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THE ALMOST SURE BEHAVIOR OF THE OSCILLATION MODULUS
OF THE MULTIVARIATE EMPIRICAL PROCESS

J.H.J. EINMAHL and F.H. RUYMGAART
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Abstract: Let w, denote the oscillation modulus of the uniform multivariate empirical process, defined as the variation of the
process over multi-dimensional intervals with Lebesgue measure not exceeding a, € (0, 1). The a.s. limiting behavior of w, is
established for sequences {a,} of five different orders of magnitude that constitute an essentially complete spectrum of
possibilities. Extensions to processes with underlying d.f. more general than the uniform are indicated. The results may have
applications in density estimation and in the theory of multivariate spacings. For related results in the univariate case we refer
in particular to Mason, Shorack and Wellner (1983) and Mason (1984), and for a general setting to Alexander (1984).

Keywords: multivariate empirical process, oscillation modulus, almost sure limits.

1. Introduction

The oscillation modulus of an empirical process is not only a theoretically interesting concept, but has
direct applications in e.g. density estimation and the theory of spacings. In this paper we establish the a.s.
behavior of the oscillation modulus for multivariate empirical processes of arbitrary finite dimension d:
the complete spectrum of interesting possibilities is considered. Even when specializing to d = 1 part (e) of
Theorem 3.1 seems to be new, and part (d) of that theorem solves open question 2 on p. 545 in the
monograph by Shorack and Wellner (1986). Interesting related results in a general setting may be found in
Alexander (1984). In Section 3 we present the main result. Section 4 is devoted to a brief outline of certain
applications. In the remainder part of this section some notation and definitions are introduced.

Let X;, X;,... be a sequence of i.i.d. random vectors on the same probability space taking values in I,
with =0, 1] and d € N. To display the coordinates of t € RY we write 1 = (t,,...,1,) = (t;) and, given
s € RY we define s <t to mean that s;<1; for 1 <j<d. For any s, t € I¢ with s <t we briefly write

d
[s1, ] X -+ X[s4, 2] =15, t], |t—s|=i=I—11|t,.-—s,~|. (1D
The empirical d.f. at stage n € N is as usual defined by
E,(t)=;11—-#{1<i<n;)(,<t}, tel’ (1.2)
and the empirical process with underlying d.f. F by
Uy £(1) =n(E(0) = (1)), 1€l (13)
For the definition of the oscillation modulus it will be convenient to also introduce the notation
Uy, r([s, t]) =n'2(E,([s, £1) = F([s, 11)), - 148
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where
F([s, t])=P(Xx,€[s, t]) and F,([s, t])=n"" - #{1<ign: X,€[s, t]}.
In this paper we will focus on the oscillation modulus

w,r(a)= sup U p(ls, e, a€(0,1), (1.5)
st |t—s|<a
and on w,  and w,  which are defined as w, r with absolute value replaced by + and — respectively.
Although the oscillation modulus will be considered for fairly general F, undue technicalities may and
will be avoided by occasionally restricting to the special case where F is the uniform distribution, i.e.

F(t)=|t|, teI (1.6)
We will simply write
U, p=U, and w, p=w,, if F satisfies (1.6). (1.7)
Some variations on the definition of oscillation modulus are possible. First one might consider

Gr(a)= sip |G p([s, )], a<(0,1). (1.8)

§SKt: [t—5|=a

The corresponding &, » and &, 5 are considered by Mason (1984) for d = 1 who derives interesting results
for spacings from the properties of these moduli; the modulus &,  has applications in the theory of
density estimation. See also Section 4. A second variation, that boils down to (1.5) for d=1, is given by

w,p(h)= sup U p(ls 1]), 2E(0,1); (1.9)

s |Gy—s; | <h V)

thanks to the condition on the lengths of the sides of the intervals the problem is essentially reduced to a
one dimensional problem. Therefore the present modulus (1.5) is mathematically somewhat harder to
handle but seems to be more natural. For arbitrary d, Stute (1984) considers the a.s. behavior of «, »(h,)
for the particular sequence { h, } corresponding to case (b) of Theorem 3.1, and Einmahl and Ruymgaart
(1985) consider the a.s. behavior of w, z(#,) for F uniform and the particular sequence { 4, } correspond-
ing to case (c) of Theorem 3.1. Since properties of &, », @, r, &, r and w, r are immediate from those of
W, r» Wy p and @, » we will not pay further attention to these moduli here.

