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a b s t r a c t 

We study the inter-temporally optimal innovation strategies of incumbent manufacturing firms that com- 

pete in an established market and can extend their product line through product innovation. Firms in- 

vest in production capacity and R&D knowledge stock, where the R&D knowledge stock and the current 

R&D investment determine the hazard rate of innovation. Our findings show that the firms’ optimal R&D 

strategies are driven by a subtle interplay between the relative positions of their R&D knowledge stocks 

and their current relative positions on the established market. First, we find that under symmetric invest- 

ment costs the knowledge leader should spend more on R&D than the knowledge laggard only if it has 

a substantially smaller market share on the established market. If the knowledge leader’s market share 

is sufficiently large, its optimal investment in R&D is so small that its innovation rate is lower than the 

knowledge laggard’s. Second, optimal investment in R&D knowledge is negatively affected by the oppo- 

nent’s production capacity on the established market if the competitor has not innovated yet. However, 

we find that this effect is reversed after the competitor has successfully introduced the new product on 

the submarket. Third, the manufacturing firm with higher costs of adjusting production capacity for the 

established product has a higher incentive to engage in product innovation and might even achieve a 

higher total discounted profit than its more efficient competitor. 

© 2022 Elsevier B.V. All rights reserved. 
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. Introduction 

A considerable fraction of product innovations in related 

ubmarkets is accomplished by established incumbents (e.g. 

uensdorf, 2016; Chandy & Tellis, 20 0 0; Franco, Sarkar, Agarwal, & 

chambadi, 2009; King & Tucci, 2002; Sood & Tellis, 2011 ). This ob- 

ervation raises the question how an incumbent’s optimal strategy 

n an R&D race depends on its strength on its established market. 

o illustrate, in 2010 when Apple and Samsung introduced Tablet 

Cs and thus created a new submarket that coexisted with the es- 

ablished market of portable computers, they had relatively small 

arket shares on the Laptop market (3.4% and 2.8% respectively) 
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ompared to Hewlett Packard and Dell (18% and 12% respectively). 

nterestingly, HP and Dell entered the Tablet market much later in 

013. 1 In the market for smartphones, Nokia, as the clear market 

eader in the early 20 0 0s (market share 2005: 32.5%), introduced 

ts first touchscreen phone in 2011, while its initially smaller com- 

etitor Samsung (market share 2005: 12.7%) introduced its first 

martphone with a touchscreen in 2008. As a result, Samsung 

chieved a higher market share in 2012 and also exhibited strongly 

ositive dynamics of profit in the smartphone market compared to 

okia. 

Why do dominant incumbent firms leave emerging innovative 

ubmarkets to their competitors? The operations management lit- 

rature provides several explanations for an observed pattern of 

ction-reaction where big incumbents are often slower than smaller 

ivals (or entrants) in pioneering newly created submarkets. First, 

hristensen (1997) argues with his Innovator’s Dilemma theory 

hat big incumbent firms rely on a dominant managerial logic, or- 

anizational capabilities and cognitive frames, which lead these 

rms to miss new opportunities sometimes even after investing 
1 HP made a short - but unsuccessful - premature attempt of offering Tablet PCs 

n 2010. 

https://doi.org/10.1016/j.ejor.2022.06.046
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arge sums (see also, e.g., Henderson, 1993; Henderson, 2006; Trip- 

as, 1997; Tripsas & Gavetti, 20 0 0 ). 

Second, incumbents underinvest in the development of new 

echnologies or products due to the fear of cannibalizing their ex- 

sting businesses. However, Nault & Vandenbosch (1996) argue that 

ncumbent firms have to ‘eat their own lunches before somebody 

lse does’. Third, large firms lack the potential of small firms to 

otivate their engineering staff. The associated bureaucracy and 

ncentive effects lead to lower innovation intensity (e.g. Zenger, 

994 ). Fourth and finally, incumbent firms are less successful in 

nnovation since there are diseconomies of scope which arise from 

ey assets that have to be shared across businesses ( Bresnahan, 

reenstein, & Henderson, 2012 ). 

In contrast to these explanations that focus on the suboptimal- 

ty of firms’ decisions, our paper provides a rational argument for 

hy the innovator’s dilemma happens in certain markets. We in 

act show that large incumbents might enter a new market rel- 

tively late as a result of intertemporally optimal behavior of all 

rms in the market (see also Pacheco-de Almeida, 2010; Swinney, 

achon, & Netessine, 2011 ). 

However, smaller incumbent firms do not always leapfrog their 

ominant rivals. Frequently, increasing dominance emerges and 

ominant firms introduce their new products earlier than their 

ompetitors. For example, as noted by Chandy & Tellis (20 0 0) , 

attori-Seiko – which was a dominant producer of mechanical 

atches at the time – was the first firm to introduce the analog 

uartz watch. Likewise the Hamilton Company, another incumbent 

rm, was an early mover in the digital quartz watch submarket. So, 

hat drives dominant manufacturing firms to stay in the leader- 

hip position? As an explanation why some dominant firms invest 

ggressively in innovation while others do not, Chandy, Prabhu, & 

ntia (2003) argue that some managers might have different ex- 

ectations about a new technology’s impact on existing products 

han other managers. In contrast, our paper also provides a ratio- 

al explanation for the outcome of increasing dominance. 

In particular, we employ a dynamic duopoly model in which 

anufacturing firms compete in an established market and can 

xtend their product line through product innovation by invest- 

ng in R&D. Firms invest in production capacity and R&D knowl- 

dge stock, where the R&D knowledge stock jointly with the firm’s 

urrent R&D investment determines the hazard rate of innovation. 

fter a firm has successfully innovated, it is active on the estab- 

ished and the new market. We capture the strength of a firm on 

he established market by the firm’s production capacity for the es- 

ablished product and its capability to successfully develop a new 

roduct by its R&D knowledge stock. 2 We find that the occurrence 

f an action-reaction pattern or an increasing dominance pattern 

ot only depends on the strength on the established product mar- 

et, but that instead it is driven by an interplay between the firms’ 

elative positions of their production capacities for the established 

roduct and their relative positions of their current R&D knowl- 

dge stocks. 

The main contribution of this paper is that it provides new in- 

ights into the interplay between firms’ production capacities and 

heir R&D investments under dynamic duopoly competition. First, 

e consider a market where manufacturing firms are symmetric 

xcept for their production capacities on the established market 

nd for their knowledge stocks. We find that the knowledge leader 

nvests more in R&D than its competitor only if it has a substan- 
2 The monopoly version of this model has been analyzed in Dawid, Keoula, Kopel, 

 Kort (2015) , however the agenda of this paper requires the consideration of 

trategic competition. Dawid, Kopel, & Kort (2013) explore the effect of differences 

n production capacity on incentives to introduce a new product in a static duopoly 

odel. Our dynamic setting here allows us to focus on the R&D investments and 

he evolution and influence of firms’ knowledge stocks. 
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432 
ially smaller market share on the established market. In contrast, 

f the knowledge leader’s market share is sufficiently large, it in- 

ests so little in R&D that its innovation rate is lower than the 

nowledge laggard’s. Intuitively, the fear of cannibalization aris- 

ng after the new product introduction reduces the R&D incentives 

f a knowledge leader with a large market share. Hence, whether 

he knowledge leader should invest more or less in R&D than its 

ompetitor depends on the relative strengths of the two firms on 

he established market. In our setting, both patterns of R&D be- 

avior, increasing dominance of the knowledge leader or leapfrog- 

ing by the knowledge laggard, can occur under the same mode 

f competition. This is in contrast to the existing literature, which 

ighlights that the particular pattern strongly depends on whether 

rms compete in quantities or prices (see Vickers, 1986 ). 

Second, we consider a market where one manufacturing firm 

as higher investment costs than its rival. We find that the firm 

ith the cost disadvantage on the established market invests more 

n building up knowledge for product innovation than its competi- 

or and, therefore, expects to innovate faster. It might even turn 

ut that this firm can actually have a higher expected discounted 

rofit stream than its more cost-efficient opponent. Intuitively, the 

ost disadvantage acts as a commitment device for the less effi- 

ient firm to innovate faster. 

Third, we exploit the opportunity offered by our dynamic setup 

o study a manufacturing firm’s optimal product innovation strat- 

gy in the period before the innovation, where competition only 

ccurs on the established market, and the period after the com- 

etitor has created a new submarket with its product innovation. 

e find that there are significant qualitative differences in the op- 

imal innovation strategy. Innovation activity is negatively affected 

y the opponent’s production capacity on the established market 

f the opponent has not innovated yet. However, this influence is 

eversed after the opponent has successfully innovated. Intuitively, 

s long as a firm has a chance to become the sole manufacturer of 

he new product, a large production capacity of the competitor on 

he established market reduces the profitability of the innovation. 

s soon as the competitor is already active on the new market, 

n increase of its production capacity on the established market 

educes its activity on the new market, which makes this market 

ore profitable for the focal firm. Furthermore, the optimal level 

f a firm’s investment in R&D exhibits a downward jump at the 

ime when the opponent creates the new submarket, since this 

recludes the firm from ever becoming the sole producer of the 

ew product. Hence, our paper extends the literature by showing 

hat the properties of a firm’s optimal R&D strategy are crucially 

ffected by the competitor’s product range. 

A methodological contribution of our paper is that it devel- 

ps a modeling approach which captures dynamic strategic inter- 

ction in a market environment characterized by the interplay of 

ontinuously evolving state variables (production capacities, R&D 

tocks) and endogenous discrete changes which are governed by 

rrival rates depending on knowledge stocks (i.e. state variables) 

nd R&D investments (i.e. control variables). Such situations occur 

requently in real-world markets, for example, if suppliers invest 

n capabilities to subsequently encroach in the downstream man- 

facturer’s retail market or if manufacturing firms invest in pro- 

ess R&D and in case of success have access to better technologies. 

haracterizing Markov Perfect Equilibria in such games requires 

he solution of a system of coupled Hamilton-Jacobi-Bellman equa- 

ions. We put forward a numerical procedure based on sparse 

rid methods, which allows us to obtain (approximate) solutions 

o such a model even for relatively high dimensions of the state 

pace. The application of such a method to managerial strategy 

nalysis is new to the literature and highlights the potential of our 

pproach for applications in the field of production and operations 

anagement. 
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3 An exception is Igami (2017) , who considers a dynamic industry model in which 

incumbents take binary decisions to extend their product range. Differently from 

our setup, this model captures neither the uncertainty of the innovation process 

nor the dynamic adjustment of R&D knowledge and production capacity levels. 
The paper is organized as follows. The next section gives an 

verview of the related literature. Section 3 introduces the model 

nd details its assumptions. Section 4 provides a formal character- 

zation of the equilibrium investment strategies. Section 5 presents 

ur main insights about the properties of firms’ optimal R&D 

trategies. In Section 6 we analyze the effect of competition on 

&D investments. In Section 7 we investigate the robustness of 

ur results and show that our qualitative insights remain valid for 

 large range of all our model parameter values. Section 8 con- 

ludes and discusses some possible extensions of our analysis. 

ppendix A contains the proof of Proposition 1 and Online Ap- 

endices provide a detailed description of our numerical method 

Appendix B) and additional illustrations of model dynamics (Ap- 

endix C). 

. Literature 

A rich stream of literature has addressed the question why lead- 

ng incumbents often are slower to enter newly created submar- 

ets than their smaller rivals or entrants. Game-theoretic analy- 

es of this issue, however, have to a large extent relied on static 

odels (see e.g. Druehl & Schmidt, 2008; Huang & Sosic, 2010; 

chmidt & Porteus, 20 0 0a; Schmidt & Porteus, 20 0 0b ). We com-

lement this literature by considering a dynamic game theoretic 

etting in which firms’ strengths on the existing market as well as 

he hazard rates of the innovations are endogenously determined 

y the firms’ investment strategies. 

