthen the mentioned SDP relaxation, we add
nonnegativity constraints to the matrix variable and
call the solution of the resulting SDP relaxation the
generalized ¥'-number. This number can be seen as the
generalization of the Schrijver ¥'-number (Schrijver
1979). Both the generalized 9-number and the
¥’-number require solving an SDP relaxation with one
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matrix variable of the order 1, where n is the number
of vertices in the graph.

Next, we derive vector-lifting- and matrix-lifting-
based SDP relaxations. The sizes of matrix variables in
the resulting relaxations depend on n and k. We re-
duce the sizes of the SDP relaxations by exploiting the
invariance of the MkCS problem under permutations
of the colors. In particular, we exploit the fact that all
constraints in the relaxations are satisfied for any color
labeling, and the objective does not change if the label-
ing changes. This property is inherited by our SDP
relaxations from the IP formulations of the MkCS
problem. By exploiting color invariance, our matrix-
lifting SDP relaxation reduces to a model with one
SDP constraint of the order n+1, and our strongest
SDP relaxation reduces to a model with two SDP con-
straints of the order n+1 and n, respectively, for a
graph with n vertices. Thus, it turns out that matrix
sizes in the vector and matrix-lifting relaxations are
independent of k.

To strengthen our relaxations, we add inequalities
from the Boolean quadric polytope. We also show
how to further reduce our SDP relaxations for highly
symmetric graphs. This reduction results in a linear
program arising from the generalized ¥ -number, or
in programs with a linear objective, one second-order
cone constraint, and many linear constraints.

Since the k-colorable subgraph problem is also a
graph partition problem, we are able to apply our
symmetry reduction approach based on the invari-
ance under permutations of the subsets to other parti-
tion problems. In particular, we prove in an elegant
way that the vector- and matrix-lifting relaxations for
the k-equipartition problem are equivalent. We obtain
a similar result for the max-k-cut problem.

Finally, we evaluate the quality of all here pre-
sented SDP upper bounds on instances from Janu-
schowski and Pfetsch (2011a) and Campélo and
Corréa (2010). We also propose two heuristic ap-
proaches to compute lower bounds for the MkCS
problem. Our computational results show that our
lower and upper bounds for the MkCS problem are
strong and can be computed efficiently for dense
graphs or highly symmetric graphs. Our lower
bounds on the chromatic number of a graph are com-
petitive with existing bounds in the literature.

This paper is organized as follows. We present sev-
eral equivalent integer programming formulations of
the MkCS problem in Section 2. In Section 3, we pre-
sent first the generalized 9-number by Narasimhan
and Manber (1990) and then the related strengthened
bound that we call the generalized 9'-number. In Sec-
tion 4, we first propose two vector-lifting SDP relaxa-
tions and compare them, and then we show how to
apply symmetry reduction on colors in order to re-
duce their sizes. In order to further tighten our SDP

relaxations, we consider adding inequalities from the
Boolean quadric polytope in Section 4.2. In Section
4.3, we show that the Schrijver’s 8'-number on the
Cartesian product of the complete graph on k vertices
and the graph under consideration equals the optimal
value of our weaker vector-lifting relaxation for the
original graph (see also the online supplement). A ma-
trix-lifting SDP relaxation and its symmetry-reduced
version are given in Section 5. In Section 6, we show
how to further simplify and reduce our SDP relaxa-
tions by exploiting symmetry of graphs. The applica-
tion of symmetry reduction on colors is extended to
other graph partition problems in Section 7. Numeri-
cal results are in the online supplement. We summa-
rize the results in Section 8.

1.1.1. Notation. The space of n X n symmetric matrices
is denoted by S". For A, B € §", the trace inner product
of A and B is denoted by (A, B) := trace(AB). For two
matrices A, B € R™", A > B means a;; > bj;, for all i, j.

We use the notation I, (resp., J,) for the identity ma-
trix (resp., the matrix of all ones) of order 1, and we use
e, to denote the vector of all ones. If the dimension of
the matrices is clear from the context, then we omit the
subscript. We use u; to denote the ith standard basis
vector. Here, we use [m] to denote the set {1, ..., m}.

The “vec” operator stacks the columns of a matrix,
whereas the “diag” operator maps an n X n matrix to
the n-vector given by its diagonal. The adjoint operator
of “diag” is denoted by “Diag.” The Kronecker prod-
uct A®B of matrices A € R”*7 and B € R™ is defined
as the pr X gs matrix composed of pg blocks of size
r X s, with block ij given by A;B,i=1,...,p,
i=1,...,q

2. Problem Formulation

Let G=(V,E) be a simple undirected graph with the
vertex set V and the edge set E. Let |[V| =, and let k be a
given integer such that 1 <k <n—1. We say that G is k-
colorable if one can assign to each vertex in G one of the k
colors such that adjacent vertices do not have the same
color. A graph G’ = (V’,E’) is called an induced subgraph
of a given graph G=(V,E) if V' CV and E’ CE is the
set of all edges in E connecting the vertices in V.

The maximum k-colorable subgraph problem is to
find an induced k-colorable subgraph with maximum
cardinality in the given graph G. We denote by ax(G)
the number of vertices in the maximum k-colorable
subgraph of G. When k = 1, the MkCS problem corre-
sponds to the stable set problem, that is, a1(G) = a(G),
where a(G) denotes the stability number of G (the
maximum cardinality of a stable set in G).

For any k > 1, the MkCS problem can be formulated
as an integer problem. Let X € {01} be the matrix
with one in the entry (i, r) if vertex i € [n] is colored
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with color 7 € [k] and zero otherwise. An IP formula-
tion for the MkCS problem is given by (1a)-(1c):
ar(G) = max Z Xir (1a)
Xe{0, 1} i[n], re[k]
(s.t) XiX;=0, forall {ij} €E,re[k] (1b)

Z Xy <1, forallie[n]. (10)
relk]

Here, constraints ((1b)) ensure that two adjacent vertices
are not colored with the same color, and constraints (1c) en-
sure that each vertex is colored with at most one color.

