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THE BIAS OF FORECASTS
FROM A FIRST-ORDER
AUTOREGRESSION

JAN R. MAGNuUsS
London School of Economics and CentER, Tilburg University

BAHRAM PESARAN
Economics Division, Bank of England

The exact finite sample behavior is investigated on the bias of multiperiod least-
squares forecasts in the normal autoregressive model y, = o + By, + u,.
Necessary and sufficient conditions are given for the existence of the bias and
an expression is presented which we use to obtain exact numerical results for
finite samples. The unit root and near unit root behavior is studied in detail
and some popular preconceptions about the behavior of the bias are shown to
be false.

1. INTRODUCTION

In this paper we hope to shed some light on the bias of (multiperiod) least-
squares forecasts in dynamic econometric models by studying the simplest
example of such a model, namely the first-order autoregressive process {y,}
defined by

Ye=a+ By + u, Q)

where {u,} is a sequence of independent N (0, ¢?) distributed random vari-
ables.

Two theoretical results are available regarding the bias of least-squares
forecasts based on n observations y,,y,,...,», generated by (1).

If o is known to be zero, so that only ( is estimated, then Malinvaud [8,
p- 554] showed the forecast bias to be zero. If « is not known, so that both
o and S are estimated, then Fuller and Hasza [2] showed that the bias is zero
if the process is mean stationary. Both proofs are based on symmetry argu-
ments. (See Cryer, Nankervis and Savin [1] for more general results using
symmetry conditions.)

Little is known, however, about the case where both « and 8 are unknown
and the process is not mean stationary. This includes the important fixed
start-up case (¥, = ¢) and the case where the process is covariance station-
ary (though not mean stationary). No theoretical results are available and the
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only relevant Monte Carlo study we know of is Lahiri’s [4]. His results, be-
ing based on only 100 replications, are not, however, trustworthy. Our ex-
act results fill this gap. The results show, inter alia, that the bias is not, in
general, a monotone function of either 8, n, or s (the number of periods
ahead). The behavior of the bias for values of 3 close to —1 or 1 is particu-
larly important and is studied in detail.

The plan of the paper is as follows. In Section 2 we present the model and
obtain an exact expression for the bias of the (multiperiod) least-squares fore-
cast. Numerical results for the fixed start-up model when « and ¢ are of the
same order of magnitude are presented and discussed in Section 3. In Sec-
tion 4 we study the unit root and near-unit root behavior of the forecast bias
and in Section 5 we discuss sigma asymptotics. An appendix, containing the
proofs of the four theorems, concludes the paper.

2. THE FORECAST BIAS: THEORY

As in Magnus and Pesaran [6], we shall be exclusively concerned with the
first-order autoregressive process with an intercept term,

yt=a+ﬁy!—l+uh t=2’3,-~', (2)

where both « and 8 are unknown and {u,,u;,...} is a sequence of i.i.d.
N(0,0?) random variables. Regarding the initial observation y, we postulate

Y= + ou, A3)

where u, ~ N(0, ¢?) is independent of u,,us, ..., and 8 > 0. In finite sam-
ples the actual values of u; and é are important. If u; = /(1 — ), then the
series { ¥1,¥2,. ..} is mean stationary; if 6 = (1 — 82)~"2, then the series is
covariance stationary; and if both conditions hold the process is a normal
strictly stationary time series. On the other hand, if (2) also holds for t = 1
and if u; = a + B¢, then y, is distributed symmetrically about the constant
c; if 6 =1, then y, is a nonrandom constant; and if both u; = « + B¢ and
&6 =1, then y, = ¢ and we have the fixed start-up model. There are, of
course, numerous other possible choices for the initial conditions.

Let y = (¥1,)2,--.,V,) be an n X 1 vector of observations generated by
(2) and (3). Then y is normally distributed, say y ~ N(u,LL’) where L can
be chosen lower triangular. The least-squares estimators of « and 3 based
on y are given by

& = Jax — ,3)’_* (4)

and

B = 22 (Ve = Fan) (Yemy — i) 2:2 (Yi—1 _)7*)2’ Q)]
1= 1=
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where

1 Z 1 &
Vu = —1» Vrw = —— . 6
y n—1,§y" y n_ltéy, ©

Clearly & is an odd function of y while § is a ratio of two quadratic forms
in y, say 8 = y’Ay/y'By, and hence an even function of y. The s-periods-
ahead forecast is given by

s—1
Inrs =& 2B/ + B, s=12,....
Jj=0

The forecast error can thus be written as
s—1 R s—1 s—1 .
.}7n+s_.yn+s=62 ZBJ + (Bs“ﬁs)yn —QZBJ_ Zﬁjun+s—j (¥))
Jj=0 j=0 j=0
and the expected value of (7), if it exists, is the bias of the forecast J,..
The following theorem gives an exact expression for this bias and shows
that it is finite if and only if s < n — 3.