A paper close to ours is Dawid et al. (2013) . They study a static

ame-theoretic model, where firms, which have already developed 

 new product, decide on whether to add this new differentiated 

roduct to their product portfolio. Their main insight is that the 

arger incumbent has a lower incentive to introduce the new prod- 

ct and they identify four main effects whose interplay is respon- 

ible for this result. Our stochastic and genuinely dynamic setting 

dditionally incorporates the firms’ decisions about their R&D in- 

estment. We extend the analysis in Dawid et al. (2013) by focus- 

ng on the innovation race between the competing firms and ex- 

lore how the interplay between the firms’ capacities and knowl- 

dge stocks influence their R&D incentives. Our finding that in a 

ituation where the firms have identical knowledge stocks it is the 

arger incumbent which invests less in R&D resembles the main in- 

ight in Dawid et al. (2013) . We also find that the different effects

dentified in their setting are also the main drivers of these results 

n our model. However, the main contribution of this paper lies 

n the analysis of situations where firms differ in their knowledge 

tocks and additional effects become relevant. In particular, in our 

rst main finding, we identify situations where, depending on the 

rms’ knowledge stocks, the firm with the larger capacity invests 

ither less or more in R&D compared to its smaller competitor, and 

here it has a lower or higher probability to be the first innovator. 

ointly considering the firms’ production capacities on the estab- 

ished market and their relative positions in R&D knowledge stock 

nables us to give a more refined picture of conditions for action- 

eaction or increasing dominance. Also our other two main find- 

ngs substantially extend Dawid et al. (2013) . By investigating the 

ffect of asymmetric investment costs, which are not considered 

n Dawid et al. (2013) , we characterize conditions under which the 

ess efficient firm has a higher expected discounted profit stream. 

oreover, our inter-temporal framework allows us to investigate 

ituations before and after the competitor has innovated and iden- 

ify managerial implications for a firm’s innovation strategy contin- 

ent on the competitor’s product range. 

The literature so far has not considered the determinants of dy- 

amic product innovation strategies of incumbent firms which in- 
433 
end to extend their product range. 3 For example, work on dy- 

amic R&D competition between incumbents has focused on the 

ependence of a firm’s R&D investment on its (relative) level of 

echnology (e.g. Aghion, Harris, Howitt, & Vickers, 2001; Canbo- 

at, Golany, Mund, & Rothblum, 2012; Grishagin, Sergeyev, & Silipo, 

001 ). In these models, a firm typically carries out R&D in order 

o improve its technology, which determines its current profit and 

lso the expected return from innovation. 

Additionally, patent race models with exogenously given value 

f innovation (see Reinganum, 1989 ) have studied the dependence 

f R&D investment on different factors. Within a framework of an 

 -firm race, Canbolat et al. (2012) show how the set of firms active 

n the race and their (one-time) spending on the innovation project 

epends on their technological and marketing efficiency. Extend- 

ng memoryless patent race models, a variety of contributions have 

nalyzed models with multiple innovation stages (e.g. Fudenberg, 

ilbert, Stiglitz, & Tirole, 1983; Grossman & Shapiro, 1987; Harris 

 Vickers, 1985 ). Concerning the R&D leader’s and the R&D fol- 

ower’s innovation incentives, it has been analyzed if the current 

&D leader will become increasingly dominant or if R&D leader- 

hip will change. A general insight from these contributions is that 

rms invest most in R&D when they are neck-and-neck with their 

ompetitors and that R&D laggards trailing the R&D leader by too 

any steps have incentives to drop out of the race. Hence, multi- 

tage patent race models tend to predict increasing dominance of 

&D leaders. 

Another paper close to ours is Doraszelski (2003) . Like us, he 

onsiders a single-step race between two firms, in which the in- 

ovation rate of a firm depends both on current R&D effort and 

ts R&D knowledge stock accumulated through past R&D activities. 

 main difference however is that Doraszelski (2003) analyzes a 

atent race with exogenously given innovation value, whereas in 

ur paper the innovation payoff is endogenously determined. In- 

uitively, in our setting the innovator’s payoff depends negatively 

n the R&D knowledge stock of the R&D laggard since the larger 

he R&D laggard’s knowledge stock, the sooner the laggard will 

atch up with the innovator. This reduces the innovator’s value. 

he implication is that our results crucially differ from Doraszelski 

2003) in two important ways. First , due to the negative depen- 

ence of the innovator’s value on the R&D laggard’s knowledge 

tock, we find a negative relationship between R&D investment 

nd the competitor’s R&D knowledge stock. In contrast, Doraszelski 

2003) obtains that the effect of an increase of the opponent’s 

nowledge stock on a firm’s R&D investments is positive if ei- 

her the own knowledge stock or the payoff of winning the race 

s sufficiently large. As a second important difference, in our dy- 

amic model both patterns – catch-up by the R&D laggard and in- 

reasing dominance by the R&D leader – can result from optimal 

&D strategies. Consequently, we are able to identify both patterns 

f innovation behavior observed in real-world markets within the 

ame model setting by highlighting the crucial role of the inter- 

lay of firms’ relative positions in terms of their R&D knowledge 

tocks and their relative strengths on the established product mar- 

et. Quite in contrast, Doraszelski (2003) finds that as long as the 

azard rate depends in a (weakly) concave way on the knowledge 

tock (which also holds in our case), the laggard always invests 

ore in R&D than the knowledge leader. 

Dynamic innovation competition models, in which the value of 

nnovation is endogenously determined by some form of market 

ompetition have been considered e.g. by Hörner (2004) , Ludkovski 

 Sircar (2016) and Dawid, Keoula, & Kort (2017) . 4 In these models, 
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6 Formulating the game in continuous time implies that no scenarios with simul- 

taneous innovations by both firms within one time period have to be considered, 

thereby reducing the computational burden of the analysis, see also Doraszelski & 

Judd (2012) . 
7 The assumption that both firms sell a homogeneous established product is 
he flow profits of firms depend on their (relative) number of suc- 

essful innovations, where innovation probabilities are determined 

y current R&D effort. Hörner (2004) analyzes a setting in which 

nly the sign but not the size of the difference in the number 

f successful innovation steps of the two competitors determines 

heir profits. He demonstrates that investment is highest in situ- 

tions in which the gap between firms is large rather than when 

ompetitors are neck-and-neck. Ludkovski & Sircar (2016) consider 

 setting with Cournot competition where a successful innova- 

or improves on its own previous technology. They show that in 

his setting increasing dominance of the technology leader occurs. 

awid et al. (2017) consider a dynamic Cournot duopoly model in 

hich both competitors sell an established product and invest in 

&D in order to develop a new product. Differently from our pa- 

er, in their setting, the innovation rate of a firm depends on a 

ombination of its current R&D investment and the level of a pub- 

ic knowledge stock, the accumulation of which is driven by both 

rms’ total R&D investment. Additionally, firms can boost the de- 

and for the established as well as the new product by investing 

n public relations measures improving the acceptance of the cor- 

esponding product. A key finding of their analysis is that in equi- 

ibrium two locally stable steady states might co-exist, such that it 

epends on the initial strength of the demand for the established 

roduct whether the firms engage in R&D investment or not. Our 

etup shares with this literature that the value of innovation for 

he firms is determined endogenously. However, differently from 

ll these papers, we incorporate manufacturing firms’ investments 

n production capacities into a race for obtaining a product innova- 

ion. This allows us to disentangle the effect of the relative position 

n the established market and the relative position in the innova- 

ion race and enables us to characterize the occurrence of increas- 

ng dominance versus action-reaction in terms of the interplay of 

hese forces. 

Our paper also builds on the literature on capital accumula- 

ion games (e.g. Jun & Vives, 2004; Reynolds, 1991 ), in which ca- 

acity investments of single-product firms engaged in oligopolis- 

ic competition have been characterized both in the framework of 

pen-Loop and Markov Perfect Equilibria. Besanko & Doraszelski 

2004) introduce a capacity accumulation game in discrete time to 

haracterize an evolving industry structure and to explain the per- 

istence of differences in firm size (cf. also Doraszelski & Pakes, 

007; Escobar, 2013 ). Besanko, Doraszelski, Lu, & Satterthwaite 

2010) study capacity accumulation patterns in a discrete-time dy- 

amic duopoly game with strategic uncertainty (about the rival’s 

ost). This literature, however, has not dealt with investments in 

apacity of multi-product firms. Furthermore, we extend this lit- 

rature by analyzing the interplay of dynamic investments in pro- 

uction capacities with the firms’ incentives to invest in R&D to 

nlarge their product range. 5 

The main focus of this paper is on the strategic competition be- 

ween firms, and in particular on the innovation race. It builds on 

ork exploring the effect of the interplay of a firms’ production 

apacity and knowledge stock in the absence of strategic competi- 

ion. Dawid et al. (2015) analyze the incentives of a monopolist to 

nvest in R&D for product innovation in a dynamic setting similar 

o the one considered in this paper. They show that a firms’ incen- 

ive to invest in R&D is negatively affected by the size of its pro-

uction capacity on the established market. This insight also car- 

ies over to our setting with duopolistic competition. Indeed, the 

ain novelty of this paper relative to Dawid et al. (2015) is in the

ncorporation of competition. This allows us to study the impact of 
4 See Vickers (1986) for a seminal contribution to this stream of literature. 
5 Dynamic models of product introduction strategies of capacity-constrained 

rms have for example been analyzed by Bilginer & Erhun (2015) . 
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roduction capacities on the innovation race between two incum- 

ents and also to examine the effects of cost asymmetries between 

rms on innovation speed and (relative) profits. These issues could 

ot be addressed in a monopoly model. 

With respect to the numerical method, our paper builds on 

ork using a Chebyshev collocation method for the determina- 

ion of Markov Perfect Equilibria of differential games (e.g. Dawid 

t al., 2017; Doraszelski, 2003; Vedenov & Miranda, 2001 ). Sparse- 

rids (Smolyak bases) have been employed for the solution of 

arge dynamic equilibrium models in macroeconomics (see Maliar 

 Maliar, 2014 and the survey in Fernandez-Villaverde, Rubio- 

amirez, & Schorfheide, 2016 ). To our knowledge, the present pa- 

er is the first application of a sparse grid method to an Opera- 

ions Management problem with dynamic strategic interaction. In 

articular, we are the first to provide a numerical characterization 

f a Markov Perfect Equilibrium in a multi-mode differential game 

ith a high-dimensional state space. Since differential games with 

volving structure are capable of capturing a variety of applications 

n management science and operations management, we believe 

hat our paper is of interest to scholars beyond the area of firm 

trategy and innovation. 

. The model 

We consider a dynamic duopoly in continuous time with 

volving market structure. 6 Initially, two incumbent manufacturing 

rms A and B produce a homogeneous product called product 1. 

e refer to product 1 as the established product. 7 Both firms in- 

est in the accumulation of an R&D knowledge stock which is es- 

ential to develop a new and differentiated product, called product 

. Let τA and τB be the stochastic completion times of the firms’ 

&D projects. Once one of the firms has innovated, a new submar- 

et can be created. 8 At this stage, only the innovator can sell the 

stablished product and the new product. The innovation laggard 

s selling the established product while simultaneously investing 

n R&D knowledge stock to eventually enter the new submarket as 

ell. Once both firms have innovated, the established product 1 

nd the new product 2 are supplied by both firms. In the sequel, 

e refer to both firms A and B by subscript f ( f = A, B ) but keep

he distinction whenever it is necessary. 

To enable production, firms A and B need production capaci- 

ies. These capacities are denoted by K i f (t) , f = A, B , where sub-

cript i = 1 , 2 refers to product i . In the period prior to the creation

f the new submarket, called mode m 1 , both firms invest in their 

roduction capacity K 1 f (t) for product 1. Additionally, they also 

nvest in the accumulation of their firm-specific R&D knowledge 

tock K R f (t) . In the period after the new submarket has been cre- 

ted, the innovator (i.e. the firm that has first completed the R&D 

roject) can invest in production capacities for both products. The 

nnovation laggard which has not innovated yet continues to in- 

est in production capacity for product 1 and in its R&D knowledge 

tock. We will denote the scenario where firm A (firm B) innovates 

rst mode m 2 (mode m 3 ). In the last phase or mode m 4 , which

merges after the new product has also been launched by the in- 
ade for analytical convenience, but is not essential for our results. Our findings 

ould not change qualitatively, if we would consider a setting where the estab- 

ished products of the two firms are horizontally differentiated substitutes. 
8 The submarket is actually created once the innovator invests in production ca- 

acity for the new product and hence this product is manufactured and sold on the 

arket. 
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Fig. 1. The transition rates between the different modes of the game. Below each 

mode we indicate in brackets the vector of relevant state variables in that mode. 
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ovation laggard, firms compete on both markets and (dis)invest in 

oth production capacities. 