Alternative IP formulation for the MkCS problem
can be obtained by adding a binary slack variable to
each inequality constraint in (1c), that is, by replacing
those constraints with the following ones:

> Xy =1, forallie€[n]. (2)
relk+1]

It is known that a model with equality constraints
may provide stronger relaxations than an alternative
one (see, e.g., Burer 2009, Rendl and Sotirov 2018). In
Section 4, we use the IP model with equality con-
straints (2) to derive our strongest SDP relaxation for
the MkCS problem. Another IP model for the MkCS
problem is obtained by replacing ((1b)) constraints
with the following ones:

Xiy+X;p <1, {ij} €E, relk]. 3)

The IP formulation (1a), (1c), and (3) is exploited in
Januschowski and Pfetsch (2011a, b).

3. The Generalized ¥- and ¥ -Numbers

In this section, we present the generalized 9-number
by Narasimhan and Manber (1990), which is an upper
bound for the MkCS problem. This eigenvalue upper
bound was reformulated as an SDP relaxation in Ali-
zadeh (1995). Here, we strengthen the mentioned SDP
relaxation by adding nonnegativity constraints and in-
troduce the generalized 9’-number.

3.1. Eigenvalue and SDP Formulations of the
Generalized ¥-number

Narasimhan and Manber (1990) introduce 9;(G), the

generalized 9-number, as an upper bound for a,(G):

ak(G) < 9(G)
k
= 211851{2 Ai(A): Ajj=1for {ij} ¢ Eori =j},
& =1

(4)
where A1(A) = A3(A) >+ = A,(A) are eigenvalues of
A. The bound 9¢(G) improves the obvious bound
a(G) £k3(G). The minimum in (4) is attained (see
theorem 12 in Narasimhan 1989). To show that 9;(G)

is an upper bound on a,(G), we follow the reasoning
of Mohar and Poljak (1993), who use Fan's theorem.

Theorem 1 (Fan 1949). Let A be a symmetric matrix with
eigenvalues \j(A) > Xp(A) > -+ > A, (A). Then

k
D Ai(A) = max {(A, XXT): XTX =1} (5)
i1 XERnxk

Let X" €{01}”* be an optimal solution to the IP
problem (1). That is, for every r € [k], the rth column
of X" is the incidence vector of the stable set colored in
color 7. Let X be the matrix whose columns are the col-
umns of X* normalized to one. Thus, XX = I by con-
struction. Now, using Theorem 1, for any matrix A
feasible for problem (4), we have

a(G) = (A, XXT) < max {(A, XX"): X"X = I}
XER”X

k

Hence, ax(G) < 9(G). For k = 1, 8(G) is the eigen-
value formulation of the 9-number by Lovasz (1979).
In the original paper by Narasimhan and Manber
(1990), the generalized 3-number is introduced for the
generalized clique number of G, which implies that
the generalized 9-number there is defined for the
complement of G. The generalized 9-number in Nara-
simhan and Manber (1990) is introduced by showing
that the sum of the k largest eigenvalues of the adja-
cency matrix (with ones along the diagonal) of a graph
is at least as large as the size of the largest induced
subgraph that can be covered with k cliques. This result
is a generalization of the well-known result that the
largest eigenvalue of the adjacency matrix (with ones
along the diagonal) of a graph is at least as large as the
size of the largest clique in the graph. Here, we are in-
terested in the maximum number of vertices in a k-par-
tite subgraph of G and therefore define 9;(G) for G.

It is known that problem (5) can be formulated as
an SDP relaxation (see Alizadeh 1995). This implies
that 9,(G) can be obtained as the optimal solution of
the following SDP relaxation:

% (G)=  min {(I, Y) + uk

YeS" udxi}gyer
c > Elxy—J+ul+Y=0,Y = o}, (6)
I
where €7 =uu +uu] for ijje[n] st. i #j. The dual
of (6) is
9(G) =max {(],Z): Z;=0
ZeS

V{ij}€E, (I,Z)y=k Z>0,1-Z>0}.  (7)

Note that Z=X] is a strictly feasible point for the
SDP relaxation (7); in particular, strong duality holds
for the primal-dual pair (6)—(7).
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Alternatively, the SDP relaxation (7) can be ob-
tained dlrectly from the IP model (1). As before, let
Xe{o, 1} be an optimal solution to problem (1), and
let X be the matrix whose columns are the Columns of
X normalized to one. Then the matrix Z := XX is fea-
sible for the relaxation (7) with the objective value
ak(G) In particular, th1s follows since for any r=

.,k we have (XX ) - 1f vertices i and j are col-
ored with color 7, where Cr 1s the total number of verti-
ces colored in color 7; (XX ) =0 otherwise. The first
constraint in (7) is satisfied by construction of X and
clearly XX >0. The second and the last constraints in
(7) are satlsfled since the columns of X are normalized
to one, XX has k eigenvalues equal to one, and n — k
eigenvalues equal to zero.

For k = 1 constraint I — Z >0 in (7) becomes redun-
dant since Z is positive semidefinite and its eigenval-
ues sum up to one. In this case, the SDP relaxation (7)
reduces to the following formulation of the S-number
by Lovész (1979):

IG) = max{([Z) Z;=0{ij}€E, ([,Z)=1, Z > 0}.
8)

3.2. Strengthening the Generalized 9-number
Note that all entries of an optimal solution to the
integer programming problem (1) are nonnegative.
Therefore, we can add nonnegativity constraints to
the matrix variable in (7) to strengthen the relaxation.
This leads to the following SDP relaxation:

3(G) =max{(],Z): Z; =0
ZeS"

V{ij} €E, (I,Zy=k Z>0,1-Z >0, Z > 0}.

©9)
We refer to the solution of this SDP relaxation as the

generalized §'-number. Note that, for k = 1, 9,(G) equals
the 9'(G) upper bound on a(G) by Schrijver (1979).

4. Vector-Lifting SDP Relaxations

In this section, we derive two new SDP relaxations for
the MkCS problem. To derive relaxations, we use the
vector-lifting approach (see, e.g., Wolkowicz and
Zhao 1999, Ding et al. 2011, Sotirov 2014). In Section
4.1, we reduce the SDP models by exploiting the fact
that the MkCS problem is invariant under any permu-
tation of the colors. To strengthen the relaxations, we
add inequalities from the Boolean quadric polytope in
Section 4.2. In Section 4.3, we relate the stable set
problem on the Cartesian product of the complete
graph on k vertices and G, with the MkCS problem. In
particular, we show that our weaker vector-lifting re-
laxation is equivalent to the SDP model for the
Schrijver 9'-number on the Cartesian product of the
two mentioned graphs.