We conclude this section with a preparatory remark. It will be convenient to rewrite U,([s, £]) as an
ordinary empirical process over the unit square I2¢ of doubled dimension 2d. For this purpose we
introduce the sequence of 2d-dimensional random vectors

X={-Xq1,...,1 - Xy, Xy,..., X;y), i€N. (1.10)

The common d.f. of the X; will be denoted by F, the empirical d.f. of the first n by F, and the
corresponding empirical process by

U, r(Cu, 1)) =n'2(E,((u, 1)) = F((u, 1)), (u, ty eI“x 14 (1.11)
Note that if F is the uniform d.f. in (1.6) the d.f. F reduces to

F((u, 1)) = { |t—s|, for {u, t) €I¢xI¢ with (1 —u;) = (5,5 < (¢,), (1.12)
0, otherwise.
We will simply write
U, r=1U,, if F satisfies (1.12). (1.13)
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Let us now observe that
T,(Cu, 1) = Gy([s. 1]), with {5y = (1 —u,), (114)

so that the process U, indexed by rectangles as needed in definition (1.5) behaves as the ordinary empirical
process U, indexed by points.

Some fundamental tools that might be of independent interest are collected in Section 2. Since we
derived these tools for arbitrary F and 4 they apply in particular to the empirical process in (1.13).

2. Fundamental inequalities

Throughout this section the underlying d.f. F is completely arbitrary. Fix v € N¢ and, for ¢ € N¢ with
t<v, let £ be a real valued r.v. with mean 0 and variance o < . We assume these r.v.’s to be
independent. Let us next define the partial sums

S,= Y. &, forueN‘withu<uv, (2.1)

tsu

and let us write

o2=Var($,)= Y o’ (2.2)

<y
The following inequality may be found in Klesov (1983) and is essentially contained in Orey and Pruitt
(1973, proof of Lemma 1.2). For a simple proof we refer to Einmahl! (1987).

Inequality 2.1. For all A € R we have
P(max$,>\) <27P(S, > A — dv207). (2.3)

u<svy

This inequality is particularly useful when path properties are studied for processes with independent
increments. The inequality applies to Poisson processes as these processes do have independent incre-
ments. Let N, » be a Poisson process on [ ¢ with E (N, p(t)) = nF(t) for all t< I? and consider the
standardized process

Z, #(t)=n"2(N, (t) = nF(t)), teI’ (2.4)

The following is immediate from Inequality 2.1.

Inequality 2.2. For any t € I°, A€ R and either choice of sign we have

P(sup +7Z, /(s)> A) <2'P(£Z, p(t) > A= df2F(1) ). (2.5)

st

Conditioned on Z, p((1,...,1)) =0 the process Z, r is equal in law to U,  in (1.3). By a standard
argument (see e.g. Pyke and Shorack (1968) or Ruymgaart and Wellner (1984)) we find the following
result. For any ¢ € I¢ with F(¢) <}, all A €R and either choice of sign we have

P(supiU,,’F(s)?ak)sﬂ’(supiZn,F(s)z?\). (2.6)

st s<t
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It remains to find an upper bound for the tail probabilities of the standardized Poisson r.v. Z, z(t) for
given ¢ € I, For this purpose let us introduce the function

{4/(}\)=2}\’2{(1+)\)1og(1+?\)—>\}, A€ (=1,0)U(0, ), (27)
Y(0)=1, ¢(-1)=2.
For ¢ € I¥ with F(¢)> 0 the usual moment generating function technique yields
-\ +A A=0 (+)
P(iz"f(’)”Ke"P(zp(t)"’(anF(:)))’ {0<A<n1/2F(t) (=) @8)

Combining (2.5) — (2.8) we eventually obtain the inequalities that are of basic importance in the study of
empirical processes.

Inequality 2.3, Let t € I? with 0 < F(t) < %. For any € € (0, 1) we have

P(ii}? [/;,’F(s)>)\)0<C+ exp( _(21F—(:))}\2¢(n1/2>1\?(t)))’ Ax0, (2.9)
-« oo S k] oersir oo
P(§Z€|U,,,F(s)|>}\)<Cexp( _(21F_Et€))}\2¢(n1/2}1\f?(t)))’ A=0, (2.11)

where C*, C~, C€(0, w0) depend only on d and e.