At each point in time t , the status of firm f = A, B is char-

cterized by production capacities and the R&D knowledge stock 

K 1 f (t) , K 2 f (t) , K R f (t)) and the mode of the game m (t) ∈ M = 

 m 1 , m 2 , m 3 , m 4 } , that captures which of the firms has already in-

ovated. The state of the game consists of the three stock variables 

f both firms and is therefore six-dimensional. Production capaci- 

ies and R&D knowledge stocks accumulate according to 

˙ 
 i f (t) = I i f (t) − δi K i f (t) i = 1 , 2 , R, f = A, B, (1) 

here I i f (t) is the investment of firm f in stock K i f at time t .

hese standard dynamics account for the fact that accumulation 

f production capacities and stock of knowledge take time, but 

lso that depreciation of production capacities takes place where 

i > 0 , i = 1 , 2 denote the (symmetric across firms) depreciation

ates (see, e.g., Besanko et al., 2010 and Dierickx & Cool, 1989 ). 

ith regard to the depreciation of R&D knowledge stock, organi- 

ational forgetting (see Doraszelski, 2003 and references therein) 

s captured by δR > 0 . 9 

Concerning production capacities, we allow the firms to inten- 

ionally disinvest, i.e. I i f ∈ I R . With regard to the R&D knowledge 

tocks, we make the sensible assumption that knowledge invest- 

ents are non-negative, i.e. I R f ≥ 0 . The firms cannot invest in pro- 

uction capacity of the second product before the R&D project has 

een completed, which implies that I 2 f (t) = 0 for all t < τ f . 

Furthermore, all stocks have to be non-negative: 

 i f (t) ≥ 0 ∀ t ≥ 0 i = 1 , 2 , R, f = A, B. (2)

n the following analysis we assume that both firms have per- 

ect information about the current levels of all stock variables, in- 

luding production capacities and knowledge stock of the com- 

etitor. This assumption seems innocuous with respect to produc- 

ion capacities, which relate to observable physical capital. How- 

ver it seems less obvious with respect to the size of the knowl- 

dge stock. Note however, that although the competitor’s knowl- 

dge stock is not directly observable, firms obtain signals about 

his stock through communication with industry experts or com- 

etitor’s employees, labor poaching or industrial espionage. For 

easons of analytical tractability we assume here that the signal 

btained through these channels is perfect. Making such an as- 

umption is very common in the related literature. In particular, all 

he papers on innovation races reviewed in Section 2 ( Dawid et al., 

017; Doraszelski, 20 03; Hörner, 20 04; Ludkovski & Sircar, 2016 ) 

lso assume perfect information about the competitors’ knowledge 

tocks and technological states. 

The probability that firm f successfully innovates is determined 

y a firm’s hazard rate. The hazard rate in mode m 1 is posi- 

ively affected by the current investment I R f (t) in the R&D knowl- 

dge stock, as well as by accumulated knowledge through past 

&D investments captured by the firm’s R&D knowledge stock 

 R f (t) itself. We employ an additive form of the hazard rate (see 

oraszelski, 2003 ) given by 

(I R f (t) , K R f (t)) = αI R f (t) + β(K R f (t)) ψ , α ≥ 0 , β ≥ 0 , ψ > 0 , f = (A, B ) ,

(3) 

hich captures the described determinants of the hazard rate in 

he most simple way. The parameters α and β determine, respec- 

ively, the marginal impact of the current investment and the ac- 

umulated knowledge on the hazard rate. In what follows, we will 

ocus on scenarios where ψ = 1 , i.e. where the firm’s hazard rate
9 These standard dynamics are also used in empirical work to obtain estimates 

or the depreciation rates of physical capital stock, e.g. Nadir & Prucha (1996) , as 

ell as of R&D capital stock, e.g. Li & Hall (2020) . 
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s linear in its R&D knowledge stock. In Section 7 we check the ro- 

ustness of our findings also for concave ( ψ < 1 ) and convex ( ψ >

 ) hazard rates. The hazard rate in modes m 2 or m 3 , where the

ompetitor has already innovated, is given by ωλ(I R f (t) , K R f (t)) 

ith ω > 0 . In the main part of our analysis, we assume that the

azard rate does not change between modes and set ω = 1 . How-

ver, in our robustness section we also consider a scenario where 

nnovation by the laggard firm is impeded by patents granted (or 

ther forms of intellectual property protection) to the innovator 

 ω < 1 ). Additionally, we study the case where due to imitation ef-

ects the product innovation of a laggard firm becomes easier once 

he new product has already been introduced by the competitor 

 ω > 1 ). 

Formally, the changes between the modes of the game are de- 

cribed by a Markov process m (t) on the set of modes M where 

he transition rates are given by 

lim 

	→ 0 

1 

	
P rob 

{
m (t + 	) = m j | m (t) = m i 

}

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

λ(I RA , K RA ) (i, j) = (1 , 2) , 
λ(I RB , K RB ) (i, j) = (1 , 3) , 
ωλ(I RA , K RA ) (i, j) = (3 , 4) , 
ωλ(I RB , K RB ) (i, j) = (2 , 4) , 
0 else . 

(4) 

his formulation embodies the idea that before the creation of the 

ew submarket (i.e. in mode m 1 ), there are positive probabilities of 

ransition either to mode m 2 with firm A as innovator or to mode 

 3 with firm B as innovator. From modes m 2 or m 3 , the transi-

ion results in a switch to mode m 4 , where both firms offer both 

roducts. The expected time of this final transition depends on the 

azard rate of the innovation laggard. Once both firms offer both 

roducts, no more transitions are possible. We illustrate the pos- 

ible transitions between the different modes as well as the state 

ariables that are relevant in each mode in Fig. 1 . In each mode 

nly four out of the six states are relevant. The reason is that be- 

ore a firm has innovated, it cannot invest in production capacity 

f the new product and therefore K 2 f = 0 . After firm f has inno-

ated, both production capacities (K 1 f , K 2 f ) are relevant, but the 

&D knowledge stock K R f is not since no further innovation is pos- 

ible. 

At any point in time t , firms compete in quantities, where it 

s assumed that current production capacities for the two prod- 

cts are always fully used. This assumption is commonly made in 

he literature on capacity-constrained oligopoly competition (e.g. 

nand & Girotra, 2007; Goyal & Netessine, 2007 and Huisman & 

ort, 2015 ). For example, Goyal & Netessine (2007) argue that firms 

ay find it difficult to produce below capacity due to fixed costs 

ssociated with, for example, labor inputs, commitments to sup- 

liers, or production ramp-up. Given this assumption, prices are 
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12 In our treatment of the investment decisions of the firms we abstract from po- 

tential financial constraints the firms might face. This means that in line with the 

vast majority of analyses of firms’ investment in the industrial organization as well 
iven by the linear inverse demand system (see e.g. Lus & Muriel, 

009 ): 10 

p 1 (t) = 1 − (K 1 A (t) + K 1 B (t)) − η(K 2 A (t) + K 2 B (t)) (5) 

p 2 (t) = 1 + θ − η(K 1 A (t) + K 1 B (t)) − (K 2 A (t) + K 2 B (t)) . (6) 

In this setting, the parameter η (−1 < η < 1) determines the 

egree of horizontal differentiation between the established prod- 

ct and the new product. In line with our main research ques- 

ions we restrict attention to scenarios where the new product is 

 partial substitute of the established product, corresponding to 

 < η < 1 . Accordingly, a firm’s dynamic strategy of building up ca- 

acities for the established product and the new product is inex- 

ricably linked through its impact on the prices of the products on 

he two markets. The parameter θ determines the degree of verti- 

al differentiation and measures the difference in quality between 

he new product and the established product. The assumption that 

roduct 2 is at least of the same quality as product 1 translates 

nto θ ≥ 0 . 

Investment costs are assumed to have the linear-quadratic form 

i f (I i (t)) = μi I i f (t) + 

γi f 

2 

I i f (t) 2 i = 1 , 2 , R. (7)

or products i = 1 , 2 the parameter μi represents the unit price 

f capacity and γi f > 0 the adjustment cost parameter for firm 

f = A, B . 11 Increasing R&D knowledge stock is associated with a 

onvex cost function, i.e. γR f > 0 , in line with standard arguments 

hat building up knowledge takes time and therefore fast R&D 

tock accumulation is more costly compared to slower accumu- 

ation. In our default setting, all cost parameters are symmetric 

cross firms. Asymmetry between manufacturing firms arises due 

o heterogeneity of the initial production capacity on the estab- 

ished market. However, in order to be able to study the impact 

f structural (dis-)advantages of a firm on a certain market, in 

ection 5.2 we further consider asymmetric adjustment costs be- 

ween firms. For simplicity, marginal production costs are normal- 

zed to zero. 

Firms choose their investment strategies in order to maximize 

heir expected infinite horizon discounted profit stream. Formally, 

e have 

 f = I E 

{ 

∫ ∞ 

0 

e −rt 
[ 
(1 − (K 1 A + K 1 B ) − η(K 2 A + K 2 B )) K 1 f 

+ (1 + θ − η(K 1 A + K 1 B ) − (K 2 A + K 2 B )) K 2 f 

− μ1 I 1 f −
γ1 f 

2 

I 2 1 f − μ2 I 2 f −
γ2 f 

2 

I 2 2 f − μR I R f −
γR f 

2 

I 2 R f 

] 
dt 

} 

, 

(8) 

here the expectation is taken with respect to the mode dynam- 

cs. The first two lines capture the instantaneous sales revenue for 

he established product and the new product. The third line con- 

ains the current costs of investment in production capacity and 

&D knowledge stock. It should be noted that in modes where a 
10 This demand system does not take into account product diffusion as in, e.g., 

ilginer & Erhun (2015) and Balakrishnan & Pathak (2014) . This means that in our 

etting, willingness to pay for the new product is already high from the moment 

he product is launched. There are examples for that, like tablets and smartphones. 

till, in our model, the speed of market development is restricted by the capacity 

uild-up. 
11 We abstract from potential differences between sale and resale price of capi- 

al. However, due to adjustment costs returns from selling are lower than costs of 

uying. Furthermore, we assume adjustment costs to be the same for increasing or 

ecreasing capacity, whereas they could differ substantially in reality. However, it 

hould be noted that disinvestment hardly plays any role in our analysis; see, e.g., 

ig. 2 (b) in Section 5 . 
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rm has not introduced the new product yet, both investment and 

roduction capacity for that product are zero, such that the corre- 

ponding terms vanish in the instantaneous profit function. 12 

This formulation of the interplay between the two firms gives 

ise to a piecewise deterministic differential game with objective 

unctions (8) , state dynamics (1) and mode dynamics (4) . Since a 

rm can build up production capacity for the new product only 

fter the new submarket has been created and it has added the 

ew product to its product line, the following constraints hold in 

he different modes: 

 2 f (t) = 0 , ∀ t s.t. m (t) = m 1 , f = A, B 

 2 B (t) = 0 , ∀ t s.t. m (t) = m 2 , 

 2 A (t) = 0 , ∀ t s.t. m (t) = m 3 . 

on-negativity constraints for production capacities, the R&D 

nowledge stock, and the investments in R&D knowledge stock 

ave to be satisfied. To study how the anticipation of the emer- 

ence of a new submarket impacts the firms’ current R&D invest- 

ents, we assume that the game starts before the new submar- 

et has been created. That is, m (0) = m 1 and the initial values of

roduction capacities and the R&D knowledge stock are given by 

 1 f (0) = K 

ini 
1 f 

, K 2 f (0) = 0 , K R f (0) = K 

ini 
R f 

. 