THEOREM 1. Let n = 4, B + 1 and let w, and w, be the n X 1 vectors

1
(-1,0,...,0,1), Wy = —— (—1,—1,...,—1,n—1).
n—1

W, =
YT oa—1
Then the bias of the forecast y,. exists if and only if l =s<n—3, in
which case

s—1

E(.j)n+s - yn+s) = 2 7'k(wl) + 75(w2)
k=0

_ o4 I_Bn_l _ n+s—l>
+(‘“ 1—B><(n—1)(1-ﬁ) o)y @

whgrefor any n X 1 vector a,,(a) (1 = k <n — 3) is defined as 7, (a) =
E(B*(a’y)) and 74(a) = E(a'y). n

Proofs of the theorems are in the Mathematical Appendix. Using the the-
ory developed in Magnus [5, Theorem 5], where 7, is expressed as a univar-
iate integral, we see that (8) allows us to obtain the forecast bias using
standard numerical integration techniques. (We used the numerical algo-
rithms group [9] (the so-called NAG) subroutine DO1AMEF for the numeri-
cal integrations in this paper. This subroutine also gives an estimate of the
absolute error in the integration. For all results reported the absolute error
was less than 1073.) The only restriction is that the covariance matrix of y
must be nonsingular; thus we require that 6 # 0.
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The only theoretical result which is relevant to our present study is Theo-
rem 1 of Fuller and Hasza [2], which states that if the process is mean sta-
tionary then E(Jn4s — Vnss) = 0. As a consequence, we shall be primarily
concerned with the fixed start-up model.

3. THE FIXED START-UP MODEL

The bias of the least-squares forecast y,., (BIAS) depends on seven param-
eters: «,(,0,u;,8,n,5. But in fact it depends on only five parameters. We
see this as follows. Defining

Y — }_’* * __ E_t

L=, U =, )
g [

we have (see Magnus and Rothenberg [7])
1 n—1 1 — Bn—j

o1 1-g 4 a0

t
=@ (8(1 = Buf —\) + 28 Vu! —
Jj=2
where

B = - (1= 8T/ - )

a—(1=8)u
= 5 A= —mMm 11

[ 1= B o an
and also

Zzt—lut*
=B+ "——. 12)

erz—l

=2

The parameter A is a mean stationarity parameter: if X = 0 the process is
mean stationary, otherwise it is not.
Also, using (A.1) in the appendix,

BIAS
g

o 1 sz P .
=E(B° = B2, + — 2 E(B — B) (2, — z1) 13
n—1 Jj=0

and this depends only on the five parameters 8, n, s, §(1 — 38), and . Of
course, BIAS/¢ depends also on ¢, but only through A.

In the fixed zero start-up case y, = 0, we have A = o3/0 and 6 = 1. We
shall distinguish between three cases: the case where o and ¢ are of the same
order of magnitude, the case where ¢ is much smaller than «, and finally the
case where o is much larger than «. Thus, in the present section, we shall deal
with the case ¢/a = 1, the limiting behavior of the BIAS when ¢/ — 0 or
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o/a — o being postponed to Section 5. With ¢/« = 1 we have A = 8 and
5 =1 and Table 1 presents the numerical results for this case at selected values
of 8, n, and s.

We observe first of all that the BIAS vanishes at 8 = 0 due to the fact that
the process is then mean stationary.

The complete lack of symmetry between positive and negative values of
B is illustrated in Figure 1 (n =20). BIAS/0 is negligible unless (3 is close to
plus or minus one. If 3 is close to —1, then the sign of the BIAS depends on
whether n + s is even or odd: if n + s is even then BIAS < 0, otherwise
BIAS > 0. If Bis close to +1 the sign of n + s is not relevant. BIAS/¢ is al-
ways negative and can be substantial, especially for small » and large s; but
even for n =30 and s = 1, BIAS/¢ is around —0.06 when ( is close to +1.