3. Application to the oscillation modulus

We start this section with two inequalities in the case of the uniform distribution. First we will give a
global version of (2.11) and next a convenient maximal inequality. The following representation of the
oscillation modulus,

w(a)=_sup |T,((u, 1)), (3.1)
F({u, t))<a

which is immediate from (1.7), (1, 12) and (1.14), will be used.

Inequality 3.1. Let e€ (0, 3] and a € (0, §). Then

P(w,,(a) >}\a1/2) < C%(log -};)d-l exp( _(1 ;€)>\2‘l’( (na}\)l/z ))’ A>O’ (3'2)

where C= C(d, €) € (0, c0).

Proof. Let us define § by §2?*' =1 — ¢ and /€N by 87! < a < 8’ and observe that / < log(1/a)/log(1 /6).
For k €Ny let us introduce

A6, k) = {veﬂ: (v;y = (8% with k(j) €N, and f k(j) =k}, (3.3)

Jj=1
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O S =y
B(B, x)= (B—Dx (3.4)
’ U{{Bx,1)} ifBx<1, }
{1, 1)} if Bx>1,

where [z] denotes the greatest integer < z. It is easily seen that

#4(8, k)=(k+d_1) and #B(B, x) <1/((B~-1)x).

d-1

According to (2.11) and the fact that the function A~ Ay(A) is increasing for A > —1, we have for

—(1—€)’N

a1, 1y e I % I with F({fi, 1)) <a/(1 —¢€)
)
sup

7|
{u, 1)<, 1)
Using (3.1) and (3.3)—(3.4) we find

P(wy(a)> Aa1/2)<P(

A t>)|>?\a1/2)<Cexp 3

sup
F(¢u, 1)) <8’

max sup
vEA(S, I-d) (ytu—1) <o

)»

7|
veA(8, I-d)

<2

N

sup
{G+u—1)y <o

< P

)»

ved(d, I-d)

max

J=1

where Hd 1 B1/6, v
I X I? we take the _]-th coordinate #; of # and the j-th coordmate 7
each 1 <j < d. Also notice that when (i, Ty eI, B(/8,

d

F((a, ) = 1‘1(( /0y A1) <87 <a/(1-¢).

Hence by (3.5) the last expression in \(3.6) is in turn bounded by

t)EHB(l/e, ) (o DS D

)

GG, 1)) 3 Aa?)
1B, ) >2a7)

TG, 1)) 22

sup

1T, ((u, 1)) | > Aalﬂ),

(3.6)

;) is the Cartesian product of the B(1/6, v)), notmg that 1/6 € (1, 2). For (i, I) €

of 7 pairwise together to form 72, for

v;) we have

(M)ﬁ(u = ) (1_26)2”"’((”2)1/2))
i) ()t ) e ZE5 1))

Relabeling (1 — €)% by (1 —¢), which entails §44"2=
obtain the right hand side of (3.2). O

1—¢, and C(log(1/8))' - (8/(1 — 6) by C we
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In order to obtain precise a.s. limits we use a standard blocking argument. The success of this method
hinges on a maximal inequality in the following form. For d =1 we refer to James (1975, Lemma 2.3) and
Shorack (1980, Lemma 3).

Inequality 3.2. Let ¢ € (0, 1), a € (0, 1] and write n, = [(1 + )], k€N. For allk €N and A > 2(a/€)'*
we have

p( max w,,(a);)\)<2P(w,,k“(a)>(1—e)>\). (3.7)

R <HSNp.y

Proof. Note that it suffices to prove (3.7) with = A replaced by > A. Let {r;: i €N} be an enumeration of
the set

{(u, ty eI*x 1% F((u, t))<a} nQ*
and let us write
S,(u, 1)) =n"T,(u, t)), (u,t)eI*xI (3.8)

According to the representation (3.1) the probability on the left in (3.7) (with = A replaced by > A) is less
than or equal to '

P( sup |8, (n)] >A(nk+1)‘/2). (3.9)
nEp<n<ng. i €N
For n,<n<n,,, and i €N let us introduce the sets
12
A$={]Sn(ri)l>)\(nk+1)/}a (3.10)
By = {18, (1) = S, (1) | <A (n + 1)+ Je}. (3.11)