. Dynamic investment strategies 

In order to analyze optimal strategies for investing in produc- 

ion capacities and R&D knowledge stocks, we consider station- 

ry Markov Perfect Equilibria (MPE) of the game described in 

he previous section. 13 A stationary Markovian strategy of firm f

s given by a triple (φ1 f , φR f , φ2 f ) such that each of the feed-

ack strategies φi f and φR f describe the optimal dynamic in- 

estment for accumulating production capacity and R&D knowl- 

dge, respectively, as a function of the states and the current 

ode of the game. Stationary strategies however do not explic- 

tly depend on time. 14 More precisely, each of these feedback 

trategies has the form φi f : [0 , 1] 2 × [0 , K̄ R ] 
2 × [0 , 1 + θ ] 2 × M �→

 R for i ∈ { 1 , 2 } and φR f : [0 , 1] 2 × [0 , K̄ R ] 
2 × [0 , 1 + θ ] 2 × M �→ I R 

+ 
0 .

he upper bound K̄ R of the R&D knowledge stock is assumed to 

e sufficiently large to ensure that the stable steady states char- 

cterized in the following analysis are interior. Using strategies 

i f , i = 1 , 2 , R , firm f = A, B at each point in time invests I i f (t) =
i f (K 1 A (t) , K 1 B (t) , K 2 A (t) , K 2 B (t) , K RA (t) , K RB (t) , m (t)) . 

Although formally the feedback strategies have the general form 

ith six states and one mode as arguments, some arguments are 

rrelevant in some modes (see Fig. 1 ). To ease notation, in what fol-

ows we therefore drop all irrelevant arguments in the correspond- 

ng modes and write the feedback strategies in each mode only as 
s in the patent race literature, we assume that firms have free access to perfect 

apital markets. Studying the implications of limited access to credit for the relative 

ize of investments by large and small incumbents in our setting is an interesting 

nd promising research topic, but beyond the scope of this paper. 
13 For other applications of this equilibrium concept for the analysis of optimal 

rm strategies in Operations Management problems, see Dockner & Fruchter (2014) , 

hevalier-Roignant, Flath, & Trigeorgis (2019) or Huberts, Dawid, Huisman, & Kort 

2019) . 
14 Since under the considered stationary Markovian strategies investment at t de- 

ends on the mode m (t) , which follows a stochastic process, the actual investment 

t time t for a given state (K 1 f , K R f , K 2 f ) , f = A, B is stochastic. Since the probabil- 

ty that m (t) = m i , i = 1 , 2 , 3 changes with t , from an ex-ante perspective, i.e. based 

n the information available at t = 0 , the distribution of investment at t therefore 

hanges with time t although the considered strategies are stationary. 
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Fig. 2. Equilibrium dynamics under the baseline parameter setting for asymmetric initial production capacities on the established market. (a) Production capacities. (b) 

Investments in production capacities for the established product. (c) R&D knowledge stocks and R&D investments. (d) Hazard rates. It is assumed that the smaller firm 

B (shown in red) innovates earlier than firm A (shown in green). The innovation time of firm B is indicated as τB . (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 
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unctions of the four relevant states. As a notational convention, 

he first two arguments in the feedback functions of both firms 

lways refer to the production capacities on the established mar- 

et, followed by the second relevant state variables of firm A and 

rm B, which differ across modes. The vector of the relevant states 

n mode m is denoted by � K 

m . Furthermore, due to the investment 

onstraints in the different modes, φ2 f = 0 has to hold in mode m 1 

or both firms f = A, B , since no investment in production capac-

ty of the new product is possible before the product innovation is 

uccessful. For the non-innovator the same holds in modes m 2 or 

 3 . Additionally, we have φRA = 0 (φRB = 0) in mode m 2 (m 3 ) and

R f = 0 , f = A, B , in m 4 since no more innovations are possible. In

ccordance with the literature (see Dockner, Jorgensen, Van Long, 

 Sorger, 20 0 0 ) we only consider non-anticipating strategies, i.e. 

trategies where firms cannot condition their action on realizations 

f the time of mode transitions which lie in the future. 

A Markov Perfect Equilibrium of the game is a profile of sta- 

ionary Markovian strategies, where each manufacturing firm uses 

 strategy that maximizes expected profit given the strategy of 

he opponent. The following proposition characterizes the firms’ 

ptimal investment strategies. Appendix A contains the proof of 

he proposition and provides the explicit formulations of the 

amilton-Jacobi-Bellman (HJB) equations in the different modes 

hat characterize the equilibrium value functions. 

roposition 1. Denote by V f ( � K 

m , m ) the value function of firm

f = A, B in mode m ∈ M satisfying the Hamilton-Jacobi-Bellman Eqs. 

A .7) –(A .10) given in Appendix A . Then, the feedback strategies in a

arkov Perfect Equilibrium of the game are given by 

∗
i f ( 

�
 K m , m ) = 

1 

γi f 

(
∂V f ( � K m , m ) 

∂K i f 

− μi 

)
, i = 1 , 2 , f = A, B, m ∈ { m 1 , . . . , m 4 } ,

(9) 
437 
∗
RA ( 

�
 K 

m 1 , m 1 ) = 

1 

γRA 

(
∂V A ( � K 

m 1 , m 1 ) 

∂K RA 

− μR + 

+ α(V A (K 1 A , 0 , K 1 B , K RB , m 2 ) − V A ( � K 

m 1 , m 1 )) 
)
, 

(10) 

∗
RB ( 

�
 K 

m 1 , m 1 ) = 

1 

γRB 

(
∂V B ( � K 

m 1 , m 1 ) 

∂K RB 

− μR + 

+ α(V B (K 1 A , K RA , K 1 B , 0 , m 3 ) − V B ( � K 

m 1 , m 1 )) 
)
, 

(11) 

φ∗
R f ( 

�
 K 

m , m ) = 

1 

γR f 

(
∂V f ( � K 

m , m ) 

∂K R f 

− μR + 

+ α(V f (K 1 A , K 2 A , K 1 f , 0 , m 4 ) − V f ( � K 

m , m )) 
)

f = A, B, 

m = m 2 , m 3 

. 

(12) 

Optimal investment in production capacity of the established 

roduct is proportional to the difference between the marginal ef- 

ect of an increase in capacity on the firm’s value function and the 

nit price of capacity (see (9) ). Concerning a firm’s investment in 

&D knowledge stock, an additional effect arises because such an 

nvestment increases the hazard rate of making the transition to 

 different mode where the firm is active on both markets. This 

ode transition induces a jump in the value function and the cor- 

esponding effect on R&D incentives is captured by the last terms 

n Eqs. (10) to (12) . 
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Table 1 

Baseline Parameter Setting of the Model. 

Symbol Definition Constraint Baseline 

α Effectiveness of current R&D ≥ 0 0.2 

β Effectiveness of knowledge stock ≥ 0 0.2 

ψ Exponent of know. stock in innov. rate ≥ 0 1 

ω Coeff. of innovation rate in mode m 2 / m 3 ≥ 0 1 

η Horizontal differentiation | η| < 1 0.65 

θ Vertical differentiation ≥ 0 0.2 

μ1 , μ2 Unit costs of prod. capacity i = 1 , 2 ≥ 0 0 

μR Unit costs of R&D investment ≥ 0 0.1 

γ1 A , γ1 B Adjustment costs for product 1 > 0 3 

γ2 A , γ2 B Adjustment costs for product 2 > 0 3 

γRA , γRB Adjustment costs for knowledge stock > 0 0.1 

δ1 , δ2 Depreciation rates for capacities K 1 , K 2 > 0 0 . 2 

δR Depreciation rate of knowledge stock > 0 0.3 

r Discount rate 0 < r ≤ 1 0.04 
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16 Although, in general, we cannot expect uniqueness of Markov Perfect Equilibria 

of the considered game, we have always found only a single MPE in our numeri- 
The main technical and computational challenge for analyz- 

ng the firms’ optimal investment strategies is to determine the 

alue functions (V A ( � K 

m , m ) , V B ( � K 

m , m )) which satisfy the system

f Hamilton-Jacobi-Bellman Eqs. (A .7) –(A .10) containing one equa- 

ion for each firm in each mode. To illustrate the technical chal- 

enges associated with finding the solutions of the system of HJB 

quations we show in Eq. (13) the schematic form of the HJB equa- 

ion for firm A in mode m 1 , 
15 

rV A ( � K m 1 , m 1 ) 

= max I 1 A ,I RA 

[ 
πA ( � K m 1 , m 1 ) 

+ 

∂V A ( � K m 1 ) 

∂K 1 A 
˙ K 1 A + 

∂V A ( � K m 1 ) 

∂K RA 

˙ K RA + 

∂V A ( � K m 1 ) 

∂K 1 B 
˙ K 1 B + 

∂V A ( � K m 1 ) 

∂K 2 R 
˙ K 2 R 

+ λ(I RA , K RA )(V A ( � K m 2 , m 2 ) − V A ( � K m 1 , m 1 )) 

+ λ(φRB ( � K m 1 , m 1 ) , K RB )(V A ( � K m 3 , m 3 ) − V A ( � K m 1 , m 1 )) 
] 
, (13) 

here πA ( � K 

m 1 , m 1 ) denotes the instantaneous profit of firm A in 

ode m 1 given by the market profit minus firm A’s costs of invest- 

ng in production capacity for the established product and in R&D. 

ence, the first two lines of the right hand side of (13) are stan-

ard expressions capturing the current flow of profits and invest- 

ent costs for firm A as well as the effect of the state dynamics

n firm A’s value function. Since in our model specification profit 

nd cost functions are quadratic functions of the state and con- 

rol variables and all state dynamics are linear, the form of this 

art of the HJB equation corresponds to that in a linear-quadratic 

ame. From a technical perspective, the terms in the last two lines, 

hich capture the implications of a possible change of the mode to 

 2 or m 3 for the value function of firm A, make the task of find-

ng a solution more challenging. First, the value functions for firm 

 in modes m 2 and m 3 appear in these terms, implying that the 

JB equations of both players are linked across modes and hence 

annot be solved separately. Second, due to the fact that in these 

erms the value function V A ( � K 

m 1 , m 1 ) is multiplied by the hazard

ates of the transition to modes m 2 and m 3 , which are both func-

ions of the state vector, further implies that (13) does not allow 

or a closed-form (polynomial) solution. Similar statements apply 

or the HJB equations in modes m 2 and m 3 . Only mode m 4 allows

or quadratic solutions of the HJB equations of the two firms, since 

o further mode transition is possible from mode m 4 . The solu- 

ions for mode m 4 can be found using the standard approach of 

omparison of coefficients (see e.g. Dockner et al., 20 0 0 ). 

For the computation of the value functions in modes m 1 - m 3 

e rely on numerical collocation methods. The general approach 

nderlying this method is to determine polynomial approximations 

f the value functions of both firms in these modes with the prop- 

rty that, after inserting these approximate value functions and the 

orresponding feedback functions into the HJB equation of the cor- 

esponding mode, the (absolute) value of the difference between 

he left and the right hand side of the HJB equation is sufficiently 

mall on an appropriate grid of points in the state space (see 

awid et al., 2017; Vedenov & Miranda, 2001 ). The large dimen- 

ion of the state space in our model requires the application of 

parse grid methods for constructing the considered grid of points 

n the state space and the set of basis functions to be used in the

ollocation. For all results presented in the following sections this 

pproach has been used and it has then been checked that the HJB 

quations hold up to a numerical error below a given error bound 

n the entire state space and that the transversality conditions are 

atisfied in all modes. Details of the numerical method underlying 

ur analysis are given in Appendix B. The application of a sparse 
15 The complete expression of this equation is given in (A.7) in Appendix A . 

c

r

fi

438 
rid collocation approach for calculating optimal firm strategies in 

 dynamic Operations Management problem with strategic interac- 

ions is an innovative methodological contribution of our paper. 