To derive our first SDP relaxation in this section, we
consider the IP model for the MkCS problem with all
equality constraints. Thus, assume that X € {0,1}"**
is feasible for the IP model (1a), ((1b)), and (2); that is,
X is the matrix with one in the entry (i, r) if vertex i is
colored with color r and zero otherwise, where

“color” k +1 represents the uncolored vertices. Let x =
vec(X) and Y=xxT. As x€{0, 1}”(k+1), it follows that
Y = diag(Y)diag(Y)", which can be relaxed to
Y —diag(Y)diag(Y)" = 0, which is equivalent to the
following convex constraint:

1 diag(Y)"

=0. (10)
diag(Y) Y

Matrix Y consists of (k +1)* blocks of the size 1 X n.
We denote by Y" the 1 x 1 block of Y located in posi-
tion (r,I) € [k + 1] X [k +1]. From here on, we use the
subscripts i, j to indicate vertices and use superscripts
r, I to indicate colors in matrix variables. From (1b), it
follows that Yi/ =0, V{ij} €E, re[k], and, from (2),
ek i =1, forallie[n]. Also, from (2) and the
fact that X is binary, we have Y =0, foralli€ [n],
rlelk+1], r£1.

We collect all of the aforementioned constraints,
add nonnegativity constraints, and arrive to the fol-
lowing SDP relaxation for the MkCS problem:

max 3 vy
veskD) - refk] ie[n]

st. Yi=0, forall {if}y € E, r e [k]
> Y =1, forallie [n]

re[k+1]
Y!'=0, forallie[n], r,le[k+1], r+1
T
yso | 1 dasMi)_ g 11)
diag(Y) Y

The SDP relaxation (11) is not strictly feasible.
Namely, one can verify that the columns of
[—enef,,®I,]" are contained in the null space of the
barycenter point, that is, a point in the relative interior
of the minimal face containing the feasible set of (11)
(see, e.g., Wolkowicz and Zhao 1999). Similarly, we de-
rive a vector-lifting SDP relaxation from the IP problem
(1). Namely, by exploiting X € {0,1}"* that is feasible for
(1), we obtain the following SDP relaxation:

max Z Z Y (12a)
Yes™ re(k] i€[n]

s.t. Y” 0, forall {ij} € E, re[k] (12b)
Y!=0, forallie[n], r,le[k], r#1 (12c)
1 diag(Y
Y >0, iag(1)’ > 0. (12d)
diag(Y) Y

Note that it is not necessary to include in (12) the
constraints >, Yy <1 (i€ [n]) that arise naturally

1n —
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from (1c), as they are redundant. Namely, we have
the following result.

Lemma 1. For each i € [n], the constraint Zre[k] Yii<1
is redundant for the SDP relaxation (12).

Proof. See the online supplement.

The SDP relaxation (12) is strictly feasible. To show
this, one can use an argument that is similar to the one
that shows that the symmetry-reduced SDP relaxation
(15) is strictly feasible (see Lemma 2 and Theorem 3).
It is not difficult to verify that the SDP relaxation (12)
is dominated by the SDP relaxation (11). We will
show that those two relaxations are equivalent after
adding the following inequality constraints to the re-
laxation (12):

1= Y =2 Y7+ >, > Y20, foralli>j
re(k] re[k] [k] le[k]

(13)

Yi- > Y20, foralli#j, [, (14)
relk]

where i,je[n] and [,r€[k]. These inequalities are
based on the reformulation-linearization technique by
Sherali and Adams (1994). In particular, inequalities
(13) are linearizations of the products of pairs of
constraints (1c). Inequalities (14) represent multipli-
cation of elementwise nonnegativity constraint on
X with each individual constraint in (1c). Similar in-
equalities are used in Rendl and Sotirov (2018) and
Rendl et al. (2019) to improve SDP relaxations for
the min-cut problem and the bandwidth problem,
respectively.

Theorem 2. The SDP relaxation (12) with additional con-
straints (13) and (14) is equivalent to the SDP relaxation
(11).

Proof. See the online supplement.

To strengthen relaxations (11) and (12), one may
tend to add the clique constraints, that is,
> iecdiag(Yl) <1, where C C [n] denotes a set of indi-
ces corresponding to vertices in a clique, and r € [k].
However, those constraints are redundant (see Re-
mark 2 for an explanation).

4.1. Symmetry Reduction on Colors

In this section, we exploit the fact that the MkCS prob-
lem is invariant under permutations of the colors, in
order to reduce the sizes of the vector-lifting SDP re-
laxations from the previous section. We also show
that the symmetry-reduced SDP relaxations are strict-
ly feasible.

We begin with a lemma related to strict feasibility.

Lemma 2. Let n>1,k>1, and let e e R" be the vector of

all ones. Then
ko LeT
M= [ (1) l > 0.

1 1
wnf ol

Proof. Let |*|€R™ \{0}. Then we have [*|'M|"|=

L (((n + 1k = n)x3 +|lxoe + /) > 0. O

X

To reduce the size of the SDP relaxation (12) with
additional constraints (13) and (14), we need the fol-
lowing result.

Lemma 3. (Gvozdenovi¢ and Laurent 2008, lemma 2.8).
Let Y € R¥™*" be a block matrix that consists of k* blocks of the
sizen x n. Let Y have a matrix A € S™ as its diagonal blocks, and
a matrix B € S" as its nondiagonal blocks; that is,

A B ... B
y=|24 - PloieA+(-DeB.
BB .. A
k blocks
Then Y>0 if and only if A-B>0 and

A+(k-1)B>0.

Now, we are ready to prove our main result in this
section.

Theorem 3. The SDP relaxation (11) and the SDP relaxa-
tion (12) with additional constraints (13) and (14) are
equivalent to the following SDP relaxation:
0,(G) = max (I, Z) (15a)
Z,XeS"
s.t. Zij =0, fOT {l]} €E

Xii =0, foriel[n] (15b)

Z>0,X>0 (15¢)

Z-X>0 (15d)
1 diag(2)"

89 1.0 (150

diag(Z) Z+(k-1)X
1- Zii - Z]']' + Zi]' + (k — 1)X1] >0, fO?‘ l,] € [Tl],i >j (15f)
Z,‘,‘ — Zl] — (k — 1)X1] > 0, fOT’ l,] S [Tl],i 5{: j, (15g)

and this SDP relaxation is strictly feasible.

