.
TILBURG ¢ }%%_’ & UNIVERSITY
l\‘;fl

The split core of sequencing games

Authors Hamers,H.J.M.; Suijs,J.P.M; Tijs,S.H.; Borm,P.E.M.
Published in Games and Economic Behavior

Publication Date 1996

Link https://research.tilburguniversity.edu/en/

publications/28693e2d-82da-456a-909b-3e037bed 7403

Citation Hamers, H J M, Suijs, J P M, Tijs, S H & Borm, P E M 1996, "The split core of
sequencing games’, Games and Economic Behavior, vol. 15, no. 2, pp. 165-176.

Download Date 2025-12-1317:13:58

Rights General rights

Copyright and moral rights for the publications made accessible in the public
portal are retained by the authors and/or other copyright owners and it is a
condition of accessing publications that users recognise and abide by the legal
requirements associated with these rights.

- Users may download and print one copy of any publication from the public
portal for the purpose of private study or research.

- You may not further distribute the material or use it for any profit-making
activity or commercial gain

- You may freely distribute the URL identifying the publication in the public
portal”

Take down policy

If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately and
investigate your claim.



https://research.tilburguniversity.edu/en/publications/28693e2d-82da-456a-909b-3e037bed7403
https://research.tilburguniversity.edu/en/publications/28693e2d-82da-456a-909b-3e037bed7403

GAMES AND ECONOMIC BEHAVIOR 15, 165-176 (1996)
ARTICLE NO. 0064

The Split Core for Sequencing Games
Herbert Hamers,* Jeroen Suijs, Stef Tijs, and Peter Borm

CentER and Department of Econometrics, Tilburg University, P.O. Box 90153, 5000 LE Tilburg,
The Netherlands

Received November 2, 1994

The split core is a refinement of the core for sequencing games. The split core arises
from a generalization of the equal gain splitting (EGS) rule that is introduced by Curiel
et al. (1989). Itis pointed out that the split core is the convex hull of permutation-based gain
splitting allocations and the EGS allocation is in the barycenter of the split core. Finally,
an axiomatic characterization of the split core is provided. Journal of Economic Literature
Classification Number: 026.  ©1996 Academic Press, Inc.

1. INTRODUCTION

In one-machine sequencing situations each agent has one job that has to be
processed on a single machine. Each job is specified by its processing time, the
time the machine takes to handle the job. We assume that the cost of a player
depends linearly on the completion time of his job. Finally, there is an initial
order on the jobs of the agents before the processing of the machine starts.

Each group of agents (coalition) is allowed to obtain cost savings by reatrang-
ing their jobs in a way that is admissible with respect to the initial order. An
optimal order of a coalition is an admissible rearrangement that maximizes the
cost savings of this coalition. By defining the worth of a coalition as the (maxi-
mum) cost savings a coalition can make by an optimal admissible rearrangement,
we obtain a cooperative sequencing game, related to the one-machine sequencing
situation. This game theoretic approach has been taken in Curiel et al. (1989).
They introduced the equal gain splitting (EGS) rule on the class of sequenc-
ing situations. The EGS rule is based on the fact that the optimal order of the
grand coalition can be obtained from the initial order by consecutive switches
of neighbors. According to the EGS rule each agent obtains half of the gains
of all neighbor switches he is actually involved in to reach an optimal order.
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Note that the EGS rule is independent of the chosen optimal order and that the
gain of a neighbor switch is independent of the position of the neighbors in the
queue. It was shown that each EGS allocation is in the core of the corresponding
sequencing game. Further, an axiomatic characterization of the EGS rule was
provided. Curiel et al. (1993b) showed that the EGS allocation is the average
of two marginal vectors of the corresponding sequencing game. Curiel et al.
(1993a) presented an alternative characterization of the EGS rule. Moreover,
they introduced the head-tail core for sequencing games and showed that the
corresponding EGS allocation is in the barycenter of this core. They also showed
that the EGS rule can be regarded as a general nucleolus (Maschler et al. 1992).