In what follows, we present numerical results obtained by this 

pproach for the baseline parameter setting given in Table 1 . The 

nit prices of production capacity, μi , are normalized to zero. The 

alues of the adjustment cost parameters, γi f , are positive. To cap- 

ure the interplay between the markets, the degree of horizontal 

ifferentiation is assumed to be η = 0 . 65 . We deal with a scenario

here the difference in qualities between the new product and the 

stablished product is moderate, which is reflected by θ = 0 . 2 . De-

reciation rates and discount rate are set to values which are in 

ine with empirical estimates (see, e.g., Nadir & Prucha, 1996 and 

i & Hall, 2020 ). As discussed above, we assume that the hazard 

ate is a linear function of the firm’s R&D knowledge stock ( ψ = 1 ).

he coefficients α and β of the hazard rate as well as the parame- 

ers μR , γR f of the R&D investment costs have been chosen such 

hat expected innovation times in equilibrium are less than 1.5 

ears. This is in accordance with innovation clockspeed in high- 

echnology industries, like for instance the computer industry (see 

lso Pacheco-de Almeida, 2010 ). In Section 7 we provide an exten- 

ive robustness analysis in which we demonstrate that the main 

ualitative findings presented in this paper continue to hold for a 

arge range of parameter values around our baseline setting. 

. Strategy analysis 

In this section we first briefly illustrate the dynamics generated 

y our model in a setting where firms are symmetric with respect 

o their cost parameters and their initial knowledge stock, but dif- 

er with respect to their initial production capacities on the es- 

ablished product market. Subsequently, we discuss in several sub- 

ections the key strategic effects determining the shape of the op- 

imal R&D investment strategies and how these effects influence 

arket dynamics and firm values. Figure 2 shows the evolution of 

roduction capacities, investments in capacities for the established 

roduct, R&D investments and R&D knowledge stocks, and the in- 

ovation hazard rate for each firm if both firms follow their opti- 

al investment strategies. 16 Both firms start with zero R&D knowl- 

dge stocks. Firm A’s initial production capacity for the established 

roduct corresponds to the steady state level in a scenario where 

rms do not account for the option to develop a new product, i.e. a 

etting where the firms just invest in capacity for the established 
al explorations. To ensure robustness, we have carried out the analysis for a wide 

ange of initializations of the collocation algorithm without finding other MPEs. All 

gures show the trajectories resulting from this single MPE. 
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roduct. Firm B starts with half of firm A’s production capacity, 

here the lower initial production capacity of firm B might be due 

o the fact that it has entered the established market later than 

rm A. For the purpose of illustration, in Fig. 2 it is assumed that

rm B innovates first. 17 

At first sight it might be surprising to see that the production 

apacities of both firms in mode m 1 stay below the steady state 

evel of the corresponding game without innovation option (i.e. 

he initial capacity of firm A). 18 Intuitively, this is because firms 

n equilibrium anticipate the introduction of the new product at a 

uture point in time, which then reduces the value of their pro- 

uction capacity on the established market. 19 The inter-temporally 

ptimal reactions of both firms to this reduction in the future ex- 

ected value of the production capacity of the established product 

s to reduce the investment in this capacity. As both firms accumu- 

ate more R&D knowledge over time (see panel (c)), their hazard 

ates increase (panel (d)). This reduces the expected time until the 

ntroduction of the new product. Accordingly, the anticipation ef- 

ect becomes stronger during mode m 1 which leads to a decreasing 

attern of investments in production capacities on the established 

arket (see panel (b)). Furthermore, panel (b) of the figure shows 

hat the optimal reactions of both firms to the introduction of the 

ew product at time τB at the beginning of mode m 3 , is to cut 

heir investments in the production capacities of the established 

roduct. For firm A the reason is that the launch of the new prod-

ct causes additional competition to its established product. Firm 

 produces both products in mode m 3 and even dis-invests to re- 

uce its production capacity for the established product. The rea- 

on for firm B’s disinvestment is that besides the intensified com- 

etition for the established product, sales of the established prod- 

ct reduce the price of the new product for which firm B is now 

he sole manufacturer. As soon as mode m 4 is reached, firm A has 

lso innovated and launched the new product. To reduce the com- 

etitive effect of the established submarket on the new product, 

t is now optimal for firm A to severely reduce the investment 

n its capacity for the established product. This, in turn, triggers 

 slight increase of firm B’s investment in its established product 

. It should be noted that, whereas total production capacity for 

he established product decreases after each innovation, this is not 

ecessarily true for each firm. More precisely, firms might actually 

xpand their capacity on the established market in the aftermath 

f an innovation by their competitor. This can be seen in Fig. 2 (a),

here K 1 A increases in the second half of mode m 3 (where firm B 

as already innovated), and K 1 B increases in mode m 4 (after firm A 

as innovated). The corresponding expansions are a strategic reac- 

ion of the firm to the strong reduction of the innovator’s produc- 

ion capacity on the established market. 
17 The comparison of hazard rates in panel (d) of Fig. 2 confirms that firm B en- 

ering the new market first has higher probability than firm A being the first in- 

ovator. To check the qualitative robustness of our findings reported below, Fig. 9 

n Appendix C shows the dynamics of stocks and investments for the case where 

rm A enters the new market first. Comparison of Fig. 9 with Fig. 2 ensures that 

ur observations about the change in the optimal investment strategies of the in- 

ovator and innovation laggard after the first introduction of the new product do 

ot depend on whether the larger or the smaller firm on the established market is 

he first innovator. 
18 Since both firms are symmetric with respect to their cost parameters, the 

teady state level of production capacities in mode m 1 is symmetric and this ex- 

lains why the production capacities of the two firms approach each other in mode 

 1 before the innovation occurs and the game jumps to mode m 3 . 
19 Although we assume that firms use non-anticipating strategies, i.e. they do not 

now at which exact time in the future the new product will be introduced, they 

now the arrival rate of the new product under the equilibrium investments. There- 

ore, they know the distribution of the time left until the introduction of the new 

roduct happens. In this sense, the firms anticipate that the new product will even- 

ually be launched in the market. 
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Concerning firms’ R&D investments, Fig. 2 (c) shows that during 

he innovation race in mode m 1 , the smaller firm B should invest 

ore and accumulate a larger knowledge stock than what is opti- 

al for firm A. Hence, this firm also has a higher hazard rate than 

ts competitor and is more likely to win the innovation race. The 

ssumption underlying Fig. 2 that both firms start from a symmet- 

ic knowledge stock is key for these observations, as will become 

lear from our detailed discussion of the interplay of the effects of 

he relative sizes of knowledge stocks and capacities on R&D in- 

estment in Section 5.1 . Furthermore, at the moment of the intro- 

uction of the new product by firm B (mode m 3 ), the optimal R&D 

nvestment, and therefore also the hazard rate, of firm A exhibits a 

ownward jump. This points to a qualitative difference of the op- 

imal R&D investment strategy in the modes before and after the 

ompetitor’s innovation. A more detailed discussion of the reasons 

or this difference is postponed until Section 5.3 . 

.1. R&D incentives and the interplay of knowledge leadership and 

arket position 

In an R&D race with knowledge accumulation and exogenously 

iven fixed profits for the innovator and the losing firm, in equi- 

ibrium the knowledge laggard, i.e. the firm with the smaller R&D 

nowledge stock, invests more in R&D than the knowledge leader, 

ee Doraszelski (2003) . 20 As Fig. 3 (a) shows, this observation does 

ot necessarily carry over to our setting of an R&D race with en- 

ogenously determined flow profits. In the green area the opti- 

al R&D investment of firm A is higher than that of firm B. In 

he yellow area, the opposite holds. It is evident from the fig- 

re that the boundary between these two areas does not coincide 

ith the line K RA − K RB = 0 . Therefore, for the part of the green

rea where K RA < K RB , the optimal R&D investment of the firm with

he smaller knowledge stock is higher than the investment of the 

nowledge leader. Hence, we find an action-reaction pattern. In the 

art with K RA > K RB , the knowledge leader invests more. Hence, we 

bserve an increasing dominance pattern. Analogous conclusions 

an be drawn for the yellow area in Fig. 3 (a). From a managerial

oint of view, these arguments highlight that in the common sit- 

ation where the firms’ profits are endogenously determined by 

he firms’ decisions, the optimal R&D strategy crucially depends 

n the firms’ relative positions on the established market and on 

he firms’ relative positions with regard to their accumulated R&D 

nowledge. In what follows we discuss the economic mechanisms 

nderlying these observations. 

If the knowledge leader has a substantially smaller capacity on 

he established market than its competitor, then it is optimal for 

his firm to invest more in R&D than the knowledge laggard (see 

egion I in Fig. 3 (b)). As shown in Fig. 4 (a), the optimal R&D invest-

ent of a firm negatively depends on both firms’ production ca- 

acities on the established market, where the negative dependence 

s much stronger for a firm’s own production capacity. 21 Therefore, 

 smaller production capacity on the established market makes a 

rm more aggressive with respect to R&D effort. 

This observation is driven by two effects. First, the introduc- 

ion of the new product in the new (but linked) submarket re- 

ults in a decrease of the price for the established product. The 

arger a firm’s production capacity on the established market, the 

ore strongly it is affected by this decrease ( cannibalization ef- 

ect ). 22 Second, the incentive to invest in the R&D knowledge stock 

s influenced by a size effect . A larger total production capacity on 
20 To be precise, this relationship is shown if a firm’s hazard rate is linear (or 

oncave) with respect to the firm’s knowledge stock, which is the baseline case 

onsidered also in this paper. 
21 The range of capacities K 1 A , K 1 B considered in the figure covers the whole inter- 

al between 0 and the monopoly output level on the established market. 
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Fig. 3. (a) The ratio of equilibrium R&D investments of firms A and B depending on the difference in capacities on the established market and on the difference in knowledge 

stocks. The green (yellow) region indicates where firm A (firm B) invests more in R&D than its competitor. (b) Regions in the state space in which firm A has higher R&D 

investment than firm B (below the blue line) and in which firm A has a higher hazard rate than firm B (above the red line). In both panels, the black line indicates 

the boundary between the regions in which firm A is the knowledge leader or knowledge laggard. The center point (i.e. the point for which K 1 A − K 1 B = K RA − K RB = 0 ) 

corresponds to the steady state values of the corresponding state variables in mode m 1 . (For interpretation of the references to color in this figure legend, the reader is 

referred to the web version of this article.) 

Fig. 4. R&D investment of firm A depending on (a) production capacities on the established market, and (b) R&D knowledge stocks of the two firms. The values of the 

arguments of the feedback functions not varied are set at the steady state levels in mode m 1 . 

t

u

n

t

t

e

c

p

e

p

s

w

fi

w

t

i

c

i

p

e

i

d

g  

H

n

s

t

I  

t

he established market induces a smaller price for the new prod- 

ct after it has been launched. This reduces the profitability of the 

ew product and thereby the incentive to speed up the introduc- 

ion of the new product. Note that, in contrast to the cannibaliza- 

ion effect, for the size effect it is irrelevant whether the capacity 

xpansion on the established market is due to an increase of the 

ompetitor’s production capacity or the firm’s own production ca- 

acity. The joint influence of the cannibalization effect and the size 

ffect explains why an increase of the firm’s own production ca- 

acity decreases the firm’s own incentives to invest in R&D more 

trongly than an increase in the competitor’s production capacity. 23 
22 Formally, the difference in value functions V A ( � K m 2 , m 2 ) − V A ( � K m 1 , m 1 ) decreases 

ith respect to K 1 A and hence the gains from innovation are weaker for the larger 

rm with a higher current profit. In this sense, this observation is related to the 

ell-known Arrow replacement effect ( Arrow, 1962 ). 
23 The insight that the interplay of the cannibalization and the size effect induces 

hat a firm’s excess profit from innovation is more strongly influenced by a change 

n the firm’s own production capacity compared to a change in the competitor’s 

apacity is also obtained in Dawid et al. (2013) in a static setting which does not 

ncorporate firms’ knowledge stocks. In such a setting the firm with the smaller ca- 

acity on the established market always has a larger incentive to innovate. In our 
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If the R&D knowledge leader is the much smaller firm on the 

stablished market, it should optimally invest more in R&D than 

ts competitor, and therefore in equilibrium a pattern of increasing 

ominance of the knowledge leader might arise. In this case, the 

ap in R&D knowledge stock grows over time (region I in Fig. 3 (b)).