Proof. First, the relaxations (11) and (12) with addi-
tional constraints (13) and (14) are equivalent by Theo-
rem 2. We show here that the SDP relaxation (12) with
(13) and (14) is equivalent to (15).

Let Y be a feasible solution to the SDP relaxation
(12) with additional constraints (13) and (14). If we
permute the color labels, then we permute the
“columns” and “rows” of blocks in Y. For instance,
permutinfg color r and color / results in permuting
blocks Y and Y, for all p € [k], and then permuting



Downloaded from informs.org by [137.56.179.185] on 03 November 2022, at 06:37 . For personal use only, all rights reserved.

Kuryatnikova, Sotirov, and Vera: Maximum k-Colorable Subgraph Problem and Related Problems

662

INFORMS Journal on Computing, 2022, vol. 34, no. 1, pp. 656-669, © 2021 INFORMS

blocks Y and Y?, for all p € [k]. In particular, Y and
Y" are permuted.

Let Y be the average over all k! permutations of the
color labels. By construction, problem (12) with con-
straints (13) and (14) is convex and invariant under
color permutations. Therefore, Y is feasible for (12)
and satisfies the additional constraints (13) and (14).
Notice that Y has the form

Coq[E XX 1 1
y1ire ;l = k®Z+ (-1)8X,  (16)
Kx s

k blocks
_\k rr 1 k rl
whereZ =37 _Y"and X =527 1,7

The SDP relaxation (12) with constraints (13) and
(14) can be restricted without loss of generality to ma-
trices of the form (16), which results in (15). Indeed,
the objective and all linear constraints of the SDP re-
laxation (15) are obtained by rewriting the objective
and the corresponding linear constraints of (12), (13),
and (14) for matrices of the form (16). Now, consider
the SDP constraint | diang ding()" l >0, where Y is of the
form (16), which, by the Schur complement, is equiva-
lent to Y — diag(Y)diag(Y)" > 0. We have Y — diag(Y)
diag(Y)"=1I1® (Z - Ldiag(Z)diag(Z)") + +( - D &(X -
: diag(Z)diag(Z)"). Hence, by Lemma 3, the positive
semidefinite constraint holds if and only if Z-X>0
and Z+ (k—-1)X - diag(Z)diag(Z)T = 0.

Now we show the strict feasibility of (15). Let Az be
the adjacency matrix of the complement of G, and let
M >0 be given as in Lemma 2. Since also giq;1 >0,

there exists 0 < € < m such that
1M+ 0 0" >0
- e
k 0 Ag+(k-1)(-1)
1
and WI+EAG—€U—I)>O.
Define Z := irig; 1+ eAg, X := e(J — ). By the choice

of ¢, one can verify that (Z,X) strictly satisfies con-
straints (15c), (15f), and (15g). For example, we will
verify that constraints (15f) are strictly satisfied for
(Z,X): 1=Zy=Zy+Zy+(k=1)Xy 21— 2y = k2
> i forallije[n],i>j. O

Remark 1. We denote by 6%(G) the optimal value of
the SDP relaxation obtained from (15), where con-
straints (15f) and (15g) are removed. Thus, 07(G)
equals the optimal value of the SDP relaxation (12).

For the sake of completeness, we also present the
symmetry-reduced version of the relaxation (11). See
Corollary 1 in the online supplement.

Note that the SDP relaxation from Corollary 1 in
the online supplement has a matrix variable of order 3#,

whereas the SDP relaxation from Theorem 3 has a matrix
variable of order 211. However, they are equivalent.

4.2. Boolean Quadric Polytope Inequalities

To further strengthen our strongest SDP relaxation,
one can add inequalities from the Boolean quadric
polytope (BQP) (see, e.g., Padberg 1989). Namely, let
X be a feasible solution to the binary problem (1) and
consider Y = vec(X)vec(X)". Then, for all i,j,p € [nk],
the following BQP inequalities are valid for Y:

0< Y,‘/j < Yi,i (17)
Yi,i + Y]‘,j <1+ Y,',j (18)
Yip+Yjp <Ypp+Yi 19)
Yi,i + Y]‘/j + Yp,p < Y,‘/]‘ + Yi,p + Yj,p +1. (20)

Therefore, one can add those constraints to the SDP
relaxation (12) with additional constraints (13) and
(14) in order to further strengthen it. In the view of the
symmetry reduction on colors, we may consider only
those feasible solutions Y to the relaxation (12) that
can be written as in (16). Then, (17)-(20) reduce to

0< Zi,}' < Zi,z'/ 0< Xi,]' < Zi,,', (21)
Zi,i + Z]',]' <k+ Zi,]', Zi,,' + Z]',]' <k+ X,‘,j, (22)
X,"p + X]',p < Zp,p + Xi,]', Zi,p + Z]',p < Zp,p + Z,',]', (23)
X,',p + X]‘,p < Zp,p + Zi,j/
X,’/p + Zj,P < Zp,p + X[,j, Zi,p + X]',p < Zp,p + Xj,]‘,

Zi,i + Z],] + Zp,p < X,‘,]' + Xi,p + X]‘,p + k, (24)
Zi,i + Z],] + Zp,p < Zi,j + Zi,p + Z]'/p + k,
Zi,i + Z]‘/j + Zp,p < Zi,]' + Xi,p + X]‘/p +k,
Z,',i + Z/,] + Zp,p < X,',]' + Xi,p + Z]',p +k,
Zi,i + Z],] + Zp,p < Xi,]' + Z[,p + X]',p +k,

where i,j,p € [n],i # j # p. Inequalities (21) correspond
to (17), (22) correspond to (18), and so on.

Some of the BQP constraints (21)-(24) are redun-
dant for the relaxation (15). In particular, (21) follows
from (15g). Also, constraints (22) are redundant, since
the 2-clique constraints are redundant for the SDP re-
laxations (11) and (12). Therefore, in numerical experi-
ments, we use inequalities of the type (23) and (24).
Notice that the first inequality in each of the two sets
(23) and (24) is only valid for k > 3.

One could also consider the triangle inequalities for
Y in (12); that is, Y+ Y}, =Y, <1 for any i,j,p € [n].
However, those inequalities follow from (19) and the
nonnegativity of Y.