This paper considers a generalization of the EGS rule. For the EGS rule, the
equal splitting of the gain of each neighbor switch can be interpreted as a result
of a bargaining process. However, such a bargaining process can lead to other
nonnegative divisions of the gain of each neighbor switch. Therefore, we study
division rules for sequencing situations where each player obtains an arbitrary
nonnegative part of the gains of all neighbor switches he is actually involved in
to reach the optimal order. The union of all corresponding allocations is called
the split core. Obviously, the EGS allocation is an element of the split core. It
is shown that the split core of a sequencing situation is a subset of the core of
the corresponding sequencing game. Further, it is shown that the split core is the
convex hull of so-called permutation-based gain splitting allocations and that the
corresponding EGS allocation is the average of these vectors. Finally, it is shown
that the split core is the largest set-valued solution concept satisfying efficiency,
the dummy property, and a monotonicity condition.

2. SEQUENCING GAMES

In a one-machine sequencing situation there is a queue of agents, each having
one job that has to be processed by one machine. The finite set of agents is
denoted by N = {1, ..., n}. The processing order of the agents is described by a
bijectiono: N — {1, ..., n}. Specifically, o (i) = j means that the job of agent
i is the jth that will be processed. We assume that there is an initial processing
order op: N — {1,...,n} on the jobs of the agents before the processing of
the machine starts. The processing time p; of the job of agent i is the time the
machine takes to handle this job. Further, it is assumed that for each agent the
cost for spending time in the system can be expressed in an infinitely divisible
transferable commodity, i.e., money, and that these costs are described by an
affine cost function ¢;: [0, 00) — R defined by ¢;(¢) = ot + B; with o > 0,
Bi € R.So¢;(t) is the cost for agent i if he has spent 7 units of time in the system.

A sequencing situation as described above is denoted by (N, p, «, o) where
N ={L...,n}, p = (pi)ien € R, @ = (@)ieny € R}, and op: N —
{1,...,n}. The vector 8 = (B;)ieny € R" is omitted in the description of the
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sequencing situation since the fixed costs it represents are independent of the
processing order of the jobs.

Givenaprocessingordero: N — {1, ..., n}, the completion time of the job of
agent i equals C(0, i) = } ;cp(,.i) Pj + Pi» Where P(o,1) = {j | 0 (j) < o (i)}
is the set of predecessors of agent’s i job with respect to the processing order o.

Because we assumed that the costs of the agents are expressed in money, the
costs of an agent increase either when the time he spends in the system increases
or when he has to pay an amount of money. Similarly, the costs of an agent
decrease either when the time he spends in the systems decreases or when he
receives an amount of money. Using these facts, agents can obtain cost savings
in the following way. First we introduce an outside agent who acts like a bank.
Next, consider a new processing order which differs from the initial processing
order. Now, if an agent has moved forward in this new processing order, the time
he spends in the system has decreased and hence, his costs have decreased. Such
an agent has to pay an amount of money to the bank such that his new costs
plus the amount of money paid equals the costs he had in the initial processing
order. Similarly, an agent who has moved backward in the new processing order
receives an amount of money from the bank such that his new costs minus the
amount of money received equals the costs he had in the initial processing order.
So each agent ends up with the same costs as in the initial processing order.
Moreover, there is a surplus (or deficit) of money in the bank.

In this paper we focus on two issues, the processing order which maximizes
the bank’s surplus and how this surplus can be allocated over the agents.

For the first issue, consider an arbitrary processing order . The amount agent
i has to pay to the bank equals C(0y, i) — C (o, i). Hence, the surplus of the bank
equals Zie n(C (o0, i) — C(a, i)). For the processing order which maximizes
this expression we can rely on a result due to Smith (1956), which says that
the cost savings are maximal if the jobs are processed in decreasing order with
respect to «;/p;.

For the second issue we will make use of cooperative game theory. Therefore
we start with some basic definitions from this area.

A cooperative game is a pair (N, v), where N is a finite set of players and v
is a mapping v: 2% — R with v(@) = 0 and 2" the collection of all subsets
of N. The function v is called the characteristic function of the game and v(S)
denotes the worth of the coalition § € 2V,

A game (N, v) is called convex if for all coalitions §, T € 2¥ and alli € N
with § € T C N\{i} it holds that

u(T U {i}) = o(T) = v(S U {i}) — v(8).

