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THE PEGS-RULE FOR PROBABILISTIC
SEQUENCING SITUATIONS

HERBERT HAMERSH? MARCO SLIKKER !

August 4, 1995

Abstract

This paper considers one-machine sequencing situations in which agents are in
a fixed initial order before the processing of the machine starts. The agents are
allowed to rearrange positions to save costs w.r.t. the costs given by the initial
order. We will assume that the agents are not certain about the position they
will take in the initial order. For these sequencing situations we introduce and
characterize in two different ways the Probabilistic Equal Gain Splitting (PEGS)

rule that assigns the expected cost savings to the agents.
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1 Introduction

In one-machine sequencing situations each player has one job which has to be processed
on a single machine. The processing time is the time the machine needs to handle the
job. For each player we assume that his cost depends linearly on the completion time of
his job. Further, there is an initial order on the jobs of the agents before the processing
of the machine starts.

For deterministic one-machine sequencing situations the agents can save costs by re-
arranging their position from the initial order to an optimal order before the machine
starts processing. For this class of sequencing situations Curiel, Pederzoli and Tijs (1989)
introduced the Equal Gain Splitting (EGS) rule. This rule is based on the fact that the
optimal order of a sequencing situation can be obtained from the initial order by consec-
utive switches of neighbours with a non-negative gain. An agent obtains half of the gain
of all neighbourhood switches in which he is actually involved. Note that the EGS-rule
is independent of the chosen optimal order and that the gain of a neighbourhood switch
is independent of the position of the neighbours in the queue. They characterized the
EGS-rule using properties that describe the effect of neighbour switches. An alterna-
tive characterization of the EGS-rule, using a consistency property, is provided in Suijs,
Hamers and Tijs (1995).

This paper assumes that there will be an initial processing order before the process-
ing of the machine starts, but it is not exactly known which order this will be. This
uncertainty will be described by a probability measure on all possible processing orders.
We will refer to these one-machine sequencing situations as probabilistic sequencing sit-
uations. Note that a deterministic sequencing situation is a probabilistic sequencing
situation in which the initial order is given with probability one.

We introduce the Probabilistic Equal Gain Splitting (PEGS) rule, which is a general-
ization of the EGS-rule, for probabilistic sequencing situations. The PEGS-rule is defined
as the expectation of all EGS-rules of the corresponding deterministic situations. Both
characterizations which will be provided of the PEGS-rule use reductions of probabilistic

sequencing situations to a player.



Section 2 will describe formally probabilistic sequencing situations. The definition

and the characterizations of the PEGS-rule are given in section 3.

2 Probabilistic sequencing situations

In a one-machine probabilistic sequencing situation there is a queue of agents, each with
one job, before a machine. Each agent has to have his job processed on this machine.
The finite set of agents is denoted by N = {1,...,n}. The processing time p; of the job
of player ¢ is the time the machine takes to handle the job. It is assumed that every
agent has a linear cost function ¢; : [0,00) — R defined by ¢;(f) = a;t with a; > 0. This
means that the cost of agent iis ¢;(¢) if he is ¢ units of time in the system. By a bijection
o: N —{l,...,n} we can describe the position of the agents in the queue. Specifically
o(7) = j means that player ¢ is in position j. We assume that there is a fixed processing
order before the processing of the machine starts, but it is not exactly known which
processing order this will be. This uncertainty is described by a probability measure p
on all possible processing orders Iy, which is known to all players.

A probabilistic sequencing situation as described above is denoted by (N, u,p, @),
)N

where N = {1,...,n}, g the probability measure on Uy, p = (pi)ien € (0,00)" o =

(a:)ien € (0,00). The completion time C(c,1) of a player ¢ w.r.t. the order o is defined
by C(o,1) = ¥ j0(i)<eti) Pi-

A deterministic sequencing situation in which the fixed processing order oy is given
with probability one, denoted by (N,oq,p,a), is a special case of a probabilistic se-
quencing situation. These deterministic sequencing situations are extensively studied in
a game theoretical context by Curiel, Pederzoli and Tijs (1989), Curiel, Potters, Rajen-
dra Prassad, Tijs and Veltman (1993) and Hamers, Borm and Tijs (1995).

We conclude this section by describing the maximum expected cost savings the agents
can obtain. For a deterministic sequencing situation (N, o, p, ) the costs Cn(0o) of the
collection N are equal to > ;cy a;C(o,¢). If & is an optimal order of a deterministic

sequencing situation (N, oo, p, @), then the maximal cost savings of N are equal to

Cn(oo) — O (6). (1)



Curiel et al. (1989) showed that the cost savings where independent of the chosen
optimal order. More precisely, they showed that for a deterministic sequencing situation

(N, 00, p, @) expression (1) is equivalent to

Z Gijs
0,JEN:0¢(1)<og(7)
where ¢;; := max{a;p; — a;p;,0} represents the gain attainable for player ¢ and j in case
player ¢ is directly in front of player j.
Now, it follows that for a probabilistic sequencing situation (N, u, p, ) the expected

cost savings are equal to

>oule) > g (2)

o€l 1,JEN:o (1)< (7)

3 Probabilistic equal gain splitting rule

In this section we recall the definition of the EGS-rule for deterministic sequencing
situations. Then we will introduce the PEGS-rule for probabilistic sequencing situations
that divides the expected cost savings of the set of agents N. Finally, we provide two
different characterizations of the PEGS-rule.