4.3. The MKCS as the Maximum Stable

Set Problem
The MkCS problem on a graph G can be considered as
a stable set problem on the Cartesian product of the
complete graph on k vertices and G. This result was
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proved by Narasimhan (1989). For the sake of com-
pleteness, we present a short proof. We also prove
that the Schrijver’s 9'-number on the Cartesian prod-
uct of the mentioned two graphs equals the optimal
value of the vector-lifting relaxation (12).

We denote by Ki = (Vi, Ex), where Vi = [k], the com-
plete graph on k vertices. The Cartesian product KOG of
graphs Ky and G = (V,E) is a graph with the vertex set
VixV and the edge set E,, where two vertices
(u, i) and (v, j) are adjacent if u = vand (i,j)€eEori =j
and (#,v) € E. The following result shows that the
MKCS problem on G corresponds to the stable set prob-
lem on K;OG.

Theorem 4 (Narasimhan 1989). Let G(V, E), and let Ky be
the complete graph on k vertices. Then, oy, (G)a(KOG).

Proof. First, if Sy, ..., Sy are disjoint stable sets in G, then
{1} x Sy, ...,{k} X Sy is a stable set in K;OG. On the other
hand, let S be a stable set in KOG of the largest cardinali-
ty. Then S can be partitioned into Si,...,5¢ such
that Sy = {1} x5y,...,Sc={k} x 5,51 ¢cV,...,5cV.
Moreover, Si,...,5; are disjoint, since u € SN S for
some [,p € [k] w1th I # p implies that there is an edge be-
tween (I, u) and (p, u) that is also in the stable set S.
Hence, Sy, ..., Sy are disjoint stable sets in G. O

The Schrijver’s 9’-number on KOG is as follows:
Y(K{OG) = maX {J,) (25)

s.t. Y” 0, forall {ij} €E, r€[k]
Y{il =0, forallie[n], r,le[k], r+1
(L,Y)=1,Y>0,Y>0,

where Y is of the size nk X nk. The SDP relaxation (25)
follows directly from (9) and the definition of K;JG.
Next, we relate (25) and (12).

Lemma 4. The Schrijver’s 8'-number on KOG equals the
optimal value of the vector-lifting relaxation (12); that is,
¥ (KOG) = 02(G) = ay(G).

Proof. See the online supplement.

Remark 2. It is well known that the clique constraints
are redundant for the Lovdsz 9-number (see, e.g.,
chapter 9 of Grotschel et al. 1988). Therefore, the cli-
que constraints are redundant for the SDP relaxation
(25), and consequently also for (12) and (11).

5. Matrix-Lifting SDP Relaxations

In this section, we derive a matrix-lifting SDP relaxa-
tion for the MkCS problem. Relaxations obtained by
the matrix-lifting approach are known to have less
variables and constraints than the corresponding re-
laxations obtained by the vector-lifting approach.
However, relaxations obtained by those two ap-
proaches may be equal (see Ding et al. 2011). We

show here that our matrix-lifting SDP relaxation is
dominated by the vector-lifting relaxations from the
previous section. However, numerical results show
that the relaxation derived here is preferable among
other bounding approaches for large graphs. Namely,
the matrix-lifting relaxation provides often the same
bound as the strongest vector-lifting bound while re-
quiring significantly less computational effort (see the
online supplement for more details). We also apply
symmetry reduction on colors to further reduce the re-
laxation introduced here.

Let X € {0,1}* be a solution to the IP problem (1),

and consider
I X7
.
v =[5 |

Linearizing the block XX, we obtain the following
matrix-lifting SDP relaxation for (1):
max (I,Z) (26)
ZeS", XeR™*
s.t. Zl] =0 for {l]} €E
Z;<1 forie[n]

Zii = Z Xir forie [Tl]
relk]

L X7
>0,Z>0, X>0.
X Zz

Here, the positive semidefinite constraint is im-
posed on a matrix variable of the size (k+n) X (k+n).
The zero pattern and constraints on the diagonal fol-
low directly from the construction. The relaxation (26)
has no constraints that ensure that a vertex can be col-
ored by only one color, while vector-lifting relaxations
have such constraints.

Notice that the constraint diag(Y) <e is redundant
when k =1 and that the resulting SDP relaxation cor-
responds to one of the SDP relaxations for the
Schrijver number (see Grotschel et al. 1988).

5.1. Symmetry Reduction on Colors

In this section, we exploit the invariance of the MkCS
problem with respect to color permutations to reduce
the number of variables in the SDP relaxation (26).

Let (Z, X) be a feasible solution to (26), and let X be the
average over all column permutations of X. Since the SDP
relaxation (26) is convex and invariant under permutations
of the colors, (Z, X) is feasible for (26). By construction, all
columns of X are equal to each other. Therefore, it is suffi-
cient to consider solutions (Z, X) for (26), where the columns
of X are equal to each other. If we denote a column of X by
x, then the constraint Z; = Zre[k] Xj for i € [n] reduces to

diag(Z) = kx, 27)
and the SDP constraint to [XI;T E’;]?O, where ¢ € R,

Now, we use the Schur complement and (27) to
rewrite the SDP constraint: Z>0,Z—xe'ex' =
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Z—kxx"=7- %cliag(Z)cliag(Z)T > 0. The next result
follows from the aforementioned discussion.

Theorem 5. The matrix-lifting SDP relaxation (26) is
equivalent to the following relaxation:

03(G) = max (1, 7) (28)

s.t. Zl] = OfOT' {l]} €E
Zi <1 forien]
. T
koo diag2) ] >0,2>0,
diag(Z) 4

and the latter problem is strictly feasible.

Proof. The first part follows from the construction. To
show strict feasibility, consider M > 0 from Lemma 2.
Let Az be the adjacency matrix of the complement of

G. Then there exists ¢ >0 such that M+s[° or ]>O

Therefore, matrix Z = +1)I + eAg is a strictly feasible
solution of (28) by construction. O

Let us relate our matrix- and vector-lifting relaxa-
tions for the MkCS problem. Note that the matrix-
lifting relaxation does not impose orthogonality
constraints that correspond to the incidence vectors of
different colors. Further, note that diag(Z) <e is re-
dundant for (15) when the orthogonality constraints
are imposed (see Lemma 1). Now, when we put those
observations together, we arrive at the following
result.