Cooperative game theory focuses on division rules for the worth v(N') of the
grand coalition. A core element x = (x;);ex € RY is such that no coalition has
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an incentive to split off, i.e.,

> x=v(N)andx(5) 2 v(S)  forall § €2,
ieN
where x(S) = Y, <s %i. The core C(v) consists of all core elements.
Let (N, v) be a game and let [Ty be the set of all permutations of N. Then the
kth coordinate of the marginal vector m” (v), w € Iy, is defined by

mi () =v({j | w(j) 7@ —v{j | 7)) < 7ED.

Shapley (1971) and Ichiishi (1981) showed that the marginal vectors are the
extreme points of the core if and only if the game is convex. Since the core is
a convex set we have that the core of a convex game is the convex hull of its
marginals. :

To find “appropriate™ allocations of the bank’s surplus we will construct a
cooperative game, with agent set N and characteristic function v, denoting the
maximal cost savings each coalition can obtain by rearranging their positions in
the processing order. For the grand coalition N we know that

v(N) = max Z(C(ag, i) — C(o, 1)),
TELN N

where Xy is the set of all processing orderso: N — {1,2,...,n}.

For determining v(S) for coalitions S #* N we need to know which changes
in the processing order are allowed for a coalition S and which are not. For
instance, in a three-agent sequencing situation with initial processing order
(1,2, 3), agents 1 and 3 cannot change places without the cooperation of agent 2.
Sothe only processing order which is allowed for coalition § = {1, 3} is the order
(1,2, 3). In general, changes in processing orders where members of coalition
S pass agents outside coalition § are not allowed. More formally, a processing
order o is admissible for coalition S if P(o,i) = P(op, i) forall i € N\S.
The set of admissible processing orders for coalition S is denoted with Xg. The
maximal cost savings a coalition S € 2% can obtain is then defined by

u(S) = gneag;(c'(ao, i) — C(o, i)). (1)

The cooperative game defined above is called a cooperative sequencing game.
These games were first introduced by Curiel et al. (1989).

We conclude this section with a recapitulation of some results achieved by
Curiel et al. (1989) which will be useful in the remainder of the paper. A coalition
S is connected if for all i, j € S and all k € N with og(i) < gp(k) < oo(f) it
holds that & € S. For connected coalitions S expression (1) can be written as

v(S) = Z 8ij,

i,jeS: op(i)<oo(})
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where g;; 1= max{p;o; — pjo, 0} represents the cost savings attainable by
agents i and j when agent { is exactly in front agent j. In other words, g;; equals
the maximal amount of money that can be transferred from agents i and j to the
bank. For a coalition T which is not connected it follows from the definition of
Yr that

o(T) = Z 2(S)

SGT\U()

with T\ oy the set of maximally connected components of T.
The EGS rule of a sequencing situation (N, p, «, op) is defined by

1 1
EGS;(N,P,W,00)=§A Z ' gij+ = Z 8
jt oo(j)>o0(i) k: ou(k) <ap(i)

for all i € N. Note that the optimal processing order can be obtained from the
initial processing order by consecutive switches of neighbors i, j with g;; = 0
(¢f. Smith, 1956). The EGS rule then divides the cost savings obtained in a
neighbor switch equally among the two agents involved in the neighbor switch.
Finally we recall that sequencing games are convex and that the EGS rule assigns
to each sequencing situation an allocation that is in the core of the corresponding
sequencing game.

ExaMPLE 2.1. LetN ={1,2,3},p = (2,2, 1),a = (4,6,5),and op(i) = i
foralli € N.Itfollowsthat gy = go3 = 4and g3 = 6. Then EGS (N, p, o, 0p)
= 1(4+6) = 5,EGS2(N, p, &, 09) = 2(4+4) = 4,and EGS3(N, p, o, o) =
1644 =5.

3. THE SPLIT CORE

In this section we introduce the split core of a sequencing situation. It is
shown that the split core of a sequencing situation is a subset of the core of the
corresponding sequencing game. Further, we introduce permutation-based gain
splitting allocations to describe the extreme points of the split core with. It is
then shown that the EGS allocation is in the barycenter of the corresponding
split core. Finally, the split core is axiomatically characterized by efficiency, the
dummy property, and a form of monotonicity.