An application of the “lemma for events”, see e.g. Loéve (1977, Section 18.1, p. 258) generalized to the
countable well-ordered index set {(n, i): ny<n<n,,.,, i€N} with the lexicographical ordering, cf.
Einmahl (1987), yields

{the probability in (3.9)} - inf P(B,,)

ne<n<nggieN
<P(sup 15, ()] > (1= 3)A(ne+ D). (3.12)
ieN
It is easily seen that

P(5p15,, (1)1 > (1= 3M(m+ D)) <P sup 1., (G ) > (1- ),
jeN F((u, t))<a

(3.13)

so that it remains to prove that P(B,,) » 3 for all n, <n < n,,, and all i € N, Application of Chebyshev’s
inequality yields
4F(r)(1 = F(1)) (g1~ (ne + 1)) <2 o

P(B;;) < R(n 4 1) <5z <h (3.14)

for A > 2(a/e)*/? as required. 0O
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Theorem 3.1. Suppose that F has a continuous density f on 17 with maximum M < 0. In each of the following
five cases {a,} (a,€ (0, 1)) is a sequence such that a, 0 as n — 0.
(a) If log(1/a,)/loglog n—> c €[0, ) and if na,T as n— oo, we have

12

limsup ¢ (2:) =21 +c)M) ", a.s. (3.15)

n—se (a, loglogn)

1/2

(b) If log(1/a,)/loglog n - o0, na,/log n = o and na, T as n— o0, we have

Y ey 319

(c) If na,/log n—c (0, ) as n— co we have

nl/zwn JF ( a, )

Jim ~— =cM(BH—1), a.s. (3.17)

where B is defined by the conditions Bh,(log Bhy— 1) +1=1/cM and B}, > 1.
(d) If na,/log n— 0, log(l/a,)/log n =1 and na, t as n— co we have

lim nl/zwn,F(an)log((log n)/(nan)) =1
" oo log n

, a.s. (3.18)

(e) If log(l/a,)/log n=ce&(l, x) (i.e. a,=n"°) we have
limsup n'?w, p(a,)=[c/(c—1)], a.s. (3.19)

n-sco

If in addition c¢/(c — 1) € N, then ¢ may be replaced by ¢, — ¢ and limsup by lim.

Proof. Without loss of generality we restrict ourselves in the proof to the case where F is uniform. Let us
first prove that the numbers on the right are upper bounds for the respective expressions on the left almost
surely. These results follow easily by an application of Inequalities 3.1 and 3.2. Because of the similarity of
the proofs for all the cases, we will restrict ourselves to a proof of case (a).

By the Borel-Cantelli lemma and Inequality 3.2 it suffices to prove that for every small ¢ > 0 we have
TP-1P(A4,) < oo, where

_ 12
Ak={‘*’nk+1(“nk)>(2(1+2€)(1“€) l(1—%—c)a,,‘mloglog nk) }, (3.21)

and n, = [(1 + %€)*]. Application of Inequality 3.1 yields

d-1
a"
P(Ak)<Ca1 (log;}-—) exp —-(1+2e)(1+c)—7"1—’(loglog ny)

ny ny ny

_ 1/2
(20 +26)(1 - €)' (1 +¢)a,,, a5} log log n, )

Arer R
172

(nk+1an )
k

(3.22)
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The conditions in (a) entail that the argument of the function ¢ tends to 0 as k& — oo so that, for large %,
we have

d-1
P(A,c)sca1 (log al ) exp(— (1 +€)(1 + ¢)log log ny)
ng ny
d-1 (A+e)(1+e)
=Ci(log i) (1 ! ) (3.23)
ank ank og ny

Using once more the conditions under (a) it follows from (3.23) that the P(A4,) are summable, which
completes this part of the proof.

Let us next turn to the proof that these same numbers are lower bounds for the expressions on the left
almost surely. Due to the fact that all the results in the theorem are independent of the dimension, we can
use the one-dimensional lower bounds as far as available. These lower bounds can indeed be found in the
literature for the cases (a), (b), (¢) and (d), namely in Mason, Shorack and Wellner (1983, Theorem 3),
Stute (1982, Lemma 2.9), Komlds, Major and Tusnady (1975, (3.11)) and Alexander (1984, Theorem 3.1(C)
and its proof) respectively. Hence it remains to consider the lower bounds in case (e).