The EGS-rule assigns to each agent half of the gains of all neighbour switches he is
actually involved in reaching an optimal order from the fixed processing order. Formally,
let (N, 09, p, @) be a deterministic sequencing situation, then the EGS-rule is defined for

all 2 € N by
1 1
EGS’L(N7 0o, P, Oé) = 5 Z Gis + 5 Z Gki-

Jroo(i)<oo(s) kiog(k)<oo(7)
Note that the EGS-rule is independent of the chosen optimal order.
The Probabilistic Equal Gain Splitting (PEGS) rule for a probabilistic sequencing
situations (N, p, p, «) is defined as the expectation of all EGS-rules of the corresponding

deterministic sequencing situations. Formally,

PEGS{(N,p,p,a) = > ulog)EGS;(N,o0,p,a).
CT()EH
for all : € N. The following exaﬁnple illustrates the PEGS-rule.

Example 1 Let N = {1,2,3},p = (1,2,2),a = (3,2,4). Take oy = (1,2,3),0, =
(1,3,2),05 = (2,1,3),04 = (2,3,1),05 = (3,1,2) and 06 = (3,2,1). Let u(oy) =



év:u(o-Q) = 07#(0-3) = l?ILL(0-4

EGS(N,o0q,p,

(05) = é and p(og) = 0. Then

EGS(N,oq,p,

«
«
EGS(N,o3,p,a
EGS(N,o4,p,
«

2 )
) (
( ) (
( ) = (
( ) (
EGS(N,05,p,a) = (
EGS(N,06,p,a) = (

Hence, we may conclude that

6
2
PEGS(N,p,p,a) =Y u(oi) EGS(N, 04, p, ) = (1§,3,2).

Next, we provide a chafatterization of the PEGS-rule. For this characterization we
define a reduction of a probabilistic sequencing situation (N, u, p, ) to one certain player.
Let PSEQ(N) denote the class of probabilistic sequencing situations with player set N.
Let | N |> 2. Take (N, u,p,a) € PSEQ(N) and ¢ € N. Then (N\{¢}, i, p—i, —;) is
called the reduced form of (N, u,p, ) w.r.t «. Here, p_; is the probability measure on
II(N\{¢}) defined by

poiloo) = 3. p(7)
TEHN.(UOvih . o
for all og € Iy (3 with [Ix (0o, ) the set of bijections defined by
HUn(og,2) = {7 € Un | for all k,1 € N\{¢}: 7(k) < 7(l) if and only if oo(k) < oo(])}.
Further, the vectors p_; € RV and a_; € R\ are obtained from p and o, respec-

tively, by removing the coordinate corresponding to player ¢.

Consider the following properties for a rule f : PSEQ(N) — [0, 00)".

Efficiency: Let (N, u,p,a) € PSEQ(N) and let & be an optimal order for all corre-

sponding deterministic sequencing situations. Then

Y LN ppa) = > ploo)(Cnlo) — On(5)).
1EN oo €lln

Exchange Property: Let (N, u,p,a) € PSEQ(N) and ¢,5 € N,i # j. Then
fi(Nvluvpv Oé) - fi(N\{j}wu—jvp—ij‘—])

= fj(N7ILI/7p7 Oé) - fj(N\{i}vﬂ—ivp—ivo‘—i)‘



Efficiency states that the maximal expected cost savings the grand coalition can obtain
is allocated to the players. For a sequencing situation with at least two players, the
exchange property states that the change of the allocation of player ¢ when player j is

excluded equals the change of the allocation of player j when player ¢ is excluded.

Lemma 1 Let (N,u,p,a) € PSEQ(N) and let 1,5 € N,i # j. Then

PEGS](Nv Hy Py Oé) - PEGS](N\{Z}v H—iy P—iy a—i)
1 1
= 2 pmgest+ 2L ()5
rell jir(s) <7 (5) €l (é)>7 ()
PROOF: Let (N, p,p,a) € PSEQ(N). Take 1,5 € N,i # j , then

PEGS]‘(N,IM,p, Oé) - PEGS](N\{i}vﬂ—ivp—ivo‘—i)