Generalizing the EGS rule we consider gain splitting (GS) rules in which each
player obtains a nonnegative part of the cost savings of all neighbor switches
he is actually involved in to reach the optimal order. Formaily, we define for all
ieNandalll e A

GS}HN, p,a, 0p) = Z Aij8ij + Z (1 — Aki) g

J: oo(i)<oo(j) ki ag(k) <op(i)
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where A = {{A;j}i jen,ij | 0 < A;; < 1). Note that for each A € A we possibly
obtain another allocation. Moreover, GS*(N, p, o, 0g) = EGS(N, p, a, 0p) in
case A;; = 4 foralli, j € {1,...,n},i # j.

ExampLE 3.1. Consider the situation described in Example 2.1. If we take
M2 =, M3 = §,and A3 = 1, then GS}(N, p, @, 0p) = 5,GS;(N, p, @, 0p) =
5, and GS%(N, ps ¢, 0p) = 4.

The split core of a sequencing situation (N, p, &, 0p) is defined by
SPC(N, p,a, 0p) = {GS*(N, p, @, 0p) | A € A}.
First it is shown that the split core is a subset of the core.

THEOREM 3.2. Let (N, p, o, 6p) be a sequencing situation and let (N, v) be
the corresponding sequencing game. Then SPC(N, p, o, op) C C(v).

Proof. Let A € A and let S be a connected set. Then

ZGS?(N’ p, @, 00) = ZL Do eyt Z 8ui(l _)"ki)il

ie§ ieS L og(i)<aoa(f) ki og(k)<ayg(i)
> ZL Yoyt Y. gud —xko]
ieS |jeSs: oy(i)<op(f) keS: aplk)<on()

= Z gij = v(S).

i, jes: aa()<ao(})

In case S = N the inequality above becomes an equality. Hence, GS*(N, p,
a,00) € C(v). m

For describing the extreme points of the split core we assign to each permuta-

tion 7 € Iy a vector A(z) € A in the following way. For all i, j € {1,...,n},
L#]J
n_ )0 if T(@) < 7(j)
Ay (0) = { 1 i@ > o() @)

Then foreach sequencing situation (N, p, «, o) the collection of permutation-
based gain splitting allocations is defined by

PBGS(N, p,a, ap) = {GS*(N, p,a, 0p) | T € TTy).

Let (N, p, «, 0p) be a sequencing situation. Then the corresponding switching
game (N, w) is defined by

w®= Y g forallScN.

i,jeS: op(i)<ao())
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With (N, v) the corresponding sequencing game we have that w(S) > v(S) if
S is a disconnected coalition and that w(S) = v(S) if § is a connected coalition.
Hence, C(w) ¢ C(v). Further, it is easy to verify that each switching game is a
convex game.

The next lemma states that the marginal vectors of the switching game coincide
with the permutation-based gain splitting allocations of the sequencing situation.

LEMMA 3.3. Let (N, p,«, 0y) be a sequencing situation and (N, w) be the
corresponding switching game. Then m*(w) = GSM(N, p, o, op) for each
T € [y.

Proof. Leti € N and 7 € [Iy. Define the set of predecessors (followers)
of agent [ with respect to a permutation T by P(r,i) = {j | t(j) < (i)}
(F(z,i) ={j | ©(j) > ©(®)}). Then

GSSOW, o) = Y ghy@®+ Y gull = k()
Jt op(i)<ao(f) k: oo(k)<ap (i)
= Z &ijhij (T) + Z gijhij(t)
JEP(T,))NF(0g,i) JeF(z,DNF(ag,i)

+ > gl = Au(®)
keP(z, NP (0y,i)

+ ) ekl ha()
keF (v, ))NP(o0,i)

= Z &ij + Z 8ki

JEP(T,DNF (ag,i) ke P(1,i)NP(0g,i)
= Z 8kl — Z 8kl
kJeP(z,H)L[i): oplk)<op() kleP(r,i): aplk)<op(l)

v(P(z, i) U{i}) — v(P(r, 1)) = m;(w),
where the third equality follows from (2). =

The following theorem shows that the split core is the convex hull of all
corresponding permutation-based gain allocations.

THEOREM 3.4. Let (N, p,a, ag) be a sequencing situation. Then
SPC(N, p, a, o) = conv{GS* (N, p, a, ap) | T € TIy}.