Theorem 6. The SDP relaxation (28) is equivalent to the
following vector-lifting relaxation:

max (I,Z) (29)
Z,XeS"

s.t. Zi]‘ =0, fOT {Z]} €E
Zi; <1, forie[n]
Z>0,X>20

1 dlag(Z)
-X=
2=X=0, diag(Z) Z+(k-1)X|~

Proof. First, let (Z, X) be a feasible solution for the
SDP relaxation from the theorem. We claim that Z is
feasible for problem (28), and the corresponding ob-
jective values are equal. The linear constraints in (28)
are readily satisfied. To verify that the SDP constraint
in (28) is also satisfied, we proceed as follows: Z —
1ldiag(Z)diag(Z)" > Z—1Z-51X=E1(Z-X) > 0.
Here, we exploit two positive semidefinite constraints
from (29).

Now, let Z be a feasible solution to (28). We claim
that (Z,X):=(Z, %diag(Z)diag(Z)T) is feasible for the
SDP relaxation (29), and the corresponding objective
values are equal. The linear constraints of the SDP re-
laxation (29) are clearly satisfied for previously

defined (Z, X). The SDP constraint of (28) implies
Z>0 and Z-X=_Z-1diag(Z)diag(Z)" >0, by the
Schur complement. Therefore, the first SDP constraint
in (29) is satisfied. Finally, Z+(k-1)X=Z+ @
diag(Z) diag(Z)" =0 and Z+(k-1)X - diag(Z)
diag(Z)' = Z+(k-1)X-kX=Z-X >0, which im-
plies the second SDP constraint in (29). O

Note that the feasible region of the SDP relaxation
from Theorem 6 is a superset of the feasible region of
the SDP relaxation for 67(G). The following result
follows directly from the previous theorem and
Theorem 2:

04(G) < 03(G) < 63(G),

where 9,1((G) is the optimal solution of the SDP relaxa-
tion (15), 62(G) is the optimal solution of (15) without
constraints (15f) and (15g), and 0> +(G) is the optimal
solution of (28).

In the previous section, we concluded that 6(G) =
¥'(G) when k = 1, where 9'(G) is the Schrijver number.
We were not able to establish a relation between 63(G)
and ¥'(G) when k > 1. However, our numerical results
(see the online supplement) suggest the following
result.

Conjecture 1. For k > 2, the upper bound Gk(G) (see (28))
is at least as good as the upper bound 9;(G) (see (9)).

We conclude this section listing some cases when
our bounds are tight.

Lemma 5. For a given k, let G be a graph such that
o (G) = kS(G). Then,

Sk(G) = 94(G) = 6,(G) = 6;(G) = 6)(G) = ka(G) = ax(G).

Proof. Let G be any graph. We have
ax(G) <kaz(G) <kS(G) We have already shown that
ak(G) < Qk(G) <6? L(G) < 03 (G). We claim that

02(G) <kS(G). To prove thls, given Z a feasible solu-
tion to (28), let Z = iwa) 1 Z. Then Z is feasible for (8). It
is enough to show then that k{J,Z) >{1,Z); that is,
k({J,Z)>(1Z)*. But, using the Schur complement,
the last constraint from (28) is equivalent to
kzZ — dlag(Z)dlag(Z) > 0, which implies that k(J, Z) -
(1Z)* —keTZe—(erlagZ) =" (kZ — diag(Z)diag(Z)")
e>0.

Also, ar(G) < 9(G) <9 (G). We claim that
9x(G) < kS(G). To prove this, notice that if Z is a feasi-
ble solution to (7), then %Z is feasible for (8).

Now, if G is such that a;(G) = k9(G), all previous in-
equalities become equalities. O

Notice that ax(G) < ka(G) < k3(G), and thus the as-
sumption ax(G) =k3(G) in Lemma 5 is equivalent to
ar(G) =ka(G) and «a(G) = 9(G). Several families of
graphs satisfy these conditions. For instance, if G is a
perfect graph with at least K nonintersecting
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independent sets of size a(G), then ax(G)=ka(G)=
kS(G) for all k < K. In Proposition 1, we characterize a
family of (not necessarily perfect) graphs satisfying
the conditions of Lemma 5. The condition is given in
terms of the chromatic number of the complement
graph of G, x(G). Notice that x(G) is equal to the cli-
que cover number of G.

Proposition 1. Let G be a graph such that
[V(G)| = x(G)x(G). Then Lemma 5 holds for all k < x(G).

Proof. For any graph, )((G)>0z(G)> [V(G)|/x(G).
Thus, |V(G)| = x(G)x(G) implies that x(G) = a(G) and
a,c)(G) = x(G)a(G). Using the Lovadsz sandwich
theorem (Lovasz 1979) a(G) < 9(G) < x(G), we ob-
tain that a(G) =93(G), from which the statement
follows. O

The set of vertex-transitive graphs contains a number
of nontrivial examples for Proposition 1 (see, e.g., Table
1). A graph is vertex-transitive if its automorphism
group acts transitively on vertices, that is, if for every
two vertices there is an automorphism that maps one to
the other. In the table, H(v,d) := H(v,d,1) denotes the
Hamming graph, and J(v,d) := J(v,d,d — 1) denotes the
Johnson graph. For definitions of these graphs, see Sec-
tion 6.

6. Reductions Using Graph Symmetry

In this section, we first prove that several inequalities
in the strongest vector-lifting relaxation (15) are re-
dundant for vertex-transitive graphs. Then, we pre-
sent reduced SDP relaxations for different classes of
highly symmetric graphs. We say that a graph is high-
ly symmetric if its adjacency matrix belongs to an asso-
ciation scheme (see, e.g., Delsarte 1973, Schrijver 1979,
van Dam and Sotirov 2015).

Proposition 2. Let G be a vertex-transitive graph. Then
constraints (15g) are redundant for the SDP relaxation
(15a)—(15e).

Proof. Let (Z, X) be an optimal solution for the SDP re-
laxation (15a)—(15e). By averaging and vertex transitivi-
ty of the graph, we obtain an optimal solution (Z X)
such that Zz, =Zj for all i, j. Given i and j, let z = Zi=

Zjandy = Z; + (k—1)X;;. Looking at the principal sub-
matrix of constraint (15e) indexed by i and j, we obtain

[; ‘Z/] >0. This implies that z> > y?, which is equivalent
to (15g) from the nonnegativity of zand y. 0

In general, constraints (15f) are not redundant for
the SDP relaxation (15) and vertex-transitive graphs.
For example, for the Petersen graph and k = 2, we
have that 0}(G) equals 7.5, whereas 07(G) is equal to 8.