= > u(r)EGS;(N,7,p,a)

welly
— > p-ilo)EGS;(N\{i}, 0,p-i,az)
o€lln iy
1
= > M(W)§[ o oat Y gl
Tell kEN:m(k)<m(]) leEN:m(5)<m({)
1
— Z ,M—Z(O-)§[ Z 9kj + Z gﬂ]
o€\ (i} keN\{i}:o(k)<o(j) leN\{i}o(5)<o(l)
1
= 2owumsl 2 gm0 gl
Tell kEN:m(k)<m(]) leEN:m(5)<m({)
1
- > > M(T)§[ > g+ > gil
o€llyy 1y TEﬂN 0,i) keN\{i}:7(k)<7(4) IEN\{}:7 () <7(])
= > M(F)§[ Y. 9wt Y gl
Tell kEN:m(k)<m(]) leEN:m(5)<m({)
1
- > ,u(r)§[ > Grj + > giil
relly EeN\{i}:7(k)<7(j) leN\{i}:r(5)<r(l)
1 1
= Z ,U(T")ﬁgij + Z N(W)§gji-
mellyr(d)<n(5) melly:m(¢)>m(7)

Now we can characterize the PEGS-rule.
Theorem 1 The PEGS-rule is the unique rule for probabilistic sequencing situations
that satisfies efficiency and the exchange property.

Proor: Efficiency follows from the definition of the PEGS rule. The exchange property

follows from lemma 1.



Let f : PSEQ(N) — [0,00)" be a rule that satisfies the two properties. Let
(N, pi,p, ) € PSEQ(N). The proof will be by induction to the number of players.
Let | N |= 2. Then the exchange property yields that fi(N,u,p,a) = fo( N, u, p, @).
Combining this with efficiency we have that f(N, u,p,a) = PEGS(N, u, p,«). Suppose
that f(N, u,p,a) = PEGS(N, pu,p,«) for all (N, pu,p,a) € PSEQ(N) with | N |= m.
Let (N, p,p, ) € PSEQ(N) be such that | N |= m+1. In the following system of m+1
linear equations the first equation follows from efficiency and the second up to the last
equation follow from the exchange property and induction hypothesis.

Yien JilN g poa) = Yoen, (o) (Cn(o) — Cn(6))

LN pspya) = [N, s p, @)

= PEGSI(N\{j}, p—js p—j, aj) = PEGS;(N\{1}, i1, p-1,a1)  for ally € N\{1}.

Since PEGS(N, p, p, o) satisfies efficiency and the exchange property it is a solution
of this system of equations. Since this system of equations is determined by a square

non-singular matrix we have that this system has a unique solution. Consequently,

f(N,p,pya) = PEGS(N, pi, p, ). O

Now, we provide an alternative characterization of the PEGS-rule. Consider the

following property for a rule f : PSEQ(N) — [0, 00)".

Add Property: Let (N, pu,p,a) € PSEQ(N) and let ¢ € N. Then

[N popoa) = >0 {fi(N i pya) = [H(N\{i}, peiy pois asi) ).
JEN\{i}
The add property states that the profit a player ¢ obtains in a situation (N, u,p, )
is equal to the difference of the profit that the players N\{¢} can make with 7 in the
situation (N, i, p, ) and the profit these players can make in the reduced situation w.r.t.
.
Now, we can give another characterization of the PEGS-rule.

Theorem 2 The PEGS rule is the unique rule for probabilistic sequencing situations

that satisfies efficiency and the add property.



PROOF: First we show that the PEGS rule satisfies the add property. Let (N, u,p, «) €
PSEQ(N). Take ¢ € N, then
PEGS; (N, u,p,«)

S SNTLS D SINPAREID SR

TETN keEN:m(k)<n(7) lEN:m(i)<m()
1 1
D DIR U DR (C E TR D DN [ COF 7
JEN\{:} 7w€lly:m(¢)<m(s) mellyw(d)>7(F)
= Z [PEGS](Nv Hy Py Oé) - PEGS](N\{Z}v H—iy P—iy a—i)]
JEN\{i}

where the third equality holds by lemma 1.

Let f : PSEQ(N) — [0,00)" be a rule that satisfies the two properties. Let
(N, pi,p, ) € PSEQ(N). The proof will be by induction to the number of players.
Let | N |= 2. Then the add property yields that fi(N,u,p,a) = fo(N, g, p,«). Com-
bining this with efficiency we have that f(N, u,p,a) = PEGS(N, u, p,«). Suppose that
f(N,p,p,a) = PEGS(N, p,p, ) for all (N,p,p,a) € PSEQ(N) with | N |= m. Let
(N, p,p, ) € PSEQ(N) be such that | N |= m + 1. Then for any ¢ € N we have

2f2(N7 K, Py Oé)

= ij(Nvﬂvpvo‘)_ Z fj(N\{i}vﬂ—ivp—ivo‘—i)
JEN JEN\{3}

= Z () Z 9kl — Z p-i(o) Z 9kl
T€lln keN:m(k)<n(l) o€lly\ iy k,leN\{:}

= Z ()] Z ki + Z it
Tell keEN:m(k)<n(7) lEN:m(i)<m()

= 2PEGS;(N,u,p,a)
The first equality holds by the add property, the second equality holds by efficiency and
(2) and the third follows from a similar calculation as in the proof of lemma 1. Now, we

have fi(N,,u,p,Oé):PEGSZ'(N,IM,p,Oé). O
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