Proof. Let (N, w) be the switching game corresponding to (N, p, «, ap).
Since (N, w) is a convex game we have that C(w) = conv{m™(w) | v € Iy}
Lemma 3.3 implies that conv{m®(w) | T € Iy} = conv{GS* (N, p, &, op) |
T € My}. Since SPC(N, p, o, gp) is a convex set we have C(w) C SPC(N, p,
o, op). ‘



172 HAMERS ET AL.

On the other hand, let A € A and let S C N. Then

Y GSIN, p,a,00) 2 ZL Z g+ Y. gu(l- }\ki)jl

ies ies &S8: ap()<oo()) keS: oplk)<og(i)

= 2 sy=uw)

i,jes: ap(i)<oo())

In case § = N the inequality in the above calculation becomes an equality.
Hence, SPC(N, p, o, 00) C C(w). =

From Theorem 3.4 it follows immediately that for each sequencing situa-
tion (N, p, @, 0p) the set PBGS(N, p, «, o) is the set of all extreme points of
SPC(N, p, «, ap). ,

The next theorem shows that the EGS allocation of a sequencing situation is
the average of all corresponding permutation-based gain splitting allocations.

THEOREM 3.5. Let (N, p, «, op) be a sequencing situation. Then

1
EGS(N, p,a, 0p) = — § " GS*N(N, p, o, 0p).
n!

* relly

Proof. For each v € Ty there exists a unique t¢ € Iy such that A(7) +
A(z°) = A(e), where A(e) € A with A(e);; = 1 foralli,j € N,i # j.
Note that the definition of A(t) implies that {t | 7 € Iy} = {t° | T €
Ty} Since GSM (N, p, o, 60) +GS* (N, p, o, op) = GS*O(N, p, , 0p) =
2EGS(N, gy, p, @) we have that

1
— Y GO, p, a, o)

*telly

1 1 1 i
= (E GSY(N, p, &, op) + 5 GS* NN, p, a, 0'0)>
' relly
1
=0 Z EGS(N, p, a, op) = EGS(N, p, a, ap). .

trelly

ExamPLE3.6. LetN ={1,2,3),p=2,2, 1), =(4,6,5),andoy(i) =i
foralli € N.Thengiy = g3 = 4and g;3 = 6, and the corresponding sequencing
game is given by v({1}) = v({2]) = v({3}) = 0, v({1,2}) = v({2,3}) = 4,
v({1,3}) = 0, and v({1, 2, 3}) = 14. The extreme points of SPC(N, p, a, cp)
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m™(v

m?(v) m" ?v; GS§NT)  GeAm)

FIGURE 1

are

GS*™(N, p,a, 09) = (0,4,10),  where o = (1,2, 3)
GS*™(N, p, &, o) = (0, 8, 6), where 7; = (1, 3, 2)
GSM™? (N, p,a, o0) = (4,0,10),  where vy = (2, 1, 3)
GS*™(N, p,a, 0p) = (10,0,4),  where; = (2,3,1)
GS*™)(N, p, o, ap) = (6, 8, 0), where 74 = (3, 1, 2)
GS*®)(N, p, @, 00) = (10,4,0),  where s = (3,2, 1)

and EGS(N, p, @, 0¢) = + 3en, GO W, p, , 00) = (5,4, 5). Note that
mi(v) = GSM(N,p,a,00) for i € {0,2,3,5} and that m"(v) #
GS*®(N, p, a, op) fori € {1, 4}. (See Fig. 1)

In Example 3.6 an extreme point of the core of a sequencing game coincides
with an extreme point of the corresponding split core if the corresponding per-
mutation is connected. Here, a permutation 7 € Iy is called connected if for
any [ € N the set P(t,1) is a connected set. The next proposition shows that
this property holds for any sequencing situation.

PROPOSITION 3.7. Ler (N, p, o, 0y) be a sequencing situation and (N, v)
the corresponding sequencing game. Then m*(v) = GS™(N, p, a, op) if T is
connected.