We notice also that some preconceptions about the behavior of the BIAS
are not necessarily true. First, | BIAS|/o is not always increasing in |8|. For
example, when s = 1 and n = 10, BIAS/ ¢ has local minima at 8 = —0.50 and
B = 0.99 and a local maximum at 8 = 0.20, and this lack of monotonicity
persists for n as large as 30. Second, |BIAS|/¢ does not always increase
with s. This occurs when # is small (#n = 10 or n = 15) and 8 is around 0.80,
but it also occurs for small negative 3’s even when n = 30. This finding
strengthens the result obtained in Hoque, Magnus, and Pesaran [3], and ex-
plained in Magnus and Pesaran [6], that the mean square forecast error in
the autoregressive model without an intercept decreases as s increases for val-
ues of B close to zero. Third, |BIAS| /¢ does not always decrease with n, for

0.10
\\
\\
0.00 4 ==
P
3
0.10 \}
)
A\
1N
-0.20 ‘\\
\\
\
v\
) s=1
—0s0+ | __ ., \
——————— s=3 k
—— s=4
-0.40

I | ] T I T I I I
-1.0 -08 -06 -04 -02 00 02 04 06 08 1.0

FIGURE 1. BIAS/o of LS forecast , st a=p; =0 (A=8),6=1, n=20.
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example, when 8 = 0.60 and s = 2. This phenomenon only occurs, however,
when 7 is small.

So far we have discussed the fixed start-up case y, = 0 which implies that
u; =« and & = 1, so that y; ~ N(«,0?). Let us now consider that case
where ) = « and 6 # 1. Then y, is a random variable with a symmetric dis-
tribution about zero and y; ~ N(«,82). The choice of § is somewhat arbi-
trary, but numerical results not reported here indicate that the BIAS is not
very sensitive to small changes in 6. We shall choose 6 = (1 — 82)~"2, which
implies that the process is covariance stationary (although not mean station-
ary) and that y, ~ N(«,0%/ (1 — 8?)).

In Table 2 we see that BIAS/¢ is virtually unaffected by this choice of §
even when 3 is close to +1, unless 3 is close to —1 in which case BIAS/ ¢ ap-
proaches zero. This, again, is the same kind of result as obtained in Hoque,
Magnus, and Pesaran [3] who found, in the autoregressive model without an
intercept, that the mean square forecast error is similar for 6 = 1 and § =
(1 — B%)71/2 except for values of |B] close to 1. For a further explanation
and analysis of this phenomenon, see Magnus and Rothenberg [7].

We know, of course, that BIAS — 0 as n — o, but we would also like to
know how rapid the convergence takes place and from which value of » the
convergence is monotonic. For 8 close to —1 BIAS/¢ is an alternating se-
quence whose absolute value decreases. The behavior for 8 close to +1 is
rather different. Figure 2 gives BIAS/¢ in the fixed zero start-up case for
B = 0.90 as a function of n for various values of s. We see that if n is not

0.40
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0.30 - | —— — s=l
ey e s=2
- —_—— 5=3
0.20 ‘.\ \ - s=4
& \
i
0.10 o \‘\ '
.
i
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\ \\\‘ ’_/,,—-—-""’j_-.___—j
-0.10 — \ \\ \ /// —_,_~";—:§;’-T:;
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-0.50 I | [ | T
0 5 10 15 20 25 30

FIGURE 2. BIAS/c of LS forecast J,,s:a=p;=0,8=09 (A=09),6 = 1.



L99T°0— YT 0— 000T°0— 8881°0— €EET0— ELCI0— L990°0— £¥90°0— 0¢
002E°0— Y0670~ 00vC 00— §TTCT0— 0091°0— 60S1°0— 0080°0— $9L0°0— Y4
000¥°0— yove 0— 000€°0— 069C°0— 000T°0— SY81°0— 0001°0— ¥¥60°0— 0¢
€EES0— LEIV'0— 000+°0— STEE0— L99T°0— EVEC0— €EET0— Y44 o ST
0008°0— 810v'0— 0009°0— ¥08€°0— 000¥°0— SL6T0— 000T°0— L89T°0— 01
drewixorddy 108Xy drewrxoxddy joeXyg dreunrxolddy 108Xy drewrxorddy j0BXH u
14 € [4 I
s
(0T=X) 0T =¢ ‘0="rM=1 7 1580010] ST JO 0/SVId '€ ITAV],