We will consider symmetry reductlon for the Ham-
ming and Johnson graphs. We apply the general theo-
ry of symmetry reduction to our SDP relaxations (see,
e.g., Schrijver 1979, Gatermann and Parrilo 2004, de
Klerk and Sotirov 2008, van Dam and Sotirov 2015)
and therefore omit the details. Whereas in the
aforementioned papers and others in the literature
symmetry-reduced relaxations are linear program-
ming relaxations, our simplified relaxations have also
second-order cone constraints.

Let us now define the Hamming graphs. The vertex
set V is the set of d-tuples of letters from an alphabet of
size g, so n:=|V| = ¢". The adjacency matrices H(d, q,;)
(j=0,...,d) of the Hamming association scheme are de-
fined by the number of positions in which two d-tuples
differ. In particular, H(d,q,),, =1 if x and y differ in j
positions, for x,y € V (j =0,...,d), that is, if their Ham-
ming distance d(x,y) = j; H(d,q,1) is the adjacency ma-
trix of the well-known Hamming graph, which can also
be obtained as the Cartesian product of d copies of the
complete graph K. Further, we denote by H(d, g,j) the
graph whose Hamming distance d(x,y) <j. The matri-
ces of the Hamming association scheme can be simulta-
neously diagonalized. The eigenvalues (character table)
of the Hamming scheme can be expressed in terms of
Krawtchouk polynomials:

Ki(u) _Z( 1(q- 1)‘1( )(d ]”) iu=0,...,d.

In particular, eigenvalues of
(i=0,1,...,d)are Ki(j) forj=0,1,...,4d.

Now, let us consider the SDP relaxation (9). Since
the relaxation is invariant under the permutation
group of the Hamming graph, we can restrict optimi-
zation of the SDP relaxation to feasible points in the
Bose-Mesner algebra (see, e.g., Gatermann and Parrilo
2004, de Klerk and Sotirov 2008). Therefore, we as-
sume that Z = Z?zoziBi in (9). Further, we consider the
case in which the adjacency matrix corresponds to

B,’ = H(d,q,l)

Table 1. Graphs for Which All of Our SDP Upper Bounds Are Tight

Graph V(G x(G) x(G)
H(v, d) d° d dv! Sabidussi (1957)
J(v,2), v even (22}) v-1 % Etzion and Bitan (1996)
v v(v-1) . .
J(v,3),v=10r 3 mod 6 3 v-2 . Brouwer et al. (1990), Etzion and Bitan (1996)
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H(d,q,1). Relaxations are similar for any other
H(d,q,j) or H™(d,q,j) (j=2...,d). After the substitu-
tion, the SDP relaxation (9) reduces to

d
9.(G)=max k+ Zzi(],Bi> (30)
ZERdﬂ =
k d
s.t. E+ZziKi(j) >0, forje{0,1,...,d}
i=2

d
1 —S— ZziKi(f) > 0, fOrje {011/- . rd}
i=2

k
ZO:E’ 21=0,2 >0, forie{2,...,d}.

Note that (30) is a linear program. Next, we reduce
our matrix-lifting SDP relaxation (28) by using similar ar-
guments as before. The resulting 6°-bound is as follows:

0%(G) = max n -z (31)

ZERdﬂ

d
st ZziKi(O)—%zé >0
i=0

d
> ziKi(j) =0, forje{1,...,d}
i=0
20<1,21=0,2 >0, fori€{0,2,3,...,d}.

Note that (31) is an optimization problem with a lin-
ear objective, 2d +1 linear inequalities, and one con-
vex quadratic constraint. Finally, we simplify the SDP
relaxation whose optimal value is denoted by 6%(G),
that is, the vector-lifting SDP relaxation (15a) without
(15f) and (15g). Here, we also may restrict
X = Z?zoxiB,-:

0*(G) = max n-zg (32)

z,xeR¥1

d
s.t. Z(Zi -x)Ki(j) =0, forje€{0,1,...,d}
i=0

d d
> ziKi(0) + (k— 1) > x;Ki(0) —nz3 > 0
i=0 i=0

d d
> ziKi(j) + (k= 1) > xiKi(j) > 0,
i=0 i=0
forje{l,...,d}
x=0,x2>0, forie{1,2,3,...,d}

z0<1,2z1=0, 2 >0, fori€{0,2,3,...,d}.

Note that the optimization problem (32) has a linear
objective, one second-order cone constraint, and sev-
eral linear constraints.

Finally, to compute 0(G), we add to (32) the sym-
metry-reduced inequalities (15f), that is, 1-2zp+
zi+(k-1)x;>20,i=1,...,d.

One can similarly derive simplified SDP relaxations
for graphs whose corresponding algebra is diagonaliz-
able, such as for the Johnson graph J(v,d,q). The

Johnson graph is defined as follows. Let Q be a fixed
set of size v, and let d be an integer such that
1 <d <v/2. The vertices of the Johnson graph J(v,d,q)
are the subsets of Q) with size d. Two vertices are con-
nected if the corresponding sets have g elements in
common. In the literature, the graph J(v,d,d-1) is
known as the Johnson graph J(v, d), and [(v,d,0) is
known as the Kneser graph K(v, d). Matrices
corresponding to J(v,d,q),4=0,1,...,d can be simulta-
neously diagonalized. The eigenvalues (character table)
of the Johnson scheme can be expressed in terms of
Eberlein polynomials:

: fu\(d-u\v—d-u\ .
Ei(u):= ;;( 1)’(]. )( i—j )( imj ), iu=0,...,d.

Eigenvalues of J(v,d,i) (i=0,1,...,d) are E;(j) for
j=0,1,...,d. Now, one can proceed similarly as with
the Hamming graphs in order to obtain simplified re-
laxations for the Johnson graphs. The resulting relaxa-
tions for the Johnson graphs differ from the relaxations
for the Hamming graphs in the type of polynomials.