Proof. For any connected v € Iy we have m*(v) = m"(w). Lemma 3.3
then completes the proof. =

Example 3.6 shows that in case a permutation is not connected the corre-
sponding permutation-based gain splitting allocation does not necessarily co-
incide with a marginal vector of the sequencing game. The following example
illustrates that a A € A with A;; € {0,1} foralli, j € N, i s j that does not
arise by a permutation t € Iy as defined in (2) is not necessarily an extreme
point of SPC(N, p, e, op).
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ExaMPLE 3.8. Consider the game of Example 3.6. Consider A defined by
Ann = 1, A3 = 0, and A3 = 1. Obviously A cannot be constructed by means
of a permutation 7 as in (2). Note that GS*(N, p, &, o) = (4, 6,4) is not an
extreme point of SPC(N, p, «, 0p).

In the following we will give an axiomatic characterization of the split core.
For this, let SEQ(N) represent the class of all sequencing situations with agent
set N. A set-valued solution concept y assigns to each sequencing situation
SEQ(N) a nonempty subset of R, We consider the following three properties
of a solution concept y.

(i) Efficiency: Let (N, p, a, o) € SEQ(N) and let & be an optimal processing
order for N. Thenforany x € y (N, p, @, op) wehavethaty ., X = Cy(00) —
Cy(a).

(ii) Dummy property: Let (N, p, o, op) € SEQ(N) and let & be an optimal
processing order for N. If P(og, k) = P(&,k) for some k € N, then for all
x € y(N, p, r, op) it holds that x; = 0.

(iii) Monotonicity: Let (N, p, o, ap), (N, p,a,01) € SEQ(N)and i, j € N
be such that op(i) = oo(j) — 1, o1(i) = oy(j), 01(j) = op(i) and o1 (k) =
op(k) for all k € N\{i, j}. Then for all x € y(N, p, &, op) there exists a y €
v(N, p, o, o1) such that

(@) x; =y forall k € N\{i, j} and x; > y;, x; = y;, or
(b) xp =y forallk e N\{i, j} and x; < y;, x; < y;.

Efficiency states that the maximum cost savings of the grand coalition is
divided among the players. The dummy property states that if a player does not
contribute to the cost savings of the grand coalition, then he will obtain no share
of these profits. For the explanation of monotonicity, note that if two neighbors i
and j change places in a sequencing situation with initial order oy, the resulting
situation can be interpreted as a sequencing situation with initial order o. Then
monotoricity states that for each allocation of the solution concept with respect
to the game with initial order oy, there exists an allocation of the solution concept
of the game with initial otder o, such that the remaining agents receive the same
payoff and the agents i and j either both lose or both gain something. Note that
the combination of monotonicity and efficiency yields that agents i and j will
indeed change places if this is necessary to reach the optimal order.

The following theorem shows that the split core is the “maximal” solution
concept that satisfies efficiency, the dummy property, and monotonicity. Here,
maximality means that any solution concept that satisfies these three properties
assigns to each sequencing situation a subset of the split core.

THEOREM 3.9.  The split core is a solution concept on SEQ(N) that satisfies
efficiency, the dummy property, and monotonicity. Let y be a solution concept on



SPLIT CORE FOR SEQUENCING GAMES 175

SEQ(N) that satisfies efficiency, the dummy property, and monotonicity. Then
v (N, p, o, 0p) CSPC(N, p, o, 0p) forall (N, p, a, op) € SEQ(N).

Proof. Obviously, the split core assigns to each sequencing situation in
SEQ(N) a nonempty subset of RV, First we show that the split core satisfies the
three properties. Let (N, p, o, 0p) € SEQ(N). Efficiency follows immediately
from the fact that SPC(N, p, «, 0p) is a subset of the core of the corresponding
sequencing game. If player k is a dummy player we have that g;; = 0 for all
i € N with op(i) < op(k) and g; = O for all j € N with op(k) < gy(j). This
implies that GS,’: (N, p,a, op) = Oforany A € A and consequently the split core
satisfies the dummy property. For monotonicity, let A € A andleti, j € N be
such that oy (i) = 00(j) — 1 and take oy such that oy () = ao(Jj), 01(j) = op(i)
and o1(k) = oy(k) for all k € N\{i, j}. From the definition of a gain splitting
allocation it readily follows that

GS:N, p, e, 0p) = GSX(N, p, o, 01)  forallk € N\{i, j}.  (3)
Further, we have that

GS}N, p, e, 00) — GS}(N, p, @, 01) = gijhi; — gji(l — Aji) 4)
and

GS}“(N, D, u,0p) — GS}(N: poa,ar) = g1 — Aij) — gjihji. )

Ifo;p;—o;p; > Othen g;; > Oand g;; = 0, whichimplies t:hatGS,’;, (N, p,a, op)
> GS: (N, p,a, ay) for m € {i, j}. On the other hand, if &; p; — o; p; < O then

g = 0 and gj; > 0, which implies GS% (N, p, o, 00) < GSL(N, p, @, o) for
m € {i, j}. Hence, the split core satisfies monotonicity.