28 = IN/1 = ¢ So1edIpul (+) IeIS Y

Y9rE'0— 08EE0— OVLTO0— €L91°0— 06¥0°0— 0600°0— 8100°0— T000'0— 00000 €000°0— 0£00°0— 8¥I0°0— 00000 ¥ =
069T°0— SS9T°0— €STT0— O0SYI'0— +SPO'0— €800°0— LIOO'0O— TO00'0— 0000°0 €000°0— LIO0'O  IIT0°0 00000 € «
SP8I°0— TH8I'0— 1I¥91°0— 6111°0— €8€0°0— <TLOO'0— #100°0— [000°0— 00000 TO00'0— 6I00°0— €800°0— 00000 T =«
¥60°0— €560°0— $680°0— 1S90°0— TSTO'0— 9S00°0— €100°0— <T000'0— 0000°0 ¥000°0— TO00'0— 8000 00000 T =
POvE0— T9EE0— TTLTO— TILI'0— 8ISO'0— T600°0— 6100°0— T000'0— 0000°0 €000°0— S€00°0— 8610°0— OI90°0— ¥ 1
069T°0— OV9T'0— 8€TT'0— S8YI'0— T8PO'0— 9800°0— LIOO'0— <T0O00'0— 0000°0 €000°0— 6I00°0 9YI00 9¢b0'0 € I
SY81'0— 1€81°0— 8T9T'0— SYIT'0— LOVO'O— SL00'0— #100°0— T1000°0— 00000 £000°0— TTO0'0— 6010°0— 9870°0— T I
Pr60°0— 8¥60°0— 9880°0— $990°0— 6970°0— 6S00°0— €£100°0— T000°0— 00000 ¥000°0— TO00'0 84000 I€I00 I I
00°1 66°0 $6°0 060 08°0 09°0 oy'0 020 000 0¥FO0— 08°0— 06'0— 01— s ¢

d

207 = U ‘(g = \) 0 =" =1 (1585010 $T JO 0/SVIH ‘T A1AV],



230 JAN R. MAGNUS AND BAHRAM PESARAN

too small, say n = 15, BIAS/¢ converges smoothly to zero. The closer (3 is
to one, the slower is the convergence of BIAS/¢ to zero.

4. UNIT ROOT

The most important range of the 8’s is near unity, both because of the re-
cent interest in the random walk hypothesis and also because the downward
bias can be substantial there (see Figure 1). Hence, in this section we shall
study the behavior of the forecast bias when 3 approaches one.

We observe that BIAS/ o is stable very near the unit root. For example,
whether 8 = 0.99 or 8 = 1.0 makes little difference for BIAS/ o (see Tables
1 and 2); however, there is a substantial increase in BIAS/o from 8 = 0.90
to 8 = 1.0.

Our theory allows us to calculate the forecast bias at 8 = 1 exactly for any
sample size. But since this involves numerical integration, it is important to
obtain a large sample approximation. This approximation is given to Theo-
rem 2.

THEOREM 2. If,as 8- 1,6(1 — B) = 0, and A — Ny, then

—28

n)\l
0 if Ay =0. ]

It is clear from Theorem 2 that the approximation depends very much on
A1- On the other hand, the approximation (and indeed the exact limit) does
not depend on 6 as long as §(1 — ) — 0 as 3 — 1, and this condition holds
both in the fixed start-up (6 = 1) and in the covariance stationary case (6 =
(1 — B%)~Y2), This point was first made by Magnus and Rothenberg [7].

In the fixed start-up case y, = ¢ we have A\ - «/o when 8 — 1. For a/o =
1 we compare the approximation with the exact values in Table 3. The ap-
proximation turns out to be very good even for rather small n. If, however,
the limiting value A, of X is small (for example, because ¢ is large relative to
a), then the approximation is likely to be poor. This is so because the ap-
proximation becomes infinite when A; — 0, whereas BIAS/ o itself tends to
zero. Table 4 compares the approximation with the exact values for 0 <
A < 1. Two facts emerge from Table 4. First, the approximation appears to
be good even for \; = 0.5 but, as expected, poor for smaller \,. Second, for
\; close to zero the exact value of BIAS/¢ turns out to be roughly propor-
tional to A,;. More formally, we have the following.