owever, if the R&D knowledge gap becomes sufficiently large, the 

egative effect of R&D knowledge leadership on R&D investment, 

tarts to dominate and the R&D knowledge leader then invests less 

han the R&D knowledge laggard (transition from region I to region 

I in Fig. 3 (b)). To understand this transition, we observe in Fig. 4 (b)

hat the firm’s optimal R&D investment depends negatively on its 

wn R&D knowledge stock as well as on the R&D knowledge stock 

f its competitor, where the negative dependence of the firm’s own 

nowledge stock is much more pronounced. Hence, the larger the 

ize of the R&D knowledge gap between the two firms the lower 

s the R&D investment of the knowledge leader relative to the 
ynamic setting with endogenous evolution of knowledge stocks this statement is 

o longer true and the interplay of the effects emerging from differences in knowl- 

dge stocks and capacities determines which firm invests more in R&D and which 

rm has a higher hazard rate. 
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nowledge laggard. The intuition for the negative relationship be- 

ween R&D investment and both knowledge stocks is that larger 

&D knowledge stocks reduce the expected duration of mode m 1 

nd any transition to another mode ( m 3 or m 2 ) reduces the value

f the knowledge stock. 24 A transition to mode m 3 , where firm B 

as innovated, reduces the value of firm A’s R&D knowledge stock. 

n fact, the increase in the value function generated by a poten- 

ial innovation of firm A is substantially larger as long as firm B 

as not introduced the new product yet since the price of the 

ew product is lower if the opponent is already active on the 

ew market. If the transition is to mode m 2 and firm A itself is

he innovator, the value of the firm’s R&D knowledge stock com- 

letely vanishes because no further innovation is possible by the 

rm. 25 

The discussion above shows that both R&D knowledge leader- 

hip and dominance on the established market have a negative im- 

act on the relative incentive of a firm to invest in product inno- 

ation. In situations in which the same firm dominates its com- 

etitor both in terms of its knowledge stock and its production ca- 

acity on the established market, this has the clear-cut implication 

hat the strategic interaction pattern of action-reaction emerges. 

n this case, it is optimal for the smaller firm, which is also the 

&D knowledge laggard, to invest more in R&D. This effect can be 

o strong, that the hazard rate of the knowledge leader falls be- 

ow the hazard rate of the R&D knowledge laggard (region III in 

ig. 3 (b)). In other words, our model highlights that R&D knowl- 

dge leadership does not coincide with innovation leadership. In- 

eed, the knowledge leader’s probability of winning the innovation 

ace might be smaller than the R&D knowledge laggard’s probabil- 

ty of winning. 

.2. Competitive disadvantage turns into innovation leadership 

Our analysis so far has assumed that the two competitors (only) 

ossess different initial production capacities on the established 

arket. In this context, we have been studying the strategic im- 

lications of transitory differences for the R&D investments of oth- 

rwise symmetric firms. This section turns to the case where firms 

iffer in their (long term) competitiveness on the established mar- 

et. In particular, we impose that investment costs of firm B on the 

stablished market are higher than the investment costs of firm 

. We adjust our baseline parameter setting given in Table 1 by 

ncreasing the adjustment cost parameter of firm B on the estab- 

ished market to γ1 B = 9 , but keep firm A’s adjustment cost param- 

ter at the baseline value γ1 A = 3 . 

The dynamics emerging in equilibrium in such a setting is de- 

icted in Fig. 5 . Like in Fig. 2 , initial R&D knowledge stocks of

oth firms are assumed to be zero. The initial production capac- 

ties on the established market correspond to the steady state 

alues of this game without product innovation option. Due to 

ts competitive disadvantage with respect to capacity adjustment 

osts, the initial production capacity of firm B on the estab- 

ished market is, therefore, lower than firm A’s initial production 

apacity. Figure 5 highlights two important implications of this 

symmetry between firms. First, panel (a) reveals that through- 

ut mode m 1 , firm B has a higher probability of winning the 

nnovation race than its competitor, which can be explained by 
24 Doraszelski (2003) discusses the negative effect of the own knowledge stock 

n a firm’s R&D incentives in his patent race setting and denotes it as the ’ pure 

nowledge effect ’. 
25 In a setting with repeated innovations of each firm, which is beyond the scope 

f this paper, the knowledge stock would not completely lose its value upon suc- 

essful innovation. However, also in such a setting, due to the discounting of profits 

rom future innovation events, the value of the knowledge stock would exhibit a 

ownward jump at the time of the innovation breakthrough. 
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ts higher R&D investment and subsequently its higher hazard 

ate. 

Second, under the assumption that firm B innovates first, it has 

 strictly smaller production capacity on the established market, 

ut a strictly larger production capacity on the new submarket 

hroughout all modes where these markets exist (see panel (b)). 

onsequently, the disadvantage of higher capacity adjustment costs 

n the established market acts as a commitment device for firm 

 to be more aggressive during the innovation race and also to 

e a tougher competitor on the new submarket. Innovation lead- 

rship then follows from the negative relationship between the 

rm’s own production capacity on the established market and 

ts incentive to invest in R&D knowledge stock, as discussed in 

ection 5.1 . 

These arguments show that the disadvantage of firm B with 

espect to investment costs on the established market has two 

ounteracting implications for the firm’s profit. First, the profit 

f firm B on the established market is negatively affected by its 

arger capacity adjustment costs. Second, the competitor, firm A, 

nvests less in its R&D knowledge stock because firm A takes into 

ccount that firm B has a stronger incentive to invest in R&D. 

ower R&D investment of firm A increases the probability for firm 

 to win the innovation race and raises its expected profit. The 

econd effect becomes more important if the expected time un- 

il the creation of the new submarket is shorter and depends 

ore strongly on firms’ R&D investment. In the framework of our 

odel, this aspect is closely related to the parameter α, which 

easures the impact of current R&D investment on the hazard 

ate. Figure 6 illustrates that, for sufficiently large values of α, the 

rm with a cost disadvantage on the established market can in- 

eed have a larger expected discounted payoff than its more effi- 

ient competitor. 26 The conclusion is that a firm’s burden of having 

igher capacity adjustment costs in an established market might 

ventually turn out to be a blessing since this firm has to fo- 

us its attention on innovative submarkets and, surprisingly, might 

ven turn into the innovation leader achieving a higher expected 

rofit. 

.3. Impact of competitor’s innovation on a firm’s R&D strategy 

The creation of the new submarket by a competitor has sub- 

tantial implications for the optimal dynamic innovation strategy 

f the firm that has not innovated yet. Figure 2 (b) demonstrates 

hat the R&D investment of firm A exhibits a downward jump at 

 = τB when firm B’s innovation project is successful and the new 

roduct is launched in the submarket. Correspondingly, firm A’s 

azard rate exhibits a downward jump at t = τB as well. A direct 

mplication of this observation is that the expected waiting time 

ntil firm A ’s project is successful exhibits an upward jump after 

he opponent’s innovation. The reason for the jump in firm A’s 

&D investment is that at the time firm B creates the new sub- 

arket the possibility to become temporarily the sole manufac- 

urer of the new product and reap the benefits, vanishes. This con- 

iderably decreases the value of introducing the new product for 

rm A. 

The discussion above highlights that the innovation laggard’s 

firm A) optimal level of R&D investment differs between modes 

 1 and m 3 . However, there are also qualitative changes in the 

roperties of the firm’s innovation strategy. In particular, the tran- 

ition from mode m to m implies that the sign of the relation- 
1 3 

26 In order to isolate the effect of an asymmetry in capacity adjustment costs (rep- 

esented by γ1 f ) on the value functions of firms A and B , the difference in value 

unctions in Fig. 6 is calculated for symmetric initial conditions K ini 
1 A 

= K ini 
1 B = 0 . 353 . 

his value corresponds to the steady-state capacity of firm A in the game without 

nnovation option. 
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Fig. 5. Probabilities to become temporary monopolist on the new market (a) and equilibrium dynamics of production capacities (b) in a scenario with asymmetric capacity 

adjustment costs on the established market ( γ1 A = 3 , γ1 B = 9 ). 

Fig. 6. Difference in the value functions of firms A and B for different values of the 

parameter α and symmetric initial conditions. 
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Fig. 7. Investment in R&D knowledge of firm A depending on production capacity 

of firm B on the established market before (solid line) and after (dashed line) firm 

B has innovated. The figure is based on the baseline parameter setting with sym- 

metric investment costs on the established market. The values of the variables apart 

from K 1 B are given by their steady-state value in the respective mode. 
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hip between investment in R&D knowledge stock and the oppo- 

ent’s production capacity for the established market changes (see 

ig. 7 ). In mode m 1 , an increase in incumbent B’s production ca-

acity K 1 B decreases firm A’s incentive to invest in R&D (bold line, 

ee also Fig. 4 (a)), whereas in mode m 3 it implies an increase in

rm A’s R&D activities (dashed line). The reason for this quali- 

ative change is that once firm B is active on the new submar- 

et, an increase of its production capacity on the established mar- 

et induces a reduction of firm B’s future investment on the new 

arket. This, in turn, makes the new submarket more attractive 

or firm A and, therefore, results in an increase of firm A’s opti- 

al investment in the R&D knowledge stock. 27 In the static setting 

onsidered in Dawid et al. (2013) , this effect is labeled as the in-

irect effect . Although this effect is already present in mode m 1 , 

here the effect is weighted with the probability that the oppo- 

ent wins the race and is discounted according to the expected 

nnovation time. Furthermore, from the perspective of mode m 
1 

27 Our robustness analysis in Section 7 shows that this property no longer holds 

f the adjustment speed of the knowledge stock is too large relative to that of the 

roduction capacities, i.e. for very large values of γ1 f , γ2 f or very small values of 

R f . Intuitively in such a scenario the expected effect of an increase in K 1 A on the 

uture values of I 2 A becomes less important than the instantaneous negative impact 

f such an increase on the price of the new product. 
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here is also a positive probability that firm A innovates first. In 

his case, a large production capacity K 1 B on the established mar- 

et reduces the value of innovation (size effect). The size effect 

s stronger and dominates in mode m 1 , which yields the nega- 

ive dependence of R&D investment on the opponent’s capacity, 

s discussed above, whereas the indirect effect dominates in mode 

 3 . In other words, the opponent’s current product range deter- 

ines whether firm A should increase or decrease its R&D invest- 

ent as a response to the competitor’s capacity expansion on the 

stablished market. Hence, the direction of the optimal response 

hanges over time. These insights extend in several ways the re- 

ults obtained in a static setting in Dawid et al. (2013) . There it

as been shown that the established market capacity of a competi- 

or who introduces the new product does not influence a firm’s 

ncentive to put the new product on the market (i.e. size effect 

nd indirect effect cancel each other out). Exploiting the dynamic 

tructure of our model allows us to demonstrate how, in a setting 

here the competitor does eventually introduce the new product, 

he interplay of the two effects and the dependence of the R&D in- 

estment from the competitor’s capacities on the established mar- 

et change over time. Also, contrary to Dawid et al. (2013) , in the
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Fig. 8. (a) R&D investments at time zero of firms A and B in duopoly and in monopoly for different values of the parameter α. (b) Expected innovation time in duopoly 

(black solid) and in monopoly (blue) as well as expected duration of the innovator’s monopoly on the new market in the duopoly model (black dashed) for different values 

of the parameter α. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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ynamic setting the indirect effect dominates after the product in- 

ovation of the competitor such that a positive relationship be- 

ween the competitor’s capacity on the established market and a 

rm’s R&D incentive might arise. In our discussion we have as- 

umed that the smaller firm B innovates first. However, in Ap- 

endix C we show that also if the larger firm innovates first, the 

lope of the innovation laggard’s optimal R&D investment function 

ith respect to the competitor’s capacity on the established mar- 

et changes sign after the competitor’s innovation (see Fig. 10). 

onsequently, the property that a firm’s optimal R&D strategy 

rucially depends on the rival’s product range is robust in this 

espect. 