Let y be a set-valued solution concept on SEQ(N) that satisfies efficiency, the
dummy property, and monotonicity, and let (N, p, e, 0p) € SEQ(N). To show
that y (N, p, o, ap) C SPC(N, p, «, gg) we proceed by induction to the number
of misplacements M, = {(i, j) | o0(i) < o0(j), &; > 0}. If [M]| = 0 then
oy is an optimal order and the dummy property implies that y(N, p, &, 0g) =
{€0,...,0)} = SPC(N, p, o, 0p). Assume that y(N, p,a,0) C SPC(N, p,
a,0) forall o € ), with |M;| < m. Let op be such that [My| =m + 1. We
will show that v (N, p,a, 0p) C SPC(N, p, o, 0g). Take x € y(N, p, «, ap)
and let {, j € N be such that oo(i) == go(j) — 1 and (i, j) is a misplacement
of op. Take oy such that o7 (i) = op(J), 01(j) = op(i) and o, (k) = op(k) for
all k € N\{i, j}. Note that g;; > 0 since (i, j) is a misplacement. For any
z € ¥(N, p, a, o) we have by efficiency that

Zxk_zzkzCN(C"O)"CN(O'I):gij» (6)

keN keN
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where the last equality follows from the definition of o and the fact that (i, j)
is a misplacement. From (6) and monotonicity it follows that there exists a
y € y(N, p, a, oy) such that

(itx) (i) = gijand x; > y;, X5 > ¥, X = Yk forallk € N\{i, j}.

(7
Since |M,, | = m the induction hypothesis yields that there exists a A € A such
that y = GS*(N, p, &, o1). Substitution in (7) gives

xi+x = GS}N,p,a,00)+GSi(N, p,a,01) + g

X > GS;\(N,p,oz,crl) ®)
X; > GS}\(N,p,tx,m)

Xk = GS}(N,p,a,01) forallk € N\{i, j}.

Since x is a solution of the system (8), there exists an s* € [0, 1] such that

x = GSHN, p,a, o) +5*g;
GSH(N, p, o, 00) + (1 — 5™)g;j ®
GS;(N,p,a,01)  forallk € N\{i, j}.

Aj

i

Xk

Take A* € A suchthatk;“j =s*and A}, = Ay forallk,l e {1,...,n},k #1
and (k, [) # (i, j). Then from (3}, (4), (5), (9), and the fact that g;; = 0 we have
x = GSY¥(N, p, &, op). Consequently, x € SPC(N, p,o,00). =

REFERENCES

Curiel, I., Pederzoli, G., and Tijs, S. (1989). “Sequencing Games,” Europ. J. Oper. Res. 40, 344-351.

Curiel, I, Hamers, H., Potters, J., and Tijs, S. (1993a). “The Equal Gain Splitting Rule for Sequencing
Situations and the General Nucleolus,” Research Memorandum FEW, Tilburg University, No, 629,
pp. 1-13.

Curiel, ., Potters, I., Prasad, R., Tijs, S., and Veltman, B. (1993b). “Cooperation in One Machine
Scheduling,” Z. Oper. Res. 38, 113-131.

Ichiishi, T. (1981). “Super-Modularity: Applications to Convex Games and the Greedy Algorithm for
LP” J. Econ. Theory 25, 283-286.

Maschler, M., Potters, J., and Tijs, S. (1992). “The General Nucleolus and the Reduced Game Property,”
Int, J. Game Theory 21, 85-106.

Shapley, L. (1971). “Cores of Convex Games,” Int. J. Game Theory 1, 11-26.

Smith, W. (1956). “Various Optimizers for Single-Stage Production,” Naval Res. Logistics Quart. 3,
59-66.