THEOREM 3. For small \,
BIAS/0 = A0(1) + O(N3). |

. BIAS + 0(n—3%) ifA\; %0
lim =

B—1 g

We remark that Theorem 3 is valid for every value of 3, including 8 — 1.
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5. SIGMA ASYMPTOTICS

In the fixed zero start-up case yo = 0, we have A = ¢3/5 and § = 1. In Sec-
tion 3 we put a/o = 1. In this section we shall comment briefly on the limit-
ing behavior of BIAS/¢ when o/ — 0 and when «/c — . The small and
large sigma asymptotics are given by Theorem 4.

THEOREM 4. We have

BIAS _ 1 0(1) + 0(073) for large o
ag

ag
and

BIAS
g

a0(1) + 0(¢?) for small o. ]

Theorem 4 tells us that BIAS/¢ approaches zero when o — 0 and when
o — oo, It also tells us that BIAS/¢ is roughly proportional to ¢ when o is
small and roughly proportional to 1/¢ when ¢ is large. Thus, it turns out that
the BIAS itself remains finite when ¢ tends to o. Indeed, one can show that
the BIAS reaches a limit.

Since, when u; = « and ¢ = o, the BIAS is proportional to «, we find
that BIAS/« depends on n, s, 8, and 8. In Table 5 we present the limiting
values of BIAS/«a for n = 20 in the fixed start-up case (6 = 1) and the
covariance stationary case (6 = (1 — 82)~1/2). When we compare Table 5
(=1, 0 = ) with Table 2 (¢ = 1, 0 = 1) we find a most remarkable re-
sult, namely that the BIAS is virtually unaffected by the value of ¢ € (1,00)
unless G is close to +1. But for § close to unity the effect of ¢ is substantial.
At 8 =1, for example, BIAS is approximately ten times as large when o =
oo than when ¢ = 1. This highlights again the different behavior of the BIAS
when 3 is close to unity.
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MATHEMATICAL APPENDIX

Proof of Theorem 1. Let & = (uy + -+ u,)/(n — 1), so that a = J,, — BV, — ii.
Then, using (4), we may rewrite (7) as

s=1 s—=1
Ints = Vnis = "%B!un«ks—-j +u ZOBJ + (B° ~ B)Y(yn — P4)
J= j=

+

=
>3 (B =By, = y1). (A1)
n— 1j=0

If the expectation exists we get

s=1
E(Pnss = Ynrs) = E(B° = B°) (w3 y) + Z:.)E(Bj = BH(wiy)
j=

s—1

s—1
= 75(w;) — BSwap + Z T (W) — <E 5J) (wip)
j=0 Jj=0

and (8) follows.

To prove the existence of the expectation we note that 8 = y’Ay/y’By and that the
matrix B has rank n — 2. Hence, there exists an n X 2 matrix Q = (q,,4g,) of rank
2 such that BQ = 0. One choice for g, and g, is

a1 = (0’0,~-~’031)I9 q2 = (1;1’---9110)I-

We have
Q'AQ =0, AQ # 0, Q'w, # 0, Q'wy, #0,
and hence, by Theorem 2(iii) of Magnus [5], 7,,...,7 all exist if and only if s <

n — 2. This completes the proof.
Proof of Theorem 2. See (A.10) in the Appendix of Magnus and Rothenberg [7].

Proof of Theorem 3. From (10) we write z, = —Ag, + L, where L, is linear in
uf,...,u,_; and independent of \. Then, using (12),

B _p= Z(—Nﬁx—l + L,_)u
S (=Nppmy + Lyy)?

where A, and A, are even functions of the #*’s and A4, is an odd function of the
u™*’s. This gives, for k = 1,2,...,

= Ay + N + N4, + 0(N3)
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k—1
Bk —pk=3] (f)cng-f + ENB + Ag)' A, + N4, + 0N

j=0
where A, is some even function of the u*’s. Hence,

k-1

E(B* - 6Nz, = )\[—so, 2 <?>BJ'EA6‘*J' +KE(B + Ao)"“AlL,] +0(M)

j=0
and the result follows from (13).

Proof of Theorem 4. The large o result is a direct consequence of Theorem 3. To
prove the small o result we define m = Ao, so that
Y= Yo = —me, + oL,

and

-8 _ Z(“‘m‘l’t—l + oL,y)u;
g 2 (—me,_y + oL,_;)?

where B, and Bj are odd functions and B, an even function of the u*’s. Consider-
ing E(B* — B8%)(y, — 7.) then gives the required result.

= B, + dB, + ¢>B; + 0(¢?)