. Effect of competition on R&D investment 

Our discussion in Section 5 has highlighted that each firm can 

nduce a sudden drop in the optimal R&D activities of its incum- 

ent competitor in the established market by launching a new dif- 

erentiated product. Even before the product is launched, a firm 

an reduce the competitor’s R&D investment by increasing its own 

&D knowledge stock. Hence, compared to a single-firm setting, in 

 duopoly market competition induces additional (strategic) incen- 

ives to undertake investments in R&D. Therefore, from a manage- 

ial perspective the question arises how R&D investments should 

e adjusted in the face of changing intensity of competition. 

To address this issue, in panel (a) of Fig. 8 we vary the 

arginal impact of current R&D investment on the hazard rate, 

aptured by α, and compare the optimal initial R&D investments 

f firms A and B in our standard duopoly setting with the sce- 

ario in which one of the firms is a monopolist. 28 R&D in- 

estments are increasing in α, because a larger value of α im- 

lies that a given R&D investment results in a higher innovation 

robability. The figure shows that the monopolist always invests 

ore in R&D. The main driving force of this finding is that in 

 monopoly the innovator does not need to take into account 

he later entry of a competitor into the new submarket. Con- 

equently, the expected intertemporal rent is larger than in the 
28 More formally, we consider the dynamic optimization problem of firm A if firm 

 is absent from the established market and also cannot innovate; see Dawid et al. 

2015) for a formal definition of the monopoly problem. Furthermore, to make the 

onopoly scenario comparable to the duopoly, we assume that the initial produc- 

ion capacity of the monopolist on the established market is given by the sum of 

he initial production capacities of the two firms in the duopoly scenario. 
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uopoly. Put more formally, in a duopoly the value function of 

he innovator is negatively affected if eventually the other firm 

lso launches the new product. In contrast, under monopoly the 

nnovator can extract the monopoly rent for the new product 

ndefinitely. 

Although the incentive to invest in R&D for the individual 

rm is larger in a monopoly market compared to duopoly, panel 

b) of Fig. 8 shows that nevertheless innovation occurs faster in 

uopoly. Despite the lower hazard rate for each individual firm, 

he expected time until the creation of the new submarket is 

maller in duopoly since both firms are working independently 

o achieve the innovation breakthrough. Figure 8 (b) also demon- 

trates that the expected time the innovation laggard needs to en- 

er the new market after the competitor has successfully innovated 

s larger than the expected innovation time in monopoly. This 

olds true although the innovation laggard has already accumu- 

ated some R&D knowledge at the time of the competitor’s inno- 

ation, whereas we assume that the initial knowledge stock of the 

rm under monopoly is zero. However, compared to a monopolist, 

he innovation laggard’s advantage of accumulated R&D knowledge 

s outweighed by the smaller expected return from introducing 

he new product to the market where the competitor is already 

ctive. 

. Robustness 

In this section, to attest the robustness of our findings, we iden- 

ify intervals around the baseline values of the model parame- 

ers for which all the qualitative properties of the R&D investment 

unctions identified in Sections 5.1 to 5.3 hold. In order to carry 

ut this robustness check, each considered parameter is varied in 

he given interval and the value functions for these parameter vari- 

tions are calculated. The analysis is then based on the consider- 

tion of the properties of the Markov-perfect equilibrium strate- 

ies associated with these value functions at the steady states in 

he corresponding modes. In Table 2 we give a description of the 

roperties that we have checked. To account for potential numer- 

cal errors stemming from our method, a margin of 5 · 10 −4 has 

een used to check for the signs of the involved expressions. 

Table 3 gives the intervals of the model parameters for which 

e have checked and found that the key properties listed in 

able 2 hold. All properties (i)–(v) are robust and, consequently, we 

an be confident that the insights reported in Section 5 are robust 

ith respect to changes in the parameter setting. 
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Table 2 

Qualitative properties checked in the robustness analysis. 

Section Mode Description Formal Requirement 

(i) 5.1 m 1 R&D investment decreases w.r.t. ∂φRA (. ;m 1 ) 
∂K 1 A 

< −5 . 10 −4 

own old market capacity 

(ii) 5.1 m 1 R&D investment decreases w.r.t. ∂φRA (. ;m 1 ) 
∂K 1 B 

< −5 . 10 −4 

competitor’s old market capacity 

(iii) 5.1 m 1 Negative effect of own old market capacity | ∂φRA (. ;m 1 ) 
∂K 1 A 

| / | ∂φRA (. ;m 1 ) 
∂K 1 B 

| 
on R&D is stronger than that of competitor’s > 1 + 5 . 10 −4 

capacity ( ⇒ larger firm invests less in R&D) 

(iv) 5.3 m 1 , m 3 R&D investment exhibits a downward jump φRA (. ; m 1 ) > φRA (. ; m 3 ) 

when competitor innovates 

(v) 5.3 m 3 R&D investment increases w.r.t. ∂φRA (. ;m 3 ) 
∂K 1 B 

> 5 . 10 −4 

competitor’s old market capacity after 

opponent’s innovation 

Table 3 

Range of parameter values for which the different qualitative properties listed in Table 2 are satisfied. A checkmark indicates that these properties are satisfied on the entire 

tested interval. 

Description Baseline Tested interval Robust (i) - (v) 

α Effectiveness of current R&D 0.2 [ 0 . 1 , 0 . 3 ] � 

β Effectiveness of knowledge stock 0.2 [ 0 . 1 , 0 . 3 ] � 

ψ Exponent of know. stock in innov. rate 1 [ 0 . 5 , 2 ] � 

ω Coeff. of innovation rate in mode m 2 / m 3 1 [ 0 . 5 , 1 . 5 ] � 

η Horizontal differentiation 0.65 [ 0 . 3 , 0 . 8 ] � 

θ Vertical differentiation 0.2 [ 0 , 0 . 4 ] � 

μR Unit costs of R&D investment 0.1 [ 0 . 05 , 0 . 3 ] � 

γ1 A , γ1 B Adjustment costs for product 1 3 [ 1 , 5 ] � 

γ2 A , γ2 B Adjustment costs for product 2 3 [ 1 , 5 ] � 

γRA , γRB Adjustment costs for knowledge stock 0.1 [ 0 . 05 , 0 . 5 ] � 

δ1 Depreciation rate for capacity K 1 0.2 [ 0 . 1 , 0 . 3 ] � 

δ2 Depreciation rate for capacity K 2 0.2 [ 0 . 1 , 0 . 3 ] � 

δr Depreciation rate of knowledge stock 0.3 [ 0 . 1 , 0 . 5 ] � 

r Discount rate 0.04 [ 0 . 02 , 0 . 06 ] � 
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. Conclusions 

In real-world markets, action-reaction or increasing dominance 

atterns of innovation can be observed. Under action-reaction, the 

maller incumbent manufacturing firm in the established market 

ecomes the innovation leader in the new market. Under increas- 

ng dominance, the dominant incumbent manufacturing firm in 

he established market also dominates the new market. In this pa- 

er, we develop a stochastic duopoly framework in order to high- 

ight some of the drivers that endogenously lead to one of these 

atterns of innovation in equilibrium. In particular, we study the 

actors that determine the incentives of incumbent firms to invest 

n the development of a new product which extends their prod- 

ct range. Our dynamic setting particularly emphasizes the inter- 

lay between the firms’ relative positions in terms of their R&D 

nowledge stocks and their relative strengths on the market for 

he established product. We explicitly take into account that the 

djustment of production capacities as well as the build-up of R&D 

nowledge are costly and take time. 

The first main insight from our analysis is that the interplay be- 

ween the firms’ R&D knowledge stocks and their positions on the 

stablished market allows a more fine-grained analysis than exist- 

ng work and can provide additional answers concerning the ques- 

ion how an incumbent firm should invest in R&D and which firm 

ill dominate innovative submarkets. In particular, we show that 

he knowledge leader might have a smaller innovation rate than 

ts competitor if it has a sufficiently large market share on the es- 

ablished market. Furthermore, for a firm with a sufficiently small 

apacity on the established market it is optimal to invest more in 

&D than its competitor even if it already has a knowledge ad- 

antage. These insights have managerial implications for optimal 
4 4 4 
&D investment and also provide a theoretical explanation for the 

mpirically observed pattern that larger incumbents are often late 

o enter emerging new submarkets. It particularly highlights that 

he “innovator’s dilemma”, i.e. that dominant incumbents are fre- 

uently late in moving into newly emerging submarkets, might not 

e due to myopic decisions of firm management, but instead might 

e fully in line with intertemporally optimal firm behavior. 

Our second main finding addresses the impact of a firm’s struc- 

ural disadvantage, captured by higher costs of adjusting produc- 

ion capacity for the established product, on the firm’s incentive 

o invest in R&D knowledge. What we find is that the burden 

f having higher adjustment costs can actually be a blessing in 

he innovation race in the long run, as it acts as a commitment 

evice for the disadvantaged firm to invest more aggressively in 

roduct innovation. We identify scenarios where this effect can be 

o substantial that despite the higher capacity adjustment costs 

n the established market, the cost follower can end up with a 

igher overall expected discounted profit than the more efficient 

ost leader. 

A third innovative contribution that our dynamic approach al- 

ows is the characterization of the firms’ optimal innovation strate- 

ies before and after a product innovation of the competitor. We 

how that it is optimal for an incumbent to reduce its investment 

n product innovation once the opponent has successfully launched 

ts new product in the submarket. We also demonstrate that the 

elationship between the optimal innovation effort and the capaci- 

ies on the established market crucially depends on whether the 

ompetitor is already active on the new submarket or not. The 

ain take-away for a firm’s optimal R&D strategy is that the ri- 

al’s current product range matters when determining the optimal 

eaction to a change in capacities on the established market. 
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A limitation we share with most of the literature on innovation 

ncentives under oligopolistic competition is that firms do not face 

ny financial constraints. As a consequence, firms are always able 

o fully implement their planned investment strategies. However, a 

ich empirical literature indicates that many firms encounter diffi- 

ulties in obtaining external funding for investments in R&D, and, 

herefore, have to rely on internal sources for financing their R&D 

ctivities. This opens up an additional channel which influences 

he interaction between a firm’s accumulated profits resulting from 

stablished products and a firm’s incentive to invest in product in- 

ovation. Examining the impact of financial constraints and inter- 

al funding of R&D activities on the firm’s optimal dynamic inno- 

ation strategy however requires to consider a model with a richer 

epresentation of the firms’ financial side, taking into account the 

rms’ dividend policy and the dynamics of firm liquidity. Develop- 

ng our analysis further in this direction is a promising avenue for 

uture research. 

ppendix A. Proof of Proposition 1 

Adopting the notation developed in Dockner et al. 

20 0 0) [p. 209] we write the objective function (8) of firm f = A, B

s 

 f = I E 

{ 

∫ ∞ 

0 

e −rt F f (m (t) , � K (t) , � I (t)) dt 

} 

(A.1) 

ith 

�
 K (t) = (K 1 A (t ) , K 1 B (t ) , K RA (t ) , K RB (t ) , K 2 A (t ) , K 2 B (t )) , �

 I (t ) =
I 1 A (t) , I 1 B (t) , I RA (t) , I RB (t) , I 2 A (t) , I 2 B (t)) denoting state and control

ectors 29 and 

F A (m, � K , � I ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

(1 − (K 1 A + K 1 B )) K 1 A − μ1 I 1 A − γ1 f 

2 
I 2 1 A − μR I RA −

(1 − (K 1 A + K 1 B ) − ηK 2 A ) K 1 A + (1 + θ − η(K 1 A +
−μ1 I 1 A − γ1 A 

2 
I 2 1 A − μ2 I 2 A − γ2 A 

2 
I 2 2 A 

(1 − (K 1 A + K 1 B ) − ηK 2 B ) K 1 A − μ1 I 1 A − γ1 A 

2 
I 2 1 A −

(1 − (K 1 A + K 1 B ) − η(K 2 A + K 2 B )) K 1 A 

+ (1 + θ − η(K 1 A + K 1 B ) − (K 2 A + K 2 B )) K 2 A − μ

F B (m, � K , � I ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

(1 − (K 1 A + K 1 B )) K 1 B − μ1 I 1 B − γ1 B 

2 
I 2 1 B − μR I RB −

(1 − (K 1 A + K 1 B ) − ηK 2 A ) K 1 B − μ1 I 1 B − γ1 B 

2 
I 2 1 B − μ

(1 − (K 1 A + K 1 B ) − ηK 2 B ) K 1 B + (1 + θ − η(K 1 A +
−μ1 I 1 B − γ1 B 

2 
I 2 1 B − μ2 I 2 B − γ2 B 

2 
I 2 2 B 

(1 − (K 1 A + K 1 B ) − η(K 2 A + K 2 B )) K 1 B 

+(1 + θ − η(K 1 A + K 1 B ) − (K 2 A + K 2 B )) K 2 B − μ1

he mode depending instantaneous profit functions of the two 

rms. Denoting the transition rates between modes m ∈ M and 

˜  ∈ M by q m, ̃ m 

( � K , � I ) we get in light of (4) 

 m, ̃ m 

( � K , � I ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

λ(I RA , K RA ) (m, ˜ m ) = (m 1 , m 2 ) , 
λ(I RB , K RB ) (m, ˜ m ) = (m 1 , m 3 ) , 
ωλ(I RA , K RA ) (m, ˜ m ) = (m 3 , m 4 ) , 
ωλ(I RB , K RB ) (m, ˜ m ) = (m 2 , m 4 ) , 
0 else . 