Let us first consider the case ¢/(c —1) € N. For n, m € N with m > n let us write (m —n)F, , = mF,
— nkF,. Since na, — 0 it suffices to prove

limsup  sup (g —m)E, . ([s,t])2c/(c—1), as, (3.24)

k—oo |i-s|<a,,

with n, =2% For a € (0, 1) let &, be a family of [1/a] rectangles [s, t] © I with disjoint interiors and
with |t — 5| = a. By straightforward computation it may be seen that for a Binomial (n, p) r.v. ¥ with
np <% and n>2m for some m € N, there exists a number C(m) € (0, co) depending only on m such
that

P(Yzm)=C(m)(np)". - (3.29)

Hence, for large k, we have

P swp (e =By, (L5 ) 2 e/(c= D)

|t—s|<a

Mg+l

>P( max (nn=m)E, ([ ()2 o/(c - 1)
{s.0]e® Tk

k1

1= 1 (1=P((s1 = 1) By, ([s 1]) 3 /(e = 1))

[s,0]EP

Dy

(k+ 1)::]

;1_(1*(% ¢ )zu—w+nnuﬂmdn)
c—1

4

-1- exp(——C( )2"0/“'”), as k — 0. (3.26)

In the second inequality we use a result in Mallows (1968) concerning the negative dependence of the
components in a multinomium, Now (3.24) follows by an application of the Borel-Cantelli lemma.

Finally we consider the case ¢/(¢~1) & N. Then we have log(l/a,)/log n — ¢, which is equivalent
with a,=n"°**D, Since again na, — 0 it suffices to prove

liminf sup nE,([s, t]) = [¢/(c—1)], as. (3.27)

n>® -5\ <a,
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This follows if we can prove that
=]
( sup  nE,([s, 1]) < [e/(c~1)] —1) <. (3.28)
n=1 [t—s|<a,
Defining p € (0, 1) by p=¢/(c — 1) = [¢/(c — 1)], and using again £,, Mallows (1968) and (3.25), we have
for large n that

P sup nE (s D) < [e/(e= D] -1)

lt_sl <a,

< P( max nF,([s, 1]) < [¢/(c~1)] - 1)

[s,1]€Z,,
"c+u(1)
B ST Y I p——
[s,]e8,
<cxp(—C([cfIDnVZ(C_l)“). (3.29)

These last numbers in (3.29) are summable since $(c — 1)p > 0. This proves (3.27). O

Theorem 3.2. Under the conditions of the previous theorem w,, r has the same a.s. limits as , p in each of the
five cases. In cases (a) and (b) also w, r has the same a.s. limits as w, g, but in case () we have to replace
the limit by cM(1 — B..;) (B is defined by the conditions B(log By — 1) +1=1/cM and B,/ <1 for
cM>1, and B, =0 for cM <1). In cases (d) and () the modulus w, p is degenerate.

Proof. Since w; » < w, r and because the lower bounds for w, , are based on w, » anyway, the assertions
about w, r are immediate,

Applying the same method of proof along with inequality (2.10) rather than (2.11) proves the statements
concerning «, p. O

4. Brief outline of applications

4.1. Multivariate spacings

For d =1 Mason (1984) exploited a certain duality between the oscillation moduli &} (see (1.8)) and
spacings to derive strong convergence properties for the latter from those obtained for the moduli. When
we restrict to spacings of the multidimensional interval type a similar approach is possible for arbitrary
d €N using the results of Section 3. In Deheuvels et al (1987), however, results for spacings of more
general shape can be obtained as well, using a different method.

4.2. Multivariate density estimation

In proving uniform a.s. convergence of density estimators — in particular naive density estimators — to
the true density, inequality (3.2) is a key result. We will not dwell on this application, since it is
well-known: see e.g. Stute (1984).
4.3. Relation with emp. difference process

For d=1, a highly technical proof regarding the strong limiting behavior of the difference of the
empirical and the quantile process in Kiefer (1970) can be reduced to a few lines when results for the
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oscillation modulus are used (Stute (1982), Shorack and Wellner (1986, pp. 589, 590)). A result by Watts
(1980) on the tails of this so called empirical difference process will be further extended and generalized
along these lines in a forthcoming paper by Einmahl and Mason (1987).
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