7. Symmetry Reductions for Other
Partition Problems

Notice that a k-colorable subgraph of a graph corresponds
to a partition of the graph'’s vertices into k + 1 subsets, that
is, k independent sets and the rest of the vertices. There-
fore, one can consider the k-colorable subgraph problem
as a graph partition problem, which is invariant under
permutations of the subsets. It is not difficult to verify that
other graph partition problems such as the max-k-cut
problem and the k-equipartition problem are also invari-
ant under permutations of the subsets. The max-k-cut
problem is the problem of partitioning the vertex set of a
graph into k sets such that the total weight of edges join-
ing different sets is maximized. For the problem formula-
tion and related SDP relaxations, see, for example, De-
lorme and Poljak (1993), de Klerk et al. (2004), and Rendl
(2016). The k-equipartition problem is the problem of par-
titioning the vertex set of a graph into k sets of equal cardi-
nality such that the total weight of edges joining different
sets is minimized. For the problem formulation and re-
lated SDP relaxations, for example, Karisch and Rendl
(1998), Wolkowicz and Zhao (1999), Sotirov (2012),
and van Dam and Sotirov (2015).

It is known that vector- and matrix-lifting SDP relaxa-
tions for the max-k-cut and k-equipartition problems are
equivalent. In particular, de Klerk et al. (2004) prove the
equivalence of the relaxations for the max-k-cut problem
by exploiting the invariance of the max-k-cut problem
under permutations of the subsets. Sotirov (2012) proves
the equivalence of three different SDP relaxations for the
k-equipartition problem: a matrix-lifting relaxation, a
vector-lifting relaxation, and an SDP relaxation for the k-
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equipartition problem derived as a special case of the
quadratic assignment problem.

Here, we prove the same results by using the approach
from Sections 4.1 and 5.1. We remark that the proof here
is more elegant than the one from Sotirov (2012).

We denote the optimal value of the vector-lifting SDP
relaxation for the max-k-cut (resp., k-equipartition)
problem on graph G by MkC,(G) (resp., Eky(G)). The
vector-lifting relaxations of both problems are particular
cases of the relaxation for the general graph partition
problem by Wolkowicz and Zhao (1999). Let L be the
Laplacian matrix of G; then the symmetry-reduced ver-
sions of vector-lifting relaxations are given as follows:

MkC,(G) = _max { (L,Z): X;; =0 Vi€ [n],

Zi;=1 Vie|[n],
Z>0,X>0,Z-X>0,Z

+(k—1)X—]>O}

Ek,(G) = { (L,Z): Xy=0 Vie[n

Zi;=1 Vie|[n],
2>0,X>0,Z-X>0,
Z+(k-1)X~] =0, Ze:%e}.

Next, we look at the matrix-lifting relaxations for the
two problems. For the max-k-cut problem, reducing the
matrix-lifting SDP relaxation results in the relaxation by
van Dam and Sotirov (2016), which is equivalent to the
relaxation by Frieze and Jerrum (1995). Similarly, for
the k-equipartition problem, reducing the matrix-lifting
SDP relaxation results in a well-known SDP relaxation
by Karisch and Rendl (1998), which is equivalent to the
relaxation by Sotirov (2014). The relaxations are as fol-
lows, with the notation analogous to the notation in the
vector-lifting case:

MKC,(G) = max{ (LZ): Zi=1 Vie[n], Z20,

Z——]>o}.
Eki (G)_mm{ (LZ): Zi=1 Vie[n], Z>0,

Z—E] >0, Ze_Ee}.

To show that the vector- and matrix-lifting relaxations
are equivalent, observe that, for both the k-equipartition
and max-k-cut problem, one can construct feasible solu-
tions to the matrix-lifting relaxation from the vector-lifting
relaxation with the same objective value, and the other
way round. First, from a feasible solution Z for each of the
symmetry-reduced matrix-lifting relaxations, we obtain a
feasible solution (Z, /5 (] — Z)) for the corresponding sym-
metry-reduced vector-lifting relaxation. For the opposite
direction, a feasible solution (Z, X) to each of the

symmetry-reduced vector-lifting relaxations provides a
feasible solution Z to the corresponding matrix-lifting re-
laxation, as in the case of the MkCS problem (see also the
proof of Theorem 6). Hence, the vector- and matrix-lifting
relaxations are equivalent.

8. Conclusion

This paper combines several modeling approaches to
derive strong bounds for the maximum k-colorable
subgraph problem and related problems.

We first analyze the existing upper bound for the
MkCS problem known as the generalized S-number (see
(7)). Then, we strengthen it by adding nonnegativity
constraints to the corresponding SDP relaxation. We
call the resulting upper bound the generalized " -num-
ber (see (9)). Then, we propose several new SDP relax-
ations for the MkCS problem with increasing complex-
ities. The sizes of our new SDP relaxations initially
depend on the number of colors k and the number of
the vertices in the graph (see (11), (12), and (26)). To
reduce the sizes of those three SDP relaxations, we ex-
ploit the fact that the MkCS problem is invariant with
respect to color permutations. The reduction results in
the SDP relaxations with at most two SDP constraints
of order at most (1 + 1) for any k and any graph type
(see Theorem 3, Corollary 1 in the online supplement,
and Theorem 5). The resulting relaxations provide the

following upper bounds for the MkCS problem: 6}
(see (15)), 07 (see (15) without constraints (15f) and

(15g)), and Qf (see (28)). In Proposition 1, we charac-
terize a family of graphs for which those bounds are
tight. To improve our strongest relaxation, we add
nonredundant, symmetry-reduced, Boolean quadric
polytope inequalities (see (23)—(24)).

We further reduce relaxations for several classes of
highly symmetric graphs, including the Johnson and
Hamming graphs (see Section 6). The resulting relaxa-
tions are linear programs or linear programs with one
convex quadratic constraint. Finally, we show that the
vector- and matrix-lifting relaxations for the max-k-cut
problem and the k-equipartition problem are equivalent
by exploiting the invariance of the problems under per-
mutations of the subsets (see Section 7).

We compute upper and lower bounds for graphs
considered in Campélo and Corréa (2010), and Janu-
schowski and Pfetsch (2011a) with up to 500 vertices.
We also compute bounds for the MkCS problem for
highly symmetric graphs with up to 6, 760, and 448
edges. We solve the problem for several graphs to op-
timality and obtain stronger bounds than in Campélo
and Corréa (2010) for all but one tested graph. See the
online supplement for numerical results. Our lower
bounds on the chromatic number of a graph are com-
petitive with bounds from the literature.
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