(A.4) 
29 In what follows we denote by � I f the three dimensional vector (I 1 f , I R f , I 2 f ) of 

ontrols of firm f . Similarly, �
 φ f = ((φ1 f , φR f , φ2 f )) denotes the vector of feedback 

unctions of firm f . 
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A m = m 1 

) − K 2 A ) K 2 A 

m = m 2 

 

− γRA 

2 
I 2 RA m = m 3 

γ1 A 

2 
I 2 1 A − μ2 I 2 A − γ2 A 

2 
I 2 2 A m = m 4 

(A.2) 

 

B m = m 1 

 

− γRB 

2 
I 2 RB m = m 2 

 − K 2 B ) K 2 B 

m = m 3 

γ1 B 

2 
I 2 1 B − μ2 I 2 B − γ2 B 

2 
I 2 2 B m = m 4 

(A.3) 

inally, we denote the right hand side of the state dynamics for the 

ix states by 

f 1 f (m, � K , � I ) = I 1 f − δK 1 f m ∈ M, f = A, B 

f 2 A (m, � K , � I ) 

{
0 m = m 1 , m 3 

I 2 A − δK 2 A m = m 2 , m 4 

f 2 B (m, � K , � I ) 

{
0 m = m 1 , m 2 

I 2 B − δK 2 B m = m 3 , m 4 

f RA (m, � K , � I ) 

{
I RA − δK RA m = m 1 , m 3 

0 m = m 2 , m 4 

f RB (m, � K , � I ) 

{
I RB − δK RB m = m 1 , m 2 

0 m = m 3 , m 4 . 

(A.5) 

or simplicity we assume here that the knowledge stock of a firm 

tays constant after its innovation (rather than decreasing with rate 

), which however is irrelevant since the knowledge stock is of no 

se for the firm after its innovation. 

Using this notation we can apply Theorem 8.2 in Dockner et al. 

20 0 0) , which establishes that if there exists a pair of bounded dif-

erentiable functions V A ( � K , m ) , V B ( � K , m ) and Markovian strategies
�
 

A ( � K , m ) , � φB ( � K , m ) such that V A , V B satisfies the Hamilton-Jacobi-

ellman (HJB) equations 

V f ( � K , m ) 

= max 
I 1 f ,I R f ,I 2 f 

[ 
F f (m, � K , ( � I f , 

�
 φ(− f ) )) 

+ 

∑ 

˜ m ∈ M\{ m } 
q m, ̃ m 

( � K , ( � I f , 
�
 φ(− f ) ))(V f ( � K , ˜ m ) − V f ( � K , m )) 

+ 

∂V f 

∂K 1 f 
f 1 f (m, � K , ( � I f , 

�
 φ(− f ) )) + 

∂V f 

∂K 2 f 
f 2 f (m, � K , ( � I f , 

�
 φ(− f ) )) 

+ 

∂V f 

∂K R f 

f R f (m, � K , ( � I f , 
�
 φ(− f ) )) 

+ 

∂V f 

∂K 1(− f ) 

f 1(− f ) (m, � K , ( � I f , 
�
 φ(− f ) )) + 

∂V f 

∂K 2(− f ) 

f 2(− f ) (m, � K , ( � I f , 
�
 φ(− f ) ))

+ 

∂V f 

∂K R (− f ) 

f R (− f ) (m, � K , ( � I f , 
�
 φ(− f ) )) | I 1 f , I 2 f ∈ I R , I R f ∈ I R 0 

] 
, (A.6)
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nd 

�
 φ f ( � K , m ) maximizes the right hand side of this equation for all

�
 

 ∈ [0 , 1] 2 × [0 , K̄ R ] 
2 × [0 , 1 + θ ] 2 and all m ∈ M, then the strategy

rofile ( � φA ( � K , m ) , � φB ( � K , m )) is a stationary Markov perfect equilib-

ium. 30 

Inserting (A .2) –(A .5) into (A .6) and adopting the simplified no- 

ation, which we also use in the paper, that in each mode only the 

elevant state and control variables are listed, yields the following 

JB equations in the different modes. 

Mode m 1 : the HJB equations of both firms are symmetric and 

re given by 

 V f (K 1 f , K R f , K 1(− f ) , K R (− f ) , m 1 ) 

= max 
I 1 f ,I R f 

[ 
(1 − (K 1 A + K 1 B )) K 1 f − μ1 f I 1 f −

γ1 

2 
I 2 1 f − μR f I R f −

γR 

2 
I 2 R f 

+ 

∂V f ( � K m 1 , m 1 ) 

∂K 1 f 
(I 1 f − δK 1 f ) + 

∂V f ( � K m 1 , m 1 ) 

∂K R f 

(I R f − δR K R f ) 

+ 

∂V f ( � K m 1 , m 1 ) 

∂K 1(− f ) 

(φ1(− f ) − δK 1(− f ) ) + 

∂V f (·, m 1 ) 

∂K R (− f ) 

(φR (− f ) − δR K R (− f ) ) 

+(αI R f + βK 
ψ 
R f 

) 
(
V f (K 1 f , 0 , K 1(− f ) , K 2(− f ) ) , m 

in ) − V f ( � K m 1 , m 1 ) 
)

+(αφR (− f ) + βK 
ψ 
R (− f ) 

) 
(
V f (K 1 f , K 2 f , K 1(− f ) , 0) , m 

lag ) − V f ( � K m 1 , m 1 ) 
) ] 

, 

(A.7) 

here m 

in = m 2 , m 

lag = m 3 for f = A and m 

in = m 3 , m 

lag = m 2 for

f = B . The right hand side (RHS) of equation (A.7) is strictly con-

ave in (I 1 f , I R f ) . Consequently, the first order conditions for the

aximization of the RHS are necessary and sufficient and yield ex- 

ressions (9), (10) and (11) for I 1 f and I R f . 

Mode m 2 : in modes m 2 (and m 3 ) the HJB equations of the in-

ovator and the laggard differ substantially. In mode m 2 , the HJB 

quation of the innovator firm A reads 

r V A ( � K 

m 2 , m 2 ) 

= max 
I 1 A ,I 2 A 

[ 
(1 − (K 1 A + K 1 B ) − ηK 2 A ) K 1 A − μ1 I 1 A −

γ1 A 

2 

I 2 1 A 

+ (1 + θ − K 2 A − η(K 1 A + K 1 B )) K 2 A − μ2 I 2 A −
γ2 A 

2 

I 2 2 A 

+ 

∂V A ( � K 

m 2 , m 2 ) 

∂K 1 A 

(I 1 A − δ1 K 1 A ) 

+ 

∂V A ( � K 

m 2 , m 2 ) 

∂K 1 B 

(φ1 B ( � K 

m 2 , m 2 ) − δ1 K 1 B ) 

+ 

∂V A ( � K 

m 2 , m 2 ) 

∂K 2 A 

(I 2 A − δ2 K 2 A ) 

+ 

∂V A ( � K 

m 2 , m 2 ) 

∂K RB 

(φRB ( � K 

m 2 , m 2 ) − δR K RB ) + (αφRB ( � K 

m 2 , m 2 ) 

+ βK 

ψ 

RB 
)(V A (K 1 A , K 2 A , K 1 B , 0 , m 4 ) − V A ( � K 

m 2 , m 2 )) 
] 
. (A.8) 

For the laggard firm B we obtain 

 V B ( � K m 2 , m 2 ) 

= max 
I 1 B ,I RB 

[ 
(1 − (K 1 A + K 1 B ) − ηK 2 A ) K 1 B − μ1 I 1 B − γ1 B 

2 
I 2 1 B − μR I RB 

−γRB 

2 
I 2 RB + 

∂V B ( � K m 2 , m 2 ) 

∂K 1 B 
(I 1 B − δ1 K 1 B ) + 

∂V B ( � K m 2 , m 2 ) 

∂K RB 

(I RB − δR K RB ) 

+ 

∂V B ( � K m 2 , m 2 ) 

∂K 
(φ1 A ( � K m 2 , m 2 ) − δ1 K 1 A ) 
1 A 

30 Theorem 8.2 in Dockner et al. (20 0 0) holds under the condition that the piece- 

ise deterministic state-mode process given by (A.4) and (A.5) is well defined for 

ll ( � K (0) , m (0)) ∈ [0 , 1] 2 × [0 , ̄K R ] 
2 × [0 , 1 + θ ] 2 × M, which is satisfied in our set- 

ing. Also, strictly speaking the theorem states that � φA ( � K , m ) , � φB ( � K , m ) is a subgame 

erfect Markovian Nash equilibrium, which is their notation for a Markov perfect 

quilibrium. 

C

C

D  

446 
+ 

∂V B ( � K m 2 , m 2 ) 

∂K 2 A 
(φ2 A ( � K m 2 , m 2 ) − δ2 K 2 A ) 

+ (αI RB + βK 
ψ 
RB 

)(V B (K 1 A , K 2 A , K 1 B , 0 , m 4 ) − V B ( � K m 2 , m 2 )) 
] 
. (A.9) 

Like in mode m 1 , the derivation of the expressions of the in- 

estment functions (9) and (12) by the first order conditions is 

traightforward. 

Symmetric equations are obtained for mode m 3 , where firm B 

s the innovator and firm A is the laggard. 

Mode m 4 : in this mode the HJB equations are again symmetric 

cross firms and read 

 V f ( � K 

m 4 , m 4 ) 

= max 
I 1 f ,I 2 f 

[ 
K 1 f (1 − (K 1 A + K 1 B ) − η(K 2 A + K 2 B )) − μ1 I 1 f −

1 

2 

γ1 f I 
2 
1 f 

+ K 2 f (1 + θ − η(K 1 A + K 1 B ) − (K 2 A (t) + K 2 B )) − μ2 I 2 f −
1 

2 

γ2 f I 
2 
2 

+ 

∂V f ( � K 

m 4 , m 4 ) 

∂K 1 f 

(I 1 f − δ1 K 1 f ) + 

∂V f ( � K 

m 4 , m 4 ) 

∂K 2 f 

(I 2 f − δ2 K 2 f ) 

+ 

∂V f ( � K 

m 4 , m 4 ) 

∂K 1(− f ) 

(φ1(− f ) ( � K 

m 4 ) − δ1 K 1(− f ) ) 

+ 

∂V f ( � K 

m 4 , m 4 ) 

∂K 2(− f ) 

(φ2(− f ) ( � K 

m 4 ) − δ2 K 2(− f ) ) 
] 
. (A.10) 

By the strict concavity of the RHS in (I 1 f , I 2 f ) , the first order

onditions are necessary and sufficient and again yield the expres- 

ions (9) for the investment functions. 

upplementary material 

Supplementary material associated with this article can be 

ound, in the online version, at doi: 10.1016/j.ejor.2022.06.046 . 
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